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Abstract—This paper studies policy learning for dis-
tributed task allocation in open multi-agent systems, where
agents may join and leave in a time-varying fashion, with
submodular stage team utilities. At each time, the active
agents select actions from local categorical policies such
that the feasible joint agent-action pairs form a partition
matroid. Standard continuous relaxations of submodular
set functions are based on independent Bernoulli sam-
pling, making them inconsistent with agents’ policies. To
solve this mismatch, we propose the partition multilinear
extension (PME), a policy-based relaxation whose contin-
uous support matches feasible actions under categorical
policies. We prove that the marginal gains of the stage
utility provide an unbiased estimator of the gradient of the
PME and that maximizing the PME over action distributions
is equivalent to maximizing the stage utilities over agent
actions, which are critical to devise principled policy gra-
dient. Building on this, we design SubMAPL, a centralized-
training decentralized-execution KL-mirror policy-learning
method that uses local marginal gains as stochastic PME
gradients during training. KL-mirror updates preserve cate-
gorical feasibility without Euclidean projection. In the case
where agents run tabular-softmax policies, we introduce
open policy migration and an open-system KL tracking
variation to handle agent arrivals and departures. Using
dynamic regret analysis, we establish a lower bound on the
cumulative utility which accounts for the openness of the
environment and for the gap between optimal stage-wise
and global utilities. Simulations on multi-agent coverage
demonstrate that SUbMAPL outperforms policy-gradient
and online-learning baselines.
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[. INTRODUCTION

ULTI-agent task allocation in open multi-agent sys-

tems (OMAS) arises in dynamic target tracking, active
sensing, and coverage, where agents must coordinate local
decisions under time-varying participation, limited commu-
nication, and non-additive team utilities. In long-duration
deployments, agents may enter, leave, fail, or recover due to
hardware malfunctions, battery recharging, or mission-level
reconfiguration [1], [2], [3].

A central feature of such tasks is that utility functions
are rarely additive across agents. For instance, overlapping
field-of-views capture redundant information in coverage tasks.
This so-called diminishing-returns structure is naturally mod-
eled by monotone submodular set functions [4], [5], [6].
Submodularity has been extensively used in combinatorial
optimization because it enables approximation guarantees for
greedy selection under matroid constraints [2], [7], [8], [9]
and the use of continuous relaxations such as the multilinear
extension (MLE) with rounding [10], [11]. While these ap-
proaches are mostly tailored to static centralized optimization
and task allocation and require dense communication graphs
for consensus, the benefits of submodularity in learning data-
driven multi-agent policies are underexplored.

Multi-agent reinforcement learning (MARL) is widespread
to learn decentralized agent policies under partial observability
and dynamical environment [1], [12], [13]. Although the
interplay between MARL and submodularity has been studied,
existing results are limited to centralized settings [14], [15],
[16]. On the other hand, OMASSs have garnered attention in the
online learning literature, where submodularity-based methods
enable suboptimality quantification of online optimization al-
gorithms rather than learnable policies [2], [11], [17].

Incorporating submodular utilities into the learning of dis-
tributed policies is challenging. Static submodular problems
are NP-hard in general and admit approximation guarantees
rather than exact polynomial-time solutions [7], [8], [10].
The data-driven and dynamic nature of multi-agent policy
learning introduces additional challenges compared to static
optimization. First, the gradient feedback signal used in
training must be consistent with decentralized categorical
policies. However, classical multilinear relaxations rely on
independent Bernoulli sampling and rounding, and therefore
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do not represent factorized categorical policies executed by
agents [10], [11]. Moreover, the combinatorial difficulty is cou-
pled with sequential state evolution, decentralized information,
and exponentially growing joint action space which demands
careful credit assignment [1], [12], [13]. Existing submodular
RL formulations target centralized policies rather than fully
distributed decision-making [14], [15], [16].

Contribution: Building on the PME and its gradient charac-
terization introduced in our preliminary work [18], we propose
three main contributions to bridge the above mentioned gaps.

(1) We formulate distributed online submodular coordination
as Markov decision process (MDP) in an OMAS and de-
velop SubMAPL, a KL-mirror policy-learning method for
decentralized submodular task allocation. Unlike sampled-
action difference-reward policy gradients and counterfac-
tual credit-assignment methods [18], [19], [20], SubMAPL
uses a stochastic local gradient that evaluates every feasi-
ble local action of each active agent under the same sam-
pled actions of the other agents. We show that this vector
is an unbiased estimator of the PME coordinate gradient,
thereby providing a principled first-order interpretation of
marginal-contribution feedback.

(2) We introduce an open policy-migration mechanism to
handle agent arrivals and departures, and define an open-
system KL tracking variation that measures changes in
both the stagewise optimal comparator and the time-
varying policy domain. Our preliminary work [18] estab-
lishes guarantees for idealized Euclidean projected dynam-
ics that directly update the PME marginals. However, the
standard softmax policy-gradient implementation updates
the logits, and the resulting marginal change depends on
the softmax Jacobian and agrees with PME ascent only to
first order. SUbMAPL admits an exact equivalence between
its KL-mirror policy update and an additive tabular-logit
update. This removes the first-order mismatch between
the analyzed policy-space dynamics and the implemented
parameter update, allowing us to establish open-system
guarantees directly for the policy sequence generated un-
der agent arrivals and departures.

(3) By leveraging dynamic regret analysis in conjunction
with DR-submodularity and monotonicity of the PME,
we establish a lower bound on the cumulative utility
within a 1/2-approximation factor from the optimum. We
further establish a 1/3-factor bound in the case where
the stage utilities are themselves marginal gains of a
utility function capturing performance through the whole
horizon, including scenarios such as coverage of static
maps. These results complement previous analysis on
stability and adaptability of open systems [3], [21]. Our
analysis significantly improves our preliminary work [18],
which derives a stagewise bound on the PME and a regret
bound on the cumulative PME without formal guarantees
on the original finite-horizon cumulative utility.

Organization: Section II formulates distributed submodular
coordination as an MDP in OMAS. Section III introduces the
PME and its properties. Section IV presents SubMAPL and
Section V derives its suboptimality bound. Section VI reports

TABLE |: Main notation in the paper.

Symbol Meaning

M Markov decision process in OMAS.

Ne Set of active agents at time ¢.

R Set of agents active at both times ¢t — 1 and ¢.

N Set of agents arriving at time ¢.

NPwE Set of agents departing at time ¢.

S Global state space.

St Global state at time ¢.

A; Local action space of agent <.

0it Local observation of agent ¢ at time .

a; ¢ Local action selected by agent ¢ at time ¢.

ay Joint action tuple (a;.¢)ie ;-

Q Active agent-action space at time .

Qi Local agent-action space of agent ¢ at time ¢.

T Partition-matroid feasible family on 2.

Ay Set of agent-action pairs executed at time ¢.

Fy(Ag; st) Stage utility at time t.

* Local categorical policy of agent 1.

77 Sequence of factorized policies with active
agents.

p” Distribution of state-action trajectory under 7.

J(m) Expected cumulative utility under 7.

z7 (st) Policy-induced action marginal vector at state s¢.

P(Z¢) Partition-matroid polytope at time ¢.

Fi Categorical-policy face of P(Zy).

JACED Partition multilinear extension of Fy(+; s¢).

De(- | x) Partition sampling distribution induced by x.

D | z) Sampling distribution over all agents except i.

Gt Stochastic estimator of V fi(x¢; s¢).

Hi Pre-sampling history at time .

Ty PME maximizer at time t.

yoben Open-system KL tracking variation.

Reg;/ 2 Dynamic 1/2-approximation regret.

simulations, and Section VII concludes the paper.

Notation: We use N to denote the set of positive integers
and define [T'] = {1,...,T} for any T € N. For a finite set
S, |S| denotes its cardinality and 2° denotes its power set. For
sets A and B, A\ B, AUB, and AN B denote set difference,
union, and intersection, respectively. For a scalar z, [z]4 =
max{z, 0}. For vectors = and y, < y denotes componentwise
inequality and (z,y) denotes the Euclidean inner product. We
use Vf(z) and 0f/0x; for gradients and partial derivatives,
respectively. Expectations and probabilities are denoted by EJ[-]
and Pr(-). The Kullback-Leibler divergence is denoted by
Dkr(+]]). Standard asymptotic notation is denoted by O(-)
and o(-). Table I summarizes the main paper-specific notation.

I[l. SYSTEM SETUP AND PROBLEM FORMULATION

We study decentralized task allocation in open MDPs [3],
[14]. At each time step, the active agents locally observe the
state of the environment and execute actions aiming to max-
imize a non-additive submodular global utility. Active agents
and utilities may change over time, reflecting agent arrivals and
departures, dynamic tasks, or an evolving environment [22],
as shown in Figure 1. Our goal is to efficiently learn effective
decentralized policies by leveraging the submodularity of team
utilities.
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Fig. 1: Open multi-agent task allocation with time-varying agent
participation, dynamic tasks, and limited communication and sensing.

A. Markov Decision Process in OMAS

Let t € [T] = {1,...,T} denote the time step and N; the
set of active agents at time . We model the task-allocation
process as a finite-horizon partially observed open multi-agent
Markov decision process M = (S, 4,0, P, F, y1), where S
is the global state space, A denotes the collection of feasible
local action sets, O = {O;}c[7] is the sequence of local
observation maps, P = {P; };¢|7 is the sequence of controlled
transition kernels, F' = {Fi},c[r) is the sequence of stage-
utility set functions, and i is the initial-state distribution on
S. For each agent 4 that may be active during the horizon,
let O; denote its finite local observation space. Here, O; =
(Oit)ien,, where O, : S — O; and 0;; = O, (s;). The
initial state is sampled as s; ~ uq [3], [16], [23].

Each active agent i € N; receives a local observation 0t
and selects an action a; ; from a finite nonempty feasible action
set A;. The global state s, € S characterizes the environment,
including the tasks to be completed. Given the joint action
a; = (ait)ien,, the transition kernel P, governs the state
evolution as s;y1 ~ Pi(- | s¢, at).

The ground set of agent-action pairs available at time ¢ is
Q = {(i,a) : i € N, a € A;}. For each active agent,
define the local actions Q;; = {(i,a) : a € A;}, i € N,.
The feasible subsets of agent-action pairs are described by the
partition matroid (€;,Z;) with Z; = {A T |JANQ, <
1, Vi e /\/t} The executed joint action induced by the local
choices is Ay = {(¢,a;.) : i € Ny} € T, [10].

To describe changes in the open-system domain, let Ny = ()
and define Ry = N;NN;_1, Ni® = N \N;_1, NP = N1\
N;. Here Ry, Ni®, and NP1 denote the remaining, arriving,
and departing agents at time ¢, respectively. Moreover, we
assume the agent arrivals and departures are independent of
the agents’ local policies and the state transitions [3].

B. Decentralized Categorical Policies

Each active agent i € N processes a local observation
0t = O;4(st), where O, : S — O; is a deterministic
observation map modeling local sensing and communication
with neighbors, and selects an action a; ; € A;. A policy 7'
assigns a categorical distribution over A; given o € O; such
that, at time ¢, active agent ¢ € N; computes its action as a
realization a;; ~ (- | 0;4). Let 0, = (0;4)ien, denote the
joint observation vector. We consider factorized categorical

policies [1], [24]

'/Tt(at | Ot) = H Wl(ai,t | 0i,t)~ (D
1EN
The factorized policy 7; is time dependent as a consequence
of time-varying active agent sets A;. The factorization in (1)
governs decentralized execution during deployment; since the
distributions {7%(- | 0;+) }sen, are conditioned on local obser-
vations o; ¢, the agents sample their actions independently.

C. Submodular Team Utility and Problem Statement

At each time step ¢, the team performance is measured by
a set function F(-;s;) : 2% — R defined over subsets of
the current agent-action ground set €2;.

Definition 1 (Normalized monotone submodular set func-
tion [25]). Let © be a finite ground set. For any A C ()
and e € Q \ A, define the marginal gain of adding e to A as
F(e| A) = F(AU{e})—F(A). A set function F : 2% — Rx
is normalized, monotone, and submodular if it respectively
satisfies the following properties:

1) F(0)=0.

2) for any sets A C A’ CQ, F(A) < F(4").

3) for any sets A C A" C  and element e € Q\ A/,

F(e| A) > F(e| A").

Assumption 1 (Utility and Feasibility Conditions). For every
time step ¢ € [T, the following holds.
(i) For every state s;, the team utility F(-;s;) : 2% — R
is normalized, monotone, and submodular.

(i) Each active agent has a nonempty local feasible action
set, i.e., A; # () for all i € N;.

Assumption 1 means that adding an agent-action pair can
increase the team utility but its marginal gain decreases
when more agent-action pairs have already been selected.
This diminishing-returns structure captures redundancy among
agent contributions [2].

Problem 1 (Open-System Submodular Policy Learning).
Given the open multi-agent MDP, find a decentralized categor-
ical policy m = {m; }{_;, with m; = ], 7', that maximizes
the expected cumulative submodular utility

max
”:{Wt}z;l

T
ZFt(At;St)

t=1
st aip ~7(- | 0iy), Vi €N, Vt €T,
A € I, Vit € [T]

J(ﬂ—) = ]E-,-Nprr

2

Here, 7 = (s1,a1,82,...,87,ar,s7+1) and p™ denotes the
trajectory distribution induced by 7 and the transition kernels

{P3,.

Even for a single time step, Problem 1 reduces to monotone
submodular maximization under a partition matroid constraint,
which is NP-hard in general [7], [10]. Over a finite hori-
zon, this combinatorial difficulty is exacerbated by action-
dependent state evolution and time-varying agent participa-
tion. Since directly optimizing the cumulative utility (i.e., the



return) is intractable [14], we adopt a stagewise approach
and leverage the submodularity of stage utilities to learn the
decentralized policies. The next section develops a continuous
relaxation of stage utilities that formally supports our stagewise
policy learning framework.

[1I. PARTITION MULTILINEAR EXTENSION

A standard approach to combinatorial submodular maxi-
mization is to replace the discrete set problem with a contin-
uous relaxation that is amenable to continuous optimization
methods, particularly under matroid constraints [10], [26].
The standard multilinear extension is based on independent
Bernoulli sampling over ground-set elements [27]. Under the
partition constraint induced by Z,, this sampling rule may
select multiple elements from the same agent action subset
Q; +, creating a formal mismatch with the policy in (1) which
selects one feasible action per agent. This motivates the con-
tinuous relaxation defined in the following to support training
of factorized categorical policies in a principled fashion.

Building on our preliminary work [18], we use the partition
multilinear extension (PME), a continuous relaxation of util-
ities F; whose sampling distribution matches the factorized
categorical execution under the partition matroid. At each
time step ¢, policy (1) at observations {0;;};cn;, induces a
marginal vector x7(s;) € [0,1]/ over agent-action pairs,
with coordinates

2laya(st) =7 (a | 0ir), (i,a) € Q. 3)

For readability, we denote a generic marginal vector by z.
Each coordinate m@ya),t(st) is the probability that agent i' eN;
executes action a at the current state s; under policy 7°.

A. Definition and Policy Equivalence

The partition matroid polytope associated with (;,Z;) is
[10]

P(T,) = {a: e [0,1)1¢%! Z Tiay < 1, Vi EM}. 4)

acA;

For © € P(Z;), let Dy(- | ) denote the partition sampling
distribution over Z;. Under this distribution, each agent i € N;
selects element (i,a) with probability x(; ,), and selects no
element with probability 1 — " - A, T(i,a)- The choices are
independent across agents.

Definition 2 (Partition Multilinear Extension [18]). Given
the current state s; and open-system domain, the partition
multilinear extension of Fy(-;s;) is the function fy(;s;) :
P(Zi) — R defined by

ft(ﬂf; St) = EANDtHx) [Ft(fh St)] )
=Y F(4ss) [] pi(4s), 6)
A€ET; €N
where
T(ia)s if ANQ;: ={(i,a)},
pi(Aiz) =<1 3 gy, if ANQi, =0, 7

a’€A;

The categorical-policy face of P(Z;) is

> @ =1, Vi EM}. (8)

a€A;

./T"t = {Jf S P(It) .
For each i € N;, define the local categorical simplex F; =
{LL'Z‘ € [0, 1]‘Ai| : ZaGAi T(i,a) = 1}. Then F; = Hie/\ft Fi.
For any x € F, the probability of selecting no action is zero
in (7). Hence, the distribution induced by the PME respects
the partition structure of €); since it selects exactly one agent-

action pair from each €2;; w.p.l, matching the categorical
action-selection model in (1).

Remark 1. At a fixed time step, the PME is closely related
to the policy-based continuous extension in [17] and the
Multinoulli Extension in [28]. The former considers online
coordination over fixed agent and action sets, whereas the
latter addresses static subset selection under fixed partition
constraints. Since these formulations do not model controlled
Markovian dynamics or changes in the active-agent set, they
cannot capture the coupling among current decisions, future
states, and utilities. Our formulation extends the PME to
finite-horizon decentralized policy learning for an OMAS and
establishes exact equivalence with both the expected stage
utility and the finite-horizon policy objective.

Lemma 1 (Policy-PME Objective Equivalence [18]). Let my =
[Ticn, 7 be a factorized categorical policy, and let x7 (s;) be
defined by (3). Then, for any fixed sy,

Eamm, [Fr(Ai st) | se] = fo (27 (50); 51).- ©)

Proof. Consider the current state s; and the current open-
system domain. Then the local observations {o;:}:cn, are
fixed, and each agent samples independently from 7(- | 0; ;).
Hence, the executed set is Ay = {(i,a;) : i € Ni}, a;ip ~
mi(- | 0;¢). By definition of z7(s;), the per-agent factor
in (7) satisfies p;(4;27(s¢)) = 7'(a | 0;4) if ANQ; =
{(i,a)}. Moreover, since 7'(- | 0;4) is a categorical distri-
bution, >, 4, 27; 4y ¢(st) = 1, the probability of selecting
no action in (7) is zero for every active agent. Therefore,
under Dy (- | 27 (s¢)), positive probability is assigned only to
feasible sets that select exactly one action per active agent,
and this probability equals the product of the corresponding
local categorical probabilities. Thus, for any feasible A € 7,
Pr(A; = A | st) = [lien, Pi(A; 27 (s¢)). Substituting this
identity into the conditional expectation gives

Eayor, [Fr(Assse) | se] = Z Fi(A;s,)Pr(Ay = A sy)

A€T,
=" F(4s) [ pi(A;a7 (1))
A€, €N
= fu(a (s)s s0),
which proves (9). O

Let D; ‘(- | «) denote the joint distribution induced by
over the local action blocks of all agents except ¢, namely

{ijt}jENt\{i}'
Lemma 2 (PME Coordinate Gradient [18]). For any (i,a) €
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O and © € P(Ly),
of,

8%(7;7(1)

where Fy((i,a) | A7%s) = F (A7 U {(i,a)};s:) —

Fy(A™% s¢) denotes the marginal gain of adding the agent-
action pair (i,a) to A™" at state si.

(x§5t) = EA*iND;i(~|x) [Ft((iaa) ‘ A_i§3t)] , (10

Proof. Consider an arbitrary (i, a) € ;. In the sum represen-
tation in (6), the coordinate x(; o) appears only in the local
factor p;(A;x). There are three cases. If AN, = {(¢,a)},
then Op;(A;x)/0x(; 0 = 1. I ANy, = {(i,a’)} for some
a’ # a, then Op;(A;2)/0x(;q) = 0. If ANQ;y = 0, then

Opi(A;x)/0x(; ) = —1. Applying the product rule to (6)
gives
ofe .\ _ . :
Er (Qf,St) - Z Ft(Aa St)Hpk-(A7$)
(1,0) As(i,a)€A ki
- > E&s) [[ee(452).
AANQ; =0 ki

Every set in the first sum can be written uniquely as A~% U
{(é,a)}, while every set in the second sum can be identified
with the same partial joint action A~% of all agents except
i. Moreover, [[,_; px(A;z) is exactly the probability of A~
under D; (- | ). Hence

(A7) [Ft(A_i U{(i,a)};s¢) — Fr(A™% st)]

= EA,iNDt—i(.h?) [Ft((i,a) \ Aii;st)] .
This proves (10). [

Lemma 2 shows that partial derivative of PME is the
expected marginal gain of the corresponding agent-action pair
under the current categorical sampling distribution of the other
agents. This identity provides the first-order information used
by the counterfactual marginal-gain estimator in Section IV.

Proposition 1 (Properties of the PME [18]). Under Assump-
tion 1, f;(-;s;) satisfies the following properties on P(Iy):
1) fi(0;s¢) = 0.
2) fi(z;se) >0 for all © € P(Iy).
3) ft( ; 8¢) is a multilinear polynomial and hence is smooth.
4) Vfi(x;5) > 0 componentwise for all x € P(L;).
5) For any =,y € P(Z;) with x < y componentwise,
Vﬁ(w; s¢) > Vft(y; St) componentwise.

Consequently, ft( ; 8t) is monotone and DR-submodular on
P(Zy).

Proof. We prove the properties in order.

1) When x = 0, each agent selects no element with
probability one under Dy (- | 0). Therefore, the only set with
nonzero probability is @), and f,(0; s;) = F,(; s;) = 0.

2) By nonnegativity of F; and by the fact that all factors
pi(A; x) are valid probabilities for x € P(Z;), every term in
(6) is nonnegative. Thus, ft(ac, st) > 0.

3) For each fixed set A € Z;, every factor p;(A; z) is affine
in the coordinates {z(; ) : @ € A;}. Since these coordinate
sets are disjoint across agents, the product [[;. . pi(A; ) is
multilinear in the variables associated with different agents.
Hence fi(-;s¢) is a finite sum of multilinear polynomials and
is smooth. B

4) By Lemma 2, for any (i,a) € €, 85({:) (w58,) =

]EA,,LN,Dt—i(_lm) [Ft((i,a) | A= st)].

For every realization A~ in the support of D; ‘(- | ),
we have A= C A= U {(i,a)}. Since Fy(-;s;) is monotone,
Ft((i,a) | A_i;st) =F (A_i U{(i,a)}; st) — Fy (A7 5) >
0. Taking expectation preserves the inequality, and hence
af({fa) (z;8:) > 0, (i,a) € Q. Therefore, Vf,(z;s,) > 0
componentwise.

5) We prove the DR property by showing that the gradient
is componentwise nonincreasing. For each agent ¢, the PME is
affine in the local coordinates {z(; .) : a € A;}, because the
per-agent factor p;(A;x) in (7) is affine in these coordinates
and no product contains two coordinates associated with the
same agent. Hence, all second partial derivatives with respect
to two coordinates of the same agent are zero:

0 fi
0T (7,0) 0 (4 p)

(z;8:) =0, a,b e A, (11
Consider two distinct agents i # u and actions a € A; and

b € A,. Let D; "} (. | z) denote the product distribution

induced by z over all agents in AV; \ {7,u}. By Lemma 2,

(255¢) = E i vpri( ) [Fy((i,a) | A7 s)] . (12)
To differentiate this expression with respect to x(,p), separate
the random choice of agent u from the choices of the other
agents. For any fixed realization A—{%%} of the agents other
than ¢ and u, the contribution of agent u to (12) is

cEA,

+ ) B a) | AT U {(u,0)} 1),

cEA,

13)

Differentiating (13) with respect to x(,p) gives
8x(u7b)8x(i7a)
= EA—{'i,u}ND;(i,u}(_‘m) [Ft((i7 a) | A-tbuby {(u, b)}; St)

— F((i,a) | A‘{W};st)].

(; 1)

(14)

Since A-thv} C  A-{4u}b U {(u,b)}, submodularity of

Fi(-; s¢) implies Ft((i,a) | A_{i’“}u{(u, b)}; st)—Ft((i,a) |
ATl st) < 0. Taking expectation in (14) yields

9 fi

—GIt (4s) <0, i £
I (x;8:) <0, i £u

(15)
Equations (11) and (15) show that each coordinate deriva-
tive of f; is nonincreasing in every coordinate. There-
fore, for any x,y € P(Z;) with z < y componentwise,



V fi(z;s¢) > Vfi(y; s¢) componentwise. This establishes DR-
submodularity on P(Z;). O

Proposition 1 shows that the PME is a smooth, monotone,
DR-submodular objective on P(Z;) while preserving the per-
agent categorical sampling structure required for decentralized
execution [29], [30].

B. Problem Equivalence

In this section, we relate the PME to Problem 1. First, we
relate the continuous PME optimum to the discrete stagewise
submodular optimum. Then, we extend the equivalence to the
finite-horizon objective J (7).

Although f;(-; s;) is defined over the partition-matroid poly-
tope P(Z;), monotonicity implies that an optimal solution can
be chosen on the categorical-policy face F;.

Lemma 3 (PME Exactness on the Categorical Face). Under
Assumption 1, the following stagewise identity holds at each
time step t and state Si:

max ft(z st) = max ft(cc st) = 1r4nax Fi(A;s). (16)

z€P(ZLs)

Proof. We first show that the optimum of f;(-; s;) over P(It)
is attained on F;. Let 2™ € argmax,cp(z,) fe(xssy). If a* €
Fi, the claim is immediate. Otherwise, there exists an agent
i € N, for which the corresponding partition constraint is
nonactive: p; = 1_2116.»47; xfm) > 0. Choose any action a; €
A; and define 2’ = 2*+p;e(; 4,), Where e(; 4,y is the canonical
vector with nonzero coordinate (7,a;). Then 2’ € P(Z;) and
the 4-th partition constraint becomes tight. By monotonicity of
ft from Proposition 1, ft(z St) > ft(x St)- Repeatmg this
operation for every agent ¢ such that Zae A, ( ) < 1 yields
a point T € F; with ft(x, s¢) > ft(:zz ; 8¢). Since x* is optimal
over P(Z;), equality holds. Thus, maxwep(It)ft(:E;st) =
maxger, fi(r;5¢).

It remains to relate the optimum over JF; to the discrete
optimum over Z,. The set F; is a product of local categorical
simplices. Fix the local marginals of all agents except ¢. Then
the PME is affine in the local vector x; € ;. Therefore,
optimizing ft over x; admits an optimal solution at an extreme
point of F;. Applying this argument successively to all active
agents, there exists a maximizer of ft over JF; that is an
extreme point of every local categorical simplex. Such a point
assigns probability one to exactly one action for each active
agent and therefore corresponds to a deterministic feasible set
in It.

Conversely, let A* € argmaxacz, Fi(A;st). If A* omits
an active agent, monotonicity of F; allows us to add any
action from that agent’s local action set without decreasing
the utility. Repeating this step gives a feasible set A* € Z;
that selects exactly one action per active agent and satisfies
Fy(A*;s;) > Fy;(A*;s;). The indicator vector 14. lies in
ft, and by the PME definition at deterministic vertices,
ft(]'A* N St) = Ft(A*, St).

Therefore the continuous optimum over J; and the discrete
optimum over Z; have the same value. O

Lemma 3 shows that, for monotone utilities, the PME
admits an optimal solution on the categorical-policy face F;.
Therefore, restricting to factorized categorical policies does
not reduce the optimal value.

The stagewise equivalence in Lemma 1 yields an exact
reformulation of the finite-horizon objective in Problem 1.
The following corollary shows that the original expected
cumulative submodular utility is equal to the cumulative
PME objective evaluated along the trajectory induced by the
factorized categorical policy sequence.

Corollary 1 (Problem Equivalence). Under the factorized
categorical policy sequence m = {m;}_,, the finite-horizon
objective in Problem 1 is exactly equal to the expected
cumulative PME objective evaluated along the induced state
trajectory:

T
J(m) = Erpr lz fe (xf(st);st)] ; a7
t=1
where p™ is the trajectory distribution induced by w and the
transition kernels {P,}1_;.

Proof. By the definition of the finite-horizon objective,
J(r) = E;opr [Et lFt(At,st)}, where the trajectory
distribution p™ is induced by the policy sequence 7 and
the transition kernels {P;}7_,. By linearity of expecta-
tion, J(m) = Zthl E,p~ [Fi(As; s¢)]. For each time step
t, applying the tower property of conditional expectation
with respect to the state s, gives Erop~ [Fi(Ay;s)] =
E;pr [Ea,~n, [F1(As;s¢) | s¢]]. Conditional on s, the local
observations {o; ;}ien;, are fixed, and the action set A, is
sampled from the factorized categorical policy m;. There-
fore, by Lemma 1, Ea,r, [Fi(Asse) | 8] = fe(@7 (s0);5¢).
Substituting this identity into the preceding display yields

E;opr [Fr(As; st)] = Erpr {ft (JU?(StﬁSt)] Summing over

t=1,...,T gives
T ~
J(m) = Erpr lz fi (iﬂ?(st); St)] )
t=1
which proves (17). O

IV. SUBMODULAR MULTI-AGENT POLICY LEARNING

This section describes our policy-learning method, Sub-
modular Multi-Agent Policy Learning (SubMAPL). By Corol-
lary 1, policy learning for Problem 1 can be carried out
through the PME objectives evaluated along the induced
state trajectory. The main challenge is to construct tractable
first-order feedback and update the local categorical policies
without violating their simplex constraints.

Mirror ascent is a standard first-order method for con-
strained optimization that replaces Euclidean projection with
a Bregman-divergence regularization [31], [32]. For categor-
ical distributions, the KL divergence is particularly suitable
because the resulting mirror step admits a multiplicative up-
date that preserves nonnegativity and normalization without
Euclidean projection [11], [33]. Motivated by this geome-
try, and in contrast to the Euclidean projected-gradient and
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policy-gradient framework studied in our preliminary work
[18], SubMAPL uses this PME representation to construct
local marginal-gain feedback during training and updates local
categorical policies through a KL-mirror step.

SubMAPL follows the centralized training-decentralized ex-
ecution (CTDE) paradigm [12], [19]. In the training phase,
the stage utility Fi(-;s;) is evaluated on feasible sets that
differ only in one agent’s action to construct the stochastic
local gradient estimator used in the KL-mirror update. In
execution, each active agent applies its learned local policy
using observations o; .

A. Tabular Categorical Policies

For each active agent i € N;, SubMAPL uses a tabular
softmax parameterization of the local categorical policy. Here,
“tabular” means that a separate trainable logit is maintained
for each local observation-action entry [34], [35], [36]. Let
0% (0,a) € R denote the logit of agent i for observation o € O;
and action a € A;. Given the local observation o; ;, the policy
is

exp(ei(oz,t, a))
D obe A exp(07(0i 4, b))

The logits {67 (0, a) }oc0,, ac.4; Parameterize the tabular policy
7*. Equation (18) evaluates this policy at the current observa-
tion o; . The induced marginal vector satisfies x@a)’ (s51) =
m(alo0i), (i,a) € Q.

In open systems, the active-agent set \; may vary over time.
The logits of remaining agents are inherited across consecutive
open-system domains. Each arriving agent is initialized using
finite logits. Departing agents are excluded from the active
policy domain. Hence, every feasible action of each active
agent has strictly positive probability under the local softmax
policy.

,aEA,;.

(18)

ﬂ'(a|0,,)

B. Marginal-Gain Feedback and KL-Mirror Update

At time ¢, condition on the current state s;. For each active
agent ¢ € N; and a € A;, define the local PME gradient
coordinate by

of; .
(2T (s,);51), (i,a) € Q.

6%(1‘@) (19)

gi,a,t(ﬁt; St) =
By Lemma 2, this coordinate admits the marginal-gain rep-
resentation g; q¢(7s; 51) = E [Fi((i,a) | A% s,)], where the
actions in A~* are sampled independently accordlng to 77 (- |
05.4) for j € N; \ {i}.
After the joint action A; = {(4,a,¢) : ¢ € N;} is sampled,
let A;" = A;\ {(i,a;;)}. SUBMAPL constructs the local
marginal-gain estimator

Gi,at = Fi((4,a) | A;i; 51), a € A,. (20)

The vector g; . ; evaluates every feasible action of agent ¢ un-
der the same sampled actions of the other agents. Conditional
on 7; and s, the actions in A, ¢ are sampled independently
according to 7/ (- | 0j+) for j € N; \ {i}. Therefore,

oft
02 (5,a)

(z7(s¢);8). (21)

E [?ji.,a,t | 7Tt,5t] = gi,a,t('ﬂ_t;st) =

Thus, ;.. is an unbiased stochastic estimator of the local
PME gradient evaluated at the current policy.

The estimator in (20) provides first-order information with
respect to the local action probabilities. A direct additive prob-
ability update would require projection onto the probability
simplex [31], [32]. SubMAPL instead applies KL-regularized
mirror ascent, which preserves the simplex constraint without
Euclidean projection and can be implemented through tabular
softmax logits.

Let 7% denote the tabular policy of agent i after the KL-
mirror update at time ¢ and before open-system migration.
Given the current local policy 7i(- | 0;;) and the stochastic
local gradient estimator g; .+, the local policy distribution at
the current observation is updated as [31]

— Dy, (p||7TZ( \ Oi,t))} ;
(22)
where 7 > 0 is the step size. For two local categorical
distributions p, g € F;, define
Z Pa IOg —_

a€cA,

L] o =
(| 0i) Earggéajgf{n<gb,,t7p>

Dk (pllg) = (23)

with the convention 0log(0/¢,) = 0. For two tabular policies
7 and 7’ defined on the current open-system domain, define

Diva(nllr’) = >~ D" Diw (x'(- [ o)|l7'(- | 0)) . (24)
16/\/,5 0€0;
The first-order optimality condition yields
l(a | 0; t) eXp(ﬂ/g\z a t)
a | 0 a€ A;.
Talow) = D oben, T(b ] 0ie) exp(ngipe)’
(25)

For all other observations, the local policy distributions remain
unchanged:

7ri’+(- | o) = 7ri(~ |0), 0 € O;\ {0t}

Hence, 7% (- | 0;+) € F;. Since the KL-mirror step changes
only the row associated with o; 4, all other terms in the tabular-
policy KL divergence remain unchanged.

(26)

Under the tabular softmax parameterization (18), (25) is
implemented by the additive logit update

0" (014,a) = (04,1, 0) +1Jian, a € Ai,  (27)
where all other logit entries remain unchanged:
0"t (0,a) = 0" (0,a), 0 € O; \ {0;+}, a € A;. (28)

Substituting (27) into the softmax parameterization yields
exp (Gi(oi £:@) + Ngi.at)
Z exp (6°(0i,¢,0) + 1Gib,t)
beA;
exp (9i(0i,t, a)) eXP(ﬁﬁz‘,a,t)
Z (exp (Hi(oi,t, b)) exp(n@-’b,t))
beA;
) _m'(a] 0is) exp(nGia.r)
S (b | 010) exp(ngin.e)

beA;

™ (a | 0i) =

(29)

—~
S

aEAi,




where (%) follows by dividing the numerator and denominator
by > hea, exD(0°(0i1,D)). Thus, the additive logit update
exactly implements the KL-mirror update in (25). The post-
update active joint policy before migration is defined by

H bt ( (@i | 0i4)-

ZGNt

) (a; | o) (30)

Therefore, SUbMAPL performs a local full-action KL-mirror
step on the current local observation of each active agent’s tab-
ular policy and implements this policy-space update through
an additive logit update.

C. Open Policy Migration

The transition from time step ¢ to ¢ + 1 involves the
remaining agents Ry, the arriving agents tl_?_l and the
departing agents N2, After the KL-mirror update at time
t, let 7, denote the post-update active joint policy on the
current agent domain N;. Open policy migration retains the
updated local policies of the remaining agents, assigns policies
to the arriving agents, and excludes the departing agents from
the next active policy domain.

Definition 3 (Open Policy Migration). Given the post-update
active joint policy m;", the open policy migration map M,
constructs 711 = M, (m;") according to

. (o), i€ Ry,
(me41)" (- | 0) = . 3D
7TZ70(' | 0)’ (&S tlil’

where 740 is the categorical policy assigned to an arriving
agent . It is represented by finite logits #%0 € RIC:IxI4il 5o
that 7°%(a | 0) > 0,0 € O;,a € A;. Agents in N2 do not
appear in the next active joint-policy domain.

The complete training procedure is summarized in Algo-
rithm 1. At each time step, SUbMAPL evaluates the marginal
gain of every feasible action of each active agent while keeping
the sampled actions of the other agents fixed. The learned
policy remains decentralized at execution time, because each
active agent samples from its own categorical policy using
only its local observation.

V. PERFORMANCE ANALYSIS

This section establishes performance guarantees for
SubMAPL as a PME-based KL-mirror policy-learning method
in OMAS. The analysis is conducted along the state sequence
generated by Algorithm 1. At each time step, the current state
and open-system domain define a conditional stagewise PME
objective over the current categorical-policy face. We first
collect the basic gradient and mirror-ascent inequalities used in
the analysis, then derive a bound on the finite-horizon objective
in Problem 1 through regret analysis, and finally specialize
the general bound to a tighter one when the finite-horizon
objective J(m) is itself submodular.

Algorithm 1 Submodular Multi-Agent Policy Learning
(SubMAPL)
1: Input: horlzon T, step size 7, initial active parameter collection
01 = {01’ : 1 € N1}, finite-logit migration rule for arriving
agents, and stage-utility evaluators {F}}7_;

2: fort=1,...,7T do

3 for each active agent i € A} do

4 Receive the local observation o; ¢

5: Form 7*(- | 0;,¢) using (18)

6: Sample a; ¢+ ~ (- | 05.¢)

7 end for

8: Form A = {(¢,a:4) : i € Ny}

9: for each active agent i € Ny do

10: Set At_l = A\ {(s, ai,t)}

11: for each feasible action a € A; do

12: Evaluate g; 4,¢ using (20) at the pre-transition state s¢
13: Update 0° (Ol,ta a) + 0" (Oz,tu a)+ ngz,a,t
14: end for

15: end for
16: Execute Ay

17: Sample the next state s¢41 ~ Pi(- | s¢,at)

18: if £ < T then

19: Observe the next active-agent set Nyt

20: Apply the open policy migration in Definition 3
21: end if

22: end for

23: Output: the online policy sequence {Tl’t}?zl and the final post-
update policy w:ﬁ

A. Analysis of KL-Mirror and Stagewise Bound

Assumption 2 (Bounded Marginal Gains [37]). There exists
a constant B < oo such that, for every ¢ € [T] and state s,

OSFt(6|A7St)SB, VAth GGQt\A. (32)

Let G = (Giat)(ia)en, € RI%I denote the stochastic
marginal-gain vector used by SubMAPL, where g, ., is de-
fined in (20). Let H; denote the information available before
action sampling at time ¢, including the past trajectory, the cur-
rent state s, the current open-system domain (N, {A; }ien,),
and the current tabular policy ;. Since z; = x7(s:), condi-
tional on H,, the quantities 7, x;, S;, and the current open-
system domain are fixed. By (21), we have

_ of .
E [Gi,a | He] = ai(xt;st), (t,a) € Q. (33)
Z(i,a)
Equivalently, ~
Efg: | He] = V fi(@; se). (34)

Assumption 2 also gives a uniform bound on the stochastic
feedback. Indeed, for every (i,a) € €, we have (z a) ¢ A"
Hence Assumption 2 can be apphed with e = (i, a) and
A = A;", which yields 0 < G; o = F((1,a) | A7 ";8:) <
B, (i,a) € Q,; . Consequently, for each active agent 4 6 N,

For any vector g € Rl indexed by the current agent-action
ground set §);, define the per-agent mixed norm by

lgllZe2 =

( 2
max |gm|) .
ze./\ft S

(35)
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The norm |||, is always understood with respect to the
current open-system domain (N, {A;}ien, ). Then

1961122 = Z (géfi\}? |§z‘,a,f,|) Z B? = |N;|B2%. (36)
ie/\/t ’ ZENt
Let Npax = maXge (] |.A/t| Then
1G¢1%.2 < NumaxB?, t € [T]. (37)

Lemma 4 (Auxiliary Inequalities). Consider a time step t, a
state s;, and the open-system domain at time t. Let ft( i St)
be the PME of a normalized, monotone, submodular utility
Fi(-; s¢). Then the following inequalities hold.
1) Categorical-face first-order bound [29]: For any x,y €
Ft,

%ft(y;st) — frlass) < %<Vft(33 5¢), y—x>. (38)

2) KL mirror-ascent inequality [31]: Suppose x € F;
satisfies x(; gy > 0 for all i € Ny and a € A;. Let
xT € F; be generated by

zt € arg max {n(g,2) — Dxr(z|z)}, (39
where n > 0 and
DKL H$ Z Z 2(i,a) log —— 2ie) :
i€EN a€A; L(ia)
Then, for any u € F3,
Dxr (ul|z) — Dxp(ul|z) | 7
(g,u—=z) < ; + 5 llal%.e
(40)

Proof. (1) Let A ~ Dy(- | ) and Y ~ D(- | y) be sampled
independently. Since =,y € F;, both A and Y select exactly
one agent-action pair for each active agent. Define A = {e; :
i€ Ny} and Y = {u; : i € Ny}, where e;,u; € ;4. Let
A~" = A\ {e;}. By monotonicity, F;(Y;s;) — Fy(A;s) <
Fy(AUY;s) — Fi(A;s).

Fix an arbitrary ordering {iy,...,im} of N,
where m = |[N;|. By telescoping, Fy(A U Y;s;) —
Fi(A;sy) = ZZLZI F, (uu | AU{uil,...,ui“l};st).
Since A= C AU {u;,...,u;_,}, submodularity implies
Fy(ui, | AU{wsy,ooug  Jis) <0 F(ui, | A7),

Therefore,
<Y Filui | A7 sp).

Ft(Y,St) Ft A St (41)
ZGNt

Next, by normalization and telescoping along the same
ordering, F}(A;s;) ey Fr (e [ {eirs v eip )i 50)-
Since {e;,,...,e;,_,} < A7, submodularity gives
Fy (e, | {€i,- .- €i  }i50) = Fi(es, | A7%;s,). Hence,

Z Ft(ei ‘ A_i;St) S Ft(A, St). (42)
iENt
Combining (41) and (42) yields
Ft(Y, St) — 2Ft(A7 St)
(43)

<> [Filui A7s) -

Fi(e; | A7 st)]
iENt

Taking expectations in (43) over the independent samples
A~Di(-|x)and Y ~ Dy(- | y) gives

ft(@ﬁ st) — 2ﬁ($§ St)
<Y Wi Baipoi( (Bl 0) [ A7 50)]
1EN; a€A;
- Z Z (i) Ep—iipri (o) [Fi((i,a) | A% s0)]
1€ENL a€A;

Here, under Dy(- | x), the selected action of agent i is in-
dependent of A~ and has marginal distribution (z(; 4))ac.A;
similarly, under D;(- | y), the selected action of agent i has
marginal distribution (y(;,q))aca;, and is independent of A.
By Lemma 2, the expected marginal gain is the corresponding
PME coordinate derivative. Therefore,

Folyss0) = 2fu(aisi) < (Vhilwss).y—).
Dividing by 2 proves (38).

(2) The optimality condition of (39) gives the three-point
inequality

Dy (ullz™) — Dxr (a7 [|2).

(44)
For each active agent i € N, Holder’s inequality gives [31],

[32]
nzgza( (,a) (“l))

a€cA;
<n (max ‘gz a> Z ’ (i,a) — L(4,a)| -
a€cA;

By Young’s inequality,

n(lnanz a> Z ’ (i,a) — L(4,a)

a€A;
2
< . max
2 \acA;

2
1
+
) T3 (Z ’m(i,a) — Z(i,a) )
acA;

Pinsker’s inequality, applied to the two categorical distribu-
tions over 4;, gives

n{g,u—a") < Dgp(ulz) —

(45)

1 2 L
p + (i,a)
5 < Z ‘x(iva) - x(iva) ) S Z x(i,a) 10 ﬁ
acA; acA; ia
Thus,
K Z i, ( T (i,a) z(i,a))
a€A;
’ 2 ot
d + (i,a)
= 2 (%a)tx ) t Z T )10 P
a€A; )

Summing over i € N; yields

Wo.x* —2) < Dnlet ) + Dlola @O
Combining (44) and (46), we obtain

n{g,u —x) =n{g,u —x*) +n{g,z* —x)
Dy, (ul|2™)

’72 2
< Dk (ul|z) — + 5 ll9lls 2



Dividing by 7 proves (40).

B. Suboptimality Gap in the General Case

Dynamic approximation regret compares the cumulative
utility attained by an algorithm with that of a sequence of
stagewise optimal allocations [11], [17]. Existing formulations
for multi-agent online submodular coordination consider a
fixed agent-action domain. However, the consecutive compara-
tor policies in OMAS may belong to different policy domains
as agents arrive and depart. We introduce an open-system
variant that measures comparator variation after mapping
the previous comparator to the new domain through policy
migration.

Given the current state s; and open-system domain, define
the stagewise discrete optimum F}(s;) = maxaez, Fi(A; se).
Let 2} € argmaxger, fi(z;s;). By Lemma 3, fi(z7;s;) =
F}(s¢). The sequence {z} }1_, may vary with the state and the
active-agent domain. Define the tabular policy 7} associated
with 2} by

- ,13*4 0 = 0;
(1) (a | 0) = { (i,a).t? e N, 0€ Oy, ac A

(47)

m(a]o), ooy,

By (24), Dxv (7 ||me) = Dxw(af[|2e).

The transition from time step ¢ to £4-1 consists of remaining
agents R,y;, arriving agents tifﬁl, and departing agents
NP, SubMAPL first obtains the post-update tabular policy
7} through the KL-mirror update in (25)-(26). It then applies
the open policy migration in Definition 3: w1 = M, (7).
Let 7 = {m}1_, denote the online policy sequence generated
by SubMAPL, and let p™ denote the trajectory distribution
induced by 7 and the transition kernels {P;}Z_;. Following
KL-potential tracking analyses on a fixed domain [33], [38],
we define the open-system KL tracking variation as

T-1

> (Pt (i i)

t=1

V;Pen _ ]ETNP?V [
(48)

- DKL,M:W))J.

This variation records the increase in the KL tracking po-
tential between consecutive time steps while allowing both
the stagewise benchmark and the open-system policy domain
to change. In particular, it incorporates agent arrivals and
departures through R4, J\/'tiil, and tojrl{ When the active-
agent set is fixed, M, is the identity map, and V7'" reduces
to the corresponding KL tracking variation on a fixed tabular-
policy domain.

Definition 4 (Open-System Dynamic Approximation-Regret).
The open-system dynamic 1/2-approximation regret is defined
as

Reg;/ 2

T
1 -
=D Erpr I:QFt*(St) — fe(@e; se) (49)
t=1
By Lemma 1, ft(mt; s¢) is the conditional expected stage utility
of the factorized categorical policy ;. Thus, Reg;/ * measures

its cumulative approximation gap relative to the time-varying
stagewise optimal values.

Lemma 5 (Open-System KL-Mirror Approximation-Regret
Bound). Let {m;}]_, be the policy sequence generated by
Algorithm 1. Under Assumption 1 and Assumption 2, for any
constant step size n > 0,

12 _ Boypy [Dicrn (i ]m)] + VP

nTdeXB2
Regy o .

(50)

Proof. For each time step t, the categorical-face first-order
bound in Lemma 4 gives

1 ~ 1 .
§Ft*(5t) — fe(wyys) < 3 <Vft($t; 8t),xp — $t> . (5D

Since z; and x} are measurable with respect to the pre-
sampling history H;, taking expectations and using (34) yields

1 *
ETNP* {QFt (5¢) —

1 ~ %
< iETN;D'Tr [<gt7xt - xt” :

ft(xt; St)}
(52)

Since F; = [[;cn, Fi» the local KL-mirror updates in (22)
jointly realize the product-space update in Lemma 4. Apply
the KL mirror-ascent inequality with x = ¢, v = z}, and
g = Gi,» where the post-update vector z; has coordinates

x(t a)t 7Ti7+<a | Oiyt)7 (iva) € Q4.
By (24) and (47), together with the fact that 7Tt+ and 7y
coincide at all noncurrent observations,
Dy (7 ||xe) = Dxrt (mf|me) 53)
Dy (aflaf) = Dxrg (n7llm) -
Therefore,
o Dxvi (77 llmi) — D (7flln”)  n
(Gt 2f —x¢) < : 7 (i I )+§HgtHgo,2'
(54)
By the uniform gradient bound in (37),
151202 < Nmax B2 (55)
Combining (52), (54), and (55) gives
1 . ~
]ETNp% §Ft (5¢) — fe(xe; 8¢)
< IE:T"vp'Tr [‘DKLJ (ﬂ—;”ﬂ—t) - DKLJ (T(-:Hﬂ-tJr)] nNmasz )
- 2n 4
(56)

For compactness, define ®;, = Dxkr, ¢ (77 ||m), and T'y =
Dy (7f|lmf). For t =1,...,T — 1, we have

Oy — Iy =@ — Ppyg + Ppyq — Iy
<Py — ppq + [Prpr — ],
By the definition of the two potentials,

[®141 = Te]y = [Drrer (mfgallmes1) — D (a7 )] -
(58)



LIU et al.: SUBMODULAR POLICY LEARNING FOR DISTRIBUTED TASK ALLOCATION IN OPEN MULTI-AGENT SYSTEMS 11

Summing (57) over t =1,...,T — 1 gives

T-1 T-1

Z(q’t —Ty) <@ —Pp + Z [@r41 — Tl
t=1 t=1

(59)

Adding the terminal term &7 — I'r to both sides and using
I'r > 0 yields

T T-1
D@ —Ty) <@+ > [®ryr — T4, (60)
t=1 t=1

Taking expectations with respect to 7 ~ p* and using the
definition of V7" in (48), we obtain

(61)

T
Z]Emp?f (@ — T < B, pr [@1] + VP70

p*[

Summing (56) over t = 1,...,T and applying (61) gives

ZEmp { FY(st) = fi(we se)

< ]ESINHI [DKL,l (WIHWI)} + V;pen 77T]VmaxB2
2n + 4 '

(62)

The left-hand side equals Reng/ 2 by Definition 4, which proves
(50). O

Lemma 5 controls the cumulative approximation gap rel-
ative to the time-varying stagewise optimal values. How-
ever, Problem 1 evaluates the cumulative policy value in-
duced over the full trajectory. We next connect the stagewise
approximation-regret guarantee in Lemma 5 to the finite-
horizon objective of Problem 1. By Corollary 1,

']7? = TNp [th It,St‘|.

Let J* = max, J(m) be the optimal finite-horizon value
over the considered class of decentralized factorized policy
sequences. For readability, denote the bound in (50) by

(63)

]:E ~u D * open TdexBQ
Cp = =~ [Dxr, (71 m)] + Vp + n _(64)
2n 4
Moreover, define the finite-horizon benchmark mismatch
T
Ar = > F(s1) ] . (65)
t=1 +

Theorem 1 (Finite-Horizon Performance Bound). Ler T =
{m}E | be the policy sequence generated by Algorithm 1.
Under Assumption 1 and Assumption 2, we have

%J* ~JF) <Cr+ %A% (66)

where Cr and At are defined in (64) and (65), respectively.
Proof. By Definition 4 and Lemma 5,

J(7) > Eﬁ?& —Cr. (67)

_2 TNp

By the definition of At in (65),

T
Z FY(st)
t=1

Substituting (68) into (67) and rearranging yields (66). O

> J* — A (68)

TrpT

The mismatch term A7 captures the discrepancy between
the optimal finite-horizon value and the cumulative stagewise
optimal values along the trajectory induced by SubMAPL.
Since the stagewise KL-mirror analysis does not control this
term without additional temporal structure, Theorem 1 pro-
vides a finite-horizon decomposition rather than a uniform
approximation guarantee.

C. Suboptimality Gap With Submodular Finite-Horizon
Utility

We next identify a structural setting in which the stagewise
approximation-regret bound yields a finite-horizon approxima-
tion guarantee. In coverage and information-collection prob-
lems, the stage utility can often be represented as the marginal
gain of a trajectory-level submodular function with respect
to the accumulated history [14]. Under such a time-expanded
representation, if the ground set and the feasible families are
independent of the executed policy, submodularity connects
the cumulative stagewise oracle values along the SubMAPL
trajectory with the finite-horizon optimum J*.

Assumption 3 (Time-Expanded Submodular Utility [14]).
There exist a policy-independent time-expanded ground set
1.7, policy-independent feasible families {It}t 1, and a
normalized, monotone, submodular function F' : 2%:7 —
R>q. For every feasible execution, each A; € 7; corresponds
to a time-expanded action set A, € 7, and the state s; contains
the accumulated history Ao = Ut_1 A,. The stage utility
satisfies Ft(At,St) = F(At | Al t— 1) = F(A11t71 U At) -

F(Ay.4_1). Moreover, every A, € Z; corresponds to some
feasible A} € Z,.

Assumption 3 is used to convert the stagewise
approximation-regret bound into a finite-horizon guarantee. It
holds for trajectory-level coverage and information-collection
objectives whose cumulative utility is represented by a
monotone submodular function of the selected time-expanded
items [14], [39], [40].

Example 1 (Static Sensing Coverage Utility [41]). Consider
a multi-agent coverage problem over a finite target set Q. At
time step ¢, each agent-action pair (i,a) € Q; covers a sensing
region Cy(i,a) C Q, that does not depend on the current state.
Assume that €2; and the sensing regions {Cy(i,a)}(; q)cq, are
determined independently of the executed policy.

Define the time-expanded ground set Q1.7 = {(i,a,t) :
t € [T], (i,a) € }. For each feasible A; € Z;, let A; =

{(i,a,t) : (i,a) € Ay}, and let I, = {A, : A, € T;}. Define
Ay = UtT:1 A, and Ay, = 0. Given target weights w, > 0,
define

F(S) = qul q€ U Ci(i,a) p, S C Qur.

qeQ (i,a,t)ES



Then F is normalized, monotone, and submodular. If s,
records the targets covered before time ¢, the stage utility
satisfies F;(Ay;s:) = F(A¢ | A1.4-1), and therefore

T
> Fi(Assi)
=1

Thus, Assumption 3 holds.

— F(Avr).

Theorem 2 (Finite-Horizon Approximation under Time-Ex-
panded Submodularity). Let T be the policy sequence gener-
ated by Algorithm 1. Suppose Assumption 1, Assumption 2,
and Assumption 3 hold. Then

J(7) > 1J* — 2C (69)

=3 3t

Proof. Consider an arbitrary trajectory generated by 7. Let
{A;}L_, denote the corresponding time-expanded action sets,
and let {s;}7_, denote the state sequence. Let {A}}7_, be any
fixed feasible reference sequence with A} € T, for each t, and
define A}, = UtT L AL with Af,, = (Z) By Assumption 3,
for each A, € Z;, there exists A} € Z; whose corresponding
time-expanded action set is A.

By monotonicity of F,

F(AyLr) < F(Avr) + F(Ayr | Avr). (70)
Using the chain rule for marginal gains, we have
T
F(Ayr | Aur) =) F (4| Air U AL, )
t;l
<D OF (A Ave), (71)

o~
Il

1

where the inequality follows from Ay, ; € Ay.7UA), ; and
the diminishing-returns property of the submodular function
F.

By Assumption 3, the marginal gain of the reference time-

expanded action set A}, along the SUbMAPL history is exactly
the corresponding stage utility:

F(Ag | Al:t—l) = Ff(A;/, St) S Ft*(st)- (72)

Combining (70)—(72) gives, for the trajectory under consider-

ation,
T

F(Ayr) < F(Aur) + ZFt*(St)'

t=1

(73)

We next take expectation with respect to the trajectory
distribution induced by SubMAPL. By Assumption 3, the
cumulative utility along the SubMAPL trajectory telescopes:

T

ZFt At,St = Z (At | Al:tfl)

T
= Z [F(Alzt) - F(Alztfl)]

where F()) = 0 because F is normalized. Therefore,
J(@) =B pr [F(ALr)]

Taking expectation in (73) over 7 ~ p” gives

T

2

F(A) < JR) + Erpr (74)

Since (74) holds for every feasible reference sequence
{A}E | with A} € 7y, it also holds after maximizing the
left-hand side over all such reference sequences:

max F(ALp) <J(#@ Fr(s 75
AleT,, telT) F(4r) Z - 09
Since the time-expanded feasible families are policy-

independent, every realization generated by an admissible
policy = satisfies A; € Z; for all ¢ € [T]. Therefore, for any
admissible policy T,

J(7) = Errpr [F(A17)] < F(ALr).
(m) P [ ( 1.T)] > A;e%,a}t(e[T] (ALr)
Taking the maximum over 7 gives

J*<  max F(Alp).

AL€Ty, te[T]

Combining this inequality with (75) yields

T
S E (s)

It remains to use the stagewise approximation-regret bound.
From (67), we have

T <J@) +Eppr (76)

T
e | D FY(s1) | <2J(F) + 2Cr. (77)
t=1
Substituting (77) into (76) gives
J* < 3J(7) + 2Cr.
Rearranging proves (69). O

Lemma 5 establishes an open-system dynamic 1/2-
approximation-regret bound for SUbMAPL relative to the time-
varying stagewise PME maximizers. These results characterize
the stagewise tracking performance of SubMAPL along its
induced state trajectory. However, the objective in Problem 1
is the optimal finite-horizon policy value, which need not
coincide with the cumulative stagewise optimal values. Thus,
we quantify this discrepancy through the mismatch term Ap
in (66). Under Assumption 3, the policy-independent time-
expanded submodular representation connects the stagewise
benchmark to the finite-horizon optimum, yielding the approx-
imation guarantee in Theorem 2.

VI. NUMERICAL EXPERIMENTS

We evaluate SUbMAPL on a multi-agent coverage task [14].
SubMAPL is trained with a fixed (time-invariant) agent set and
evaluated on open systems with a time-varying agent set.
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Fig. 2: Coverage ratio under the controlled 5 — 2 — 5 active-agent profile. From left to right: uniform, mixture of two Gaussians, and
Gaussian process fields. Curves show the means, and shaded regions denote 95% confidence intervals over shared evaluation scenarios.

A. Experimental Setup

The workspace V is a 30 x 30 grid with Ny .« = 5 agents.
To model spatially heterogeneous information, we weigh grid
cells according to a probability distribution. We consider a
uniform field, a mixture of two isotropic Gaussian components,
and a positive log-Gaussian process field generated using a
separable radial basis function (RBF) kernel. Cell weights
remain constant throughout each experiment. All methods
are evaluated with the same cell weights and initial agent
positions.

The global state s; contains the active-agent set N, the
current agent positions, and the accumulated coverage set
Chist = 2;11 Cr(Ak; si), which records all cells sensed
before the action at time ¢. The complete coverage history is
maintained by the environment for state transitions and utility
evaluation but is not directly available to individual agents
during decentralized execution. Each agent observes only a
local encoding of the coverage status described below.

Each agent receives a discrete local observation o; ;. It
contains: 1) the index of the agent’s current 6 X 6 region in
a partition of the workspace into 25 regions; 2) the relative
positions of at most two nearest active neighbors within the
communication radius 7., = 2; 3) the states of the agent’s
current cell and its four axially adjacent cells, where each
cell is classified as already covered or outside the workspace,
uncovered with low information density, or uncovered with
high information density; and 4) the agent’s previous action.
Thus, an agent observes only nearby coverage and neighbor
information, rather than the complete coverage history or the
positions of all agents.

At each step ¢, active agent ¢ € N; selects a motion action
a;: € A; = {idle, left, right, up, down}, which determines its
next position. Let D;(a;¢;s:) denote the sensing region of
agent ¢ after applying action a;; at state s;, which includes
all cells within Chebyshev distance 7., = 1 from the agent’s
new position. Hence, D;(a; ; s;) forms a 3 x 3 neighborhood
and determines the information collected by agent <.

The cells sensed as a result of executing A, at state s; are

Ci(Ai;s0) = | Dilaissse). (78)
ie./\[t
Let CMs¢ = (JZ" Ci(Ag; si.) denote all cells covered before

the action at time ¢. We define the stage utility as the weighted

information collected from uncovered cells:

Ft(At;St) = Z

vECy (At ;St)\cyiff

p(v), (79)

where p(v) > 0 is the weight of cell v € V. Utility Fy(+; s¢)
is a normalized, monotone, and submodular set function over
the active agent-action ground set {2, satisfying Assumption 1
[25], [41]. We measure performance as the weighted coverage

ratio
ZUGC?iSt p(’l})
Z'UGV p(U) .

We compare our proposed algorithm SubMAPL (Algo-
rithm 1) with four benchmarks.

CovRatio; = (80)

MA-SPL [17]: a policy-based continuous-extension method
that employs a submodular surrogate gradient, a minimum-
marginal-gain correction, neighbor consensus, and Euclidean
projection.

MA-OSEA [11]: a multilinear-extension method based on
curvature-aware surrogate gradients, neighbor consensus, uni-
form mixing, and a projection-free KL update.
REINFORCE [42]: a tabular return-based policy-gradient
method trained using the global newly covered information
as the stage reward.

OSG [2]: acentralized online greedy method that sequentially
selects one action for each agent according to their current
marginal coverage gains following a fixed order.

SubMAPL and REINFORCE are trained in a closed-system
setting for 3000 episodes with horizon 7" = 100 steps. Each
evaluation trajectory has length 7" = 2000. MA-SPL and MA-
OSEA are initialized with uniform policies and perform their
native online updates throughout the evaluation horizon. At
each time step, OSG processes the active agents in a fixed
order, and each active agent greedily maximizes F; over the
active agent set at each step t. A complete communication
graph is used for MA-SPL and MA-OSEA. SubMAPL does
not perform inter-agent communication or consensus during
decentralized execution. Each agent instead locally observes
the relative positions of at most the two nearest active agents
within communication radius of r¢om = 2.

For the methods trained in the closed-system setting, each
agent retains its finite-logit policy table while inactive and
restores it upon reactivation. We use five training seeds and five



TABLE II: Normalized areas under the coverage curves in the
open-system evaluation. Higher values indicate faster overall
information acquisition.

Mixture of tWo Gaussian

Method Uniform Gaussians process Average
SubMAPL 0.966 0.960 0.963 0.963
MA-SPL 0.939 0914 0.918 0.924
MA-OSEA 0.843 0.775 0.831 0.816
REINFORCE 0.377 0.499 0.487 0.454
OSG 0.917 0.873 0.850 0.880
%
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Fig. 3: Performance under random agent participation on the
Gaussian-process field. Top: coverage ratios of the five methods.
Bottom: the active-agent profile shared by all methods, reported as
the mean with 95% confidence intervals over five shared evaluation
scenarios.

evaluation scenarios. For SubMAPL and REINFORCE, results
are first averaged over training seeds within each evaluation
scenario. The curves report averages across the five evaluation
scenarios, and the shaded regions delimit 95% confidence
intervals.

B. Results

We first evaluate performance under mild changes in the
active agent set \V;, and then conduct a stress test with strongly
time-varying agent participation.

1) Main Comparison: In the main comparison, all five
agents are active for ¢ = 0,...,699, three agents are tem-
porarily unavailable for ¢ = 700,...,1299, and all five are
active again from ¢ = 1300. Fig. 2 compares the five methods

TABLE IlI: Performance under the random agent participation
on the Gaussian-process information field.

Normalized Final 95% coverage Mean
Method area coverage  successes To.95
SubMAPL 0.887 0.999 5/5 580
MA-SPL 0.844 0.989 5/5 904
MA-OSEA 0.683 0.894 0/5 -
REINFORCE 0.338 0.444 0/5 -
OSG 0.665 0.714 0/5 -

The normalized area is the area under the coverage-ratio curve normalized by
the evaluation horizon. Tp.95 denotes the first time step at which the coverage
ratio reaches 0.95 and is averaged only over successful scenarios. The mean
normalized-area advantage of SUbMAPL over MA-SPL is 0.043, with a 95%
confidence interval of [0.009,0.078].

under the same open-system profile. SubMAPL achieves the
fastest overall information acquisition in all three landscapes.
Table II reports the normalized areas under the coverage curves
for all five methods. SubMAPL achieves the largest area in
every information-density landscape, with an average normal-
ized area of 0.963, compared with 0.924 for the strongest
competing method, MA-SPL. This advantage indicates that
SubMAPL acquires information more rapidly throughout the
evaluation horizon.

The online optimization baselines exhibit different transient
behavior. OSG initially acquires information rapidly by se-
lecting actions from current marginal gains, but its sequential
myopic decisions eventually plateau below complete coverage.
MA-OSEA improves after the active population is restored at
t = 1300, especially in the nonuniform fields, but remains
slower than MA-SPL and SubMAPL. REINFORCE is sub-
stantially slower and shows the clearest loss of progress during
the interval with only two active agents. The results support
the benefit of combining this categorical relaxation with full
local-action marginal feedback and KL-mirror policy updates
in the tested open-system coverage task.

2) Open-system Robustness: We next evaluate the trans-
ferability of the closed-system trained policies under stronger
stochastic variation in agent participation. The experiment
uses the Gaussian process field. One agent remains active
throughout the evaluation horizon, whereas each of the other
four agents is active over a randomly generated contiguous
time interval. All methods are evaluated under the same active-
agent schedule within each evaluation scenario.

Fig. 3 shows that SUbMAPL achieves the fastest cumulative
information acquisition despite substantial changes in both the
size and composition of the active-agent set. Table III shows
that SubMAPL achieves the largest normalized area and the
highest final coverage. Both SubMAPL and MA-SPL reach
0.95 coverage in all five scenarios, but SubMAPL reaches this
level considerably earlier, with a mean hitting time of 580
steps compared with 904 steps for MA-SPL.

SubMAPL reuses observation-conditioned local policy ta-
bles learned before deployment and restores the correspond-
ing policy whenever an agent becomes active. Therefore, it
avoids restarting the decision process after each change in
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participation. MA-SPL continues to adapt online, but its slower
transient response reduces the information accumulated early
in the finite horizon. These results indicate that the learned
SubMAPL policies remain effective under substantial random
changes in the size and composition of the active-agent set,
without deployment-time policy updates.

VIl. CONCLUSION

This paper studied decentralized policy learning for open
multi-agent task allocation with monotone submodular team
utilities. We introduced the partition multilinear extension
(PME) as a policy-based continuous representation of the
expected stage utility induced by factorized categorical poli-
cies and developed SubMAPL, a KL-mirror policy-learning
method using the stochastic local gradient as feedback over
each agent’s feasible action set. We showed that this feedback
provides unbiased PME coordinate-gradient information and
that the KL-mirror update is exactly equivalent to an addi-
tive logit update under tabular softmax parameterization. We
established open-system approximation-regret guarantees and
finite-horizon performance bounds. Numerical experiments on
information coverage showed that SubMAPL policies remain
effective under random changes in agent participation and out-
perform online submodular-coordination and policy-gradient
baselines. Future work will consider richer communication
constraints, neural policy approximation, and long-horizon
value-aware objectives.
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