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ABSTRACT

Language models are frequently aligned to human preferences via imperfect eval-
uators whose errors can be exploited during optimization. We train policies to
search for comparisons on which an evaluator may reverse the underlying prefer-
ence, providing candidates for additional supervision. Since human preferences
are unavailable during policy training, we use disagreement among an ensemble
of preference models as a proxy for prediction error. We formulate this search
as a zero-sum Stackelberg game between two opposing policies, a Leader which
tries to minimize disagreement, and a Follower which maximizes it. For a general
class of finite contextual Stackelberg games, we establish equilibrium existence
and, under regularization, uniqueness and a closed-form characterization. We in-
troduce Stackelberg Mirror Descent—Ascent (SMIDA), a two-timescale algorithm
with linear last-iterate convergence in the tabular setting, and develop a neural
policy-gradient analogue. Experiments with a synthetic oracle support disagree-
ment as an informative proxy for prediction error. On held out data the trained
policies outperform reference policies and increase the fraction of comparisons
that exceed a disagreement threshold and reverse the oracle’s preference.

1 INTRODUCTION

Aligning artificial intelligence with human preferences requires ensuring that autonomous artificial
systems reliably pursue outcomes humans value, even when those preferences are imperfectly speci-
fied and when the consequences of the systems’ actions are difficult to anticipate, monitor, and verify
(Wiener, [1960; Bostrom, [2014; Russell, 2019). In July 2026, OpenAl was conducting internal eval-
uations of its frontier models; during this work, agents intended to operate in isolated environments
exploited weaknesses in the evaluation infrastructure to access the public internet and to establish an
unauthorized communication channel among themselves (OpenAlL|2026). Between July 11 and July
13, their pursuit of the evaluation’s score escalated into a coordinated attack on a third party, Hug-
ging Face, compromising parts of its production infrastructure (OpenAl, [2026; METR| 2026)). The
agents had optimized for the metric rather than for the capabilities the score was intended to measure
(OpenAlL 2026). This behavior illustrates clearly “Goodhart’s law” (Manheim & Garrabrant, 2018)
— a measure ceases to be a good measure once it becomes a target — a phenomenon also discussed in
the alignment literature as reward hacking (Amodei et al.| 2016} [Skalse et al., [2022). A system op-
timizing against an evaluator that is only an imperfect proxy for the designer’s preferences can find
behaviors that score highly under the proxy while failing, sometimes catastrophically, to achieve the
intended objective.

Many approaches to alignment, from reinforcement learning at training time (Christiano et al., 2017;
Ouyang et al.| 2022)) to oversight at inference time (Greenblatt et al.| 2024)), rely on a trained evalu-
ator to guide learning or assess and constrain the system’s behavior during deployment. This proxy
evaluator is often a parametric preference (reward) model estimated from limited human data, and
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as such, may poorly reflect human preferences beyond the observed comparisons. These discrep-
ancies will be systematically exploited by an optimizing policy (Gao et al., 2023), especially when
the evaluator is fitted offline and held fixed throughout. Identifying such errors and directing limited
human supervision toward correcting them is therefore a key challenge, and one that may become
increasingly important as language models grow more capable.

We consider here the dual problem of aligning a language model, that of making the preference
model that guides its alignment more robust. We train language model policies against a preference
evaluator to actively search for comparisons that reveal its errors and provide candidates for addi-
tional human supervision. The same optimizing behavior that exploit and exposes an evaluator’s
misspecification can thus help identify where its training data need to be augmented. Our target is a
preference triplet (a prompt and two responses) on which the underlying human preference clearly
favors one response while the evaluator favors the other. The first condition distinguishes an error
from a near-tie on which a reversal is inconsequential while the second identifies an error in the
evaluator’s ranking of the responses. We call such triplets adversarial. Unfortunately, neither con-
dition of an adversarial triplet can be checked during policy training since the underlying human
preference is unavailable on newly generated comparisons. We therefore use the disagreement of an
ensemble of preference models (Seung et al., [1992; |Lakshminarayanan et al., 2017) as signal that
can serve as an objective for policy optimization. We formulate this search as a contextual zero-sum
Stackelberg game (von Stackelberg) 1934} [Simaan & Cruz, |1973) between two language models.
Given a prompt, the Leader generates a response; the Follower observes both the prompt and that
response and generates an alternative that maximizes ensemble disagreement. Anticipating the Fol-
lower’s best response, the Leader’s objective is to minimize disagreement. We call this game the
ensemble-variance game.

Our contributions. (i) We introduce a framework for identifying errors in preference models and
define adversarial triplets as comparisons on which the evaluator reverses a clear underlying prefer-
ence (Section[3). (ii) We introduce a general formulation of contextual zero-sum Stackelberg games
between two policies, of which the ensemble-variance game is a special case, and prove the exis-
tence of Stackelberg equilibria and, under regularization toward reference policies, their uniqueness
and closed form (Theorem[4.2). (iii) We propose Stackelberg Mirror Descent—Ascent (SMIDA) (Al-
gorithm[I}), a two-timescale algorithm whose last iterate converges linearly to the unique equilibrium
(Theorem[4.3). We introduce DEEP-SMIDA (Algorithm[2), a neural policy-gradient counterpart, and
apply it to the ensemble-variance game. (iv) Small scale experiments on held out prompts support
disagreement as an informative proxy for prediction error (Section [5.2) and show that the trained
policies generate comparisons with greater ensemble disagreement and increase the yield of adver-
sarial triplets (Section[5.3). Further experiments are reported in Section [5.4]

2 RELATED WORK

Disagreement as a Training Signal. Ensembles of reward models are used to penalize uncertain
reward during policy optimization (Coste et al.,[2024; Eisenstein et al.| 2024)) and to select compar-
isons for annotation, either from fixed response pools (Muldrew et al., 2024; Melikidze et al., [2026))
or by rewarding a policy for ensemble disagreement (Liang et al.,|2022). Closest in purpose, Adv-
RM (Bukharin et al., [2025) trains a single generator to maximize the disagreement between two
reward models while keeping the target model’s reward high. We instead make disagreement the
objective of both players. The Follower constructs the alternative against which a response is com-
pared, while the Leader is driven away from responses on which the ensemble is easily exploited.

Games in Preference Learning. Nash Learning from Human Feedback (NLHF) (Munos et al.
2024) and its descendants (Swamy et al.| 2024} [Wu et al., [2025)) compute Nash equilibria of simul-
taneous play under a fixed preference model. Stackelberg Learning from Human Feedback (SLHF)
(Pasztor et al., [2026)) shares our sequential structure, with a Follower conditioning on the Leader’s
response, and optimizing preferences. For an extended review of relevant literature, see Appendix[A]

3 THE PROBLEM OF LEARNING PREFERENCES

We consider the problem of learning human preferences over a finite set of actions ), conditional
on contexts drawn from a finite set X'. A preference model is any function P : X x Y x Y — [0, 1],



and, given a context x € X and actions y,y’ € ), we write suggestively P(y > v’ | «) for the
probability that y is preferred to 3 given We call (z,y,y') € X x Y x ) a preference triplet
and we denote the underlying human preferences by P*. For a finite set .S, we write A(S) for the
set of probability distributions on S. Contexts are drawn from a fixed distribution p € A(X), and a
policy is a function 7 : X — A()) that maps each context x to a distribution 7 (- | ) over actions.
Our focus is on large language models (LLMs), where contexts are prompts, actions are responses,
and policies are language models. We use the corresponding terms interchangeably throughout.

Since P* is not (easily) observable, in practice one estimates a parametrized preference model Py
from a dataset of human preference annotations

D= {(ZL'], yim ylj)}jGJ,
where J is finite, each label is sampled according to P*, and the subscripts w and [ denote the

preferred and the non-preferred response, respectively. The estimated model then serves as a proxy
for P* in downstream tasks, such as aligning LLMs via reinforcement learning.

However, D is often small relative to the pretraining corpus and typically covers only a limited part
of the space of contexts and response pairs; outside this region, Py is not directly constrained by
data and may poorly approximate P*. Moreover, the downstream use of the estimated preference
model is not passive and policy optimization can systematically favor responses that Py overvalues
relative to P*, thereby amplifying the estimator’s errors rather than averaging over them (Amodei
et al.l [2016; Skalse et al., [2022).

3.1 THE ADVERSARIAL STACKELBERG GAME

A long tradition of scholars has used model ensembles for uncertainty estimation (Seung et al.,|[1992;
Lakshminarayanan et al., 2017). The underlying intuition is that models trained on the same finite
data may fit the observed annotations similarly while making different predictions on less familiar
inputs where they are not sufficiently constrained by the available data. Following in the same
footsteps, we consider a trained ensemble of preference models {Py, };cr and quantify disagreement
among its members through the variance of their predictions:

Var(x,y,y") == Var({Po,(y > ¢ | 2}icr).

We use variance as an online estimate for the difficulty of a preference triplet (x,y,y’) for the en-
semble. Because the score depends only on the ensemble’s predictions, it can be easily evaluated on
newly generated triplets during policy training without requiring additional preference annotations.
High variance identifies preference triplets for which the ensemble members disagree and assign
different preference probabilities. Section[5.2]provides evidence for this interpretation.

The natural next step is to search for such high variance triplets by optimizing against the uncertainty
estimate itself. For this reason, we introduce a Leader-Follower game, also known as a Stackelberg
game, in which two language models act sequentially. After observing a context 2 ~ p(-), the
Leader, a policy 7, generates a response y ~ 7(- | ). The Follower,amapw : X x Y — A(Y),
observes both the context and the Leader’s realized response and generates a second response y’ ~
w(- | z,y). The Leader aims to minimize the expected ensemble variance, while the Follower aims
to maximize it, making use of its informational advantage. The game objective is therefore

min max By ) yor(-fo),y/ (o) [Var(z, 9, y')]. M
The Leader acts here as the “defender”, seeking for completions that are robust in the sense that their
comparison with an adversarially chosen alternative remains low-variance. The Follower acts as
the“attacker”, using its informational advantage, i.e. its access to the Leader’s response, to construct
comparisons on which the ensemble members disagree. The Leader makes the search adversarial
on both sides of the comparison by learning to generate responses that resist the Follower’s attempts
to induce disagreement. In fact, with a fixed Leader, the Follower would search for high-variance
triplets against an unchanging response distribution, potentially exploiting weaknesses specific to
that distribution. See Section[5.4] for details.

"Descriptively, one can interpret this probability as the probability that a randomly chosen human annotator
prefers y to ¢’ given x. We argue that, normatively, it should instead be interpreted as the subjective probability
that a single decision maker assigns to preferring y to 3’ given z.



Following standard practice in the RLHF and preference optimization literature (Ouyang et al., 2022}
Rafailov et al., 2023), we add KL regularizers to (I)) relative to reference policies 77 and w*®! for
the Leader and Follower. These regularizers limit policy drift and help preserve response quality.

3.2 ADVERSARIAL TRIPLETS

We distinguish adversarial triplets, on which the ensemble’s mean prediction reverses the ground-
truth preference, from online candidates identified through ensemble disagreement. The former
capture errors in the ensemble’s average prediction and is the notion we ultimately care about, but
verifying it requires querying P*, so it can only serve as an evaluation criterion. The latter, instead,
capture disagreement among ensemble members, which we use as a proxy for uncertainty and can
be computed from the ensemble alone, thus providing a criterion available online.

Definition 3.1 (c-adversarial triplet). Fore € [0,1/2), a preference triplet (z,y, y’) is e-adversarial
with respect to the ensemble and the ground-truth preference P* if the ensemble mean strictly re-
verses the ground-truth preference, and the ground truth is at least € away from indifference:

1 1 1 1
(P*(y>l/|$)_2><|1|Z7391(y>y’|x)—2><0 and "P*(y>-y/x)—2 > e,

icl

The first condition requires that the ensemble mean and the ground-truth preference probability
disagree on the preference triplet. The second condition excludes near-ties, as when the ground
truth is almost indifferent a reversal might be better attributed to noise rather than to evidence of a
poorly learned preference. Reversal is recovered when the margin is € = 0.

To identify candidates without querying the ground truth, we use the ensemble disagreement score
Var(z,y,y’) as a proxy for difficulty for the current ensemble. We measure this score relative
to a fixed reference distribution, so that candidate status depends on how much disagreement a
triplet elicits compared with the reference policies’ generations. Let Fys,, denote the cumulative
distribution function of Var(x,y,y’) under the fixed reference distribution (z,y,7’) ~ p ® 7' @
w'f. For ¢ € (0, 1), we write Fy, (q) for its quantile function.

Definition 3.2 (a-online adversarial candidate). For « € (0, 1), a preference triplet (x,y,y’) is an
a-online adversarial candidate if

Var(z,y,y’) > F\;dlr(l —a).

Smaller « targets more extreme disagreement relative to the reference distribution, which may indi-
cate poorly learned preferences and reversals. This connection is only heuristic as ensemble mem-
bers may agree on an incorrect preference, or disagree while their mean predicts the correct response.

4 CONTEXTUAL STACKELBERG GAMES: THEORY AND ALGORITHMS

We consider a contextual sequential zero-sum game between a Leader, who acts first after observing
the context, and a Follower, who acts second after observing both the context and the Leader’s
realized action. Let X denote the finite set of contexts and ) the finite common action set of the
Leader and the FollowerE] In this Section, we opt to use a general utility functionu : X xYxY — R,
since our theoretical results and algorithms apply to any such function under the stated assumptions.
The game proposed in Section[3]is recovered as the special case u = Var. Alternative utility choices,
including the preference-optimization objective (Munos et al.,[2024), are discussed in Appendix [F|

4.1 EQUILIBRIUM EXISTENCE AND UNIQUENESS

The game develops as follows. The Leader observes a context z € X and chooses a mixed action
according to a policy 7 : X — A()). We denote the set of such policies by II. The Follower
observes both x and the Leader’s realized action y ~ 7 (- | «), and chooses a mixed action according
to a policy w : X x ¥ — A()). We denote the set of such policies by 2. Let p € A(X) be a

>We assume that the context and action sets are finite for ease of mathematical exposition. Under appropriate
topological assumptions, however, all the arguments that follow extend to arbitrary action sets.



common prior over contexts, assumed without loss of generality to have full support. The game is
zero-sum, with utilities ur = w and uy, = —u for the Follower and Leader, respectively.

The solution concept for such sequential games is the Stackelberg Equilibrium (SE) (von Stackel-
berg) 1934} [Simaan & Cruz, |1973). The Follower, moving second, best-responds to the Leader’s
realized action; the Leader, anticipating this best response, commits to the policy that minimizes the
resulting expected utility. We report our definition below.

Definition 4.1 (Stackelberg equilibrium). A pair of policies (7*,w*) € II x § is a Stackelberg
equilibrium of the contextual sequential zero sum game with utility « if

" € arg {rnel%[l glez% ]Em,p’ yror(|3), Y ~w (| 3,y) [u(x,y,y/)L )

* /
woE e Eonp, yror= (), y'miw (L) [0(2 4, 9)]

We regularize both players toward reference policies 7! € II and w™f € €, assumed throughout
to have full support. For regularization parameters 77, 7 > 0, define a Stackelberg equilibrium of
the regularized game to be a pair of policies (7*, w*) such that

7" € argmin max f(m, w w* € argmax f (7", w 3
gmin max f(7w), gma £+, ) G

with f : IT x £ — R the continuous convex-concave function defined as
f(7T, w) = EmNp, y~m(cz), y' ~w(-z,y) [u(x, Y, y/)] + TL KLP (’/T ” ﬂ—mf) - TF KLPJ" (w ” wref)’ 4)

where KL, and KL,, , are the natural expected value extensions of KL; for instance, KL, (7 || 1) :=
Eymp(y [KL(7(- | @) || (- | 2))]. We will omit subscripts when the distributions are clear from
context. Definition is recovered as the case 7% = 7 = 0 of the regularized equilibrium in (3).

Under these assumptions the regularized game always admits an equilibrium. When both regular-
ization parameters are strictly positive, the equilibrium is moreover unique and both policies are
available in closed form.

Theorem 4.2 (Existence, uniqueness, and closed form). Suppose that X and Y are finite and that
p, ™% and w*t have full support. Let f be defined as in @), with 7%, 7 > 0. Then there exists a
Stackelberg Equilibrium (7*,w*) of the game (3). Moreover, if T, 7% > 0 and 7t wret are of full
support, then the equilibrium is unique and

wf (y' | 2,y) exp(u(z,y,y)/mF)

Wiy | x,y) = 77 (2.3) 7
. 7 (y | o) exp(—Zr log 27 (z,y)
T (y | x) = 7502) ;

where Z¥ and Z* are the appropriately defined normalization functions.

The closed-form policies highlight the order of play. Conditional on the pair (z,y), the Follower
reweights its reference policy toward actions with higher utility. The quantity 7" log Z¥ (2, ) is
the Follower’s optimal regularized value at (z, y); the Leader, in turn, reweights its reference policy
toward actions for which this value is smaller. We refer the reader to Appendix [B]for details on the
proof.

4.2 COMPUTING STACKELBERG EQUILIBRIA

To compute the Stackelberg equilibrium of the Leader—Follower game introduced in Section[4.1] we
introduce Stackelberg Mirror Descent—Ascent (SMIDA), a two-timescale algorithm presented here
in its tabular form. We then prove that when both regularization parameters are strictly positive and
the step sizes satisfy suitable conditions, the last iterate converges linearly in KL divergence to the
unique Stackelberg equilibrium of Theorem[.2] with an explicit rate for each player and uniformly
over contexts.

Our construction follows the entropic mirror-descent approach of NLHF (Munos et al., [2024). Mir-
ror descent optimizes a first-order approximation of the objective while penalizing departure from



Algorithm 1 Stackelberg Mirror Descent—Ascent (SMIDA), tabular form

Require: Utility u; full-support references 7", w"f; regularization weights 7%, 7" > 0; step sizes

satisfying (6)
1: Initialize my < 7" and wg + w™®f
2: fort=0,1,2,... do
3: Compute 73 (x, y) from (@) for every (z,y)
4 Leader (slow, descent): for every z,
L_L L_L R
me ([ @) o m(- [ @) T A )T exp(—nt (e, )
5: Follower (fast, ascent): for every (x,y),

_F_F F_F
thrl(' ‘ x,y) X Wt(' | xay)l T wref(. | m??/)n " eXP(nFU(l"»yv'))

6: end for

the current iterate through a Bregman divergence (Bubeck,2015); on the probability simplex, choos-
ing negative entropy as the mirror map gives the KL divergence. In Algorithm[I} we apply this ge-
ometry to each player’s conditional policy: the Leader takes a descent mirror step on the cost induced
by the current Follower, while the Follower takes an ascent mirror step on its utility conditional on
the Leader’s realized action.

At each step t, the Leader maintains a probability vector 7,(- | ) for every context x, and the
Follower a probability vector w;(- | x,y) for every context—action pair (z,y). Given the current
Follower policy w;, the Leader faces the conditional cost

Pe(ry) =Y wy |z y)u,y,y) — 7 KL(wi(- | 2,9) @™ ( | 2,9)), (5)
y' ey

that is, the Follower’s regularized utility at (x, y) evaluated at its current policy rather than at its best
response.

Let n%, n"" > 0 be the step sizes. The relative timescales are determined by the effective steps n’ 7%
and nF'7F. We require
0<nirt <pfrf <1, (6)

so that the Follower, which solves the inner maximization, is the fast player. When 7L = F this
reduces to nf" > n. Appendix further discusses the faster-Follower timescale and shows how
the Follower’s convergence controls the error in the conditional costs used by the Leader.

The proportionality signs in Algorithm [I|denote normalization over the displayed action argument.
Each update first forms a geometric mixture of the current policy and its reference, then exponen-
tially reweights this mixture toward lower conditional costs for the Leader or higher utilities for the
Follower. We next establish last-iterate convergence of SMIDA to the regularized Stackelberg equi-
librium of Theorem[4.2] Both players converge linearly in both directions of the KL divergence, the
Follower with factor 1 — nf'7%" and the Leader with the slower factor 1 — nX7~.

Theorem 4.3 (Last iterate convergence of SMIDA). Suppose that X and Y are finite, that p, 7',
and w*** have full support, and that 7", 7% > 0. Run Algorithmwith

0 <nbrt <pfirf <1.

Then every iterate has full support, and the last iterate (7, wy ) converges to the unique Stackelberg
equilibrium (7*,w™). More precisely, there exist constants Cr,, Cr > 0 such that, for every t > 1,
the Leader satisfies

* * t
max {KL, (7" || m¢), KL, (7 || 7*)} < CL (1 — ?’]LTL) ,
while the Follower satisfies

* * t
max {KL, -+ (w* [|wi), KL+ (wy ||w*)} < Cr (1 - nFTF) .

Appendix [C] proves a stronger statement, with bounds that hold uniformly over contexts and condi-
tioning actions, and gives explicit expressions for Cy, and Cp.



4.3 SCALING SMIDA TO LANGUAGE MODEL POLICIES

Motivated by SMIDA, we introduce DEEP-SMIDA, a neural policy-gradient algorithm designed for
large context and action spaces X and ), with applications to LLMs in mind. We parameterize
the Leader’s and Follower’s policies as 7y and wg, respectively, and optimize their regularized
objectives using batched policy-gradient estimates. Both estimates are computed from the same
Leader—Follower rollouts, with the Leader taking a descent step and the Follower an ascent step.

We highlight one implementation detail that is, to our knowledge, novel: jointly warming up the
Leader’s learning rate and the Follower-to-Leader learning-rate ratio. Preliminary experiments
showed that training was highly sensitive to the learning rates n” and 7" and often became un-
stable; standard warm-up techniques did not resolve this instability (Kalra & Barkeshli| [2024). To
address this, we linearly increase the ratio " /n’ from 1 to its target n*"/n* > 1, while warming
up the Leader’s learning rate n/ linearly from nl;, to n%. At each iteration, the Follower’s learning
rate is the product of the current Leader rate and the current ratio. Both rates remain constant after
warm-up, with targets chosen to satisfy n“7% < n'7, following the timescale ordering in the tab-
ular analysis of Theorem Algorithmic and implementation details are provided in Appendix D]

5 EXPERIMENTS

5.1 METHODOLOGY

We use UltraFeedback (Cui et al.||2024) and adopt a synthetic oracle setup (Gao et al.,|2023) to label
the original response pairs and comparisons generated by the adversarial game. Relabelling gives
89,625 preference triplets across 15,053 unique prompts. We train an ensemble of five preference
models based on the architecture of Zhang et al.| (2025)), using mutually disjoint training partitions
at the prompt level and independent initialization and training seeds. We reserve 37,614 triplets
across 6,315 unseen prompts for evaluation. More details are to be found in Appendix [E] while in
Appendix[| we provide an heuristic argument as to why preference models are more subject to hacks
than reward models.

5.2 VARIANCE AS AN ESTIMATE FOR PREDICTION DIFFICULTY

We test whether ensemble variance is an informative proxy for prediction error (Gleave & Irving,
2022) on the held-out prompt set of Section[5.1] For each triplet, we compare the preference induced
by the five-member ensemble’s mean probability with the binary oracle label. Prediction difficulty
here refers to the ensemble’s tendency to disagree with the oracle, whereas Var(z, y, y') requires no
oracle label and is available during policy training.

Ensemble accuracy decreases monotonically across variance deciles, from 92.0% in the lowest to
59.4% in the highest (Figure[lh). Since the Follower searches for high-variance triplets, error con-
centration in the upper tail is especially relevant: the top 10% have an error rate of 40.6%, compared
with 24.3% overall (Figure ). Across comparisons, variance achieves an area under the receiver
operating characteristic curve (AUROC) of 0.670 when ranking errors above correct predictions
(Fawcett, 2006), indicating moderate discrimination. Other uncertainty metrics are provided in Ap-

pendix [H
5.3 GENERATING ADVERSARIAL RESPONSES

We next ask whether the Leader—Follower game generates adversarial preference triplets on held-out
prompts. Following Section [3.2] we compare the trained and reference policies by measuring the
frequency of c-online adversarial candidates (Definition and, using oracle labels, e-adversarial
triplets (Definition [3.T).

All policies are initialized from the same base model, using the models and chat templates of Ap-
pendix [E.4} the frozen initializations serve as 7' and w'!. The utility is the ensemble variance of
Section [3.1] rescaled to [0, 1] and computed using the frozen five-member ensemble of Section
We train with DEEP-SMIDA (Algorithm [Z) on a set of prompts unseen during ensemble training,
obtaining policies (7, ). Appendix [E.4] provides hyperparameters and implementation details. We



(a) Accuracy across variance deciles (b) Error rate among selected comparisons
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Figure 1: Ensemble variance and prediction difficulty on held out comparisons. (a) Oracle agree-
ment across variance deciles. (b) Ensemble error rate among comparisons selected in decreasing
order of variance. Error bars and shading show 95% prompt-bootstrap intervals.

evaluate the trained pair (7, &) and the reference pair (7", w™") on the same 2,500 prompts, unseen
during policy and ensemble training, with identical decoding settings. Each policy pair generates
two response pairs per prompt, for a total of 5,000 triplets. The empirical variance distribution of
the reference triplets estimates Fy,, and sets common candidate thresholds for both policy pairs.

5.3.1 DISAGREEMENT ON HOLDOUT PROMPTS

We first assess whether the trained policies generate comparisons with greater ensemble disagree-
ment on holdout prompts. Across the 5,000 triplets generated by each policy pair, training increases
mean ensemble variance from 0.0051 to 0.0139 (95% prompt-bootstrap interval: [0.0133,0.0145)).
The median rises from 0.00238 to 0.00569, and the trained pair produces higher mean variance on
68.5% of evaluation prompts. The increase thus extends to the centre of the distribution and across
prompts. Figure 2[a) shows how this shift translates into the yield of a-online adversarial candi-
dates, using common variance thresholds estimated from the reference generations. At = 0.1, the
trained pair gives 33.7% candidates (95% interval: [31.7%, 35.5%]), compared with 10.0% for the
reference pair. The relative gain increases as o decreases. At a = 0.05 and a = 0.01, trained gives
are 26.0% and 11.2%, respectively, or 5.2 and 11.2 times the reference rates. Training thus increases
the yield of comparisons with high disagreement over the reference.

5.3.2 ADVERSARIAL TRIPLETS

Greater disagreement is useful for our purpose when it identifies comparisons on which the en-
semble’s mean preference is incorrect. We test this empirically on 1,600 triplets from 800 holdout
prompts per policy pair, using the same synthetic oracle as in Section[5.1} For each triplet, we es-
timate P*(y > 3’ | «) by averaging the valid binary verdicts from 11 oracle queries, randomizing
response order in each query. We apply the conditions of Definition [3.1] Figure 2[b) reports the
fraction of all labelled triplets that are both c-online candidates and e-adversarial. This joint yield
measures how many oracle-confirmed errors pass the online criterion per generated triplet.

Ata = 0.1 and € = 0, the trained pair gives 9.6% (95% prompt-bootstrap interval: [7.97,11.25]),
compared with 4.4% for the reference pair. At o = 0.05, the respective yields are 8.0% (95%
interval: [6.51,9.50]) and 1.9%. The advantage persists for reversals with substantial oracle margins:
at « = 0.1 and ¢ = 0.3, the trained pair yields 7.0% against 2.6%. These results support the game
as a way to generate adversarial comparisons accessible to online selection.



(a) Online candidate yield (b) Oracle-confirmed adversarial yield
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Figure 2: Online candidate yield and oracle-confirmed adversarial yield on holdout prompts. (a)
Fraction of 5,000 triplets per policy pair meeting the common reference-quantile threshold at level .
(b) Fraction of all 1,600 oracle-labelled triplets per policy pair that are both a-online candidates and
e-adversarial. Blue solid curves denote trained policies; red dashed curves denote reference policies.
Lighter curves indicate larger oracle margins. Shading shows 95% prompt-bootstrap intervals

The online criterion also concentrates errors within the trained policies’ generations. At o = 0.1,
29.7% of their candidates reverse the preferences, compared with 19.4% of their generations overall,
capturing 49.2% of all their reversals. The reference pair nevertheless has a higher overall reversal
rate (34.3%) and the scope of this simple example is thus specific. We obtain a higher per-triplet
yield of errors exceeding a disagreement threshold, with errors defined relative to the oracle.

5.4 FURTHER EXPERIMENTS

We briefly report two further experiments, with details in Appendix[G] First, we examine an indirect
benefit of our method, the Leader’s alignment with preferences. We conjecture that minimizing
disagreement against an moving Follower may help preserve response quality. In fact, in a round-
robin evaluation, our Leader achieves an oracle preference rate of 54.89% against NLHF (Munos
et al.l 2024) and 50.70% against the SLHF Leader (Pasztor et al.,[2026). A Leader trained only to
resist disagreement thus remains competitive with policies trained to be preferred (Appendix [G.4).

To isolate the role of the Leader, we train the Follower only, while keeping the Leader fixed in
(I). We conjecture that a Follower facing a fixed Leader can exploit idiosyncratic patterns of that
Leader’s response distribution, rather than learn to construct useful responses. We therefore compare
the two Followers on IFEval (Zhou et al.,[2023), an instruction following benchmark. The Follower
trained with a moving Leader achieves higher accuracy on all four aggregate metrics. Training
against an adaptive Leader thus discourages strategies that induce disagreement at the expense of
instruction following (Appendix [G.3).

6 CONCLUSIONS, BROADER IMPACT, AND LIMITATIONS

The goal of the present work is first and foremost to provide a framework for addressing a basic,
almost naive difficulty in alignment, that the evaluator is by necessity an imperfect proxy for human
preferences and intents. Our Stackelberg formulation uses adversarial interaction to search for com-
parisons that expose these imperfections and provide candidates for additional supervision. Due to
compute constraints, our experiments are limited to small models and relatively simple tasks, with
errors assessed against a synthetic oracle. Whether correcting the errors identified by this search
makes the evaluator more robust remains to be established. A natural next step is therefore to con-
nect adversarial search with repeated annotation and evaluator updates, and to test the resulting pro-



cess on larger frontier models and on open-ended, long-horizon tasks whose outcomes are difficult
to verify. More broadly, we hope that the ensemble-variance game illustrates a broader point, that
the same optimizing behavior that exploits an evaluator can also help improve the same supervision
on which alignment depends.
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A EXTENDED LITERATURE REVIEW

Alignment. Aligning language models with human preferences requires eliciting those preferences
and translating them into a learning signal. Reinforcement learning from human feedback (RLHF)
learns scalar rewards from human comparisons and optimizes policies against them (Christiano
et al.l 2017; |Ouyang et al., 2022). A scalar reward induces a transitive ordering, whereas pair-
wise whereas aggregated human judgments and LLM judges are routinely intransitive (Mayl [1954;
Tversky, [1969; Xu et al., 2025). General pairwise preference models accommodate such intran-
sitivities (Zhang et al} |[2025). Nash learning from human feedback (NLHF) (Munos et al., 2024)
and its descendants (Swamy et al} [2024; |Wu et al., 2025)) seek to compute a Nash equilibrium of
simultaneous play by optimizing regularized preference win rates under a fixed preference model.

Reward Hacking. A learned evaluator is only an imperfect proxy for human preferences and op-
timizing against it can increase its scores without producing outcomes that humans prefer (Amodei
et al.,[2016; [Skalse et al.,|2022). Stronger optimization can exacerbate this mismatch across control

13



tasks and language models, increasing proxy reward while reducing true (synthetic) reward (Pan
et al., [2022; |Gao et al.,|2023)); general preference models remain vulnerable (Gupta et al., | 2025).

Active Learning. Active preference learning selects comparisons for annotation using uncertainty
scores, such as predictive entropy (Muldrew et al.|2024), or Thompson sampling over fixed response
pools (Melikidze et al.| [2026). RUNE (Liang et al.,|2022) instead adds ensemble standard deviation
to the agent’s reward, optimizing a policy toward disagreement. Adv-RM (Bukharin et al.| [2025)
similarly trains a generator to maximize disagreement between two reward models while keeping
the target model’s reward high. We optimize disagreement directly, training two opposing policies
against an ensemble without this directional constraint. By generating comparisons as the policies
evolve, our approach also searches for failure modes that fixed response pools may miss.

Stackelberg Learning. Prior Stackelberg alignment methods optimize rewards while anticipating
policy adaptation (Chakraborty et al., 2024])), adapt a preference model to a leading policy (Makar-
Limanov et al.}[2024)), or optimize against worst-case preference-gap distributions (Chu et al.,[2025)).
Closest to our formulation, Stackelberg learning from human feedback (SLHF) (Pasztor et al.| [2026))
trains a Follower to generate a preferred alternative conditional on the Leader’s realized response.

B EXISTENCE AND UNIQUENESS OF STACKELBERG EQUILIBRIA

This Appendix contains the proof(s) of the existence and uniqueness Theorem[.2] We do so in steps.
First, we establish equilibrium existence for continuous convex-concave objectives. We then recall
a variational identity for KL-regularized optimization and use it to derive the equilibrium policies in
closed form and prove uniqueness when both regularization parameters are strictly positive.

Begin by observing that as X' and ) are finite, the strategy sets II and {2 are nonempty convex
compact subsets of finite-dimensional Euclidean spaces. For the reader convenience, we repeat the
definition of Stackelberg Equilibrium in a slightly more general form. We also note that the specific
form of (@) is, in fact, not needed to prove existence.

Definition B.1. Let f : II x 2 — R be a function. A pair (7*,w*) is a f-Stackelberg Equilibrium
for the zero-sum game with utility f if

7" € argmin max f(mw), w*e arglgleagf(ﬂ ,W).
Theorem B.2. Let f : II x Q@ — R be continuous convex-concav Then there exists (7%, w*) such
that

f(r*,w) < f(r*,w*) < f(m,w*), Vrellwel.

In particular, (7*,w*) is a Stackelberg equilibrium and

max min f(7,w) = minmax f(7,w).
w ™ s w

Proof. Define the lower and upper value of the zero-sum game by

v = maxmin f(7,w), v :=minmax f(m,w).
w K ™ w

The immediate inequality gives v < v and by the VnM-Sion maxmin Theorem Sion| (1958)) we have
equality v = 7; denote the common value by v. By compactness of II and (2 and by continuity of
the maps w +— min, f(7m,w) and 7 — max, f(m,w), the latter which follows by an application
of Berge’s Maximum Theorem (see Theorem 17.31 of |Aliprantis & Border|(2006))), we can choose
m* € Il and w* € Q) such that

min f(m,w*) =v, max f(7*,w) = 0.
T w

In particular, by the first condition we have that f(7*,w*) > v and symmetrically from the second
we have f(7*,w*) < v, hence equality. Combining the previous two equalities gives the saddle
property

fr*,w) < f(r*,w*) < f(mw), Vrelweq.

3Such a function f is said to be convex-concave if for all w € ) the section f (+,w) is convex and similarly
for all 7 € II the section f(, -) is concave.
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By the left-hand inequality, w* € arg max,cq f(7*,w). Finally,

max f(7*,w) = f(7*,w") = v = minmax f(7,w),
w s w
which gives 7* € arg min; e max,ecq f(m,w) as required. O

Note that the function f : IT x 2 — R as defined in Equation () is continuous and convex-concave,
hence satisfies the assumptions of Theorem [B.2} this proves the first part of Theorem 4.2] We
next exploit the explicit structure of (@) to prove uniqueness and to obtain an explicit expression
for the equilibrium policies. The following Lemma is a well known folklore result, of which, for
completeness sake, we report a simple proof. For similar arguments, see also |[Rafailov et al.|(2023).

Lemma B.3. Ler A be a finite set, let r € A(A) be of full support, let 7 € Rsgand h : A — R.
Then

min {(q, h)y +T7KL(q||r)} = —7log Z, @)
geEA(A

where (-, -) denotes the expectation and Z is the normalizing constant
Z = Z r(a)e” M@/, (8)
acA
Moreover, the minimizer is unique and is given by

T(a)efh(a)/‘r

g (a) = 7 9)
Proof. Since 7 has full support, ¢* as defined in (9) also has full support. For any ¢ € A(A),
; q(a)
KLfalla") = 3 ala)tos (L)
= KL(q||r) + %(q, h) +log Z.
Rearranging gives
(q,h) + TKL(q||r) = —7log Z + 7 KL(q|| ¢*)- (10)

Because the Kullback-Leibler divergence is nonnegative, the right-hand side is minimized at g¢*,
with minimum value —7 log Z. Moreover, KL(q || ¢*) = 0 if and only if ¢ = ¢*, which proves
uniqueness. O

Theorem B.4. Suppose that X and Y are finite and that p, 7w, and w* have full support. Let f
be defined as in @). Suppose that L 18 > 0 and 7wt are of full support. Then there exists a
unique f-Stackelberg Equilibrium (7*,w™) given by

o i B wrcf(y/ | J;7y) exp(u(l‘,y,y/)/TF)

Wy | 2,y) = Z7(a.y) ’

) rcf(y ‘ JC) exp( — IOg ZF(CC,y)>
™y | x) = ZL(x) ’

where the normalization functions Z¥ and Z* are defined as

ZF(,y) =Y w2 | z,y) explu(z,y,2)/77),
zey

ZW“’f (z | z) exp(—(7F /") log ZF (2, 2)).

z€Y

Proof. Fix a Leader’s policy 7 € II. The Follower’s problem is equivalent to

maXEpr(.mNﬂ(.m [(I)x7y(w(' | x,y)}, (11)

weN
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where we define
Py y (V) = By [ulz,y,y)] = 77 KL [ &™(- | 2,7)).
We solve the maximization problem (TT) pointwise for each (z,y) € X x Y. By Lemma[B.3] we

have

max ®, ,(v) =7"1og ZF (x,v),
e @y (V) 8 Z" (x,y)

with unique maximizer
Wy @, y) exp(ula,y,y')/7F)
ZF (x,y) ’

w Yy | x,y) =

where the normalization function Z is defined as
g U(I, Y, y/)
ZF — ref ¢,/ )
(z,y) = > (Y | z,y)exp —F
y'ey
It follows that w* maximizes f(w,-) for every 7. For a fixed 7, this maximizer is unique at every

point (z, y) such that p(x)m(y | ) > 0. Substituting the Follower’s optimal value into the Leader’s
problem gives

V(r) = max f(m,w)

(12)
= p(@) [ Y wly | 2)r  log Z (w,y) + TKL(r (- | 2) | 7 (- | 2))
TeEX yeyY
The minimization of V' separates across contexts. For each = € X, apply Lemma B.3] again, now
with

F
240 = X w iy | e (- Ly s 27 (0.
T
yey

Lemma shows that the minimum of the z-indexed term in (T2)) is —7 log Z¥(z), and that its
unique minimizer is

7l (y | @) exp(— I log 27 (z.y)

Zt(x) '
Since p has full support, every context-indexed term in (I2)) has strictly positive weight. Hence 7*
is the unique minimizer of V, and, in particular,

m™(y|z) =

7% € arg min max f(m,w).
gnen wen f(mw)

Moreover, since 7! has full support, so does 7*. Thus, for every (x, ), we have p(z)7*(y | z) > 0.
By the preceding argument, this implies that w* is the unique maximizer of f(7*, -), completing the
proof. O

C CONVERGENCE OF STACKELBERG MIRROR DESCENT-ASCENT

This Appendix proves a stronger version of Theorem [4.3] on the last-iterate convergence of SMIDA.
We establish explicit bounds in both directions of the KL divergence for each player, uniformly over
contexts and, for the Follower, conditioning actions.

C.1 UNIFORM LAST ITERATE CONVERGENCE

For a function v : A — R, write osc(v) := max, v(a) — min, v(a) for the oscillation of v. Define
the two payoff oscillations

Dp = maxosc (u(z,y,)) = max [max w(z,y,y’) — min u(m,y,y’)} ,
@ Ty | v v

Y

D = maxosc (u(z,-,-)) = max [max uw(x,y,y') — minu(z,y, y')] ,
z r | yy vy’

The first is the variation relevant to the Follower’s tracking error; the second also allows the Leader
action to vary, and satisfies Dp < D.
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Theorem C.1. Suppose that X and Y are finite, that p, 7%, and w*" have full support, and that

7L 7P > 0. Run Algorithm |I| under condition (), and let (7*,w*) be the unique regularized

Stackelberg equilibrium. Set

L_L F_F ntrt
qr =1—n"7", qr:=1—n"1", K= —F—7F >1
ntr
and define
/
r(z,y) =18 logz Wty | z,y) exp(W) , Dy, := maxoscr(zx,-).
Y’ T ’
Then all iterates have full support and, for every t > 0,
. . Dp
maxmax{KL(w" (- [ 2, y)we(- | 2.9) KL(wi(- | 2,9)|w" (- [2.9)} < dp =, (3)
max max{KL(7"(- | 2)|[m(- [ 2)), KL(m(- [ 2)[|[7"(- | )}
D t .t
< ¢ —F +ntDpt—IE, (14)
T dr — 4qr

Moreover, Dy, < D, and hence the simpler bound

. N D &k
maxmax{KL(w"(- | 2)||m(- [ ), KL(m(- | @)l7"(- | 2)} < qp 7 —
also holds. Thus the Follower converges at rate q%. and the Leader at rate g%, simultaneously in
both directions of KL and uniformly over all contexts.

5)

Proof. Observe that, by their definition in Algorithm [I] all iterates have full support. We make use
of the following inequality:

max{KL(p|q), KL(q||p)} < osc(logp —logq) (16)

for full-support distributions p, ¢q. Indeed, if v := logp — log ¢, normalization implies minv <
0 < maxwv. Therefore KL(p|lq) = E,[v] < maxv < osc(v), and the reverse direction follows
identically.

For the Follower, let v;"Y := logw;(- | z,y) — logw*(- | x,y), where w* is the unique equilibrium
policy, as per Theorem [B-4] Taking logarithms in the Follower update gives

Ty z,y T,y
Vi = qRv Y G 1

for a scalar normalizing constant ¢;’¥ and 1 the vector of ones. Since oscillation is invariant under
addition of constants,

, oscu(x,y,-) <t Dy

— P gl
F F FTF

z,y

osc(vy oY) =g¢q

) = ¢k osc(vg (17
Combining this with (T6) proves (T3).
From the explicit form of w*, we have log(w* /w™) = u/7¥ —log Z'. Hence,

TFKL(w||w*) = 7FKL(w[|w™") — B, [u] + 77 log Z*".
Using 7 = 78 log ZF and 7y = E,, [u] — TFKL(w;||w™) gives r — 7y = 77 KL(w;||w*). Equa-
tions (T6) and (T7) imply, uniformly in (z,y),
0 < r(z,y) = Fulw,y) < Drgp.

For the Leader, put my := logm(- | ) — log7*(- | ). Taking logarithms in the Leader update
gives
miy = qrmi + 't (r(z, ) = Fi(z, ) + di1
for another scalar normalizer d7. Because r — 7 > 0, we have osc(r — 7¢)(z,-) < maxy(r —
7t)(z,y). Hence
max osc(my, 1) < qr mfuxosc(mf) + 1t Dpgt..
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Since 7y = 7,

Dy
ry — &
m;lxosc(mo) =L
Expanding Equation (C.I)) therefore gives
Dy t—1
maXObc(mt) < qL— +ntDp th 1=kgk,
k=0

and the finite sum equals (¢% — ¢%)/(qr — qr). Applying (I6) proves (14). Finally, r(z,y) lies
between min, u(z, y,y’) and max, u(z,y,y’), so Dy < D. Since gr < qr,

t
t—1— kk qr
Zq qF < nFrF _nLTL’

which gives (I3). O

Note that Theorem [4.3] follows by averaging the uniform bounds of Theorem [C.1] Indeed, by defi-

nition,
Ly([7) = ZP ¢ la)7( | =),

and
KL 7+ (wl|w) = Zp “(y | 2) KL(w(- | z,y)[l&(- | z,9)).

The weights in each sum are nonnegative and sum to one. Thus, applying the uniform bounds in
Theorem [C.| separately to both directions of the KL divergence gives, for every ¢t > 1,

D
max{KLy (7| ), KL (m[7*)} < —

TL (1 777L7_L)t7

k—1
and

. . Dp
max{KL, .« (w*||ws), KL, 7+ (we]jw™)} < T—F(l - nFTF)t.

Consequently, the strictly positive constants required in the main theorem may be chosen as

D & Dp
CL:maX{l,TLK:]_}’ CF:maX{l,TF}.

These constants are finite because the action and context sets are finite, 7~ , 77 >0,and k > 1. The
step-size condition ensures that both geometric factors lie in [0, 1), so the bounds imply last-iterate
linear convergence; full support of every iterate is already established in Theorem[4.3]

C.2 THE FOLLOWER’S TIMESCALE AND THE LEADER’S APPROXIMATION ERROR

The choice of a faster Follower in (6) follows the approach adopted in SLHF (Pasztor et al.| [2026).
The underlying intuition is standard in two-timescale optimization: the inner player approaches its
best response while the outer player changes more slowly, allowing the latter’s updates to approxi-
mate optimization of the maximized objective (Lin et al.,|[2025)). In our tabular setting, the Follower’s
objective at each (x,y) is independent of the Leader’s policy. The faster timescale therefore serves
to reduce the error in the conditional values 7; used by the Leader.

The role of the Follower’s approximation error can be made explicit. Let r(x,y) == 7" log Z¥'(z,y)
denote the Follower’s optimal regularized value at (x, y). The following lemma identifies the differ-
ence between this value and the current conditional value 7 (z, y).

Lemma C.2. Under the assumptions of Theorem B.1, for every t > 0 and every (x,y) € X X ),

r(z,y) = Te(z,y) = 77 KL (we(- | 2,9) |0 (- | 2,9)) > 0.
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Proof. Fix (z,y). Apply the identity established in the proof of Lemma[B.3|with h = —u(z,y, "),
reference distribution w™ (- | z,v), and regularization parameter 7¥". The unique minimizer is
w*(+ | ,y) and the minimum is —r(z, y). Evaluating the identity (T0) at w; (- | x,y) therefore gives

—i(2,y) = —r(z,y) + 7KL (wi(- [ 2,9) [|0*(- | 2,9)).

Rearranging proves the equality. Nonnegativity follows from that of KL divergence. O

Thus, convergence of the Follower directly controls the error in the costs used by the Leader.

D DEEP-SMIDA: POLICY GRADIENTS AND IMPLEMENTATION DETAILS

This Appendix contains algorithmic and implementation details for DEEP-SMIDA (see Algorithm[2).
We parametrize the Leader’s and Follower’s policies by mg and wy, respectively. Denote by p the

full support distribution over contexts and by 7*f, w™f the corresponding reference policies.

Motivated by the objective in Equation () and the procedure described in Algorithm[I] we write the
Follower’s exact objective and Leader’s plug-in objective, respectively, as

Jr (‘9’ ¢) = EINP(-),yNWe(-\93)7y’~wq>('|oc,y) [u(xa Y, y/)] —7rF KLy x, (w¢ ” wwf)v (18)
‘]L (9) = Ezrvp(-), y~mo () [?(.’E, y)] + TL KLp (71—(9 H 7rref) ) (19)

where following Equation (3), 74 denotes the plug-in cost currently faced by the Leader:

(| 2,y)

Note that the two players optimize in opposite directions, the follower maximizes J¥', whereas the
leader minimizes .J .

75(2,9) = Eynwy (o (@, 4, 4)] = 77 KL ry (s (- | 7,9) || w

For any baselines b (x,y) and b” () that do not depend on the sampled Follower and Leader ac-
tions, respectively, the policy gradients can be written as

/
VeI =E, /{V logwe(y' | z,y (u xz,y,y —TFlogw—bF z,y )}, (20)
[ Yy [ ¢( | ) ( ) wref(y’ ‘ Jf,y) ( )

L ~ L mo(y | ) L
VoJ" =Ky, {Ve log o (y | z) <T¢(z,y) + 77 log iy [ 2) b (z) || - 2D
The constant terms produced by differentiating the KL regularizers can be absorbed into the base-
lines because the expected score of a policy is zero.

We next give unbiased Monte Carlo estimators of these gradients. Fix a context x ~ p. Draw D > 2
independent Leader samples y', ..., y? ~ my(- | x) and, for every [ € {1,...,D}, draw M > 2
independent Follower samples 41, ... y/"™ ~ wy(- | z,y'). In practice, the resulting estimators
are additionally averaged over a minibatch of B contexts. Define
_ . 1 ! _ 1M
lj . L, nj\ _ _F W¢(y |I,y) L 15
AY =z, y', YY) — 77 log S (T [ 2y A = M;A . (22)
For each Follower sample, use the leave-one-out (Kool et al., 2019) baseline b* j(a:, yh) = (M —
=ty 2 A The Follower gradient estimator is then

D M

e 1 1 . )

VyJE = ) E i E Vg logwy(y™ | ,y") (AY —bF (2,9)) . (23)
=1 =1

Conditionally on (z, '), the baseline b*;(, ") is independent of 7. It therefore reduces variance
without changing the expectation of the estimator. The same rollouts also provide the Leader esti-

mator; no additional sampling is required. In particular, A" is a conditionally unbiased estimate of
7(x,y'). Define

l
. 1
[T log;fe(yﬂ ) = g SO (24)
m#l



The resulting Leader gradient estimator is

D

— 1

Vot = > Vologmo(y' | x) (L' — b (2)) . (25)
=1

Here b~ . (z) is independent of yl conditional on z, so the Leader estimator is also unbiased. Aver-
aging Equations (23) and (23) over a minibatch of contexts preserves this property.

At iteration ¢, the Follower takes an ascent step and the Leader a descent step:

brp1 =0 +0iVJE, 01 =0, —nFVeJE. (26)

In practice we apply these updates through AdamW optimizers (Loshchilov & Hutter, 2019) with
nE and nf as their learning rates and no weight decay; each gradient estimate is clipped to unit norm
before the optimizer step. Both policies are initialized from their corresponding reference policies,
which remain frozen throughout training. Algorithm [2] summarizes the complete procedure: for
every minibatch, it samples the nested Leader—Follower rollouts, constructs both gradient estimators,
and applies the two updates in Equation (26).

D.1 LEARNING RATE WARM-UP.

As discussed in Section directly starting from the target two-timescale learning rates can make
training unstable. Let T\, be the number of warm-up iterations. We linearly warm the Leader’s
rate from 7., to its target value 5% and, simultaneously, the ratio of the Follower and Leader rates
from 1 to its target value n*" /n*:

0 - k).

nk =nk {1+min{ t 1} (’7F 1>}
¢ ¢ Twarm7 77L

Thus, the two rates are equal at initialization, while after warm-up they equal their target values
nY and n¥'. We choose the targets so that 7% < nf'rF', matching the two-timescale ordering of
Algorithm T

t
L _pL 4 o
un n1n1t+m1n{T

D.2 COMPUTATIONAL COMPLEXITY

We provide a brief analysis of the computational complexity of Algorithm [2} Each iteration of
Algorithm 2 samples B contexts {x;};c(1,2,... p}» D Leader responses {yf}le{l’_”D} per context

x;, and M Follower responses {yyd}de{l,,,, .m} per Leader response yf . It therefore generates
BD Leader responses and BDM Follower responses, for a total of BDM response pairs. From

—

(23), we observe that estimating V,JF requires a forward-backward pass through DM response
trajectories and also DM forward passes from the frozen reference. We, notice however that the

o —

D rollouts of the leader can be reused. Hence, from , estimating VyJL, only requires D forward-
backward passes through the leader andD forward passes from the frozen reference. The number
of NFE or Neural Function Evaluations is slightly higher for the follower, due to its higher context
length. Further, each of the DM response pairs also requires evaluations from each of the £ = 5
preference ensemble. Multiplying this by the mini-batch size, that for each optimizer step, we
requite BDME 4+ 3BDM + 3BD rollouts.

E EXPERIMENTAL SETUP AND IMPLEMENTATION DETAILS

This appendix provides details of the experimental setup used in Section [5] We describe dataset
construction and oracle labelling, the architecture and training of the preference ensemble, the dis-
tribution of ensemble variance, and the implementation of the Leader—Follower game.
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Algorithm 2 Deep Stackelberg Mirror Descent—Ascent (DEEP-SMIDA)

Require: Utility u; context distribution p; reference policies 7"°f and w*®’; regularization weights

7L, 7F > 0; minibatch size B; sample sizes D, M > 2; step sizes {n}', nf }i>0
1: Initialize 6y and ¢ from their corresponding reference policies, which remain frozen throughout
training

2: fort=0,1,2,...do

3:  Draw aminibatch B; = {z;}2 | withz; ~ p

4: fori=1,...,Bdo

5: Draw D independent Leader samples 4}, ... ,y” ~ g, (- | z;)

6: for/=1,...,Ddo

7: Draw M independent Follower samples y. 1, ..., y/*™ ~ wy, (- | 4, yf)
8: Compute A7, A7, and bF (i, yf) according to 22)

9: end for -
10: Form the per-context Follower gradient estimator V4.J ' (z;) according to (23)
11: Using the same rollouts, compute L¢ and b% ,(z;) according to

12: Form the per-context Leader gradient estimator Vy.J - (x;) according to (D.2)
13: end for o o

14: Average the per-context estimators over B; to obtain V.J, and Vy.J L,

15: Update the Follower by ascent and the Leader by descent as in (26)):

Gt1 = ¢t + vaquFtv Ore1 = 0p — VoL
16: end for

E.1 DATASET

We use a subset of UltraFeedback (Cui et al., 2024)), a preference dataset containing approximately
64k prompts collected from six public instruction sources, each answered by four language models
drawn from a pool of seventeen. We retain the prompts and their responses, discard empty and
duplicate responses, and expand each prompt z into all (1\3”) unordered pairs of its NV, distinct
responses. Each pair defines a preference triplet (z,y, y').

Following |Gao et al| (2023), we adopt a synthetic oracle setup, using DeepSeek-V4-Flash
(DeepSeek-AlL |2026)) as the gold preference oracle. We replace UltraFeedback’s original annota-
tions with oracle labels so that the original response pairs and comparisons subsequently generated
by the adversarial game share a common source of supervision. For each comparison, we obtain
a binary preference label through zero-shot prompting, randomizing the display order of the two
responses to mitigate position bias. The procedure gives a dataset D of 89,625 labelled preference
triplets across 15,053 unique prompts.

E.2 PREFERENCE MODELS

We train an ensemble of |I| = 5 preference models {Pp, };cs, using a simplified version of
the general preference model of Zhang et al| (2025). Each member is initialized from the same
Qwen2.5-1.5B-Instruct backbone (Qwen Team, 2024) and finetuned independently. Given
a preference triplet (z,y, y’), we encode each prompt-response pair (x, y), (z,y’) separately, project
its final-token hidden representation through a bias-free linear head into a 16-dimensional vector, and
apply L? normalization, obtaining an embedding zy, (z,y). We compare the resulting embeddings
through a fixed skew-symmetric bilinear form J € R®*16  rescale the score by a learned positive
scalar \g, shared across inputs, and apply a sigmoid o to obtain the preference probability. The
preference probability is

P, (y = y/ | T) = 0-()‘91' <JZ(91 (Jf,y),Zgi ($>yl)>) (27)

This construction ensures that Py, (y = ¢’ | ) + Py, (y' = y | ) = 1, while allowing intransitive
preferences. By the antisymmetry of the preference models and basic properties of the variance, we
have Var(z,y,y’) = Var(x,y’, y); thus, the order of the two responses within a preference triplet
does not affect the optimization objective.
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Table 1: Distribution of ensemble variance on the held out UltraFeedback subset.

Summary statistics Selected percentiles
Statistic Value Percentile Value
Mean 0.006739 25 0.000588
Median 0.002931 75 0.008959
Variance 9.0507 x 10~° 90 0.018687
Standard deviation 0.009514 95 0.026660
Maximum 0.100228 99 0.044667

Each ensemble member is trained by minimizing the negative log-likelihood — log Py, (v = y1 | )
of the oracle labels on its own training partition of D, where y,, and y; denote the oracle-preferred
and non-preferred responses. Each partition contains approximately 10,000 preference triplets
across 1,680 unique prompts. The partitions are mutually disjoint at the prompt level and all la-
belled comparisons associated with a training prompt belong to the same partition. Ensemble diver-
sity comes from these distinct training sets, independent random initializations of the linear heads,
and different training seeds.

All members share a validation set whose prompts are disjoint from every training partition. A
further 37,614 triplets across 6,315 prompts are excluded from both training and validation and
serve as the held out set of Sections 5.2] On this set, individual members agree with the gold
preference oracle on 74.1-75.2% of comparisons, while predictions obtained from the ensemble-
mean preference probability agree on 75.7%.

E.3 DISTRIBUTION OF ENSEMBLE VARIANCE

We examine the distribution of Var(z,y,y’) on the held out UltraFeedback subset, comprising
37,614 response pairs across 6,315 prompts. For each pair, we compute the population variance
of the five members’ predicted preference probabilities, using denominator |I| = 5. All descriptive
statistics weight response pairs equally.

Table [I| summarizes the distribution. Most comparisons elicit little ensemble disagreement, while
a smaller fraction forms a pronounced right tail: the mean is more than twice the median, and
the 99th percentile is approximately fifteen times the median. Only 8.93% of comparisons have
variance greater than 0.02. Consistent with the relationship shown in the main text, mean variance
is higher on comparisons where the ensemble disagrees with the synthetic oracle (0.010010) than
where it agrees (0.005687). These statistics describe disagreement within the trained ensemble and
its association with oracle error on this held out subset.

E.4 STACKELBERG GAME IMPLEMENTATION

The Leader and Follower are both initialized from Qwen2.5-1.5B-Instruct (Qwen Team,
2024) and finetuned during the Stackelberg game. Their frozen initializations serve as the reference
policies 7*°f and w™ef.

Table [2| summarizes the training configuration. The utility is 4 Var(z, y, y’), where variance is com-
puted across the five frozen ensemble members with denominator 5, giving a score in [0, 1].

During warm-up, we linearly increase the Leader’s learning rate from 10~ to n” and the Follower-
to-Leader learning-rate ratio from 1 to nf"/n* = 2.5. The Follower’s learning rate is their product;
both rates remain constant after warm-up. Each optimizer step uses BDM = 64 preference triplets.
Sampling and policy log-probability calculations use the same temperature, with no nucleus or top-k
truncation.

We use the following chat templates, with the Follower receiving the Leader’s realized response in
its system message.
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Table 2: Hyperparameters for training the Leader and Follower. Unless specified otherwise, settings
apply to both policies.

Parameter Value
Optimization

Optimizer AdamW
Leader learning rate n" 8 x 107°
Follower learning rate i’ 2x107°
Initial learning rate (both policies) 107¢
Warm-up steps 50
KL coefficients 77, 7 5x 1074
Weight decay 0
Maximum gradient norm 1.0
Parameter precision bfloatl6

Training and rollout sampling

Training prompts 2,000
Training epochs 1
Optimizer steps 500
Prompts per step B 4
Leader responses per prompt D 4
Follower responses per Leader response M 4
Generation

Sampling temperature 0.6
Top-p 1.0
Maximum generated tokens per response 1,500

[System] : You are Qwen, created by Alibaba Cloud. You are a helpful
assistant.

[User]: <USER_PROMPT>

Vs

J

[System] You are Qwen, created by Alibaba Cloud. You are a helpful
assistant.

Another assistant previously answered the user’s request as follows:

<LEADER_RESPONSE>

Write a different, higher-quality answer to the user’s request.
Respond directly to the user as if answering for the first time.

Do not mention, quote, or reference the previous answer.

[User]: <USER_PROMPT>

F THE UTILITY AS A DESIGN CHOICE

Our framework accommodates any fixed utility u without changing the game structure or update
rules, and the tabular guarantees remain valid under the stated assumptions. In our experiments, u
is the variance of the preference probabilities predicted by a trained ensemble: the Follower seeks
to expose ensemble disagreement, while the Leader seeks to limit it. This is not the only option and
exploring alternative utilities is a natural direction for future work.
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Preference optimization is another special case. Setting u(z,y,y’) = P(y’ = y | x) recovers an
equivalent minimization form of the regularized SLHF |Pasztor et al.| (2026) objective. Our analysis
thus establishes linear last-iterate convergence of SMIDA for both players in this preference game. In
the finite tabular setting with strictly positive regularization and the stated step-size conditions, this
answers affirmatively the question raised in|Pasztor et al.|(2026)) of whether mirror-descent methods
can be adapted to obtain last-iterate convergence for Stackelberg preference games.

F.1 OTHER UNCERTAINTY METRICS

Further examples of utility are motivated by uncertainty measures used for query selection in active
preference learning, such as ensemble variance and predictive entropy (Christiano et al., 2017} [Lee
et al.} 2021). We consider here two alternatives to variance: decision uncertainty (Lewis & Gale}
1994) and Jensen—Shannon divergence (JSD) (Lin, |1991). Writing P;(z,y,y’) for the preference
probability predicted by ensemble member 4, let P(z,y,y’) = ﬁ > icr Pi(z,y,y') denote the

ensemble mean. We define decision uncertainty as

o _ 1 |- 1
Uz,y,y') =min {P(z,y,y'), 1 — P(z,y,9)} = ‘P(x,y,y’) ~3

)

=5

and JSD as

_ 1
JSD($7 Y, y/) = H(P(‘T7 Y, y/)) - m Z H(Pz(x7 Y, y/)) )
iel
where H(p) = —plogp — (1 — p)log(1 — p) denotes the entropy of a Bernoulli distribution with
parameter p. Decision uncertainty measures the proximity of the ensemble mean to indifference
and induces the same ranking as its predictive entropy, H(P). JSD instead measures disagreement
among the predictive distributions of the individual members.

We evaluate both scores on the held-out comparisons of Section[5.2] measuring errors relative to the
binary oracle labels. Figure [3[a) reports error-detection AUROCS of 0.707 for decision uncertainty
and 0.654 for JSD. Selecting the top 10% of comparisons ranked by each score gives error rates
of 47.5% and 39.7%, respectively, compared with 24.3% overall (Figure [3[b)). On this evaluation,
decision uncertainty therefore outperforms variance in both AUROC (0.670) and error concentration
in the top 10% (40.6%), while JSD gives slightly lower values on both measures.

Better error detection on a fixed set of comparisons, however, does not necessarily make a score
a suitable utility for the adversarial game. Decision uncertainty is maximized when the ensemble
mean is 1/2, including when all members agree on indifference. Since the Follower observes the
Leader’s realized response, it can attain this maximum by copying that response, setting 3/ = v.
The antisymmetry of our preference models ensures that P;(x,y,y) = 1/2 for every member, and
hence U(z,y,y) = 1/2 for every (x,y). Thus, copying is a best response to every Leader response,
and the Leader cannot reduce the Follower’s optimal utility below 1/2. Variance and JSD avoid this
particular failure mode, since both vanish when all ensemble members predict 1/2, including on
identical-response comparisons.

F.2 TARGETING A SPECIFIC PREFERENCE MODEL

Another option is to augment the ensemble disagreement objective in Equation (T]) with a preference
term. Given a fixed member Py, of the ensemble and a coefficient A > 0, consider

minmax By, yn(-fa), y'~w(-fo.y) [Var(z,y,y') + APo, (v =y | z)].

The additional term serves two purposes. First, it acts as a preference-based regularizer as the Fol-
lower is encouraged to generate responses that the selected model prefers to the Leader’s response.
The Leader, in turn, seeks responses that resist both disagreement and defeat under this model. This
introduces a preference signal for optimization, with A\ controlling its strength relative to variance.
Second, the term allows us to direct the search toward a specific preference model while retain-
ing uncertainty information from the full ensemble. Experiments show that this directed objective
achieves comparable performance to the variance objective in generating a-online candidates.
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(a) Error-detection ROC (b) Error rate among selected comparisons

Held-out; 37,614 comparisons, 9,155 ensemble errors Held-out; highest score first; 95% prompt-bootstrap intervals
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Overall error rate (24.3%)
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JSD: 39.7% (38.2-41.3%)
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0.2 95% CI: 0.700-0.713
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Figure 3: Preference-ensemble error detection on 37,614 held-out comparisons, including 9,155 er-
rors relative to the binary oracle labels. (a) ROC curves for decision uncertainty (blue) and Jensen—
Shannon divergence (JSD; red), with AUROCSs of 0.707 and 0.654, respectively. The dashed diag-
onal indicates chance performance. (b) Oracle-relative error rates among comparisons selected in
descending order of each score. Selecting the top 10% gives error rates of 47.5% for decision un-
certainty (95% CI: 46.0-49.1%) and 39.7% for JSD (95% CI: 38.2-41.3%), compared with 24.3%
overall. Shading shows pointwise 95% prompt-bootstrap intervals.

G FURTHER EXPERIMENTS, PARAMETERS SWEEP, AND ABLATION

G.1 TRAINING DYNAMICS

Figure [4] complements the evaluation in Section 5.3. Panel (a) shows the empirical CDF of ensem-
ble variance on held-out prompts, computed from generations obtained after training. The trained
pair’s distribution shifts toward higher variance relative to the reference pair; vertical lines mark the
reference-quantile thresholds defining a-online candidates.

Panel (b) tracks candidate shares in training minibatches of 64 triplets over 500 steps, using these
same fixed thresholds. The moving averages begin near the nominal reference rates, rise markedly
after approximately 200 steps, and remain elevated through the end of training despite substantial
minibatch variability. By the final steps, the smoothed shares are approximately 50% at o = 0.1
and 20% at o = 0.01. The increased candidate yield is thus sustained during training and is also
observed on held-out prompts after training.

For examples of high variance generated preference triplets, see Appendix [H]

G.2 HYPERPARAMETER SWEEP

We performed a sequential hyperparameter sweep over the KL regularization coefficients, the Fol-
lower’s target learning rate, and the warm-up duration. We first varied the common regularization
coefficient

r=1l=7F c{2x107%, 5x107%, 1073, 2 x 1073, 4 x 1073}.

After selecting 7, we swept the Follower’s target learning rate n" € {2x 1075, 3x107°, 5x 10~°}
and the warm-up duration Tyarm € {15,20,50} optimizer steps, using the joint learning-rate and
learning-rate-ratio schedule described in Appendix [D.1]

Configuration selection considered both training stability and the fraction of generated triplets satis-
fying the a-online candidate criterion of Definition [3.2]
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(a) Ensemble variance on held-out prompts (b) a-candidates during training

5,000 pairs; 2,500 prompts/policy; 95% prompt-bootstrap intervals 64 triplets/step, 500 steps; thresholds from the base pair's held-out variance

/-’k ,,,,,, Base policy (reference: rate = )
—— Moving average

0.6 Per-step share

1.0

%

0.6 0.4 =005

Trained leader and follower
—— Base policy

a-candidate share

S

a=0.01

o

t0.=0.05

Share of response pairs with variance < x

a=0.01

0.0 ‘ —
0.00 0.02 0.04 0.06 0.08 0.10 0 100 200 300 400 500

Ensemble variance Training step

Figure 4: Ensemble disagreement after and during training. (a) Empirical CDFs of ensemble vari-
ance on 5,000 triplets from 2,500 held-out prompts per policy pair, generated after training. Vertical
lines mark reference-quantile thresholds; shading shows 95% prompt-bootstrap intervals. (b) Shares
of a-online candidates in training minibatches of 64 triplets, using the same fixed thresholds. Thin
curves show per-step shares, thick curves their moving averages, and horizontal dotted lines the
nominal reference rates .

G.3 ADVERSARIAL PRECISION OF ONLINE CANDIDATES

We further examine whether the online criterion (Definition[3.2)) identifies comparisons on which the
ensemble’s mean preference is incorrect. Using the trained policies’ 1,600 oracle-labelled triplets
from 800 holdout prompts described in Section [5.3.2] Figure [3] reports the fraction of a-online
candidates that are e-adversarial. Smaller o imposes a stricter disagreement threshold and generally
increases this fraction. At o = 0.1, 29.7% of candidates reverse the oracle preference (¢ = 0),
compared with 19.4% of all labeled triplets, a 1.53-fold enrichment over random selection. The
same pattern continues for ¢ € {0.1,0.2,0.3}, indicating that the enrichment extends to reversals
with larger oracle margins. These results support ensemble disagreement as an informative criterion
for prioritizing comparisons for annotation within the trained policies’ generations.

G.4 PREFERENCE EVALUATION OF THE TRAINED LEADER

We evaluate whether our Leader produces responses that remain competitive under preference eval-
uation, despite being only trained to minimize ensemble disagreement rather than maximize prefer-
ence. We compare it with NLHF Munos et al.| (2024)) and the SLHF Leader Pasztor et al.[(2026) in
a round-robin evaluation. All three policies are initialized from Qwen2 .5-1.5B-Instruct and
trained on the same 2,000 prompts. NLHF and SLHF optimize preferences under the frozen model
Py, whereas our Leader optimizes the ensemble-variance objective. To control for differences in
the choice of trainable parameters, we use full-model fine-tuning for all three methods, with LoRA
disabled. Table [3|reports the training and generation settings for the two baselines. We evaluate all
three policy pairings on a separate set of 500 held-out prompts, using DeepSeek-V4-Flash as
the synthetic preference oracle. For each response pair, we query the oracle £k = 11 times and esti-
mate the preference probability by the fraction of judgments favoring one response over the other.
Table [ reports these win rates, averaged across evaluation prompts.

Both Leaders are preferred to NLHF more often than not: the SLHF Leader achieves a preference
rate of 54.92%, and our Leader achieves 54.89%. Their direct comparison is nearly even, with our
Leader preferred in 50.70% of oracle judgments.

This competitiveness is an unintended benefit of training our Leader to resist ensemble disagreement.
We conjecture that minimizing disagreement against an adaptive Follower, together with regulariza-
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Adversarial share among candidates

Trained leader and follower; 1,600 labelled pairs from 800 prompts; 95% prompt-bootstrap band
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Figure 5: Adversarial precision of online candidates. Solid curves show the fraction of a-online
candidates that are e-adversarial. Candidate thresholds are fixed by the reference variance distri-
bution, as in Section [5] Lighter curves correspond to larger oracle margins. Horizontal dotted lines
show the corresponding adversarial fractions among all labelled triplets, giving the expected preci-
sion under random selection. Shading shows a 95% prompt-bootstrap interval for € = 0.

Table 3: Training and generation settings for the NLHF (Nash-MD-PG) and SLHF (Stackel-
bergGDA) baselines. Both methods fully fine-tune Qwen2.5-1.5B-Instruct on the same
2,000 training prompts using the frozen preference model Py. Each uses a separate frozen copy of
the initial policy as its KL reference.

Parameter NLHF SLHF
Training and rollout sampling

Training prompts 2,000 2,000
Training epochs 1 1
Optimizer steps 63 63
Prompts per optimizer step 32 32
Prompts in final step 16 16
Responses per prompt 2 2
Generation

Sampling temperature 0.6 0.6
Top-p 1.0 1.0
Maximum generated tokens per response 512 512

tion toward the initial instruction-tuned policy, may favor responses that retain useful instruction-
following behavior.
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Table 4: Pairwise oracle preference rates on 500 held-out prompts. Each entry estimates the prob-
ability that the row policy’s response is preferred to the column policy’s response, using 11 oracle
queries per response pair and averaging across prompts. Values above 0.5 favor the row policy.

Column policy

Row policy NLHF SLHF LEADER OUR LEADER
NLHF — 0.4508 0.4511
SLHF LEADER 0.5492 — 0.4930
OUR LEADER 0.5489 0.5070 —

G.5 INSTRUCTION FOLLOWING WITH A TRAINED LEADER

We examine the role of the Leader by comparing the Follower trained in the full Stackelberg game
with a follower-only baseline, in which the Leader remains fixed. Both Followers seek to maximize
ensemble disagreement, but only the former trains against a Leader that learns to resist its attempts.
This ablation evaluates whether adapting both sides of the comparison is associated with better
instruction following after adversarial training.

We evaluate both Followers on IFEval [Zhou et al.| (2023)), using the same 541 prompts containing
834 verifiable instructions. IFEval uses programmatic checks to assess compliance with explicit
requirements, such as including specified keywords, respecting length constraints, or ending with a
prescribed phrase. Instruction-level accuracy measures the fraction of individual requirements sat-
isfied, whereas prompt-level accuracy requires all verifiable instructions in a prompt to be satisfied.
We report both strict and loose accuracy. Strict evaluation checks the original response; loose eval-
uation additionally accepts specified transformations, such as removing Markdown asterisks or the
first or last line, to reduce false negatives caused by formatting or introductory and concluding text.

Table [5]shows that the Stackelberg Follower achieves higher accuracy on all four aggregate metrics.
Loose prompt-level accuracy is 35.12%, compared with 28.28% for the follower-only baseline, and
loose instruction-level accuracy is 46.04%, compared with 38.49%. The advantage persists under
strict evaluation and also extends across eight of the nine instruction categories.

These results support our motivation for making the search adversarial on both sides of the compari-
son. With a fixed Leader, the Follower can specialize in inducing disagreement against an unchang-
ing response distribution, potentially exploiting weaknesses specific to that distribution. An adaptive
Leader instead learns responses that resist these attempts, requiring the Follower to search against
an evolving opponent. The higher instruction-following accuracy is consistent with this interaction
discouraging strategies that induce disagreement at the expense of compliance with the prompt.

H EXAMPLE PROMPTS AND RESPONSES

We present selected high variance Leader and Follower comparisons to illustrate the response be-
haviors encountered during adversarial search. They illustrate unsupported elaboration, discrepan-
cies between reasoning and final-answer correctness, and failures to preserve the requirements of a
prompt.

EXAMPLE 1 (UNSUPPORTED ELABORATION)

The Leader directly supplies the name given in the passage. The Follower reproduces that answer
but adds a speculative expansion of the initial “S.” that the passage does not support. This example
illustrates how elaboration can introduce unsupported specificity into an otherwise sufficient answer.

Prompt

Quick Question: The chain’s origin can be traced to the Dwarf Grill
(now the Dwarf House), a restaurant opened by S. Truett Cathy,
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Table 5: Leader ablation on IFEval. Accuracy (%) is reported for the Follower trained with an
adaptive Leader (Stackelberg Follower) and with a fixed Leader (follower-only), evaluated on the
same 541 prompts and 834 verifiable instructions. The higher value in each row is bolded. Category
rows report loose instruction-level accuracy.

METRIC STACKELBERG FOLLOWER FOLLOWER-ONLY
Loose: prompt 35.12 28.28
Loose: instruction 46.04 38.49
Strict: prompt 30.31 23.66
Strict: instruction 41.25 33.93
Loose accuracy by instruction category

Case 22.47 33.71
Combination 10.77 9.23
Detectable content 50.94 41.51
Detectable format 63.69 49.04
Keywords 55.83 53.99
Language 74.19 64.52
Length 44.76 33.57
Punctuation 19.70 16.67
Start/end 58.21 28.36

the chain’s former chairman and CEO, in 1946. The restaurant is
located in Hapeville, Georgia, a suburb of Atlanta, and is near
the location of the now-demolished Ford Motor Company Atlanta
Assembly Plant, for many years a source of many of the
restaurant’s patrons.

Question: who was the founder of chick fil a?
My answer:

Leader Response

The founder of Chick-fil-A is S. Truett Cathy.

To answer the question, let’s look at the context provided:

"The chain’s origin can be traced to the Dwarf Grill (now the Dwarf
House), a restaurant opened by S. Truett Cathy, the chain’s
former chairman and CEO, in 1946."

From this sentence, we can see that S. Truett Cathy founded
Chick-fil-A. The full name given is S. Truett Cathy, which likely
stands for Stephen Truett Cathy. The word "Cathy" is often used
as a family name in American English, so we can assume this
refers to the founder.

EXAMPLE 2 (CORRECT FINAL ANSWER WITH FLAWED REASONING)

Under the natural reading that each pack contains 30 utensils split equally among knives, forks, and
spoons, each pack contains 10 spoons and the required number of packs is 5. The Leader reaches
this final answer through incorrect and internally inconsistent reasoning. The Follower is much more
concise, but divides by 3 and returns the incorrect answer 17. This comparison exposes a tension
between final-answer correctness and explanation quality.
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John decides to buy utensils. They come in 30 packs with an equal
number of knives, forks, and spoons. How many packs does he need
to buy if he wants 50 spoons?

To find out how many packs John needs to buy, we start by figuring
out how many teaspoons (knives and forks) are needed in total:

Number of spoons per pack = Number of packs x Number of spoons per
pack

Since each pack contains an equal number of knives, forks, and spoons:
Teaspoons per pack = 3 spoons/pack

Now calculate the total teaspoons needed:

Total teaspoons needed = Number of spoons wanted x Number of spoons
per pack

Total teaspoons needed = 50 spoons x 3 spoons/pack

Total teaspoons needed 150 spoons

Each pack provides 3 spoons, but since there’s no specific
information about the distribution between knives and forks,
let’s assume he needs exactly 30 packs to get 90 spoons for
simplicity.

Therefore, the number of packs John needs to buy is 150 spoons / 30
spoons/pack

Number of packs needed = 150 spoons / 30 spoons/pack

Number of packs needed = 5 packs

So, John needs to buy 5 packs of utensils to have 50 spoons.

Vs
&

He would need 50/3 = 16.67 packs, which rounds up to 17 packs. The
answer is 17.

EXAMPLE 3 (ERRORS MOTIVATED BY A REWRITE)

Both responses classify the original declarative sentence as exclamatory and replace “over 100 mil-
lion” with “100 million”, losing the stated lower bound. The Follower additionally inserts an excla-
mation mark and claims that its rewrite “maintains the exclamation”, although the original sentence
contains none. The rewrite makes the mistaken classification appear consistent with the revised text.

Identify the type of the following sentence, rewrite it in a more
concise form, and incorporate the budget of the movie as an

additional constraint. Determine the sentence type and simplify:
The Tom Cruise movie was a huge hit, with a budget of over 100
million.

30



Sentence Type: Exclamatory Sentence

Simplified Form: "The Tom Cruise movie had an incredible success with
a staggering budget of 100 million."

Incorporating Budget Constraint:
"The Tom Cruise movie was a massive hit despite its extremely high
budget of 100 million."

-
-

Type of Sentence: Exclamatory

Concise and Incorporating Budget Constraint:
"Tom Cruise’s movie is a huge smash, with an astronomical budget of
100 million!™"

This version maintains the exclamation, simplifies the language, and
incorporates the budget detail.

-
-

EXAMPLE 4 (LOSS OF IMPLICIT ALIGNMENT)

The prompt refers to a sentence that is not supplied. The Leader acknowledges this missing input
and offers a qualified suggestion. The Follower omits the qualification and substitutes scheduled
punctuality for arriving just in time to prevent a negative consequence, which need not describe the
same situation.

Given this sentence about punctuality, suggest a more appropriate and
precise verb to convey the notion of arriving just in time to
prevent a negative consequence.

-
&

The original sentence is not provided, but I can offer a suggestion
based on common scenarios where punctuality might be crucial:

"If you arrive *#*onxx time, you will avoid any negative consequences."

This phrase accurately conveys that being there exactly when needed
prevents issues from arising.

"Arriving precisely at the scheduled moment"

Ve
.

I WHY GENERAL PREFERENCE MODELS CAN BE MORE PRONE TO
REWARD HACKING

General preference models can represent intransitive preferences that scalar reward models cannot
capture. This additional expressivity can, however, increase the number of annotations needed to
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estimate preferences accurately. We illustrate this tradeoff with a toy example in which the ground-
truth preferences admit a scalar reward representation. In this setting, a reward model can pool
information across comparisons, whereas an unrestricted preference estimator learns each pair sep-
arately. Fix a prompt = and a response set ) = y1, ..., yx with K > 2. Write

Pl =P (yi = y; | ®),

which we assume to be antisymmetric. . For each of the M = (12( ) unordered pairs, we observe n
annotations ,
Yig) ~ Bernoulli(P;;), 1<j, £=1,...,n
independently across pairs and annotations, for a total budget of n M observations. Define
1 n
Vij = ﬁZYig@ fori<j, Vji=1-Yy, Y=<
=1

To compare the two estimators under the same ground truth, suppose
1 i 1
Pl =g +ri=rj =0, |rg| < 7 foralli=1,.. . K.
i=1

where r; is the reward of response y;. We measure estimation error in the entrywise supremum
norm,
D * A > *
1P =Pl i= | max [Py —Py).

N yeeey

Fix a confidence parameter 6 € (0, 1).

General preference estimator. Consider the unbiased estimator ﬁfjmf :=Y,;. Foreachi < j,
Hoeffding’s inequality gives

P(|Yy; — Pl > ) < 2 exp(—2na?).
Taking a union bound over the M unordered pairs gives
log(2M/6)
2n

with probability at least 1 — . This bound does not require the scalar reward representation assumed
above.

[ PPt — P* |l < (28)

Reward estimator. Now consider
N 1 _ 1
e X (V- 3).
J#i
Under the assumed reward representation, this estimator is unbiased:
K
1

Efn] = %2(7’1 —rj) = Ve Kr; — ZT’J’ =Ty

i j=1
We estimate preferences by

Arew 1 ~ A
/Pi; = |:2 +7r; — ’I"j:l s
[0,1]
where [z][9,1) := min{1, max{0, z} } clips the estimate to the probability interval. Consequently,

[P = Pl < (P — i) = (75 —rj)| < |y — il + |7 — g
It therefore suffices to control the reward estimation errors uniformly. For each fixed ¢, we can write

=g D2 (4P

j#i =1
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where Yl-g-e) =1- Yj(f) for j < ¢. Hoeffding’s inequality thus gives
Q nK?a?
IP(}-—Z->*><2 - ).
|7 r|_2 < exp( Q(K—l))

Taking a union bound over the K responses, we obtain

o nk2a?
P re— 1l > = | <2K _ .
(== 5 ) < 2o

Setting the right-hand side equal to ¢ and applying the bound on pairwise preference errors gives

- 2(K —1)log(2K/6
IIP”WP*HDOS\/( ) OB ER]0) 29)

with probability at least 1 — 4.

Comparing Equations and (29), we find that, for fixed 4, the uniform-error upper bound for the
general preference estimator is larger by a factor of order v/K . The reward estimator gains accuracy
by pooling information across the K — 1 comparisons involving each response, whereas the general
preference estimator uses only the n annotations for each pair. Thus, under the same annotation
budget of nM, this example illustrates how general preference estimation can admit a larger upper
bound on the errors that optimization may exploit.

33



	Introduction
	Related Work
	The Problem of Learning Preferences
	The Adversarial Stackelberg Game
	Adversarial Triplets

	Contextual Stackelberg Games: Theory and Algorithms
	Equilibrium Existence and Uniqueness
	Computing Stackelberg Equilibria
	Scaling smida to Language Model Policies

	Experiments
	Methodology
	Variance as an Estimate for Prediction Difficulty
	Generating Adversarial Responses
	Disagreement on Holdout Prompts
	Adversarial Triplets

	Further Experiments

	Conclusions, Broader Impact, and Limitations
	Extended Literature Review
	Existence and Uniqueness of Stackelberg Equilibria
	Convergence of Stackelberg Mirror Descent–Ascent
	Uniform Last Iterate Convergence
	The Follower's Timescale and the Leader's Approximation Error

	Deep-smida: Policy Gradients and Implementation Details
	Learning Rate Warm-up.
	Computational Complexity

	Experimental Setup and Implementation Details
	Dataset
	Preference Models
	Distribution of Ensemble Variance
	Stackelberg Game Implementation

	The Utility as a Design Choice
	Other Uncertainty Metrics
	Targeting a Specific Preference Model

	Further Experiments, Parameters Sweep, and Ablation
	Training Dynamics
	Hyperparameter Sweep
	Adversarial Precision of Online Candidates
	Preference Evaluation of the Trained Leader
	Instruction Following with a Trained Leader

	Example Prompts and Responses
	Why General Preference Models Can Be More Prone to Reward Hacking

