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Abstract

Large language models are increasingly deployed as teams of

agents that hold different private

1

information about a shared task. How should such agents concisely communicate in a way that promotes
aggregation of decision-relevant information? Communicating only proposed actions can discard decision-
relevant uncertainty: two agents may prefer the same action for different reasons. We study an alternative
interface in which agents communicate calibrated beliefs over actions. We first analyze a simple synthetic
setting that captures the structure of multi-round reasoning under partial information. In this setting,
we show theoretically and empirically that communicating unbiased probabilities can be strictly more
powerful than communicating actions. We then test the same principle in a collaborative maze-solving
task with trained transformers and pretrained LLM agents. Our results demonstrate that probability
communication outperforms action communication when the exchanged predictions preserve calibrated
uncertainty. When communicated probabilities are biased, we show that the benefits of probability
communication can disappear. We give a post-hoc conversational calibration intervention that consistently
improves decision-making by correcting these biases both in a toy transformer setting and when pretrained
LLMs use the corrections in context. These results suggest that probabilistic communication is useful
for multi-agent collaboration not merely because it transmits more information, but because calibrated
uncertainty gives other agents a reliable object to update on.

Introduction

Large language models (LLMs) are increasingly used within multi-agent systems where agents may share
a task but hold different private information. For example, physical robots may see different sensor data,
and coding agents may inspect different files when the relevant repository is too large for any single context
window. To succeed in such settings, agents must communicate to combine their private information to make

better decisions than any single agent could alone.

In practice, the same constraints that motivate multi-agent design often make full information sharing
infeasible. Communication may be limited by bandwidth, memory, context length, or by the fact that different
agents’ observations are not mutually legible across modalities. And even if one agent could transmit its full
observation, the receiving agent may not be able to process it into a correct answer [Davidson et all, 2025].
More generally, recent work has shown that LLMs often struggle in these collaborative settings, exhibiting

failures in information sharing |[Cemri et al., 2025|, belief updating

Li et al [2023, Wilie et al., 2024], and

joint decision-making under partial information [Davidson et al., 2025

[Eisenstein et al., [2026]. These failures
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Figure 1: Multi-agent collaboration under partial information. Agents observe different views of the same
maze and exchange messages over multiple rounds before producing a final action. We compare action-only
messages, verbalized probabilities, sampled probabilities from multiple rollouts, and a post-hoc calibrated
probability channel. Figure adapted from |Davidson et al| [2025].

reveal a broader “collaboration gap" [Davidson et all, [2025]: current LLM agents do not reliably aggregate
distributed observations into well-coordinated decisions. Narrowing this gap requires answering a fundamental
question:

What should agents communicate in order to aggregate distributed private information?

A natural low-bandwidth alternative to communicating their hidden information is for agents to exchange
only their proposed actions. However, communicating actions can omit decision-relevant uncertainty. A
promising direction comes from the agreement literature, which shows that Bayesian reasoners with different
observations can exchange beliefs to converge towards predictions that aggregate their information |Frongillo
, . More recent work weakens Bayesian rationality to calibration-style conditions, including
conversation calibration, and studies when agreement would lead to optimal actions given the agents’
combined observations |Collina et al. 2025, 2026} Kearns et al., 2026]. This perspective suggests that reliable
multi-agent LLM collaboration may require mechanisms that go beyond ad hoc message exchange: agents
must be able to recognize their own uncertainty and interpret others’ uncertainty.

1.1 Owur contributions

Our hypothesis is that, under partial information, agents collaborate more effectively when they communicate
calibrated beliefs rather than only their preferred decisions. We investigate this hypothesis theoretically in a
stylized theoretical model and empirically on the collaborative maze task of |Davidson et al.|[2025]. We study
both transformers trained for the task and large-scale, pretrained LLM agents. Across these settings, we
compare two low-bandwidth communication protocols:

1. Action-only communication: In each round, the speaker sends a single action that it currently believes is
most likely correct. For transformers this is the action with highest softmax probability; for LLM agents,
it is the action selected in the model’s response.



2. Probability communication: In each round, the speaker sends a distribution over actions. For transformers
this is the softmax vector. For LLM agents, we consider verbalized probabilities, where the model reports
a probability vector in text, and sampled probabilities, where the message is the empirical distribution
over independent response rollouts.

Our results are threefold. First, in a stylized chained-parity model of multi-round collaboration, we show a
theoretical separation between communicating probabilities and communicating actions. Exact probability
messages aggregate one new piece of information per round, ultimately leading to full information aggregation.
Meanwhile, action-only messages can reveal only the first agent’s information and then stall. Second, we test
the same principle in controlled transformer experiments on collaborative maze solving (see Figure . We
see that probability communication improves over action communication when the learned messages preserve
calibrated uncertainty. When probability messages are biased, this advantage can disappear. To address this,
we introduce a post-hoc calibration algorithm that corrects biased reports and recovers much of the performance
lost when raw probability reports are distorted. Third, we evaluate the same communication protocols using
pretrained LLM agents on the maze task. We find that simply asking models to verbalize probabilities is
not enough: raw verbalized probabilities are often no better than action messages. We show that across the
tested models, applying post-hoc calibration as an intervention consistently improves performance, indicating
that probabilistic messages become substantially more useful in-context when corrected into forecasts that
other agents can reliably update on.

Beyond the agreement literature discussed above, our work also draws on research on calibrated forecasting,
uncertainty elicitation in language models, sampling-based uncertainty, multi-agent LLM debate and collabo-
ration, and learned communication in multi-agent reinforcement learning. We defer an extended discussion of
these connections to Appendix [A]

2 Preliminaries

Formally, we study a setting with two agents, Alice and Bob, who collaborate to find a correct action to take.
Each data point consists of a feature € X and its associated correct action a* € A, drawn from a joint
distribution over X x A. Neither agent observes the full feature: Alice observes x4 € X4 and Bob observes
xp € Xp, with x = (v4,25) € X4 x Xp. The correct action depends on the full feature x, so neither agent
can reliably identify a* from their own observations alone. In the special case where a* is deterministically
determined by x, the agents’ combined information is sufficient to identify a*.

Communication protocol. The agents communicate for a fixed number of rounds K before selecting an
action. Alice speaks on odd rounds and Bob on even rounds; we write o(k) € {A, B} for the round-k speaker.
We focus on the bandwidth-limited regime, in which each round’s message is much smaller than the speaker’s
private observation.

We consider two types of communication protocols. In the action-communication protocol, the round-k
message is a single proposed action ay € A. In the probability-communication protocol, the round-k message
is a distribution over actions Py € A(A). After round K, the agents execute the action chosen by the final
speaker: the final action message ax under action communication, and arg max, px(a) under probability
communication.

Calibration. Calibration formalizes when a probability message can be interpreted as meaningful uncertainty.
Intuitively, a probabilistic message is calibrated if its probabilities agree with long-run frequencies. For
example, among all instances in which an agent assigns probability 0.7 to an action a, that action should be
correct approximately 70% of the time.

Definition 2.1 (Calibration). Let p be a A(A)-valued random variable, where the randomness is over the
draw of the instance and any randomness in the agents’ procedure. We say p is calibrated if, for every action
a € A, Pr(a* =a|p) = p(a) almost surely.



Calibration is a marginal property: it says that an agent’s stated uncertainty is correct in aggregate over
all instances in which the agent sends the same distribution. With multiple agents, we may also ask if one
agent’s forecast remains calibrated after accounting for another communicated forecast. This is the notion of
cross-calibration. Intuitively, Alice’s forecast is cross-calibrated with Bob’s forecast if, among all instances
where Alice sends a particular distribution, subdividing those instances according to Bob’s distribution does
not change the correctness of Alice’s probabilities.

Definition 2.2 (Cross calibration). Let p and ¢ be A(A)-valued random variables. We say p is cross-calibrated
with respect to ¢ if, for every action a € A, Pr(a* = a | p,§) = p(a) almost surely.

Calibration requires an agent’s probabilities to be correct in aggregate, while cross-calibration requires them
to remain correct even after conditioning on another communicated forecast. This definition conditions only
on the communicated probabilities, not on the other agent’s private observation.

Conversation calibration instantiates cross calibration in a communication protocol, requiring forecasts in
every round to be cross-calibrated with respect to forecasts of the previous round.

Definition 2.3 (Conversation calibration). Following |Collina et al. [2025], in a probability-communication
protocol, the conversation is calibrated through round K if the initial forecast p; is calibrated and, for every
round 2 < k < K, the round-k forecast is cross-calibrated with respect to the previous round’s forecast:
Pr(a* = a | pg,Pr—1) = Pr(a) for all a € A almost surely.

3 When do probabilities outperform actions?

This section establishes when probability communication can be more useful than exchanging only actions.
The gap appears when the best action is too coarse to reveal which evidence state produced it, which we
demonstrate via a multi-round separation using a chained parities task. A warm-up example for one-round,
where two posterior states induce the same best action but different probabilities, is included in Appendix

The chained-parity task is intended as a stylized abstraction of general multi-round reasoning problems.
In particular, many reasoning problems can be represented as a computation over a chain or graph of
interdependent states: each state represents an intermediate reasoning step that incorporates new evidence
towards solving the problem. This structure appears, for instance, in multi-hop or inductive reasoning, where
intermediate facts are composed along a graph [Yang et al., [2018] [ Trivedi et all 2022| [Sinha et al.| [2019];
and in proof-style reasoning, where intermediate claims support later ones |Tafjord et al.| 2021} Dalvi et al.l
2021]. In the chained-parity task, each “prefix parity" represents an intermediate state, and the next bit in
a bitstring is the evidence needed to advance the chain (Figure . We are interested in such problems in
collaborative settings, where no single agent observes all information needed to perform the reasoning task,
and each agent refines its prediction by using information supplied by the other.

We will show that probability messages can preserve a sufficient summary of the accumulated state, allowing
each round to incorporate one new piece of private information, whereas action messages can collapse
intermediate states and thereby prevent later information from being aggregated.

Chained-parity task. We now define the task. We consider a binary action space A = {0,1}. Our task is
parameterized by the number of rounds K > 1; for each value of K, the joint information space consists of K
independent uniform bits b1,...,bx in {—1,+1}. Let d4 := [K/2] and dp := | K/2]. Alice and Bob observe
the odd- and even-indexed bits as fixed-length vectors:

Ty = (bl,bg,, .. .,deA_l) S {—1,+1}dA, rg = (b27b4,. .. ,bgdB) S {—1,+1}dB.

Define the prefix parity, the +1-valued product (equivalently, the XOR) of the first j bits,
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Figure 2: Chained-parity dependency structure.
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Conditional on © = (z4,zp), the target action a* is a Bernoulli random variable with parameter

* 1 o
pri=g > a;S;,
j=1

which we call the full-information posterior probability of a* = 1. Throughout this section, p* denotes
this random variable, a deterministic function of the bit vector b = (by,...,bx). The weights aq,...,ax
are positive and satisfy Z]K:1 a; < 1/2, which keeps p* € (0,1). Define h* := 1{p* > 1} € {0,1}, the
Bayes-optimal action under 0-1 loss. Because each term «;5; with j > 2 depends on both agents’ bits
(Figure , no agent can evaluate p* alone.

Communication protocol. At round k, Alice speaks if k is odd and Bob speaks if k is even; write this speaker
as o(k) € {A, B}. Thus the round-k speaker observes b,. When Alice and Bob communicate probabilities,
define po := 1/2 and let the speaker’s Bayes posterior probability that a* = 1, given their own features and
the previous probability message, be

pi = Pr (a* =1 | To(k) pkfl) €[0,1].

The probability communicated is pr = pr. When actions are communicated instead, let p; be the analogous
Bayes posterior computed from the speaker’s own features and the public action transcript so far; the speaker’s
action that they communicate to the other player will then be their best response,

ar = 1{pr, > 1} € {0,1}.

The distinction is that py can preserve how strongly the speaker favors an action, while a; keeps only the sign
of that preference. Later, we also consider how information aggregation is affected when the communicated
probability py is biased transformation of the Bayes posterior py.

Information aggregation with probabilities. We now add the condition that makes the previous
probability message a sufficient scalar summary of the parities revealed so far.

Assumption 3.1. Distinct bit prefixes (Si,...,S;) € {—1,+1}* yield distinct partial sums > i<k @S for
each k < K (e.g. a; =27771).



The distinct-partial-sums condition ensures that a scalar probability message identifies the prefix parities
already revealed. Therefore the previous probability message is not merely a confidence score; it is an
invertible summary of the information accumulated so far. This lets the probability exchange advance one
message at a time:
1
Pk = Ph—1+ Sk = By + Zoszj.
J<k

By Assumption the previous scalar message pi—_1 identifies the prefix (Sy,. .., Sk—1); the round-k speaker
also observes by, and hence determines Sy = Si_1b,. All later parity terms contain an unseen bit and
have conditional mean zero. Since pj is a Bayes posterior conditioned on the speaker’s information and the

previous probability message, the probabilities communicated satisfy conversation calibration in the sense of
Definition 2.3

Theorem 3.2 (Probability exchange aggregates information). In the chained-parity model, under Assump-
tion when probabilities are communicated, the round-k message equals pr = % + ngk o;S; for every
k < K; in particular pgc = p*. The round-k excess squared loss E[(a*—p)?]—E[(a* —p*)?] equals Zj>k af and
decreases by o each round, so after K rounds the agents attain the full-information Bayes risk E[(a* — p*)?].

Proof sketch. The recurrence above gives py = 1/2+ >, @;S; by induction, so px = p*. At any k < K, py,
differs from p* by the unrevealed tail > ok O S;. Distinct parities are orthogonal, so the excess squared loss
is E[(p* — pr)?] = 2_;54 @5, and the one-round improvement is aj.

Information loss with actions. By contrast, the action exchange can collapse all later evidence states to
the same first action.

Theorem 3.3 (Action exchange transmits only the first bit). In the chained-parity model, assume K > 2
and oy > ag. When actions are exchanged, every round-k message equals 1{b; = +1}, so the induced
decision is constant in k. In particular, for K = 3 and o = (0.20,0.15,0.10), this decision disagrees with the
full-information Bayes action h* on an event of probability 1/4.

Proof sketch. The action message keeps only the sign of the speaker’s - o _
current posterior and discards the magnitude. Alice’s first posterior + iﬁﬁﬁiﬁﬁig EZ::EEEZZEZE (theoreticz)
is 1/2 4+ ay b1, so her action message is 1{b; = +1}. If Alice speaks —# Action communication

later, she still lacks bs, so her posterior again has sign b;. If Bob
speaks, he can use by, but later terms average out and his posterior
is 1/2 + a1b1 + asb1by = 1/2 + bl(Oél + 0[2b2). Since a7 > 2, this
posterior also has sign b;. Thus every action message repeats the
first bit and no later bit is transmitted. For the displayed K = 3 017

Squared Loss

coefficients, on the event {by = —1,b3 = +1}, the full posterior
satisfies p* — 1/2 = by (a1 — ag — a3) < 0, so h* is the opposite of
the action-channel decision; this event has probability 1/4. Figure 3: Squared loss of action vs

probability exchange over 5 rounds on
chained parities. Learned probability
communication attains the theoretical
optimum.

Empirical validation. We validate this separation with trained
transformers on the same chained-parity task (Appendix [E| for
details). Figure [3[ shows learned probability messages track the the-
oretical loss curve, while learned action messages stall as predicted.

4 When do probability reports need calibration?

Theorem assumes the round-k speaker transmits its Bayes posterior p; exactly. In practice, reported
probabilities may be distorted. One way to model this failure is to combine two deviations that are well-
documented in LLMs: global miscalibration of confidence [Zhao et al., 2021} [Xiong et al., [2024], where stated



probabilities are systematically too extreme or too mild, and sycophancy [Perez et al.l [2023] [Sharma et al.
2024), where an agent’s report is pulled toward the previous speaker’s report regardless of its own evidence.
We analyze a single round of such distortion: the previous agent is calibrated and sends the ideal py_1, while
the round-k agent outputs a biased report,

pr=4+ el =) + At — 3), g

with (¢, A) chosen so that p;, € [0,1]. The parameter ¢ > 0 controls the confidence scale (¢ = 1 is calibrated,
¢ > 1 overconfident, ¢ < 1 underconfident), and A € R controls the strength of sycophantic anchoring to the
previous report. This illustrates the broader problem: raw probability reports need not be reliable objects for
the next agent to update on. To recover calibrated messages, we can learn the conditional label distribution
from the communicated probabilities themselves.

Theorem 4.1 (Post-hoc calibration recovers the prediction guarantee). In the chained parity model, suppose
the previous message is the ideal posterior pp_1. For anyc > 0 and A € R so that py, € [0,1], let Z = (Pr, pr—1)-
If the predictor class contains the conditional label distribution, then training a predictor h to predict a* from
Z using a strictly proper loss yields, at the population optimum, the one-step post-hoc forecast

h*(Pr, pk—1) :==Pr(a* =1 P, pr—1)

which recovers the posterior: h*(Px,pr—1) = px. Moreover, the learned forecast is conversation-calibrated.
Applied inductively, with each previous calibrated message equal to the corresponding ideal posterior, this
recovers the guarantee of Theoremfor any (¢, A).

Proof sketch. A strictly proper loss is minimized at the true conditional label distribution, so the population
optimum satisfies h*(Z) = Pr(a* = 1 | Z). Since ¢ > 0, observing (pi,pr—1) in determines py; the
unrevealed tail still has conditional mean zero given these messages. Therefore Pr(a* = 1| pg,pr—1) = pk-
Finally, because Z includes the previous forecast, the tower property gives Pr(a* =1 | h*(Z), pr—1) = h*(2),
so the learned forecast is cross-calibrated with respect to py—1. Full details are in Appendix [D]

The affine form in is only a convenient example. The same conclusion holds for any distortion p; =
F(pr,pr—1) such that, after fixing py_1, the map pr — F(pk,pr—1) is invertible on the possible round-k
posteriors. The gap from calibration is already visible in the first two rounds: if a receiver treats a biased
report as a valid posterior and projects it to the nearest possible message, the first bit can be decoded
correctly while the second bit may be flipped by confidence or anchoring bias. Appendix [D] formalizes this.

A post-hoc calibration algorithm. The above observation suggests a natural training procedure for
collaborative agents that communicate probabilistic predictions. In each round, the active agent produces
a raw forecast from its own observation and the previous message. A post-hoc map then recalibrates this
forecast using labelled transcripts and the previous message as inputs. This yields an iterative procedure in
which agents alternately improve their predictive accuracy while aligning their communicated probabilities
through conversation calibration. We summarize this procedure in Algorithm
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Figure 4: (R1) Action performance stag-
nates; communicating probabilities increases
performance gradually.

Figure 5: (R2) Global miscalibration and sycophantic an-
choring cause performance to drop over rounds, while post-
hoc recalibration partially recovers performance under self-
miscalibration and cross-calibration recovers nearly all per-
formance when both biases are present.

Algorithm 1 post-hoc calibration for probability communication

Require: Data {(wlA, B ar)}2;, rounds K, base protocols 7y, producing raw forecasts, strictly proper loss £
1: Initialize po; =@ foralli=1,...,n
2: for k=1,...,K do

3: Let s = o(k) be the round-k speaker

4: For each example ¢ = 1, ..., n, run the base protocol to obtain raw forecasts py; = Tx (x5, Pr—1.i)-
5 Fit a post-hoc calibration map using only the raw forecast and previous calibrated forecast:
n
gk € arg min > £(g(Pk,i Pr—1.1),a}) -
9EGK pt
6:

For each example i = 1, ..., n, set the calibrated round-k message pr; = g (P, i, Pk—1,)-
7: end for

8: return Calibrators ¢, ..., gk

5 Maze experiments with learned and pretrained agents

We next move beyond chained parities to test these communication principles on a more natural decision
problem: collaborative maze-solving. The task, proposed by Davidson et al. [2025] to test collaborative
capabilities of language models, preserves the same core structure: agents have partial information and must
aggregate information over multiple rounds before choosing an action. However, the underlying object of
uncertainty is now much more complex: agents must form and update beliefs about the correct next move

by reasoning over partially observed paths. This setting therefore lets us test whether the lessons from the
chained parities example extend to richer collaborative problems.

Maze task. The maze-solving task consists of a dataset of N x N magzes, each with a fixed start state,

fixed end state, and cells denoting either a path or a wall, see Figure [I] Mazes are sampled according to a
wall-density parameter, which controls the expected fraction of cells that are walls. In our collaborative setup,
each agent observes only a partial map of the maze with half of the cells hidden. Together, the two agents’

maps recover the full maze. Our experimental setup follows the primary setting studied by



[2025]. We use N = 6, a wall density of 30%. The start state is in the top left corner and the end state in the
bottom right corner, which creates a directional bias where some actions are more likely than others. Unlike
Davidson et al.| [2025], we restrict attention to mazes with a single correct solution for ease of evaluation. An
example maze (and the corresponding two views) are presented in Figure

5.1 Controlled transformer experiments

We first study the problem in a controlled setup, where, as in Section [3] we train a sequence of transformers
that communicate across rounds.

Transformer setup. We train small transformers on a supervised next-move prediction task. Each example
is represented as a partial-view maze string with the @ symbol denoting the current position, along with
any previously communicated message. The target label is the next move along the solution path. Full
experimental details are in Appendix [E] We report maze success rate, defined as the fraction of mazes for
which the model predicts every move in the solution path correctly.

(R1) Probability messages improve controlled maze-solving. Figure |4 shows that trained models
under probability communication indeed outperform trained models under action communication. Moreover,
it shows that over four rounds of communication, maze success rate improves consistently when agents
communicate probabilities; this is not the case for action communication. In Appendix [F] we give examples of
mazes where communicating probabilities over multiple rounds converge to the correct answer.

(R2) Calibration repairs biased transformer messages. Next, we study the two biases that conversation
calibration is designed to mitigate when agents communicate probabilities: global miscalibration and
sycophantic anchoring. Rather than communicating the transformer probabilities directly, we first distort
them according to Equation [1} and then optionally apply a post-hoc debiasing protocol. The debiasing model
is a single-layer network trained with cross-entropy loss against the true label. We compare self-calibration,
which uses only the current transformer’s probabilities, with conversation calibration, which uses both the
current and previous round’s probabilities.

The unbiased probability baseline improves monotonically over four rounds; see Figure [5l In contrast, global
miscalibration alone and global miscalibration combined with anchoring cause performance to collapse and
deteriorate over rounds. Self-calibration recovers a substantial fraction of the lost success under global
miscalibration, but its imperfect corrections still accumulate through the conversation. When both biases
are present, conversation calibration recovers nearly all of the baseline performance. Thus, cross-calibrating
against the previous round’s probabilities can recover approximately unbiased messages and substantially
improve downstream maze success.

5.2 Pretrained LLM experiments

We now test if the same principle holds for large-scale, pretrained language models on the maze task.

LLM setup. We use the maze task described in Section [5] and evaluate four models of varying strengths:
GPT-4.1-mini, GPT-5, GPT-5.4-nano, and GPT-5.4-mini. We allow models to generate reasoning (up to
2048 tokens). We consider three communication protocols: actions, verbalized probabilities, or sampled
probabilities. In the action exchange protocol, each agent communicates the action chosen in its response.
In the verbalized probability exchange protocol, each agent communicates the probability vector reported in
its response. In the sampled probability exchange protocol, we sample M independent responses from the
model, and the message communicated is the empirical distribution over the answers. For both the verbalized
and sampled probability exchange protocol, we measure the accuracy of the answer assigned the highest
probability value. Full prompts are in Appendix All results are over 30 fixed mazes with 10 rollouts per
maze. For maze success rates, we report means and 90% bootstrapped confidence intervals over all rollouts,



Emm Actions mmm Verbalized mmm Post hoc calibration — ------ Solo

9 gpt-4.1-mini gpt-5.4-nano
5]
ﬁ 0.2 0.8
§ 0.6
&)
5 0.4
: A N i [
Q) .
% 00 Lo o o e 00 mimii [ -- -
b3 1 2 3 4 1 2 3 4
) gpt-5.4-mini gpt-5
T 08 1.0
~
® 0.6 0.8
g 0.6
0.4
5 0.4
e ol alill - M
(@ 0.0 [ -- - - 0.0 - - -— -ﬁ -
= 1 2 3 4 1 2 3 4
Round Round

(a) Maze success rate.

mmm Verbalized mmm Post hoc calibration
gpt-4.1-mini gpt-5.4-nano
0.4

0.4
0.2
: I l I . '
1 2 3 4 1 2 3

0.0
4

Conversation
Calibration Loss

gpt-5.4-mini gpt-5

0.4
0.2
| N En ol AN e e
1 2 3 4 1 2 3 4

Round Round

Conversation
Calibration Loss

(b) Conversation calibration loss.

Figure 6: (R3) We train one-hidden-layer MLP calibrators according to Algorithm [1jon a set of 100 mazes
and report outcomes on a validation set of 30 mazes with 10 rollouts each. We report the success rate (top) as
well as the calibration loss (bottom). For success rate, we also include the full-information solo baseline. Bars
that do not appear indicate zero success. Post-hoc calibration of verbalized probabilities increases success and
lowers conversation calibration loss. Details of conversation calibration loss computation is in Appendix

computed as a pooled variance across mazes. We compute conversation calibration losses separately for
each of the 10 rollouts, again pooling moves from all 30 mazes, and report the mean and 90% bootstrapped
confidence intervals across rollouts.

(R3) Calibration makes verbalized LLM probabilities useful. In our first experiment, we highlight the
value of conversation calibration for verbalized probabilities. Recent work has shown that the probabilities
verbalized by LLMs often fail to faithfully reflect the models’ underlying uncertainty [Xiong et al., 2024,
Kapoor et al. 2024]. To illustrate the consequences of this miscalibration in a collaborative setting, we

10



B Verbalized mmm Post hoc calibration mmm Rare-action correction baseline

o gpt-5.4-nano gpt-5

&

' 0.4 0.4

7]

(]

3

- II ' ' ) I

g .

[©]

T M mER BN N

= 1 2 3 4 1 2 3 4
Round Round

Figure 7: (R4) Post-hoc calibration can learn corrections beyond the marginal action frequencies. On
GPT-5.4-nano, the calibrator performs similarly to a naive baseline that replaces verbalized predictions
favoring rare actions with the marginal action distribution. On GPT-5, the calibrator outperforms this
baseline after multiple rounds of communication.

directly compare action-based and probability-based communication using prompted LLMs. We then apply
post-hoc conversation calibration to the verbalized probabilities to test whether the lost information can be
recovered through simple debiasing.

In Figure [6a] we report the success rates of solving the mazes across multiple models and communication
modes. We find that verbalized probability exchange performs similarly to, or worse than, action exchange
for GPT-5.4-nano, GPT-5.4-mini, and GPT-5, and yields only a small improvement for GPT-4.1-mini. Single
verbal reports of uncertainty therefore do not appear to faithfully represent the model’s uncertainty in a
form that improves collaboration. Applying Algorithm [I] to verbalized probabilities consistently improves
performance across all models. In particular, mean maze success rates at least double after four rounds of
communication relative to the base verbalized probability protocol. These gains suggest that communicated
uncertainty can support collaboration when the exchanged probabilities are first adjusted to account for
model-specific miscalibration.

To illustrate that this improved performance is in fact correlated with (conversation) calibration, we show the
corresponding calibration losses of the verbalized probabilities before and after post-processing in Figure [6b]
In the first round, we report self calibration loss and in consecutive rounds we report conversation calibration
loss. For all four models, post-hoc calibration leads to a significant decrease in calibration loss, supporting our
hypothesis that conversation calibration is in fact a driving factor in improving communication in our setting.

We note that final performance is far below what can be achieved by training a next-move predictor on the
maze data, as shown in the previous section. This gap can be attributed to three factors. First, the LLMs
were not explicitly trained on mazes like ours, and so their prior knowledge this task is limited. Second, the
calibration procedure does not help the model re-interpret information: it is trained only on the communicated
probabilities and therefore does not introduce new knowledge specific to each maze that is absent from what
is communicated. If the verbalized probabilities carry little information, calibration cannot alleviate that.
Third, the LLM must interpret probabilities in-context, and it may not reason reliably about uncertainty
information. Whereas prior work has highlighted the benefits of calibration in a single-agent setting
, our results point to the need for improved uncertainty calibration in multi-agent contexts.

(R4) What does the post-hoc calibrator learn? Next, to better understand where the calibrator’s gains
come from, we investigate what the post-hoc calibration procedure learns, and in particular whether it learns
anything beyond the marginal action frequencies. Because our mazes start from the top left, the correct
action is down or right 97% of the time (with roughly equal frequencies on down and right), while left or up
only 3% of the time. Since the calibrator is trained on the distribution of correct actions, it could exploit
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Figure 8: (R5) Our post-hoc calibration procedure matches or outperforms sampled probabilities constructed
from M = 10 sampled responses.

this imbalance by simply learning a correction that suppresses predictions on the rare actions. We test this
hypothesis with a naive rare-action correction baseline. Whenever the model’s verbalized probability vector
assigns the highest probability to up or left, we replace it with the vector assigning probability 0.5 to each of
down and right; otherwise, we leave the prediction unchanged. Note that this baseline uses only the marginal
action frequencies and does not depend on the models’ reported probabilities beyond the argmax.

Figure [7] shows the results. For GPT-5.4-nano, the naive baseline performs similarly to the calibrator,
indicating that much of the calibrator’s gains can be explained by correcting the mode bias. For GPT-5,
the calibrator slightly outperforms the naive baseline. This suggests that the calibration procedure learns
corrections that cannot simply be reduced to suppressing rare actions and that LLMs can sometimes leverage
nuanced probabilities to improve downstream performance. Further work on analyzing and improving how
LLMs output and interpret calibrated probabilities offers the opportunity to unlock the full benefits of
conversation calibration.

(R5) Sampled probabilities only partially elicit model uncertainty. Having established that verbalized
probabilities are unreliable, we next compare against a stronger elicitation baseline: empirical probabilities
from multiple sampled rollouts. This protocol estimates the model’s action distribution directly from repeated
responses, but is more expensive than a single verbalized probability report. We compare sampled against
verbalized-probability exchange as well as post-hoc calibration.

Figure [§] shows that on GPT-4.1-mini, sampled probability exchange improves over verbalized probability
exchange and is within variance of our post-hoc calibration approach. On GPT-5.4-nano, sampled probability
exchange performs similarly to verbalized probability exchange. Here, post-hoc calibration consistently
achieves higher mean success rates. These results suggest that this simple post-hoc procedure can compete
with a sampling-based uncertainty estimate at a fraction of the cost, since it only requires one rollout.

(R6) Calibration explains when sampled probabilities help. GPT-4.1-mini behaves as expected: it
performs poorly with verbalized probabilities but improves with sampled probabilities. For GPT-5.4-nano,
however, sampled probabilities are on par with verbalized probabilities. This might be surprising at first
glance, since we would expect the sampled probability measure to perform better according to our hypothesis.
To understand why this might happen, we dig deeper into the distribution of both the verbalized and sampled
probabilities in Figure [J] We plot a histogram of maximum probability values under the verbalized and
sampled probability exchange protocols, together with the accuracy of the corresponding argmax action. For
GPT-4.1-mini, the verbalized and sampled top-choice confidences are similarly miscalibrated across most
bins in both rounds 1 and 2. However, in round 2, sampled probabilities more often assign a maximum
probability of 1, and these predictions are reasonably well-calibrated. By contrast, verbalized probabilities
continue to be overconfident. As a result, sampled probabilities achieve higher accuracy in round 2. For
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verbalized and sampled probability exchange. For GPT-4.1-mini, sampled probabilities are better calibrated
than verbalized probabilities and lead to stronger downstream performance. For GPT-5.4-nano, sampled
probabilities are more overconfident, while verbalized probabilities are comparatively better calibrated.
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Figure 10: (R7) Communicating more information does not always help. Solely communicating probabilities
produced by our post-hoc calibration procedure leads to higher success than communicating the full response.

GPT-5.4-nano, we observe a similar pattern in the 1.0 probability bin, but sampled probabilities do not
outperform verbalized probabilities overall. This can be attributed to the fact that, outside the 1.0 probability
bin, the sampled probabilities are highly overconfident. This contrast further highlights the close relationship
between calibration and downstream performance. The behavior of both models is consistent with broader
trends in LLMs. As model capability improves, LLMs appear to become better at expressing uncertainty
through verbalized probabilities |[Xiong et al. [2024], which may help explain GPT-5.4-nano’s improved verbal
calibration. One possible explanation is that GPT-5.4-nano’s sampled rollouts reflect stronger commitment
due to more alignment training such as RLHF. This is consistent with prior work linking RLHF-style alignment
to sharpened output distributions and increased overconfidence |Leng et al., 2025].

(R7) Communicating more information does not necessarily improve collaboration. Finally, using
GPT-4.1-mini and GPT-5.4-nano, we compare against an unconstrained communication baseline, in which
each agent receives the previous agent’s full response, including any generated reasoning. This is the setup
studied by [Davidson et al|[2025]. For GPT-4.1-mini, we use the same prompt as in our other experiments,
which asks the model for its uncertainty; therefore the communicated full response includes both the model’s
reasoning and verbalized probabilities. For GPT-5.4-nano, we slightly modify the prompt to also explicitly
have the model tell us what to communicate to the other agent, as otherwise it’s reasoning is hidden inside
the API. We provide the modified prompt in Appendix [El The results are found in Figure

For both models, we see that unrestricted communication performs poorly as its success rate across all rounds
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is close to zero. This failure is unlikely to reflect a basic inability to parse or reason about any maze structure
the communicated message may contain, since GPT-5.4-nano solves more than 85% of the mazes when given
the full maze directly (Figure @ Rather, this experiment demonstrates that simply providing the next agent
with more information does not necessarily improve collaboration, and probability exchange can be more
effective between agents than unconstrained natural-language communication, especially when long or noisy
contexts make full-response communication difficult to use.
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A Additional Related Work

Calibration, scoring rules, and agreement-based aggregation. Our use of probabilistic messages is
closely related to the classical literature on calibrated forecasting. [Dawid| [1982] formalized the idea that a
forecaster’s stated probabilities should match empirical frequencies, while [Foster and Vohra| [1998| showed
that calibrated forecasting can be achieved constructively in repeated prediction. The theoretical backbone
of our work also connects to agreement and information aggregation. Classical agreement results show
that Bayesian agents with common priors cannot sustain common-knowledge disagreement [Aumann) 1976,
Aumann and Hart|, [2006|, and that repeated exchange of beliefs can converge to agreement |Geanakoplos
and Polemarchakis| [1982] [Aaronson) 2005]. Recent work replaces ideal Bayesian assumptions with tractable
calibration-style conditions [Collina et al., 2025} 2026, [Kearns et al., 2026|. Frongillo et al.|[2023]| show that
agreement need not imply accuracy without additional signal-structure assumptions. Our contribution is
complementary: we study how these ideas behave in LLM-agent collaboration, and empirically compare
action messages, raw probabilistic messages, sampled probabilities, and post-hoc conversation-calibrated
probabilities.

Uncertainty and calibration in language models. A large body of work shows that neural-network
and language-model probabilities are not automatically calibrated. |Guo et al.| [2017] showed that modern
neural networks can be substantially miscalibrated and that simple post-hoc temperature scaling can improve
calibration. Desai and Durrett| [2020] studied calibration in pretrained transformers such as BERT and
RoBERT4, while [Jiang et al.| [2021] evaluated when generative language models’ confidence estimates align
with correctness. |Zhao et al.| [2021] showed that few-shot language-model predictions can be biased by prompt
artifacts and proposed contextual calibration to mitigate these effects.

Recent work studies how to elicit uncertainty from large language models more directly. |[Kadavath et al.
[2022] evaluate whether language models can predict their own correctness, finding that self-evaluation can
be informative but is format- and scale-dependent. Lin et al|[2022] train models to express uncertainty
in words, and [Mielke et al.| [2022] study whether conversational agents’ linguistic expressions of confidence
are calibrated. [Tian et al.|[2023] compare confidence-elicitation strategies for RLHF-trained models, while
Xiong et al.| [2024] provide a broad empirical evaluation of verbalized, token-probability, and sampling-based
confidence estimates. [Kapoor et al.|[2024] show that verbalized uncertainty in LLMs remains unreliable under
prompting alone. These papers motivate our distinction between verbalized probabilities and probabilities
that are calibrated for use by another agent in a conversation. In addition, work on sycophancy [Perez et al.l
2023, [Sharma et al., 2024] motivates our biased-report model, where an agent’s stated probability may be
pulled toward a previous speaker’s report rather than reflecting only its private evidence.

Sampling-based uncertainty and reasoning. Sampling multiple model outputs is another common way
to estimate uncertainty. Chain-of-thought prompting [Wei et al.l [2022] and self-consistency decoding [Wang
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et al.l [2023| use multiple reasoning traces to improve single-agent reasoning by marginalizing over sampled
answers. SelfCheckGPT |[Manakul et al.l [2023] uses consistency across sampled generations as a black-box
signal for hallucination detection. [Kuhn et al|[2023| and [Farquhar et al. [2024] argue that uncertainty in
language generation should often be measured over semantic equivalence classes rather than surface forms.
Our sampled-probability protocol uses a related sampling signal, but for a different purpose: the empirical
distribution over actions is communicated to another agent with complementary private information, rather
than being used only to choose a single model’s final answer.

Multi-agent LLM collaboration. Our maze experiments build on the collaborative maze-solving bench-
mark of Davidson et al.|[2025], which demonstrates a “collaboration gap” between single-agent and multi-agent
performance under partial observability. [Eisenstein et al. [2026] study stylistically similar tasks to evalu-
ate multi-agent LLM collaboration in partially observable settings. Other work studies multi-agent LLM
interaction as a general reasoning or evaluation scaffold. [Du et al.| [2024] use multi-agent debate to improve
factuality and reasoning, (Chen et al.| [2024] propose a round-table consensus procedure among diverse LLMs,
and [Chan et al.| [2024] use multi-agent debate for LLM-based text evaluation. |Guo et al.|[2024] survey the
broader literature on LLM-based multi-agent systems. Unlike these works, our agents have different private
observations, and our main question is not whether discussion helps in aggregate, but which low-bandwidth
message format preserves decision-relevant information.

Learned communication in multi-agent reinforcement learning. There is also a large literature on
learning communication protocols in cooperative multi-agent reinforcement learning. [Foerster et al.| [2016]
introduce RIAL and DIAL, showing that agents can learn discrete or differentiable communication protocols
in partially observable cooperative tasks. |[Sukhbaatar et al.| [2016] propose CommNet, where agents learn
continuous communication alongside their policies. Das et al. [2019] introduce TarMAC, which learns targeted
communication by deciding both what to communicate and whom to address. Our work differs from this line
by focusing on an interpretable communication channel—Dbeliefs over actions—and by identifying conversation
calibration as the condition under which such messages can be reliably used by another agent.

B Warm-Up Example for Section

We include a two-bit example showing that best-action communication can discard information that is
preserved by probability communication. Let the state y = (y1,y2) be drawn from {00, 01,10,11} with

1 1
Pr(y=00)=; —¢  Pr(y=01)=Pr(y =10) = Pr(y = 11) = , + %
where 0 < € < 1/4. Alice observes y;, Bob observes ys, and the correct action a* = f*(y) is
y |00 01 10 11
() ‘ az ay ap ai.

Thus a; is correct except in the single state 00.

Suppose Alice speaks first and may send only her Bayes-optimal action. If y; = 1, she knows the state is
either 10 or 11, so a; is certainly correct: Pr(a* =a; | y3 = 1) = 1. If y; = 0, Alice compares the two states
00 and 01, and still strictly prefers ay:

1 € 1 2e 1
P * = = =P =01 = = — — - —.
r(@* =ai |y1 =0)=Pr(y =01 |y, =0) (4+3)/<2 3>>2

Therefore, she sends the same action, a;, no matter which bit she observes: The action message carries no
information about y;. Bob faces the same situation symmetrically, so an action-only conversation cannot
identify the exceptional state 00; the agents play a1, which is correct with prior probability 3/4 + .
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Under probability communication, Alice instead sends her posterior probability that a; is correct. This

message equals 1 when y; = 1 and equals (§ + £)/(3 — %) when y; = 0. These two values are distinct, so
the probability message reveals her bit. Since Bob already observes yo, he can identify the full state and

report the correct action with probability one.

The lesson is that the separation is not between actions and probabilities as syntactic objects, but between
messages that preserve distinct posterior states and messages that collapse all evidence states inducing the
same best action.

C Proofs for Section 3

We start with a recurring observation used throughout. For shorthand, let

up = Zaij, T = ZCY]’S]'7 (2)

i<k ji>k
with ugp := 0 and rg := p* — 1/2, so that p* = 1/2 + uy, + r for every k.

Lemma C.1 (Conditional vanishing). Let G be a o-algebra and suppose b; is independent of o(G,{bs : £ # i})
for some i € [K]. For any random variable W that is a function of {by : £ # i}, E[b; W | G] = E[b;] E[W |
G] = 0. In particular, if J C [K] is nonempty and some i € J is independent of o(G,{bs : £ # i}), then
E[HZ@J be | G] = 0.

Proof. Since W is measurable with respect to o({by : £ # i}), it is also measurable with respect to
0(G,{be : £ #i}). By the assumed independence,

Elb; | o(G, {be < € # i})] = E[b] = 0.

Therefore

Elb;W | Gl =E[WE[b; | 0(G,{be : £ #i})]|G] = 0.
For the product claim, write [[,. ;b = b;W with W = HZGJ\{i} by. O

C.1 Proof of Theorem [3.2

Theorem 3.2 (Probability exchange aggregates information). In the chained-parity model, under Assump-
tion when probabilities are communicated, the round-k message equals pr = % + ngk a;S; for every
k < K ; in particular px = p*. The round-k excess squared loss E[(a* —py.)%]—E[(a*—p*)?] equals D isk o and
decreases by ai each round, so after K rounds the agents attain the full-information Bayes risk E[(a* — p*)?].
Proof. Following the shorthand notation introduced above in Equation 2| we first prove that p, = 1/2 +
Zj<k, a;S; = 1/2 4 uy by induction on k. For k = 1, the previous message is empty; Alice knows b, and
every later term S; with j > 2 contains Bob’s unseen bit bs, so Lemma gives E[S; | z4] = 0 and therefore
p1=1/24+ a1by =1/2+ uy.

Inductively assume pr_1 = 1/2 4+ ug_1. By Assumption the round-k speaker recovers the prefix
(S1,...,Sk—1) from the scalar py_1; combined with its own bit by, the speaker also determines Sy = Si_1by.
Every later S; with j > k + 1 contains the next bit by41, which has opposite parity from the speaker, so
Lemma forces its conditional mean to vanish. Hence

. 1
P = Ep" | 2oy, pe-1] = 5 + 205 555 = 3+ k.
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We now turn to the claim about the excess risk induced by stopping conversation at round k instead of
achieving full information by stopping at round K. First, we note that we can rewrite the expected squared
error of p compared to the true action a* in terms of the difference between the risk induced by p*, the
weight of the Bernoulli coin that the true action is drawn from and a*, and the difference between p* and py:
El(a* — px)’] = El(a" — p" +p" — pr)?]
= E[(a" —p")’] + 2E[(a” — p")(p" — pr)] + E[(p" — pi)?]. (%)

Note that the cross term is equal to zero by the law of total expectation, conditioning on the value of the
secret bits b = (by,...,bx) held by Alice and Bob:

El(a® = p")(p" —pr)] = E[(p* — pi)E[a” — p*[b]]
=E[(p" — px) - 0]
=0.
Thus, setting the cross term in Equation (*) to zero and rearranging terms, we find that
E[(a* - px)*] — El(a” — p*)’] = E[(p" — px)?].
Note that
K k
p* — Pk = Z(Xij - ZO&ij = ZO&ij.
j=1 j=1 >k
Expanding, we find that
M 2
E((a* — pr)®] = E[(a* —p*)’] =E | | Y ;S;

>k

=E Za?sz +E Z oSS

>k k<j<j' <K
_ 2
=Y o+ > a;apE[(bi-by)(br-e by by by
i>k k<j<j' <K
=Y ai+ > ajapEbj byl
i>k k<j<j' <K
“YE
>k
since each of the bits bj41,...,b; are independent fair Bernoulli draws over {—1,1} and hence their expected

product is zero.

For the final claim, about the improvement in risk in each round, we apply the above result, Equation (**),
at both round k£ — 1 and k:

El(a” - pr-1)*] = E[(a" — pr)*] = (El(a” — pr—1)*] = E[(a" — p")?])
— (El(a” = pr)* — E[(a” — p")*)
> oY

j>k—1 >k

— .

And, as a corollary to Equation (**) when k = K and hence >, of =0, E[(a* — pk)?] = E[(a* —p*)?]. O
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Remark C.2 (Full history vs. previous-message sufficiency). The distinct-partial-sums condition in Assump-
tion [3.1]is used only to make the previous scalar message a sufficient summary of the public history. Dropping
it gives a weaker protocol whose rounds still reduce risk by E[(px — pr—1)?], but without a closed-form
per-round improvement. Alternatively, sending the full message history in place of just py_; restores the
closed-form improvement a%, because the increment py — pr_1 = Sk always reveals the next parity.

Remark C.3 (Loss-adaptive stopping vs. exact recovery of h*). To achieve squared-loss excess at most ¢ it
suffices to run until >k oz? < g, which can be much smaller than K. Exact recovery of h* may instead
require all K rounds: if ngk aj < Zj>k o for every k < K, the unrevealed tail can flip the sign of uy + 7,
so no k < K prediction message determines h*.

C.2 Proof of Theorem [3.3

Proof. For the parity algebra, let py be the round-k speaker’s posterior under the action-channel transcript,
and let Ay := 21{py, > 1/2} — 1 = sign(pr — 1/2) € {—1,+1} be the £1 recoding of the round-k action
message. The claim in Theorem that every message equals 1{b; = +1} is equivalent to Ay = by for every
k.

We show Ay, = by by induction. At round 1, Alice has no previous message and knows b; every S; with
j > 2 contains Bob’s unseen by and vanishes in conditional expectation by Lemma so her posterior is
1/2 + a1by and Ay = sign(aby) = by.

Suppose all previous action messages equal by, so the public transcript reveals no information beyond the
first bit. If Alice speaks at round k, she still lacks bs, so the same conditional-expectation calculation gives
Pr = 1/2+ a1by and Ay = by. If Bob speaks, he knows bo; every S; with j > 3 contains the unseen bit b3
and averages out, so his posterior is

- 1 1
=5 + anby + agbibe = 3 + b (041 + C¥2bz)~
Since a1 > g, the factor a; + asbs is positive for both values of by, so Ay = b;. Hence Ax = by at every
round and the induced decision does not change after round 1.

For the constant-gap instance, take K = 3, a; = 0.20, as = 0.15, ag = 0.10, which satisfy a3 > as and
a1+ as + a3z < 1/2. Theorem [3.2| gives p; = p*. Meanwhile, the action message at every round equals 1{b; =
+1} (equivalently, Ay = b1). On E := {by = —1,b3 = +1}, which has probability 1/4, the prefix parities are
S1 =by and Sy = S3 = —by, so p* —1/2 =by1(aq — a2 — a3) < 0; hence h* = 1{p* > 1/2} = 1{b; = —1},
which disagrees with the action message on E. Thus Pr[a* # h*] > 1/4 at every round. O

D Proofs for Section 4

Throughout this appendix section, we work in the chained-parity model of Section [3| under Assumption (3.1
We begin with the following observation:

Observation D.1 (Learning cross-calibrated forecasts). Let Z be any information available at prediction
time, such as a pair of communicated forecasts Z = (ﬁi,]ﬁZB). Suppose the predictor class can represent the
true conditional label probabilities. If the training loss is one whose best population prediction is the true
conditional probability, such as cross-entropy or squared loss for binary probabilities, then training a predictor
h to predict a* from Z gives

W (Z)(a) =Pr(a* =al Z).

Therefore the learned forecast p = h*(Z) is calibrated even after conditioning on Z: Pr(a* =a | p, Z) = p(a)
almost surely. Moreover, if Z = (W, §) includes a previous communicated forecast §, then also Pr(a* = a |
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D,4) = pla) almost surely. Thus loss minimization on features that include the previous forecast learns a
forecast that is cross-calibrated with respect to that forecast.

Proof. By the assumption on the loss, the best population predictor outputs the true conditional label
probabilities, so h*(Z)(a) = Pr(a* = a | Z). Let p = h*(Z). Since p is a function of Z,

Pr(a* =a|p,Z) =Pr(a* =a| Z) = p(a).

If Z = (W, §), then averaging the last display over the remaining information W, while keeping (p, §) fixed,
gives
Pr(a* =a|p,q) =E[Pr(a* = a| Z) | p,q] = E[p(a) | p,q] = p(a).

O

We then expand the calibration claim of Theorem into self- and cross-calibration (Definitions and ,
and quantify the excess squared loss from using raw reports py in place of py.

We first consider the direct-use benchmark in which the receiver treats the raw report py itself as the round-k
prediction. This benchmark isolates the squared-loss cost of reporting a biased scalar before applying any
post-hoc calibration or projection rule.

Proposition D.2 (Self-calibration removes global miscalibration). If A = 0 and ¢ > 0 in , then self-
calibration already recovers the ideal scalar: Pr(a* = 1| px) = pr. Using raw Py in place of py incurs excess
squared loss

Bl — p)*) = (= D*E [ — 3)°] = (c=1)* a2,

J<k

Proof. When X\ =0, pr, = 1/2 + c(pr, — 1/2) is invertible: pr = 1/2 + (px — 1/2)/c. Since p* = py + 1 and
pr is a function of by, ..., by, Lemma [C.1] gives E[ry, | px] = 0, so Pr(a* = 1| py) = E[p* | px] = pr. The
raw-report loss is E[(px — px)?] = (¢ — 1)*E[(pr — 1/2)*] = (¢ = 1)* 3, 3. O

Proposition D.3 (Cross-calibration removes previous-message bias). For any ¢ >0 and A € R in , the
conditional label distribution given the raw report and the previous agent’s report recovers the ideal scalar:

Pr(a* =1 pr,Pk—1) = Dk-

Thus a post-hoc forecast learned from (py, pr—1) is cross-calibrated with respect to px—1 and outputs py. Using
raw Py in place of p incurs excess squared loss

E[(pr —pr)?] = (c = 12D a2+ (2c = DA+ 22 Y a2,

i<k j<k
Proof. For any A, observing (P, pr—1) determines
pr =5+ (e —3) = A1 —3)],
S0 p* = pi + ri with E[rg | g, pr—1] = 0 by Lemma Hence Pr(a* =1 | pg,pr—1) = E[p* | Pk, Pr—1] = pk-
If the raw report is used directly then py — pr, = (¢ — 1)(pr. — 1/2) + A(pr_1 — 1/2). With pp —1/2 = uy,

and pg_1 — 1/2 = up_1 = ux — xSk, cross-term cancellation via Lemma gives E[u] = Zj<k a? and
E[ui_,] = Elugug—_1] = D i<k o3, yielding the stated identity.

O
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Proposition is exactly the chained-parity instance of Observation learning Pr(a* = 1| pg, pr—1)
from labelled transcripts produces a cross-calibrated forecast that equals pg, and hence recovers Theorem
regardless of the raw report’s confidence distortion (¢) or anchoring to the previous message (\). This proves
Theorem [41]

Round-by-round behavior under projection. Propositions and say that, given enough labelled
data, calibration recovers the ideal scalar p; from a biased report. We now analyze a different receiver model:
a receiver that does not know the bias model and therefore treats pj as if it were the true posterior. When
Dk 1s not a possible message under any valid speaker posterior, the receiver rounds py to the closest valid
message before updating. Formally, if S is the set of valid speaker messages, the receiver’s Bayesian update is
computed with respect to

Pr € argmin [py — s|. (3)

s€S

The set S should be read as the receiver-consistent valid set: the posterior values that could have been sent
by the speaker among worlds consistent with the receiver’s own private observation and the public transcript
so far, which avoids assigning positive probability to a message the receiver already knows to be impossible.

Under this rule, bias is harmless until it pushes p; across the midpoint between two adjacent valid messages,
at which point the receiver decodes the wrong latent bit and pays a discrete cost. We work with the original
biased-report model of , with the same (¢, A) across rounds, and trace what happens round by round.
Round 1. Alice observes b; and her ideal posterior is p; = % + a1b1. From Bob’s view the valid messages are
{ % - aq, % + a1}, symmetric around py = % at distance a. Since pg = %, the anchoring term in vanishes
and p; — % = ca1b; has the same sign as by for every ¢ > 0. Nearest-valid projection therefore recovers by,
and the round-1 message conveys the same information it would under a calibrated speaker.

Round 2. Conditional on correct round-1 decoding, Bob now sees p; = % + a1b; as a public scalar and
observes his own bit bo. His ideal posterior is po = p1 + asbibs, and from Alice’s view the valid round-2
messages are {p; — a2,p1 + ao}, symmetric around p; at distance as. Nearest-valid projection of pg recovers
p2 iff po lies on the same side of p; as pa (with equality corresponding to a tie). Unlike at round 1, the biased
report now picks up an anchoring contribution from pg_1 = p1, and this is the source of failure.

Proposition D.4 (Decoding failure at round 2). Under the biased reports of with ¢ > 0, conditional
on correct round-1 decoding, nearest-valid projection at round 2 decodes incorrectly on the event {by =
—sign(e+ X — 1)}, of probability 1/2, whenever

|C+A*1|O[1 > CcaQa.

A wrong decode flips a2So in the receiver’s projected posterior. Conditional on the wrong-decode event, this
contributes squared-loss excess 4a3 relative to the ideal round-2 posterior; averaged over by conditional on
correct round-1 decoding, the contribution is 2a3.

Proof. Conditional on correct round-1 decoding, p; = % + a1by and py = p1 + asbibs, sO gives
P2 — p1 = cagbiby + (¢ 4+ A — 1)aiby.

Correct decoding requires this to have the same sign as b1bs; multiplying by b1by gives the equivalent
condition cag + (¢ + A — 1)a by > 0, which fails on the unfavorable sign bo = —sign(c + A — 1) exactly when
e+ A — 1|ag > cas (with equality corresponding to a tie in nearest-valid projection). On the wrong-decode
event, projection flips a52 to —awSs, so the projected posterior differs from the ideal round-2 posterior by
2a99,. By the squared-loss identity used in Theorem the conditional excess is (2a2)? = 4a3. Since the
wrong-decode event has probability 1/2 conditional on correct round-1 decoding, its expected contribution is
202. O

This parallels Theorem action communication transmits b; correctly and then stalls; affine-biased
probability communication also transmits b; correctly under projection, but begins to lose by once the
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imbalance condition |c + A — 1|y > cag holds. The round-2 projection failure disappears when ¢+ X =1,
while true calibration of the affine report corresponds to the stronger condition ¢ = 1 and A = 0. The two
parts of the appendix are thus complementary: Propositions [D.2HD.3]say that post-hoc calibration suffices to
recover the ideal scalar py, while Proposition[D.4]identifies a regime in which an uncalibrated projection-based
receiver flips the second latent bit.

E Experimental details

Here, we provide additional information on reproducibility of our experiments.

E.1 Task design

Chained Parities For the parity task, we construct our dataset as prescribed by the theory in Section
We generate bitstrings of length 30 and choose a total of 30 corresponding coefficients. We set the first four
values to [0.2,0.15,0.1,0.02] and assign the remaining 26 values equally so that Zj o = 0.49. The bits
of each datapoint are split disjointly between the two agents in alternating order, and the binary label is
sampled from P(Y=1|b) = % + Zj oS, where s; is the j-th prefix product of the hidden signs. Then, we
generate a total of two million datapoints which we split into a 90% train and 10% test split. All results are
reported on the test split.

Mazes For the maze task, we construct mazes similar to those introduced by |[Davidson et al. 2025]. We
consider mazes of size 6 x 6. For evaluation purposes, we only consider mazes with a single correct path. The
wall density is 30%. Each agent sees exactly half of the maze cells, assigned uniformly at random, and the
agents receive disjoint masks so that each maze is always solvable from the joint information. An example
maze is shown below. Again, we generate two million datapoints in total, split the data into a 90% train
and 10% test split, and report our results on the test set. The data contains one example per step along the
unique solution: the agent’s masked grid is rendered with the current position marked, and the correct next
move is used as the label. There are four answer tokens that can represent the true label: up, down, left, and
right.

X TA: rp:
Q## . #. Q#7?7H#7 Q7#.7.
JHEL L HTT.? LTHLT?.
R ?.77.7 LTLUHT.
JHOHE. LT LUHHT HTTT.
#. . H#HH# #.H##7 TTTTH
# * #.77% ?PT. %

Figure 11: Example of full maze and agents’ private observations.

E.2 Transformer experiments

For both tasks we use a small, character-level GPT based on the NanoGPT implementation [Karpathyl, [2022]:
4 transformer blocks, 6 attention heads, embedding dimension 240, and a causal mask. Each agent maintains
its own per-task vocabulary derived from the raw character set of its inputs, so all sequences are tokenized at
the character level. The context length is set to prefix_size + 1, where the prefix is the serialized example
up to (but not including) the answer; any annotations appended by a collaborator (see below) extend the
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prefix accordingly. We treat each task as next-token prediction with the loss measured only at the answer
position(s).

Per-agent inputs. For chained parity, agent 0 ("Bob") sees the odd-indexed bits and agent 1 ("Alice")
sees the even-indexed bits; the unobserved positions are replaced with a mask token, and the label bit is
appended after an = delimiter. For mazes, each agent’s input is the flattened 6 x 6 grid restricted to its
assigned half of the cells, with the current position marked by @, followed by = and the next move from
{d,r,u,l}. A single maze with path length ¢ contributes ¢ training examples, each predicting the next move
from the current position.

Conversation loop. We instantiate our protocol as iterative training across rounds: in round r, agent
rmod K (with K the number of agents) trains a fresh transformer from scratch on its currently annotated
dataset. After a fixed number of optimizer steps, the trained agent runs over its inputs and emits a message
for each example, which is then appended to the prefix of the next agent’s inputs in round r+1. Because
each round trains a freshly initialized model, any improvement in joint performance must come through the
appended messages rather than transferred weights.

Optimization. FEach agent is trained from scratch with AdamW (5, = 0.9, 82 = 0.99, weight decay
0.1, gradient clip 1.0) in bfloat16 mixed precision on a single GPU, with batch size 1024 and no gradient
accumulation. The learning rate uses linear warmup over 100 steps to a peak of 10~%, followed by cosine
decay to 1075 over the remainder of training. We run 2000 iterations per round on chained parity (5 rounds)
and 50,000 iterations per round on mazes (4 rounds); in both cases we keep the checkpoint with the best
validation loss within each round.

E.3 LLM experiments

The LLM experiments follow the same per-round procedure as our transformer experiments, with each agent
now replaced by a pretrained LLM queried through the API rather than a model trained from scratch. Unless
otherwise noted we use temperature 1.0, run 4 rounds of conversation per maze, and evaluate on N = 30
mazes, with 10 rollouts each, drawn from the held-out test split. At each round, the active agent receives
a prompt containing (i) a legend-annotated rendering of its own masked 6 x 6 maze, (ii) the sequence of
moves taken so far (from which the current position can be inferred), and (iii) the other agent’s most recent
response from the previous round. We consider three communication settings, which differ only in what part
of the partner’s response is appended to the next prompt: the full free-form message, a single move token in
{d,r,u,l}, or a probability vector over the four moves. Probabilities can either be elicited directly from the
model in the response, post-calibrated from the verbalized answer, or obtained from rollouts. The agent is to
produce a single move after the delimiter ~, and — in the verbalized setting — a probability vector after the
delimiter %. The joint trajectory advances by one step after each conversation of K rounds; a single incorrect
move terminates the maze, and we report the resulting per-maze success rate.

E.3.1 Prompts

The prompt we use to query the LLM at each step is:

Task: You are going to play the collaborative maze game together with another agent. The maze consists of a
grid with walls and a goal. Your task is to jointly determine the next move on the path. You and the
other agent will take that action together. You will each get your own map of the same maze, with some
coordinates hidden. Because of the hidden coordinates, you will need to communicate with the other agent
to share information about the maze and coordinate your next move. Both agents together have enough
information to solve the maze, so you do not need to explore.

Rules:

- You can only move to adjacent cells [down(d), right(r), up(u), left(1)].

- You can not move diagonally or through walls.

- Once you make an incorrect move, you lose.
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Here is **your** map of the maze with a legend of the symbols:
Q7#.7.
TR
LTLHT.
H?TT.

@ - Current Position
* - Goal Position

. - Path

# - Wall

? - Hidden Cell

You must answer with one of d, r, u, 1. Put your final answer after the delimiter ~. For example, if your
final answer is d, your response should contain ~d.

Finally, give the probabilities you think each move d, r, u, 1 is correct after the delimiter %. For example,
if you think the probability of d, r, u, 1 is 0.8, 0.1, 0.05, 0.05, your response should contain %[0.8,
0.1, 0.05, 0.05]. Make sure it is a valid probability vector, i.e. the sum of the probabilities is 1.

Your moves are timed for speed so hurry up!

For our experiment communicating full responses (Figure , we slightly modify the above prompt for
GPT-5.4-nano to ensure its response includes content beyond the elicited probabilities (otherwise, while it
generates reasoning in the background, its reasoning is hidden). The modified prompt is:

Task: You are going to play the collaborative maze game together with another agent. The maze consists of a
grid with walls and a goal. Your task is to jointly determine the next move on the path. You and the
other agent will take that action together. You will each get your own map of the same maze, with some
coordinates hidden. Because of the hidden coordinates, you will need to communicate with the other agent
to share information about the maze and coordinate your next move. Both agents together have enough
information to solve the maze, so you do not need to explore.

Rules:

- You can only move to adjacent cells [down(d), right(r), up(u), left(1)].

- You can not move diagonally or through walls.

- Once you make an incorrect move, you lose.

Here is **your** map of the maze with a legend of the symbols:

Q7#.7.

LTHLT.

LTLUHT,

TH?TT.

@ - Current Position
* - Goal Position

. - Path

# - Wall

? - Hidden Cell

First, provide what you would like to communicate to the other agent. Then, you must answer with one of d, r,
u, 1. Put your final answer after the delimiter ~. For example, if your final answer is d, your response
should contain ~d.

Finally, give the probabilities you think each move d, r, u, 1 is correct after the delimiter %. For example,
if you think the probability of d, r, u, 1 is 0.8, 0.1, 0.05, 0.05, your response should contain %[0.8,
0.1, 0.05, 0.05]. Make sure it is a valid probability vector, i.e. the sum of the probabilities is 1.

Your moves are timed for speed so hurry up!

Finally, the prompt we use for the full-information solo baseline (Figure @ is:

T
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Task: You are going to play a maze game. The maze consists of a grid with walls and a goal. Your task is to
navigate through the maze, avoiding walls, to reach the goal.

Rules:

- You can only move to adjacent cells [down(d), right(r), up(u), left(1)].

- You can not move diagonally or through walls.

- Once you make an incorrect move, you lose.

Here is **your** map of the maze with a legend of the symbols:

Q...#.

JHLHE

W #

JHHH L

#...#.

COH L

Legend:

@ - Current Position

* - Goal Position

. - Path

# - Wall

? - Hidden Cell

You must answer with one of d, r, u, 1. Put your final answer after the delimiter ~. For example, if your
final answer is d, your response should contain ~d.

Finally, give the probabilities you think each move d, r, u, 1 is correct after the delimiter J. For example,
if you think the probability of d, r, u, 1 is 0.8, 0.1, 0.05, 0.05, your response should contain %[0.8,
0.1, 0.05, 0.05]. Make sure it is a valid probability vector, i.e. the sum of the probabilities is 1.

Your moves are timed for speed so hurry up!

E.3.2 Conversation Calibration Loss

In Figure [6b] we compute conversation calibration loss as follows. At round k the model is evaluated on N
examples (one per move per maze), indexed i = 1,..., N. Given D possible actions, for each example: let
Pr.i € [0,1]P be the model’s predicted action distribution at round k, pr_1,; € [0,1]P be the collaborator’s
communicated distribution at the previous round k — 1, and y; € {0,1}? be the one-hot encoding of the true
action.

Discretize [0,1] into B equal-width bins, I, = [25t,
p € [0,1]P and a bin multi-index b = (by,...,bp)
the D coordinates,

forb=1,...,B (with Ip closed at 1). For a vector
,..., B}P, write the cell indicator as a product over

D
1{p€]b} = Hl{p(d) Elbd}.
d=1

A cross bin is a pair (b,b’) that jointly bins the model’s own distribution and the collaborator’s distribution.
We use hard binning — that is, the weight on cross bins (b, b’) for example i is simply the indicator of if it
lies in the bins:

wgi(b,b") = Wppi € I} W{pr—1, € Iy} €{0,1}.
Let Np b = Zf\il wg,; (b, b’) be the bin count, and let

N N

1 1

Pbb = w,; (b, b") Prs, Jbb = w,i (b, b") y;
v oy b ) S 2ol )

)

be the bin-averaged prediction and empirical outcome frequency. The conversation calibration loss at round
k is the average weighted ¢y gap between the two:

N
1 1
ConvCal;, = N E Np v |ﬁb,bf — b, = N E H E wy,i (b, b") (Pri — vi)
b,b’ bbb’ i=1

)
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The second equality follows since pp b — Ub,b’ = Nblb, > wii(b,b")(Pr,i — i), so the factor Ny, 1, cancels.
At round k =1 there is no collaborator, so we bin on p1 ; alone (i.e. drop b’ and the p indicator), recovering
the standard (self) calibration loss. In our results, we report conversation calibration losses using B = 10.

F Examples of Multi-Round Communication in Mazes

Here we give examples of “hard” moves in mazes — those that require multiple rounds of communication — and
how our trained transformer models converge to the correct move when iteratively exchanging probabilities.

X TA: rp
Q...#. Q...77 Q777#
CHUOHE. TH???? LT
# # RO N THT?.TH
Hit# THTHT?T? LTHT?

# # ?..77. #77 . H#7
CLHL X #74% P77k
down right up left
Round 1| 0.2173 0.7826 0.0000 0.0000
Round 2| 0.1403 0.8595 0.0000 0.0000
Round 3| 0.0302 0.9697 0.0000 0.0000
Round 4| 0.0034 0.9966 0.0000 0.0000

(a) Hard maze example 1.

x TA: rB
#.# L7777 H.H#
#.# 77 #.#..7
Q..# .@7.7 770.7#
#.H#H# TTTTHT? #oHTH
#.o.... #..777 7. ..
#it . H#x PHPH* THT? . T*
down right up left
Round 1| 0.3949 0.4914 0.0373 0.0754
Round 2| 0.8870 0.1128 0.0000 0.0000
Round 3| 0.9854 0.0145 0.0000 0.0000
Round 4| 0.9908 0.0091 0.0000 0.0000

(b) Hard maze example 2.

Figure 12: Two examples of hard moves in mazes. For each maze, the panels show the full maze x, agents’
partially observed mazes x4 and zp with the current position denoted by @, and the probabilistic predictions
made by our trained transformer models on this move over 4 rounds (details are in Appendix . Agent A
communicates on odd rounds and Agent B communicates on even rounds. The correct answer is shaded.

Figure [12] shows two examples where both agents are initially uncertain about the next move. In the first
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example (Figure , agent A assigns 78% probability to moving right in the first round, which is the correct
move. Subsequent rounds progressively reinforce this prediction, and by the fourth round, agent B is almost
completely certain that this is the correct next move. In the second example (Figure , agent A is initially
fairly uncertain and assigns most of its probability mass to moving right, which is incorrect. Agent B corrects
this in the second round by assigning 89% probability to moving down. Agent A then resolves almost all of
its uncertainty and ends up assigning 99% probability to moving down. Note that in all other moves in these
mazes, two rounds suffice: one agent exactly knows the next move.

G Limitations

Our work studies one specific axis of multi-agent LLM collaboration—the communication protocol when
information is partitioned between two agents—and we make no claim to have addressed the full complexity
of this space, including issues of task decomposition, trust between agents, and prompt sensitivity. On the
theory side, while we establish a clean separation between action and probability communication in the
chained parity model, a complete characterization of when and why this gap arises in general remains open.
The maze task, though a useful controlled testbed, is stylized relative to real collaborative tasks. Finally, our
setting is restricted to two agents; extending the framework to networks of more than two agents is a natural
direction for future work.

H Compute Resources

Our experiments were conducted partially on a local desktop computer and on a compute cluster with various
types of graphical processing units (GPUs), including Nvidia RTX3090 and Nvidia A6000 GPUs. Training a
single parity experiment can be done on a household-grade GPU in less than one hour time. The training
of the maze transformers took approximately 6-12 hours per run depending on the GPU. Our experiments
thus amount to approximately 300 — 400 GPU hours. This is an estimate for the experiments included in
the paper and does not reflect potential developing and debugging runtime. All LLM experiments were
conducted directly via OpenAI’s public API and did not require local computational resources beyond a
standard laptop.

30



	Introduction
	Our contributions

	Preliminaries
	When do probabilities outperform actions?
	When do probability reports need calibration?
	Maze experiments with learned and pretrained agents
	Controlled transformer experiments
	Pretrained LLM experiments

	Additional Related Work
	Warm-Up Example for Section 3
	Proofs for Section 3
	Proof of Theorem 3.2
	Proof of Theorem 3.3

	Proofs for Section 4
	Experimental details
	Task design
	Transformer experiments
	LLM experiments
	Prompts
	Conversation Calibration Loss


	Examples of Multi-Round Communication in Mazes
	Limitations
	Compute Resources

