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Abstract

Language-model agents are expected to adapt to others whose behavior changes
through interaction. Yet adaptation may rely on learned behavioral patterns rather
than theory of mind (ToM): the ability to infer others’ mental states, including
beliefs and intentions. We introduce a benchmark and diagnostic framework for
repeated hide-and-seek against algorithmic opponents with explicitly defined re-
cursive belief updates. Their ground-truth beliefs and action probabilities let us
distinguish adaptive play, action prediction, and belief tracking through live in-
teraction, fixed-history evaluation, and controlled information interventions. With
structured elicitation and behavioral supervised fine-tuning (SFT), we find im-
proved play in several tested settings, but diagnostics reveal limitations in oppo-
nent prediction and belief tracking. We test whether supervising opponent action
probabilities can address this predictive deficit in Qwen2.5-7B-Instruct. Predic-
tions improve when the model is told the opponent’s type and parameter settings,
but become less accurate when it must infer the opponent from history without this
information. Training on examples that also omit these details reduces the gap, al-
though improvements vary across opponents. Is this limitation specific to smaller
open-weight models, or does it also appear in a frontier model? GPT-5.4 also ben-
efits from correct opponent beliefs: supplying them improves its predictions and
choices, whereas deeper explicit belief reports and self-generated memory do not
consistently improve forecasting from interaction history. This contrast suggests
that using useful belief information is easier than inferring it autonomously, even
for a frontier model. Together, our findings distinguish improved play and ac-
tion prediction from reliable belief tracking, providing a framework for evaluating
mentalizing and testing targeted improvements.

1 Introduction

Large language models (LLMs) are often evaluated for theory of mind (ToM), or mentalizing,
through questions about characters’ beliefs in fixed narratives (Kosinski, 2024; van Duijn et al.,
2023)). Mentalizing concerns inference about another agent’s latent beliefs, intentions, and goals
(Premack & Woodruff] |1978)). An expected answer on a familiar task does not rule out learned re-
sponse patterns or shortcut cues, and small changes to a scenario can alter performance (Ullman,
2023). When a model answers correctly or acts successfully, what evidence supports interpreting
that success as mentalizing?

Fixed belief questions hold the evidence constant. In repeated interaction, each action changes
both the payoff and the observations available at the next decision, and an opponent that predicts
the model can adapt in turn (Devaine et al 2014al). Thus, success on static questions does not
establish online adaptation, while live payoff alone does not establish belief inference: a model may
exploit action frequencies or reward regularities. The sharper test is whether a model can infer useful
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Figure 1: From static ToM evaluation to dynamic opponent modeling. (A) Static evaluations
ask models to answer belief questions about a fixed narrative. (B) Repeated interaction requires
anticipating an adaptive opponent while one’s own actions shape subsequent observations. (C) Our
evaluation distinguishes opponent action prediction, role-conditioned response, and payoff. The
dashed pathway denotes opponent-state inference as a process to investigate, not an established
internal mechanism. Explicit prediction is required only in designated evaluation interfaces, not in
natural online play.

opponent information from interaction history, rather than merely use it when supplied. Recent LLM
studies examine planning and repeated strategic games (Slater et al.,[2026; Sohail et al., [2026). We
build on them by assessing payoff alongside direct action forecasts and controlled access to opponent
information.

We study this distinction in a repeated two-action hide-and-seek game. The seeker benefits from
matching the opponent’s action, whereas the hider benefits from choosing a different action. This
minimal task limits action-search demands while retaining the challenge of anticipating an adap-
tive opponent. Simple behavioral strategies provide controls for predicting action regularities; in
Bayesian k-ToM opponents, & indexes the order of reasoning about other agents, and higher orders
have explicit belief updates. These opponents are implemented with t omsup (Waade et al., [2023).
The simulator provides reference next-action probabilities and, where defined, reference beliefs. We
use opponent information for the broader set of opponent characteristics and simulator states. The
opponent specification is the narrower bundle of type, parameters, state schema, and public initial-
ization; it excludes the current state and exact update rules. Natural play withholds both. Designated
diagnostics supply selected information. Figure [T]summarizes the task and evaluation.

To organize the evaluation, we consider a functional prediction-to-action chain:
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For the round-t decision, h; = {(a%°'f, a%?,r,)}._] contains both players’ realized actions and the
focal player’s payoff from completed rounds. The model’s forecast §; estimates g, the simulator’s
probability that the opponent chooses action 1 at t. A role-conditioned best response translates
that forecast into a preferred choice: matching the opponent’s more likely action for the seeker,
or avoiding it for the hider. The deployed action, together with the opponent’s realized action,
determines the round payoff. Observed actions and feedback then extend the history to h;1, closing
the interaction loop. This decomposition separates forecast quality from choices and outcomes.
Natural online play need not produce an explicit prediction or reasoning report.

We combine three evaluations. Live interaction measures payoff as the model’s actions shape future
histories. Fixed-history tests score forecasts on shared recorded trajectories. Information inter-
ventions supply opponent type and parameters or simulator-defined beliefs that are hidden during
natural play. These comparisons separate payoff, action prediction, and use of supplied information.
Selected belief-state diagnostics compare reports with simulator targets. None of these measures
alone identifies the model’s internal algorithm, nor do we require natural play to produce an explicit
reasoning chain.

Structured elicitation and SFT improve some payoff and forecast measures, but gains depend on
information access. Qwen2.5-7B fine-tuning on opponent-action probability performs better with
opponent specification; when it is withheld, improvements vary across opponents. With GPT-5.4,



supplying simulator beliefs improves predictions and choices, whereas explicit belief reports and
self-generated memory do not consistently improve forecasts from history. Across these separate
tests, using supplied information is easier to demonstrate than inferring it from interaction.

Our contributions are twofold:

* A controlled benchmark. Against opponents with known update rules, we assess live
payoff, action forecasts, and selected belief reports separately.

* A test of inference versus use. Probability-supervised training and information interven-
tions ask whether gains persist when opponent information must be inferred from history.

2 Related Work

2.1 Evaluating Mentalizing in Large Language Models

False-belief narratives test whether an LLM can answer what a character knows or believes (Kosin-
ski, |2024; van Duijn et al.| [2023), but performance can be sensitive to small scenario changes (Ull-
man, 2023). Human ToM research cautions that these tasks also impose nonmental demands and
sample only part of mentalizing (Bloom & German| |[2000); knowing mental-state concepts need not
imply their spontaneous use (Apperlyl 2012). LLM benchmarks now cover higher-order beliefs,
broader cognitive paradigms, multimodal situations, and plans that alter another agent’s beliefs (Wu
et al., [2023; [Tong et al., 2026} |Wang et al.| 2026} |Slater et al., |2026). Representation analyses add
another source of evidence (Zhu et al.l 2024). These approaches leave open how an LLLM forecasts
an independently adapting opponent during reciprocal play.

2.2 Strategic Interaction and Computational Opponent Modeling

Economic games have been used to study LLM social behavior. Trust games examine trust and
reciprocity, including across multiple rounds (Ou et al., |2025)); public-goods games examine con-
tributions, cooperation, and collective returns (Li & Shiradol 2025). Repeated matrix games test
cooperation and coordination, and prompting a model to predict its partner’s move can improve co-
ordination (Akata et al.,[2025)). These studies include repeated play, but choices and payoffs remain
their principal endpoints. Even a next-action prediction does not by itself show whether the model
tracks an opponent’s changing state.

Recursive Bayesian k-ToM models describe agents that infer how others learn and choose (Devaine
et al., 2014alb); t omsup implements these agents alongside simpler strategies (Waade et al., [2023)).
LLM studies have also fitted cognitive models to repeated-game choices (Sohail et al.} 2026). Such
fits compare candidate accounts of behavior but need not identify the LLM’s own computation. We
use known opponent update rules to score forecasts and selected belief reports directly, separately
from live payoff.

2.3 Improving ToM Reasoning and Its Deployment

Before LLMs, ToMnet learned predictive representations of agents from their behavioral trajectories
(Rabinowitz et al.l 2018). In SymmToM, reinforcement-learning agents that modeled other agents’
mental states outperformed agents without such a model, but remained below agents given the true
states (Sclar et al.l 2022). The former tests prediction of another agent’s behavior; the latter tests
whether state modeling helps an acting agent.

LLM ToM improvement work uses perspective construction, supervised or reinforcement training,
and task-specific social-response systems (Chen et al., 2025} [Lei et al., |2026; [Zhong et al.l [2026;
He et al.| |2026). Stronger answers or responses need not show recovery of an opponent’s changing
state. We therefore test elicitation and training in live play alongside direct forecasts and fixed-
history information controls.

3 Task and evaluation framework

Each main live condition pairs focal player A with opponent B for 20 matches of 50 simultaneous
binary decisions. The seeker receives +1 for matching the opponent’s action and —1 otherwise;



the hider receives the opposite payoff (Figure [[|C). History h; contains only completed rounds. We
distinguish opponent action probability ¢; = Pg(af = 1), opponent belief about the focal player
b; = Pg(a* = 1), and full simulator state z;: reference targets, not assumed LLM representations.
ToMO learns an action tendency; ToM1 and ToM2 model lower-order learners. Biased random (RB),
Q-learning (QL), and win-stay/lose-shift (WSLS) are behavioral controls (Appendix [A).

Natural play supplies instructions and history without opponent identity. Fixed-history studies vary
information or response format while holding observations constant. “Opponent specification” sup-
plies type, parameters, state schema and initialization, not current state or update equations. Exact-
rule and true-state conditions are separately labeled. Reference best responses and actual action
interfaces are distinguished in Appendix [A]

Payoff sums 50 round rewards. Mean squared error (MSE) scores both the forecast of simulator
¢: and the report of simulator b;; binary Brier score compares an action forecast with the oppo-
nent’s sampled action (Brier, [1950). Constant 0.5 and past-action frequency are prediction controls
scored on the same decisions. Where shown, 95% confidence intervals (CIs) are obtained by re-
sampling complete matches, keeping the decisions within each match together. Separately collected
live conditions are compared as independent samples. These CIs describe variation across evaluated
matches, not across training seeds; no interval is implied for points without one. Appendix [B]gives
the scoring protocol. New diagnostics use development data, not sealed-final evaluation.

4 Results

4.1 Live-play gains depend on opponent, role and intervention

Figure [2| compares model size, requested reasoning effort, structured output and training against
ToM2, the highest prespecified opponent level, which models another agent’s learning. Figure [ST]|
presents live-play comparisons across both roles and six opponent classes.

Larger models and higher requested effort do not improve ToM2 payoff monotonically.
Against ToM2, Qwen2.5 payoff is non-monotonic: seeker/hider scores are —4.9/ — 11.1 at 3B
and —13.0/ — 16.1 at 72B (Figure ). Seeker effort settings show no consistent gain. The audited
historical Gemma 4 standard hider cell has a 0.314 correct-action fraction; the repaired thinking
hider cell yields 0.482 and —1.8 payoff per match (95% CI [—4.5, 0.8]), with 30 of 1,000 decisions
using prespecified random fallback after final-channel truncation (Figure 2b). In 20-match GPT-
OSS-20B hider evaluations, correct-action fractions are 0.484, 0.470, and 0.477 at low, medium,
and high effort, respectively; medium-effort payoff is —3.0 per match (95% CI [—5.4, —0.5]). The
completed six-opponent comparison also shows no uniform ordering of effort settings (Figure [ST).
These separate cells mix historical and new runtimes and do not show a monotonic effort gain or a
clean model-only comparison.

Structured output helps GPT-5.4 hiders but hurts Qwen2.5 against WSLS. An action-only
response contains just the final action. The structured interface also asks for an opponent strat-
egy estimate, predicted next action and role-conditioned best action before the final action. Later
fields can condition on earlier text, but that does not establish that a reported prediction caused the
choice (Appendix [C.3)). In Figure 2k, the Qwen3.6-35B-A3B structured-minus-action-only change
against ToM2 is +2.1 (95% CI [—1.0, 5.4]) as seeker and —1.0 [—6.9, 5.2] as hider; neither interval
excludes zero. Fresh matched GPT-5.4 changes are +1.7 [—1.2,4.5] and +9.0 [3.9, 14.1], respec-
tively. These are separate role comparisons, not a role-interaction test. Across other opponents, au-
dited Qwen2.5-32B WSLS changes are —26.8 [—30.4, —22.9] as seeker and —31.9 [—34.0, —29.6]
as hider (Figure[S2). Historical open-model contrasts are unpaired and retain prompt, runtime and
budget differences, including an ambiguous structured hider instruction (Appendix [C).

Behavioral training improves familiar play but transfer remains role-sensitive. Behavioral
SFT uses archived histories and role-conditioned action labels. Its action-only format supervises the
final action; its structured-output format also supervises strategy and action-chain fields. Neither
trains directly on continuous b; or ¢; (Appendix [E). We call these action-only and structured-output
behavioral SFT, distinct from the later SFT studies that directly supervise g;. Figures[2d,e and [S3]
evaluate new live matches, not replayed training histories. Against the training opponent ToM2,
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Figure 2: Live play across conditions. Blue denotes seeker and orange hider, including in (c);
circles/squares distinguish action-only/structured output, with line style also used in (e). In (d),
circles/squares indicate before/after SFT. (a) Qwen?2.5 size and (b) reasoning settings against ToM2.
Gemma standard hider uses an audited historical action-only run; Gemma thinking and GPT-OSS
hider settings use audited replacements, not paired controls. (c) Output-format comparisons by role.
(d) Qwen2.5-7B structured-output behavioral supervised fine-tuning (SFT) against ToM2 and held-
out ToM3; (e) action-only and structured-output behavioral SFT transfer against GPT-5.4. Each
completed cell has 20 live matches of 50 rounds. Whiskers show 95% match-bootstrap CIs where
available; panel ¢ omits intervals because archived seeker CIs cannot all be verified. Prespecified
random fallback occurred in 30 Gemma thinking rounds and 3/4/10 GPT-OSS low/medium/high
hider rounds; all rounds remain in the results. Missing cells are not zero.



action-only behavioral SFT changes Qwen2.5-7B payoff from —13.5 to +2.3 as seeker and from
—14.4 to —1.2 as hider (Figure [S3); structured-output behavioral SFT also improves both roles
(Figure 2[d). ToM3 was absent from training, so it tests higher-order within-game transfer. Across
all six training opponents, some cells are weak or adverse (Figure[S3)). Against GPT-5.4 as a distinct
live opponent, the action-only endpoint earns +1.9 as seeker but —14.7 as hider (Figure [2). The
two SFT formats have unequal update budgets. These are behavioral gains, not direct evidence of
belief recovery.

Action-chain RL earns high WSLS payoff but low GPT-5.4 payoff. Archived reinforcement
learning (RL) using group relative policy optimization (GRPO) extends the behavioral picture (Ap-
pendix[G.T)). In a 600-update offline run, the final checkpoint earns +38.3/+33.4 against WSLS but
+1.0/4-0.5 against ToM2 and —8.6/—17.5 against GPT-5.4 (seeker/hider, 20 matches per cell). The
archive lacks a matched pre-RL arm. Separate policy-refresh and probability-reward variants have
mixed outcomes rather than a consistent gain with further updates. A fixed-history test of another
recursive-GRPO checkpoint detects no clear forecast advantage for true over shuffled belief prefixes,
although individual actions change (Appendix [G.5).

4.2 Action-probability supervision improves fixed-history forecasts

The live-payoff gains in Figure 2] do not tell us whether a model learned the opponent’s action
probability or belief. Figure[3|tests these outputs on fixed histories, where predictions cannot change
the next observation.

Behavioral gains do not carry over to accurate belief reports. On six shared ten-round histo-
ries, structured-output behavioral-SFT checkpoint action-probability MSE is 0.13126, versus initial
0.16828 and constant 0.05230 (Figure[3h). This is normalized binary-token confidence, not decimal
elicitation. Belief MSE is 0.01614 versus constant 0.01052 (b). A separate five-field value SFT
targets belief, action probability, opponent action, best action and final action. Its selected belief
MSEs are 0.01542 and 0.01527 from the initial and behavioral starts, respectively (d), still above
constant. These six-match probes use interfaces that differ from live play (Appendix [E).

Probability-only SFT reduces forecast error with supplied specification. Separate low-rank
adaptation (LoRA) (Hu et al| 2021) predictors receive history and opponent specification.
Probability-only SFT trains on action probability ¢; alone; state-plus-probability SFT trains on a
numeric state vector and ¢;. On 60 held-out development matches, probability-only SFT reduces
MSE from 0.08119 to 0.00990, below constant 0.05874 (Figure[3c). State-plus-probability SFT has
penalized MSE 0.09814, with 97.0% of the 600 predictions valid and valid-only MSE 0.07024. Its
exposure repair was rejected by validation. The arms also differ in output burden, warmup informa-
tion and recurrence, so this is not a pure belief-utility ablation.

Mixed exposure reduces history-only forecast error. On the fresh RS cohort plotted in Figure[3e,
removing specification increases the starting checkpoint’s MSE from 0.01206 to 0.05182 on the
same 540 noninitial decisions. We compare two 200-update continuations of probability-only SFT
with identical targets and row order: a specification-only continuation, whose training examples all
include the bundle, and a mixed-exposure continuation, whose examples omit it half the time. On 60
fresh history-only development matches, MSE falls from 0.04926 to 0.03367, a 31.65% reduction
(paired difference —0.01559, 95% CI [—0.02054, —0.01071]; Figure ,f). ToM1/2 improve in both
roles; ToMO worsens. ToM2 point estimates beat constant, but both intervals cross zero. The gain is
confined to fixed-history action forecasts.

4.3 Supplied beliefs guide decisions more reliably than autonomous reports

Qwen’s forecasts depend on what is supplied and what the model has seen during training. We use
GPT-5.4 to separate three related abilities: following known rules, inferring beliefs without those
rules, and using a correct belief supplied at decision time (Figure ).

Known-rule execution is a positive control. With supplied recursive rules and self-generated
prior states, GPT-5.4 at medium reasoning effort produces action probabilities within 0.001 on
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Figure 3: Prediction learning and belief reporting are distinct. Qwen2.5-7B fixed-history studies.
Colors distinguish training conditions, not roles: both roles are pooled except in (f), which separates
them by row. (a,b) Action confidence and belief reports on six matches. (c) SFT on ¢, alone versus
a numeric state vector and g;, with opponent specification, 60 matches; invalid outputs receive loss
1. (d) Five-field value SFT, including belief targets, on six matches. “Initial” marks the start of each
five-field run; one run starts from the initial model and the other from a behavioral-SFT checkpoint.
(e,f) Equal-update probability-only SFT continuations on a fresh R5 cohort, with specification on all
versus half of training examples; (e) action-probability MSE by test input and (f) history-only MSE
differences by opponent. Both use 60 fresh matches and 540 noninitial predictions per condition.
Dashed lines mark constant baselines; (f) shows 95% paired match-bootstrap intervals. Panels use
distinct cohorts and interfaces (Appendix [E).

96.3% of the 54 scheduled noninitial points, and five of six chains finish (Figure @h). The un-
finished seeker-ToM2 chain contributes its missing decisions to the denominator. State-coordinate
accuracy is weaker (Appendix [F).

Added belief reports do not reliably improve inference. Without rules or identity, a separate 24-
match replication compares a one-field ¢ report (L.1) with a two-field b, q report (L2). Forecast MSE
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Figure 4: Using supplied opponent information differs from inferring it. GPT-5.4 medium on
fixed histories. Colors encode conditions, not roles; only (b) separates them. (a) Known-rule exe-
cution, six matches; incomplete chains count as errors. (b,c) No-rule replication: 24 matches, 216
noninitial points per arm; the supervised control has additional task-specific training. In the six-
match supplied-belief intervention, (d) plots forecast MSE and (e) plots expected-regret differences
across 54 decisions per arm. The 66.7% to 96.3% reference-best-action agreement is a separate
audit summary of these decisions (Appendix [F), not a plotted axis. Regret whiskers show paired
95% match-bootstrap CIs. (f) Six-match report-depth pilot: forecast MSE minus constant, without
intervals. These studies are separate; Appendix [F] details retry-assisted coverage.

is 0.06364 versus 0.05910; the 95% paired CI for the difference is [—0.01511, 0.00823] (FigureEb).
L2 improves hider-ToM2 forecast MSE descriptively, but seeker-ToM?2 remains above constant. .2
belief MSE 0.02717 is worse than constant 0.01258 (c). A trained same-observation predictor does
better but has additional task-specific experience. The six-match depth-by-memory pilot (f) has
mixed descriptive differences, too small to establish a general gain from nesting or retained outputs.
Report depth is not opponent order.

Correct supplied beliefs improve downstream choices. Replacing self-reported b with simulator
b; on the same 54 decisions reduces forecast MSE from 0.04319 to 0.01484 (Figure F_fkl). In the same



audited decisions, reference-best-action agreement, meaning agreement with the role-conditioned
best action computed from simulator ¢, rises from 66.7% to 96.3% (Appendix [F). Expected regret
falls by 0.18676 (95% paired CI [—0.26968, —0.10510]; Figure ), also improving over shuffled b.
A simple direction rule could use the supplied belief; this intervention does not identify an internal
representation. Fixed-history regret is not live payoff. Appendix [F| separates original failures and
retry-assisted coverage.

5 Discussion, limitations and conclusion

Better play does not establish that an agent models its opponent. In this binary game, every
forecast on the same side of 0.5 yields the same best response, so payoff can improve while the
probability estimate remains inaccurate. The supplied-information tests make this distinction con-
crete. Qwen2.5-7B after probability-only SFT forecasts accurately when given opponent specifica-
tion, but removing it increases MSE more than fourfold (Figure[3). Separately, supplying simulator
beliefs raises GPT-5.4’s reference-best-action agreement from 66.7% to 96.3% (Appendix [F)), while
its autonomous belief reports remain less accurate than a constant baseline (Figure [dc). These are
not matched model comparisons; both show a gap between using useful opponent information and
inferring it from history.

Training gains are uneven when opponent information must be inferred from history. The
mixed-exposure Qwen continuation omits opponent specification from half of the probability-only
SFT examples while holding targets, row order and update count fixed. Its history-only MSE falls
by 31.65% relative to the specification-only continuation, with improvements for ToM1/2 in both
roles but worse performance on ToMO (Figure [3f). The RL results expose a different limit: a 120-
update probability-reward run on Qwen2.5-7B-Instruct achieves over 99% consistency between out-
put fields, yet forecast MSE exceeds the constant baseline on fresh histories (Appendix [G.4). Be-
cause the updates reused one collected buffer while evaluation generated histories under the updated
policy, distribution shift is a candidate bottleneck, not an established cause. A coherent response
still needs an accurate forecast as input.

Using a belief field is different from using its correct content. On GPT-5.4’s fixed histories,
supplying simulator beliefs rather than shuffled beliefs reduces expected regret by 0.29640 (95% CI
[0.19726,0.39106]; Appendix [E) In a separate recursive-GRPO prefix diagnostic, true and shuffled
beliefs produce different final actions on 10.3% of decisions, but the forecast-MSE advantage of true
beliefs remains uncertain (Figure [S6). These experiments are not a matched comparison of models
or training methods. Together they show why field sensitivity and a benefit specific to correct belief
content must be tested separately.

Limitations. These results come from one two-action game, where distinct beliefs and reactive
heuristics can yield the same choices and payoff. Future tasks should match simple action and
reward cues across opponents but make belief-based and reactive strategies diverge after diagnostic
feedback. Fixed-history forecasts also omit feedback generated by the agent’s own actions. A
matched live deployment of the probability-only and mixed-exposure checkpoints must test whether
their forecast gains persist. Format-matched belief interventions, more training seeds and larger
cohorts would test content-specific benefits and stability. Simulator states are exact targets for these
algorithms, not validated human mental states.

Conclusion. In this game, better play is evidence of adaptation, not by itself of theory of mind. A
stronger theory-of-mind interpretation would require accurate, content-sensitive predictions on live
histories and tasks where belief-based and simpler strategies lead to different actions.
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A Game, opponents and simulator targets

A.1 Decision-time information and payoffs

Let a*,aP € {0, 1} denote simultaneous actions. For a focal seeker,
A B A B A B A B
us(a;,ap’) = 2[ai’ =ay] -1, un(ai,a;’) = —us(ay, ay’). 2)

The history is h; = {(a?,a?,r4)}, ;. Role and public payoff rules are available before the first
decision. Current and future actions are not prompt inputs. In live evaluation, the LLM chooses
its action and therefore affects both the opponent’s subsequent updates and future observations.
In fixed-history evaluation, the focal actions were generated or recorded previously: changing a

forecast does not alter the trajectory.
For a forecast ¢;, reference best responses are
BRs(G:) = ¥l[g: > 1/2], BRu(g¢:) =1 — BRg(dy). 3)

Either action is optimal at a tie. This is a scoring reference, not an external decision rule used by
every LLM condition.

For scoring, ¢; is the simulator’s probability of action 1 before sampling or observing round ¢, and
b; is its prediction that the focal player chooses 1. In the archived binary implementation these
quantities are named p_self and p_op, respectively, from the algorithmic opponent’s perspec-
tive. Names are not sufficient provenance: an oracle-export file can replace a prediction column.
Audits therefore retain original model responses and join only necessary target columns by unique
match/round keys.

A.2 Recursive agents and state sufficiency

The k-ToM opponents use the recursive Bayesian learning and decision procedures of Devaine et al.
(2014alb), implemented in tomsup (Waade et al.l [2023). ToMO learns an opponent’s action ten-
dency; higher orders consider lower-order agents whose own predictions and learning depend on
interaction. Schematically, the implemented computations are

zip1 = Fro(ze,aP,al), b= Hpo(2), ¢ = G.0,role(B) (2t)- 4)

These symbols refer to the actual simulator functions, not a new inference algorithm proposed here.
Higher-order states include estimates of lower-order agents and mixture probabilities over candidate
orders. State coordinates include means in logit space, log variances and mixture weights; they
should not be averaged into a single error without regard to units. The full-state training package
removes cached readout probabilities and serializes 2, 13 and 37 numeric coordinates for ToMO,
ToM1 and ToM2. Coordinate names, ordering and public initial values are included in the frozen
data manifest and prompts.

The controlled Qwen probability-training family fixes volatility=-2, b_temp=-1, and
bias=0. These are the implementation’s parameter values, not newly interpreted physical units.
Exact update equations or executable source are supplied only in designated GPT rule conditions.
Supplying the specification in the Qwen experiments gives identity, parameters and state schema,
but no exact update procedure or current state.

A scalar b; or ¢; need not be sufficient to update a higher-order agent. A local program-reference
check constructed states with the same displayed probability but different next updates; replay with
the true rule and initialization reconstructed the reference beliefs to numerical tolerance. This dis-
tinguishes insufficient scalar summaries from a proof that inference from history is impossible. Un-
known identities, parameters and finite histories can leave multiple state explanations compatible
with observed actions. No claim of general identifiability follows from an accurate supervised pre-
dictor.

A.3 Control opponents and transfer

RB samples with a fixed action bias; QL adapts action values from rewards; WSLS repeats or
switches according to the preceding outcome. The benchmark uses their archived t omsup config-
urations, rather than selecting parameters retrospectively to favor an LLM. The principal controlled
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cells cross both focal roles with ToM0O, ToM1, and ToM2. ToM3-5 are within-game higher-order
transfer conditions for the historical training series. GPT as a live opponent is a separate source of
adaptive behavior, not interchangeable with GPT as the predictor in Figuref] None of these transfer
settings is a newly sampled human opponent population.

B Metrics, controls and statistical units

For IV scheduled decisions with valid probabilities, we distinguish
MSE, = N"'> (G — a)°, MSE;, = N~ (b — by)?, (5)
t t

Brier = N~* Z((jt — )2, y; = ab. (6)
¢

We use the binary, one-component convention for Brier score (Brier, |1950); constant 0.5 gives
0.25. Constant-baseline MSE against simulator g; varies across subsets and is not universally 0.25.
A model’s sampled-action accuracy, agreement with the oracle best response, match win rate and
average payoff answer different questions. With £1 rewards, a live condition’s mean 50-round
payoff is 50(2c — 1), where c is the fraction of favorable realized outcomes; that fraction is not
forecast accuracy.

For a chosen action a, expected one-step regret is

R (a) = a’Iél{E(l)Xl} IEYNBern(qt) [u(a’, Y)] - ]EYNBern(qt) [u(a, Y)} . (7

The optimum depends on the focal role. Regret is calculated using the simulator probability, not a
resampled outcome or a new live trajectory. Supplying true ¢; makes copying possible, so low error
in that condition is information use rather than inference.

History-frequency baselines use Laplace smoothing on prior actions only. The ¢ baseline counts
B’s past choices; the b baseline counts A’s past choices. Constants and frequency predictions are
rescored on the exact keys and rounds used by the comparison. Pearson correlation describes covari-
ation, not calibration; constant predictions have undefined correlation, not zero correlation. Within-
match-centered correlations remove differences in trajectory means but do not identify an internal
mechanism.

Missing outputs and initialization. The R3/RS5 selection and principal probability comparisons
assign squared-error loss 1 to invalid or missing predictions, keeping all scheduled keys in the de-
nominator. Conditional-valid errors and coverage are also reported. A failed own-state chain re-
mains missing after its last valid output; no oracle reset is inserted. The GPT studies preserve both
first-attempt records and explicitly linked retry-assisted views. Infrastructure failure is not imputed
as an observed payoff or belief error. Initial rounds can have the trivial probability 0.5; the main
R4/R5 and GPT contrasts exclude these rounds, whereas R3’s primary 600-key result includes them
and reports round-wise results separately.

Uncertainty. We resample complete matches, retaining all their included rounds, and report 95%
CIs throughout. The R3 and RS main contrasts use 5,000 paired stratified draws across the six
role-by-order cells, with analysis seeds 20260916 and 20260918, respectively. New live supplement
contrasts use 20,000 match-bootstrap draws (seed 20260922). Historical controls use independent
draws unless an explicit paired design was frozen. Matched simulator seeds in GPT live compar-
isons do not make the resulting histories identical, and API sampling is unseeded. The six-match
depth/memory pilot has only one trajectory per role/order cell; its MSE points are descriptive and
no MSE ClIs were calculated. All reported CIs are conditional on the evaluated checkpoints and
prompts, not estimates of training-seed robustness. Cellwise analyses are descriptive without multi-
plicity correction. Several historical figure points have no comparable CI; none is invented here.
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C Models, prompts, decoding and parsing

C.1 Models and conditions

The scale series is Qwen2.5-Instruct at 0.5B, 1.5B, 3B, 7B, 14B, 32B and 72B. Representative
other models are Qwen3.6-35B-A3B, Llama-3.3-70B-Instruct, Gemma-4-31B-it and GPT-OSS-
20B; GPT-5.4 provides fresh action-only/structured live controls and separate fixed-history diagnos-
tics. Model labels are the actual experiment identifiers, not claims about all members of each family.
Figure [ST] shows the baseline and flagship model/opponent/role comparisons; repeated model rows
between those blocks reuse the same source cells.

The fresh open-model completion package uses 20 matches of 50 rounds per cell. Small models use
one H200 (tensor parallelism 1); standard and reasoning tasks use four H200s (tensor parallelism
4). Nonreasoning baseline and structured completion budgets are 64 and 384 tokens in that package.
Thinking and OSS configurations have larger frozen limits, detailed in the configuration manifests.
Comparisons with older runs retain differences in runtime, tensor parallelism and sometimes prompt
budgets. They are not controlled interventions on model size alone.

Fresh GPT-5.4 live comparisons use reasoning_effort=none and a 2,048-token completion
cap, with the same candidate-strategy glossary in both output conditions. GPT fixed-history reason-
ing studies use medium; the later complete-state, depth/memory and scalar-intervention packages
request 32,768 completion tokens. Earlier 4,096/8,192-token failures are retained and not attributed
automatically to intrinsic incapacity. The live GPT controls and medium-reasoning diagnoses are
different experiments.

C.2 Input and output contracts

Natural action-only play supplies role, rewards, available binary actions and complete observable
history. Structured behavioral output additionally requests the opponent strategy, its next action, the
focal best action and final action. It does not require accurate numerical beliefs. The following sum-
marizes the interfaces; exact renderers and captured journals, where available, remain authoritative.

Table 1: Information and output contracts. “Own state” always means previously generated state
unless teacher forcing is explicitly indicated.

Study Input beyond task/role/history Requested output

Natural live None; unidentified opponent Action

Structured live Candidate descriptions vary by archived Strategy/action chain and final
prompt action

Qwen token probe None Digit 0/1, scored via

normalized logits

Qwen belief probe None Decimal opponent belief b

Probability-only SFT Opponent specification Decimal action probability ¢

State-plus-probability Specification; true prior in warmup, own Numeric state vector and ¢

SFT prior in evaluation

Probability-only SFT Specification on all or exactly half of Decimal ¢

continuation training rows

GPT exact-rule Exact rules; history, current true state, true q; own-state arm also returns
prior, or own state, depending on arm full state

GPT L1/L2/L3 No identity/rules/state; optional own-output  g; add b; add a deeper nested
memory report

GPT scalar One supplied self/true/shuffled b or ¢ Forecast and own choice

intervention

For example, probability-only SFT explicitly asks for JSON with a single p_opponent_1 number.
The state-plus-probability interface adds an ordered state array and identifies the last completed
action pair to update from. In the matched-exposure study (R5), history-only prompts remove ToM
type, parameters, coordinate definitions and public initial values together, while retaining role, pay-
off meanings and completed action pairs. This bundled manipulation does not isolate the effect of
knowing the opponent’s name.
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C.3 Reported-chain consistency does not establish causal reasoning

The structured live format serializes a strategy estimate, a predicted next opponent action, a fo-
cal best action and a final action. In an autoregressive response, each later field can use pre-
ceding generated text, but ordering alone is not a causal intervention on the model’s internal de-
cision. An archived, separate Qwen2.5-7B ToM2 checkpoint analysis reports that the final ac-
tion matches the model’s own best-action field in all 1,000 seeker and all 1,000 hider decisions
per displayed condition. Yet in the untrained structured baseline, the best-action field agrees
with the role-appropriate response to its own predicted opponent action in only 394/1,000 seeker
decisions and 959/1,000 hider decisions. This comparison uses archived checkpoint trajecto-
ries, not the formal Figure 2k conditions; the mismatch cautions against equating field agree-
ment with a faithful prediction-to-action chain. In a separate GPT-5.4 fixed-history elicitation
pilot, all 54 valid outputs in each of the direct, free-summary and explicit-chain arms choose
a role-consistent best response to the reported action probability. That check establishes out-
put consistency on those observations, not live payoff or causal use of the report. The source
tables and audit are figures_sft_checkpoint_progress/checkpoint_progress_
row_process.csv and GPT_CHAIN_RESULTS_20260917.md; the latter records the 54-
point pilot and its six-match limit.

C.4 Parser scope and known limitations

Strict structured parsing in the open-model package means extraction and validation of a JSON
object according to the frozen parser; it does not require the entire completion to consist only of
JSON. The narrowly authorized Qwen3.6 repair recovers a unique complete final_action field
from otherwise malformed free-text JSON. It is not a free-form semantic guess. Replaying a parser
on an old response cannot retroactively replace an action and preserve the original live trajectory;
corrected live conditions are therefore separate runs.

The five Qwen3.6 seeker non-ToM2 structured cells required 24 action-only repairs among 5,000
decisions, with no random fallback. Its audited ToM2 hider cell required one repair among 1,000
decisions. Gemma’s ToM2 hider structured cell contains 999 strict actions and one random fall-
back after an incomplete response. All rounds and its resulting trajectory are retained: the score
is deployed-system payoff, not performance of correctly parsed model actions alone. Exact gen-
eration finish reasons were not exported in every historical runtime, so an incomplete string is not
automatically a measured token-cap exhaustion.

D Live benchmark audit and comparison limits

Figures [ST)and [S2]distinguish live payoff from changes under structured output. The audited bench-
mark completion includes 21 small-model and 53 standard-model cells (74,000 decisions in 1,480
matches). The structured-output scaling extension adds 48 cells for Qwen2.5-0.5B, 1.5B, 7B and
14B, each with 20 matches of 50 rounds, to the existing 3B, 32B and 72B comparisons. The rea-
soning comparison now covers all six opponents in both roles for Gemma 4 and GPT-OSS; its hider
extension adds 20 non-ToM2 cells (20,000 decisions) to the ToM2 results. The Qwen3.6 seeker
ToM?2 replacement and three historical Qwen2.5-7B hider baseline cells were separately audited.
Fresh GPT non-ToM2 controls cover 400 matches and 20,000 decisions in addition to the ToM2
controls. These counts describe separate additions, not the total historical benchmark.

Figure [ST|shows the live scores across the six opponent classes.

Figure [S2]subtracts each action-only score from its structured-output score. This is a different ques-
tion from whether either score is high: the sign and size of the change vary across opponents and
between seeker and hider.

For each new live cell, the audit requires 1,000 unique match/round keys, 20 complete matches, role-
correct rewards, past-only prompts, parsing/fallback accounting, and source/configuration/output
hashes. Frozen sources must match the deployment manifest. Historical summary inclusion alone
is weaker than a new semantic audit; the appendix and evidence manifest identify this distinction.

One archived 72B baseline-WSLS interval is [48, 48] because the 20 observed match means coin-
cide; this does not imply zero population uncertainty. Open-model controls are unpaired historical
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Seeker Hider

Scaling Scaling
Qwen2.5 0.58 |-18.4 +4.0 m +16.7 +3.8 W
Qwen2.5158 | -6.3 +2.4 -8.2 -146 6.0 -8.6 +8.9 +5.7 -16.4 -16.7 -5.9 -9.3
Qwen2.5 38 | -3.4 +0.6+2.8 2.5 -4.9 2.5 +o.1+5.9 35 111
Qwen2.5 78 |+11.4 +0.7 #19.9 +3.0 -9.7 -13.6  |+3.7 -0.2 +19.7 +6.7 -10.8 -14.5
Qwen2.5 14B |+4.9 +3.9 +7.1 +4.4 -143 -12.3  |+8.0 +1.9 +11.6 +5.7 -17.8 -20.2

Qwen2.532B |+3.1 -1.5 +12.4 +2.0 -16.4 +1.8 -2.4 +9.9 +1.1 -17.4

Qwen2.5 72B [+15.7 +3.2 +15.4 +3.1 -10.0 -13.0 -1.1 +0.7 +10.4 -6.1 -16.1
Flagship models Flagship models

Qwen2.5 72B [+15.7 +3.2 +15.4 +3.1 -10.0 -13.0 -1.1 +0.7 +10.4 -6.1 -16.1

Qwen3.6 35B-A3B | +8.5 -0.4 +12.6 +1.2 +0.9 -2.4 -1.1 +0.9 +13.3 +3.7 -46 -5.4

Llama 3.3 70B [+10.4 +3.0 +7.9

Gemma 4 31B [ +7.5 +3.2+3.8 -5.0 -13.1 +0.8 +1.4 -+12.0 -6.1 -18.6
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Reasoning settings Reasoning settings

Gemma 4 thinking | +7.1 +0.4+7.5 -6.1 El2%6 +9.4 +0.2+5.2 +2.9 -1.8
GPT-0SS low (+13.4 +3.4 +16.2 -0.6 -4.0 -1.9 +15.4 +4.6 +28.6 +1.5 -6.0 -1.6

GPT-0SS medium [+11.9 -1.4 +23.8 +1.5 +1.2 -1.6 RS2 +3.1 -0.3 -43 -3.0

GPT-0SS high (+14.4 +1.5 +24.5 +0.3 +0.1 -2.5 +14.2 +5.5 +30.4 +3.6 -0.6 -2.3
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Figure S1: Live play across opponents. Mean 50-round payoff by role, from 20 matches per cell.
Purple denotes negative payoff and teal positive payoff in both panels; color does not encode role or
significance. The reasoning block shows Gemma 4 thinking and GPT-OSS low, medium and high
effort across all six opponents. It combines historical seeker runs with audited hider replacements,
rather than paired role or effort comparisons. Prespecified random fallback actions remain in the
reported payoffs. The Qwen2.5-72B row is repeated in the scaling and flagship groups using the
same source cells. Qwen3.6 uses no thinking.

runs with prompt, runtime and budget differences. GPT’s fresh controls use matched simulator
seeds but not identical realized histories. The 400-match GPT supplement includes 142 recovered
matches, so it is not 20,000 uninterrupted first-attempt successes. Recovery and output-level prove-
nance are retained in the audit records, separate from the effect estimates.

Reasoning results remain opponent-dependent. The Gemma thinking hider scores +43.9
against WSLS but —1.8 against ToM2 (95% CI [—4.5,0.8]). Its six cells contain 84 pre-
specified random fallback actions among 6,000 decisions, including 30 against ToM2. GPT-
0SS low/medium/high hider WSLS scores are +28.6/ + 33.9/ + 30.4; against ToMI they are
—6.0/ — 4.3/ — 0.6, and against TOoM2 —1.6/ — 3.0/ — 2.3. Thus the highest effort has the highest
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Qwen2.514B | -0.2 -0.7 +2.6 -4.8 +16.4 +6.6 -1.5 -42 +3.4 -4.8 +21.7+19.2

Qwen2.532B | -1.1 +2.3 -26.8 -7.2 +0.0 +14.8 +1.4 +3.2 -319 -49 -144 +5.1

Qwen2.572B| 4.1 +3.1 -0.5 -0.6 +10.5 +8.2 +6.8 +2.3 -34.9 -10.6 +7.2 +14.8
Flagship models Flagship models

Qwen2.572B|-4.1 +3.1 -05 -0.6 +10.5 +8.2 +6.8 +2.3 -34.9 -10.6 +7.2 +14.8

Qwen3.6 35B-A3B | +2.2 +0.5 -3.5 -11.7 -0.2 +2.1 +5.9 +0.0 +10.9 +2.8 +0.5 -1.0

Llama 3.370B|-1.6 -3.1 -21.5 -1.7 +8.7 +11.9 +6.5 +2.4 -248 -4.7 -0.1 +10.2

Gemma 4 31B [(+2.4 -0.5 -3.2 +2.3 +6.5 +15.1 +5.3 -04 +12.3 -7.0 +10.6+12.8
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Figure S2: Structured-output payoff changes. Each value is structured minus action-only payoff
per 50-round live match; purple denotes a negative difference and teal a positive difference in both
panels. Color is not a significance test. The scaling block covers seven Qwen2.5 sizes from 0.5B to
72B, both roles and all six opponents. The 72B row is repeated in the flagship group using the same
contrasts. All 48 added structured-output cells have 20 complete matches; 0.5B scores retain 1,184
prespecified random fallback actions among 12,000 decisions. GPT-5.4 controls are matched by
simulator seed; open-model controls are unpaired historical runs and may differ in prompt, runtime
or budget.

point estimate for some opponents, but the pattern is not monotonic across the benchmark. The 15
non-ToM2 GPT-OSS hider cells retain 87 fallbacks among 15,000 decisions; the three ToM2 cells
retain three/four/ten. These are independent live evaluations, not a controlled estimate of an effort
effect. The Qwen3.6 seeker ToM2 structured-output replacement is audited, but its contrast uses an
archived unpaired baseline.

Structured output has different effects across the scaling series. Completing the seven-size
comparison does not reveal a uniform structured-output benefit. For Qwen2.5-1.5B hider, the six
payoff changes range from —23.0 to —11.9 per match; for 14B hider they range from —4.8 to +21.7.
Qwen2.5-7B seeker changes are negative for all six opponents, from —23.2 to —0.8. These are
descriptive contrasts against historical action-only controls. The new runs use the same structured-
behavior interface, 384 output tokens and 8,192 context tokens, temperature 0.7 and top-p 0.9. Ran-
dom fallback and action-field repair are retained in the live scores; a recovered final action does not
certify that the remaining structured report is valid.

One historical hider structured prompt asks for the opponent’s next “hiding action” even though the
model is the hider; the role/payoff block is correct. Affected open-model comparisons therefore
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mix output format with wording differences. GPT’s fresh matched controls use their own frozen
prompt. Historical Gemma hider thinking results contaminated by the old parser are invalid; the six
replacements instead retain native final-channel text and count their random fallbacks. Each Gemma
thinking replacement first passes a ten-decision interface gate. A failed gate is not a measured payoff.

E Behavioral SFT and Qwen prediction studies

E.1 Original behavioral SFT

Both formats use histories collected from raw Qwen2.5-7B-Instruct playing RB, QL, WSLS, ToMO,
ToM1, and ToM2 in both roles. Each format has 9,600 training, 1,200 validation and 1,200 test de-
cisions, split by complete matches with role/opponent stratification. Each of the 12 cells contributes
800/100/100 decisions. The formats render the same history pool, not 19,200 independent training
observations.

The action-only label is a role-conditioned best reply to the sampled current opponent action. Struc-
tured labels additionally provide the generating opponent’s strategy class, sampled next action, best
action and final action. They do not supervise a continuous belief b or generating action probability
q. The label builder can use simulator information for supervision without exposing it in evalua-
tion prompts. This is behavioral SFT, not GPT distillation, online RL or direct belief-probability
supervision. The figure compares structured-output step 300 and action-only step 2400 with their
corresponding untrained interface baselines; those different training budgets constrain interpretation.

Figure [2d,e shows the ToM2, ToM3 and GPT-5.4 live endpoints; Figure [S3| shows all six training
opponents. Match means and intervals remain in the plotted-value export rather than a duplicate
numerical table here.

E.2 Action and belief probes (T04)

Four models share six frozen ten-round histories, one per role and ToMO0/1/2 cell: initial Qwen,
a behavioral parent, and two further-supervised checkpoints initialized from these models. Each
produces 60 action probes and 60 belief reports, totaling 480 valid evaluated outputs. The behavioral
parent is the structured checkpoint-300 path. Historical Figure |2 launchers nominate that path, but
the earlier runtime’s loaded tensors are not independently re-attested; this is not a fully verified
same-tensor payoff-to-belief causal comparison.

The additional training uses the existing 5,400/1,350 train/validation examples with five-field value
supervision: a binned belief, binned action probability, opponent action, best action and final action.
Ten epochs is a cap, with action-aligned validation every 100 steps, patience five and minimum
improvement 10~%. Base and parent runs stop at 700 and 600 steps and select steps 200 and 100.
Selection uses validation expected action Brier, not the six development histories. The action probe
normalizes 0/1 token logits, whereas the belief probe requests a continuous decimal report. These
are not the native five-field training interface, nor interface-matched GPT decimal forecasts.

Figure [3p,b,d displays the MSE contrasts: all four model action-probability and belief point esti-
mates exceed the matched constant’s errors, despite some improvement from additional supervision.
The parent arm’s Brier change is —.021786 (exploratory six-match 95% CI [—.045169, —.000507]),
but its selected Brier point estimate remains above constant 0.25. All four within-match action-
probability correlations are negative; this is a calibration warning, not proof of a particular failure
mechanism. High 0/1 vocabulary mass (means above .99997) makes off-vocabulary mass an inade-
quate explanation for the token-probe errors. No MSE interval is supplied for this six-match probe.
Small runtime differences relative to earlier GO3 probes remain possible.

E.3 Probability-only versus state-plus-probability SFT (R3)

The frozen package contains 240 training, 60 validation and 60 development-test matches of ten
rounds, disjoint by match ID and seed. Within each role/order cell there are 40/10/10 matches.
The focal data-generating action policy is fixed before play, independently of the opponent’s hidden
state:

Paf =1) = o{d + 1.4sin(¢ + 0.9t)}, d~U(=0.6,0.6), ¢~ U(0,2r), (8)

19



Action-only SFT Action-only SFT

Seeker Hider
50 1 @ Before SFT 50 .
B After SFT
T 40 er T 40
(] @©
£ 30 o £ 30 o
2 2 ¢
S 20 . S 20
E 10 } - E 10 s
2 ] . S T §
e 0T ""}i’ """"""""""" T 0 "}i""ii """""" *‘"" """ L
o o
> —10 A > —10 1 {
g L2 %
—20 -20
_30 T T T T T T _30 T T T T T T
RB QL WSLS ToMO ToM1l ToM2 RB QL WSLS ToMO ToM1l ToM2
Opponent Opponent
Structured-output SFT Structured-output SFT
Seeker Hider
50 - 50 A
§ 40 T § 40
@© @©
£ 30 o £ 30 o
'g ©
S 20 S 20~
e }i o
iy 10 -+ i py 10 -+ }i
n 0 i _i
% 0= ; """""" i i’""i """ L& % L B '} """""" ii'"" """ i’
> —10 { > —10 + L {
g g ¢
—20 -20
_30 T T T T T T _30 T T T T T T
RB QL WSLS ToMO ToM1l ToM2 RB QL  WSLS ToMO ToM1l ToM2
Opponent Opponent

Figure S3: Behavioral SFT across six opponents and both roles. Qwen2.5-7B, 20 live 50-round
matches per cell. Blue denotes seeker and orange hider throughout; circles are the untrained interface
baseline and squares the corresponding SFT checkpoint. Whiskers are archived 95% whole-match
bootstrap Cls. Action-only step 2400 and structured-output step 300 are separate training packages,
each compared with its corresponding baseline; they are not equal-update conditions. These evalu-
ations are live play, not training-history replay. ToM3 and GPT-5.4 transfer are distinct evaluations
in Figure 2ld.e.

with generation indexed from ¢ = 0. This creates a controlled changing behavioral input to the
opponent, not a trajectory generated by the evaluated checkpoint. Both training arms receive the
specification described above and all completed pairs. Probability-only output contains ¢; state
output contains the numeric vector and ¢q. True previous states are used in state warmup, while
common evaluation recurs on the model’s own previous vector without oracle correction.

LoRA has rank 16, scale 32 and dropout .05 on attention and feed-forward projections. Both arms
use AdamW, learning rate 2 x 1075, constant schedule, microbatch 1, accumulation 16, bfloat16
(BF16) and seed 2026. The per-example loss is

L= @q numeric 05@2’ numeric T 0107Ef0rmat/EOS; (9)

where CE denotes cross-entropy and EOS the end-of-sequence token. The state term is omitted for
probability-only output, and prompt loss is masked. Numerical-value token groups are normalized
separately. A target-runtime gradient-accumulation regression was corrected before training; the
corrected driver is hash-bound to the execution records.
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Validation occurs every 50 optimizer steps with patience three, improvement threshold 10~4, and
step O eligible. Probability-only training runs 500 steps and selects step 500. State warmup stops
at 200 and selects 50; its own-state collection then generates 2,400 train-only examples. A repair
stage mixes these with the original 2,400 teacher-forced examples. Its validation degrades, stops
at 150, and selects repair step 0. Therefore the final state model is the warmup checkpoint, not a
successful exposure-repaired model. Its larger output burden, privileged warmup states, recurrence
and training time are not matched to the probability-only arm.

Figure 3k shows the common development-test contrast over 600 scheduled decisions per arm. The
trained state-minus-probability MSE difference is +.088240 [4.058681, +.128046]. Probability-
only MSE is lower than both baselines in each of the six role/order cells. The state model has two
invalid outputs at round 2 in hider-ToM1 and 16 blocked descendants, completing 58/60 chains;
its valid-only MSE is still 0.070243. This deficit is therefore not explained solely by missingness.
One training seed, fixed known parameters and full-history inputs preclude a claim of general state-
learning impossibility or uniquely recursive computation.

E.4 Information removal and longer histories (R4)

R4 evaluates the selected probability-only SFT checkpoint with specification retained or removed
on the same 540 noninitial keys: MSE changes from 0.01100 to 0.05024. This is an earlier cohort,
not the fresh RS cohort plotted in Figure [3g (0.01206 to 0.05182 at the same starting checkpoint).
Both ToM2 roles in R4 have worse point estimates than constant despite partial aggregate transfer.
A separate 12-match, 30-round known-information extension gives MSE .02219 versus constant
.07172 and frequency .05011; on rounds 11-30, it gives .02801 versus frequency .03360. These are
bounded longer-history results, not an unknown-algorithm or live-action test. Previously inspected
diagnostic replay is not a new confirmatory sample.

E.5 Matched information-exposure continuation (R5)

Two continuations start from the same selected probability-only SFT checkpoint, with identical ini-
tial adapter tensors, 2,400 targets, row order, optimizer settings and 200 updates. The specification-
only continuation retains the bundle everywhere; the mixed-exposure continuation removes it on
exactly half of rows. Each ten-round training match contains five examples of each input condition.
Both use the original learning rate, microbatch, accumulation and seed. Validation includes both
inputs on the original 60 validation matches, scored equally over 1,080 noninitial scheduled points;
step 0 and every 50 steps are candidates. Both select step 200.

Before training, a fresh 60-match development replication is frozen with ten matches per role/order
cell, disjoint from training, validation and older tests. Its primary history-only result contains 540
noninitial decisions. The independent audit checks 18,720 validation/evaluation records, exact keys
and prompts, 392 starting adapter tensors and 4,560 replayed simulator targets. Selected predictions
are 5,520/5,520 valid across all scheduled evaluation packages; the original-checkpoint baseline has
one invalid known-information response in 1,200 fresh predictions, retained with penalty 1. The
primary history-only contrasts have full coverage.

The mixed-exposure continuation improves over the specification-only continuation, not merely
over the old checkpoint. The specification-only versus original difference interval crosses zero.
Known-information MSE is .00875 for mixed exposure and .00920 for specification-only, with a
difference interval crossing zero; this is not an equivalence test. For mixed exposure versus constant
on ToM2, intervals are [—.02354,.01901] for seeker and [—.01616, .00577] for hider. Match inter-
vals do not measure training stability. The study changes prompt content and length together and
trains g, not b; new-checkpoint live action and autonomous state maintenance remain unestablished.

F GPT information, depth, memory and intervention studies

F.1 Supplied-rule conditions and budget history

All reported GPT diagnoses use full GPT-5.4, not a smaller substitute. The original matched six-
history action endpoint study has history-only (H), history plus exact mechanism (K), and exact
mechanism plus current true full state (S) conditions. At an 8,192-token budget, coverage is 60/60,
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23/60 and 59/60, respectively. True-state conditional-valid action-probability MSE is 4.86 x 10719,
The 37 length failures and one API timeout remain distinct from measured prediction errors.

A true-previous-state single-update study (U) tests 54 noninitial inputs, with rules and the most
recent observation. At 8,192 tokens, 24 responses are valid and near-exact; 30 are length-terminated.
A selected-failure 32,768-token follow-up returns 24 valid responses out of 30 attempts, 23 within
the stated near-exact criterion, with six connection errors and no length terminations. It is not a
uniform larger-budget rerun. These controls rule out treating the earlier budget failures as evidence
of intrinsic update inability.

At 32,768 requested tokens, K returns 60/60 valid responses and 49/60 action probabilities within
.001; excluding initialization gives 43/54. The own-state recursive condition (R) supplies exact
rules, public initialization, the latest observed pair and the model’s previous full-state output. It
returns 58/60 scheduled valid predictions, all within .001; noninitial coverage is 52/54. Five of six
ten-round chains finish. Seeker-ToM?2 terminates at round 9 and round 10 is protocol-blocked. The
reported finish reason is length, but usage is 8,285 against a requested 32,768 cap, so actual cap
exhaustion is not established. State-coordinate accuracy is weaker than action readout: 46/54 non-
initial scheduled states meet the uniform .001 criterion. Accurate ¢ therefore does not certify every
internal coordinate. K and R differ in decomposition and output requirements, not just memory.

F.2 Autonomous elicitation and same-observation controls

The initial explicit-chain pilot compares direct forecasting, a free summary and a belief chain on 54
noninitial points from six matches. Forecast MSE is .04990, .05747 and .04097, respectively. Chain
belief MSE .02723 is worse than constant .01169 and frequency .01353. These descriptive six-match
results motivate a larger, separately generated development replication, not a claim of robust chain
superiority.

The replication uses 24 additional ten-round matches, four per role/order cell, with 216 noninitial
points per arm. L1 reports ¢; L2 additionally reports b. Both see history but no identity, parameters,
update rules, current state or carried prior reports. A separate supervised same-observation baseline
is trained on independent trajectories, supplying an attainability control with an additional task-
specific learned prior. It is not an equal-training comparison with zero-shot GPT.

The separately trained same-observation control has forecast MSE 0.01917 versus GPT L2’s
0.05910, but it has additional task-specific experience. L2-minus-L1 regret is —.00667 with 95%
match interval [—.07386,.06031]. Belief-report correlation can coexist with worse absolute error
than constant; it does not resolve the role/order differences shown in Figure Eb,c.

F.3 Report depth and self-generated memory

The depth experiment crosses three output requirements with two memory conditions on six ten-
round histories: L1 reports g, L2 adds b, and L3 adds a deeper nested belief. No-memory calls
receive the observable history alone; memory calls additionally retain the model’s actual earlier
outputs. They never receive oracle corrections. The deepest scalar lacks a validated mapping to
a unique simulator target and is not scored as recovered deep belief. The factorial design has 360
scheduled outputs across 36 chains.

Figure [f displays each depth-by-memory forecast MSE relative to the matched constant, with no
duplicated matrix here. L2 with memory has lower aggregate forecast MSE than L1 with memory
(.03491 versus .04157), but its ToM?2 average combines different seeker and hider outcomes. With
only one trajectory per role/order cell, these descriptive MSE differences do not establish a reliable
role-general benefit; no MSE CI was calculated. L3-with-memory belief MSE is .02767 versus
constant .01169, so a lower forecast error does not establish accurate belief recovery.

The original first-attempt view has 339 valid outputs, seven length failures and 14 blocked descen-
dants. Authorized same-configuration retries recover seven failures and continue the 14 descendants
from actual valid own outputs, giving 360/360 in the retry-assisted view. Original outputs and failure
records remain unchanged. The extra-attempt policy must not be represented as 360 first-attempt
successes.
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F.4 Matched external-information intervention

On 54 noninitial decisions from six matches, six input arms supply self-generated, true or shuffled
values of either b or q. Prompts request a forecast and focal action. True values come from decision-
time simulator state; shuffled values are drawn from other fixed histories according to the frozen
donor mapping. Donors need not be reachable under the recipient history, and changing a supplied
value is not an intervention on the model’s internal neural state.

In the same audited decisions, the final action agrees with the role-conditioned reference best action
in 36/54 self-b calls and 52/54 true-b calls. This agreement is tabulated from the action records;
Figure 4d plots forecast MSE and (e) plots expected-regret differences, neither of which directly
plots agreement.

Beyond the main-text true-b versus self-b comparison, true-minus-shuffled b regret is —.29640
[—.39106, —.19726], and true-q versus self-q regret is —.10584 [—.15193, —.06614]. Each arm
uses 54 fixed-history decisions from six matches, not 54 independent matches or a live payoff test.
These effects of correct external information do not require complete recursive inference for a good
choice. All six arm-level values remain in the audited source export.

Together, intervention and replication schedule 804 outputs. Initially 791 are valid and 13 return
HTTP 500 errors. Thirteen explicitly authorized unchanged-configuration retries give 804/804
unique valid keys after 817 issued attempts. All 791 original valid outputs and original failures
are retained; conditional-valid and penalized first-attempt analyses remain separate. Retry-assisted
completion is not a new independent replication.

G Historical diagnosis, RL and live predictive deployment

G.1 RL training families and evidence scope

These exploratory GRPO (Shao et al., 2024)) studies test fixed-buffer action-chain training, policy-
refreshed training, and continuous-probability rewards. Different data, objectives, group sizes and
evaluation cohorts preclude an equal-compute algorithm comparison or pooling with the main ex-
periments.

Preserved configurations initialize Qwen2.5-7B-Instruct from structured-output behavioral SFT
step 300: LoRA rank 16, scaling 32, dropout .05, learning rate 3 x 10~°, Kullback-Leibler
(KL) coefficient 10~4, temperature .9 and seed 2026, adapting attention and multilayer-perceptron
(MLP) projections. Offline training uses six completions per prompt (X = 6), 600 updates, and
prompt/completion limits of 8,192/768 tokens. Training has 9,600 examples from 192 matches
across ToM0/1/2, RB, QL and WSLS in both roles; validation has 1,200 examples from 24 disjoint
matches. Reward assigns .05 to valid format, .95 to correct realized opponent-action prediction,
.5 to correct role-conditioned best action conditional on correct prediction, and .5 to correct final
action conditional on preceding fields. This scores an action chain, not continuous beliefs or match
return. Labels enter reward, not evaluated prompts. Training requests brief reasoning and action
fields; evaluation uses the structured-output interface.

Evaluation launchers default to temperature .7, top-p .9, context 8,192 and local completion limit
384; historical overrides were not recovered. We revalidate archived keys, coverage and payoffs
where raw exports exist, without re-attesting original training tensors or model revisions. Check-
points were repeatedly inspected without an independent confirmation set. Intervals quantify match
variation, not training-seed or selection uncertainty. Full checkpoint tables remain in the evidence
records.

G.2 Fixed-buffer action-chain GRPO

Figure[S4] gives all nine algorithmic opponents plus GPT-5.4 at the three archived checkpoints. Each
role/opponent/checkpoint cell contains 20 live matches of 50 rounds. This archive has no matched
step-zero evaluation, so the figure shows checkpoint performance and trends within RL, not a causal
pre/post-RL effect. All 60,000 algorithmic/GPT evaluation rows have unique cell/match/round keys
and payoffs consistent with executed actions.
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Figure S4: Offline action-chain GRPO across opponents. Each cell gives mean payoff per 50-
round live match, with 20 matches per role and checkpoint. Teal denotes positive payoff and purple
negative payoff in both role panels; numbers give the exact archived means. All nine algorithmic
opponents and GPT-5.4 are retained. No matched pre-RL checkpoint or uniform uncertainty layer
is available, so color differences are descriptive, not a significance test.

The clearest checkpoint trend is stronger WSLS play. ToM outcomes are smaller and non-
monotonic; GPT transfer improves descriptively for the seeker but worsens for the hider. At
step 600, archived 95% match-bootstrap payoff intervals against GPT-5.4 are [—12.4, —4.7] and
[—20.3, —15.0] for seeker and hider. Separate self-play evaluations (20 two-role matches per check-
point) give seeker payoffs 11.1, 18.3 and 2.9; hider payoffs are their negatives. This imbalance
describes role asymmetry, not independent success for both players or recovery of a recursive state.

G.3 Policy-refreshed action-chain GRPO

A distinct one-cycle self-play run collects 20 50-round matches per candidate role against a frozen
SFT copy, then performs 300 updates with K = 4 using the action-chain reward. It does not
refresh trajectories after each update. Its final checkpoint earns 26.9/27.2 against WSLS, —1.5/—.3
against ToM2, and —11.9/ — 10.4 against GPT-5.4 (secker/hider, 20 matches per cell); self-play is
+5.5/ — 5.5. Its six-checkpoint sweep is non-monotonic. This is a different trained model from the
offline &' = 6 run, not a repeat of that evaluation.

Later iterative training collects current-policy-versus-frozen-policy trajectories before each update
block, using the preceding adapter as the next frozen opponent. Three iterations of 75 updates give
225 cumulative updates; each refresh collects four 50-round matches per role. The action-chain
reward is multiplied by a capped role-asymmetry weight. The pilot uses K = 4, confirmed by saved
completion groups; an older narrative incorrectly called it X = 6. The larger-group variant uses
K =16.
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Figure S5: Iterative GRPO against ToM2. Points are mean 50-round payoff averaged across
seeker and hider, each evaluated in 20 matches at the SFT start and each iteration endpoint. Teal
circles and purple squares distinguish K = 4 and K = 16; color does not encode role. Lines join
checkpoints within a training run; evaluation cohorts differ between group sizes. No comparable
confidence interval is available for every point, and these curves do not establish a reliable update or
group-size effect.

Both variants evaluate ToM2 with 20 matches per role/checkpoint. Figure [S3|reports the SFT start
and each iteration endpoint. Intermediate points also fluctuate: mean-role payoff reaches .35 at step
100 then —.95 at step 125 for K = 4, and —1.55 at step 125 for K = 16. At the K = 16 terminal
checkpoint, seeker payoff is —.5 (95% CI [—3.8, 2.9]) and hider payoff +2.0 ([—.2, 4.2]). The mean
.75 is also the best inspected checkpoint, not an independently confirmed selection. Self-play ends
at +17/ — 17 seeker/hider, versus +6.8/ — 6.8 at the SFT start. Neither series establishes a reliable
benefit of additional updates or a larger group.

G.4 Probability-targeted and recursive RL

These variants explicitly reward simulator targets and must not be described as payoff-only RL.
Single-probability GRPO rewards .25— (G —q)?, .05 for valid format, and .05 each for probability-to-
declared-action, declared-action-to-role-best-response, and best-to-final consistency; invalid output
receives —.75. It does not supervise b. The early checkpoint series includes adverse cells: seeker-
ToMO at 200 updates earns —26.3 payoff, with target-¢ MSE .4302 and realized-action Brier .5122,
despite best-to-final consistency of 1.0.

Online-buffer variants use five 10-update or three 30-update cycles. A separate longer gate starts
again from the SFT parent and performs one 120-update cycle with K = 16 on newly collected
data. Its 600 decisions are split by whole match into 300 training and 300 validation rows; the buffer
is not refreshed during those 120 updates. Across 120 final live matches (20 per role and ToM0/1/2
cell), target-¢ MSE is .11749, worse than constant .5 at .07783, and correlation with the target is
—.209. Mean match payoff is —4.37. Yet the three consecutive output-consistency rates are .9945,
9905 and 1.0000. Correctly relating reported fields therefore coexists with inaccurate input to that
chain. Training/evaluation target distributions differ, but these observations alone do not identify the
cause.

The recursive-probability v4 smoke adds a weak belief squared-error term, action-probability cali-
bration, confidence-weighted direction rewards and gated expected-action regret. After 25 updates
with K = 16, archived matched summaries report seeker payoff changing from —13.67 to —4.33
while opponent-action prediction accuracy falls from .6967 to .6033; hider payoff changes from
+.67 to —6.00. Each role has only six matches, two per ToM0/1/2 opponent. Post-training belief
MSE is .10575 versus constant .02602 for seeker and .06184 versus .02206 for hider. These are
small-sample summary-level findings: the complete original v4 generation/configuration snapshot
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was not re-attested. They show why better payoff in one role should not be relabeled as belief
recovery.
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G.5 Does a trained model selectively use a correct belief?
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Figure S6: External-prefix diagnostic on fixed histories. Each arm has 600 decisions from 12
histories. Teal circles identify structured SFT and purple squares recursive GRPO; color does not
encode role. Left: action-probability MSE (lower is better); right: agreement with the reference best
action (higher is better), not live win rate. Text labels retain the archived point estimates. Supplying
true q fixes that scored field, so its near-zero MSE is not a learned forecast. No arm-level uncertainty
is plotted; the paired true-versus-shuffled-belief interval is reported in the text.

A separate archived prefix experiment compares a structured-output behavioral SFT checkpoint and
a 25-update recursive-GRPO checkpoint on 12 fixed histories, 600 decisions per arm. The recorded
adapter path identifies the earlier recursive-v3 checkpoint, distinct from the v4 smoke above. Fig-
ure [S6] maps the archive’s opponent-belief field to b and opponent-action-probability field to g. All
arms share match/round keys and simulator targets. Agreement is with the reference best action, not
live win rate.

For recursive GRPO, shuffled-minus-true-b forecast MSE is .00240, with a newly recomputed paired
whole-match bootstrap 95% CI [—.00119,.00625] (20,000 resamples). No clear advantage is de-
tected, but this is not equivalence. True and shuffled b change 62/600 final actions (64/600 for SFT),
despite equal mean action agreement. Donors come from different matches; 32/600 beliefs are nu-
merically almost identical to the true value. Donor states need not be reachable in the recipient
history. Prefixing also skips generation of that field, and the archive lacks a format-matched self-
belief prefix and irrelevant-field control. It therefore does not isolate all gains over free output to
belief correctness. This contrasts with the separate GPT supplied-belief study without establishing
a matched model or training effect.

G.6 Other historical prediction and deployment diagnostics

Archived Qwen32B and 72B ToM2 offline opponent-action accuracies (.597 and .639) exceed their
online action accuracies (.334 and .370), but the endpoints differ and this is not a matched causal
gap. In a separate realized-opponent-action prediction SFT path, out-of-distribution (OOD) Brier
improves from .347952 to .228034 on 2,626 observations; a same-feature ExtraTrees control is better
at approximately .2194. This path predicts a sampled opponent action, not the focal action labels of
behavioral SFT. A 60-match-per-model live ToM3/4/5 test improves mean payoff from —9.4333 to
+.2667 using an external probability-to-action map. This is partial predictive deployment evidence,
not live validation of the newer probability checkpoints or native execution of the full belief-to-action
chain.
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A full-history checkpoint once described as trained on model-generated priors actually used oracle
priors after an export overwrote a prediction field. It remains labeled oracle-prior-trained. The
corrected own-prior run has live Brier .27141 and payoff per round —.00222 over 180 ten-round
matches; supplying the true prior lowers fixed-observation Brier to .23470 versus .27141 for own-
prior recursion. This is partial privileged rescue, not autonomous belief tracking. The historical
ten-attempt ledger includes changing supervision and coverage, so a failed composite gate is not ten
independent tests of one mechanism. Full records, including negative outcomes and the provenance
correction, remain in the experiment index.

H Artifact provenance and reproducibility

The code and data repository includes numerical source tables and a manifest of source and released-
file hashes, including figure hashes. Audited squared-error fields use MSE for forecast and belief
panels.

Execution and audit are different evidence levels. Recent Qwen/GPT records verify unique
keys, original output provenance, information boundaries, target replay, parsing and selected check-
points to the stated scope. Some original model revision or weight hashes were not recorded, and
historical endpoint tensors were not independently re-attested. The R3 prompts are reconstructed
from hash-bound source and prior outputs, not universally captured verbatim at runtime. RS tar-
get replay uses the disclosed 108 tolerance across environments (maximum observed difference
2.18 x 10~9). Such limitations are not removed by packaging the figures.

Compute and release. Recent R3/R5 training uses one H200 per branch; newer stan-
dard/reasoning live evaluation uses four H200s, while small-model evaluation uses one. Requested
resource caps are not measured consumption. The two RS jobs allocate 29m17s and 27m09s; these
durations describe those jobs, not total project-wide compute. The public code and data repository
linked above provides selected outputs, training and validation examples, and evaluated adapters.
Its documentation distinguishes numerical reanalysis, checkpoint reconstruction and model-based
reruns.

Single-seed training, small diagnostic cohorts and heterogeneous interfaces bound the claims above.
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