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ABSTRACT

Many applications of language models hinge not on individual samples but on the
expectation of a test functional under the model. Estimating such expectations
reliably can be computationally expensive. In this paper, we show how to make
estimation more efficient by exploiting the next-token conditional probabilities
which are available as a by-product of sampling. We do so through potentials:
real-valued functions on prefixes that decompose the test functional additively. We
construct an estimator whose variance depends on the chosen potential, and derive
conditions under which a potential reduces this variance. We then develop practical
potentials for several estimands and applications, and demonstrate substantial
variance reductions across several estimands at comparable computational cost.

) Code Repository

1 INTRODUCTION

A language model is a probability distribution over strings. The most common application of such a
model is to generate free-form text from a prompt (Radford et al., 2019; Brown et al., 2020). However,
for some applications, the quantity of interest is not the sample itself but rather the expectation of a
test functional under the model. For instance,

* In reinforcement learning from human feedback, proximal policy optimization (PPO; Schulman
et al., 2017) regularizes the policy by penalizing its Kullback—Leibler divergence from a reference
model (Christiano et al., 2017; Stiennon et al., 2020; Ouyang et al., 2022), a divergence that is
itself an expectation under the policy.

* In Al safety, one is often interested in the probability that a model emits a harmful or otherwise
undesirable output (Jones et al., 2025; Angell et al., 2026).

* In distillation, one fits a simpler surrogate, such as an n-gram model, to a large language model by
matching expectations such as the cross-entropy under the teacher (Hinton et al., 2015; Agarwal
et al., 2024).

* In language-model watermarking, one may be interested in the probability that a generated text
is detected as watermarked; that can be viewed as an expectation under the model’s distribution
(Kirchenbauer et al., 2023).

* In interpretability, distributional functionals quantify how much a given context shifts a model’s
predictions (Pezeshkpour, 2023; Du et al., 2024; Stoehr et al., 2024).

More precisely, given a language model p and a test function f, we wish to compute the expectation
of f under p. Unless p and f exhibit exploitable structure', this expectation must be approximated.
Monte Carlo methods offer a well known approach: sample strings, evaluate f on them, and average
the results. Drawing independent strings directly from p yields the standard Monte Carlo estimator;
drawing instead from a proposal distribution and reweighting by the corresponding likelihood ratio
yields importance sampling. These estimators are unbiased but can have high variance, so achieving
a desired level of precision may require generating many samples at substantial computational cost.

"When p is a probabilistic finite-state automaton (Rabin, 1963) or a probabilistic context-free grammar
(Booth & Thompson, 1973) and f is additively decomposable, one can compute such expectations with dynamic
programming (Eisner, 2002; Li & Eisner, 2009; Zmigrod et al., 2021).
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In this paper, we introduce a variance-reduction framework that exploits the next-token distributions
computed as a by-product of sampling. The idea is to write f as an additive decomposition of
token-level increments along the string and to replace each increment with its conditional expectation
given the prefix, taken over the next token. Applied to an existing unbiased estimator, this procedure
always preserves unbiasedness while making the variance depend on the decomposition. The choice
of decomposition is thus the central design choice in the framework.

For a given f, we parametrize the family of its additive decompositions using potentials: real-valued
functions on prefixes. We borrow this construction from potential-based reward shaping in
reinforcement learning, where potentials redistribute rewards along a trajectory to facilitate learning
(Ng et al., 1999). Here, we repurpose potentials to redistribute the function value over marginalizable
token level increments and refer to the resulting estimator as the potential estimator.

We first show that there exists an oracle potential yielding a zero-variance estimator. Since it is
generally intractable, we derive an exact criterion for when an arbitrary potential reduces variance.
We then use the oracle potential to guide potential design: when f has known additive structure, we
use components of the oracle potential that can be computed directly from f; for arbitrary functions
over strings, we approximate the oracle potential by learning it from samples. In general, given a
set of candidate potentials, we introduce a potential-selection procedure that preserves unbiasedness
while using the full sample.

Our experiments demonstrate substantial gains in statistical efficiency across four applications and
several estimands. For losses and divergences, simple potentials reduce variance in all tested configu-
rations, yielding up to 17x the effective sample size of Monte Carlo. Their gradient counterparts also
improve on Monte Carlo in every evaluated comparison, with variance reductions of up to 89%. For
expected n-gram counts and frequencies, our estimator produces even larger gains: about 99% lower
variance than Monte Carlo after accounting for computational cost (median over targets with lower es-
timation uncertainty). For non-additive event probabilities, approximations to the oracle potential are
also effective: our estimator reduces the variance of watermark-detection estimates by a median 36%,
while learned potentials selected through nested cross-fitting reduce the variance of the importance-
sampling estimator introduced by (Dorman et al., 2026) by a median 12%. In the latter experiment,
this corresponds to approximately 900,000 additional baseline generations. Overall, our results
establish potential design as a practical strategy for improving expectation estimates after sampling,
across both direct Monte Carlo and importance sampling. We discuss related work in App. A.

2 EXPECTATIONS UNDER AUTOREGRESSIVE LANGUAGE MODELS

2.1 LANGUAGE MODELS

Let X be a finite, non-empty set of symbols, and let EOS ¢ ¥ be a distinguished terminal symbol. A
string is a finite sequence of symbols from X. Let X* denote the (countably infinite) set of all such
strings. For y,y’ € X*, we write y = y’ when v’ is a prefix of y, and y’ < y when y’ is a strict
prefix of y.

A language model p is a probability distribution over complete strings taking values in X*, i.e.,
p € A(X*), where A(X) denotes the set of all probability distributions over a countable set X'. We
write Y ~ p for a random string drawn from p, so that Y > wy is the event that Y extends y. For any
distribution p, we use the following notation for the prefix probability of a string y € ¥*, which
gives the marginal probability that a string sampled from p extends y:

) EPrY =yl = > py2). 0]

zex*

The conditional prefix probability is then 5(z | y) £ Pr[Y = yz | Y = y] = ply z)/p(y), and
we extend (- | y) to the terminal symbol EOS by (EOS | y) £ p(y)/p(y). Whenever 5(y) = 0,
we use the convention that (z | y) & 0 for every z € ¥ and §(E0s | y) ¥ 1, so that 7(- | y)
remains a valid conditional distribution over ¥ U {EOS}. Using the conditional prefix probabilities,
the probability of any string y = y1 -y}, € L™ under a language model admits a left-to-right
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autoregressive factorization:

ly|
p(y) = p(E0s | y) ] #lun | y<n), @)

n=1

where Y., & y1 - yn_1. Bach p(- | y<n) in Eq. (2) is a probability distribution over ¥ U {EOS}.

2.2 PROBLEM STATEMENT

Let p € A(X*) be a language model and let f: 3* — R be a real-valued test function. We study
the problem of estimating

0L Eylf(V)] =Y p(w)f(y), 3)
yexr*

assuming throughout that € is finite. For modern language models, this expectation is rarely available
in closed form. The string space ¥* is countably infinite, and summing exactly over all strings is
generally infeasible. A standard solution is to approximate such expectations using Monte Carlo
methods. We review the canonical Monte Carlo estimator and importance sampling in the remainder
of this section. In the next section, we introduce potential-based estimation, an additional estimation
stage that can reduce the variance of these estimators after generation by reusing the sampled strings
and the model’s next-token distributions retained at sampling time.

2.3 MONTE CARLO ESTIMATION

The most direct estimator of 6 is an empirical average over sampled strings. We assume throughout

the paper that E, [ f(Y)2] < 0o andlet YV, ..., Y () "% ,  The Monte Carlo estimator and its
pap P
variance are

M
~ 1
Busc ar 1 Z FOY™) Var,(fuc) = i (B, [F(YV)?] - 6%). “)

Because the samples are drawn i.i.d. from p and @ is finite, 51\/{0 is unbiased, IE[@MC] = f. Moreover,

the strong law of large numbers guarantees that §Mc is strongly consistent: it converges almost surely
to @ as M — oo (Owen, 2013; Robert & Casella, 2004).

2.4 IMPORTANCE SAMPLING

Importance sampling estimates an expectation under p using samples from a proposal distribution
q. Assume that g(y) > 0 whenever p(y)|f(y)| > 0. For y € ¥*, define f,(v) & p(y)f(y)/q(v)
when ¢(y) > 0, and f,(y) £ 0 otherwise. Then 6 = By, [f(Y)] = Ey~q[f(Y)].

Thus, for M independent samples Y (V) ... | Y (M) Sy q, the importance-sampling estimator is
simply the Monte Carlo estimator of f; under g, such that

9 def 1 M p(Y(m))
BTM 2 (Y m)

FO), - Vary(@is) = 7 (Bl(Y ) = 07) ®)

This estimator is unbiased for every such proposal distribution g, but its variance may be lower or
higher than that of fy;¢ in Eq. (4) (Robert & Casella, 2004; Owen, 2013). Its variance is small
when the weighted contribution % f(Y") varies little under g. When E,[|f(Y)|] > 0, the variance-
minimizing proposal is ¢* (y) & p(y)|f(y)|, which assigns probability in proportion to each string’s

absolute contribution to the expectation and makes the magnitude of the weighted contribution
constant. Proposition 3 makes this precise.
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3  ESTIMATING EXPECTATIONS WITH POTENTIALS

We seek to construct a lower-variance estimator by exploiting the target model’s next-token distribu-
tions along sampled strings, which are already computed when sampling from p or evaluating p(Y")
for importance weighting under a proposal ¢g. For notational simplicity, we assume ¢ = p throughout
this section; the general case ¢ # p is given in App. B.5 (Potentials under a Proposal).

3.1 ADDITIVE DECOMPOSITIONS OVER PREFIXES: POTENTIALS

Our construction begins with a potential, a prefix-level function (E : 2% — R assigning a real value to
each prefix. We use its increments over successive prefixes to define token-level contributions along
each sampled string. Spemﬁcally, for the fixed test function f, we define the increment operator A,

which maps a potential (;5 to its increment function A(b given by

Ada|y) © dlya) —dy) (a€X),  Ag(EOS |y) = f(y) — d(y). (6)

For notational ease, we write A¢(a | ) for [Ad](a | y), and use the same convention whenever an
operator acts on a function. Using this notation, given the random string Y~ ~ p and its length |Y|,
we can rewrite f(Y') as

Y]
FY)=6(e) + Y AG(Yi | Yer) + Ad(EOS | Y). @)

t=1

This representation expresses f(Y) as a sum of random token-level increments A¢(Y; | Y<;) along
the sampled string Y. At each realized prefix y.;, we already have the next-token distribution
P(- | y<+), which provides the probabilities needed to compute the next increment’s conditional
expectation by averaging over possible next tokens. In the next subsection, we show how such
expected value can be used for variance reduction.

3.2 THE POTENTIAL ESTIMATOR

We use the Bellman operator to map a potential to its expected value over the next token:

(v) =Y ila|y) dya) + jE0s | y) f(y). ®)
acX

The expected potential increment at prefix y is then
BAG(y) £ Bapiiy) [A0(A | y)] =Bd(y) - d(y). ©)
Substituting these expectations in Eq. (7) gives the following estimator.

Definition 1 (Potential estimator). Let YV, ... Y (M) E~ p. Given a potential 5 define

o _} M Y™ |41 . 1 Y |+1 .
9(¢) é (b Z Z BA¢ Y(m )’ Varp(e( )) = MV&IP Z BA¢(Y<t>
t=1

(10)
The inner sum includes the final prefix Y (™), at which EOS is drawn.

We assume that the sum of potential increments along a sampled string has finite second moment.
Under this condition, the estimator is unbiased (Proposition 4), while its variance depends on the
choice of potential. This raises the natural question of when a potential reduces variance, and how
much reduction is possible. We answer this question in the next proposition, which identifies a zero-
variance potential, which we call the oracle potential, and characterizes exactly when an arbitrary
potential improves on the unbiased baseline.

Proposition 1 (Oracle potential and variance comparison). The oracle potential, defined on prefixes
of positive probability, satisfies

~

FY) =B (Y)Y =y — 0 =0, Var,(8(5) =
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Let 5* be any unbiased baseline estimator under p. For every fixed potential ¢_>:

- ~ ~

Varp(@‘\( ) < Varp(é\*) <= Cov, (5*,5* —6(¢)) > %Varp (5* —6(9)).

Despite the above condition need not hold for a chosen potential, we can exploit the unbiasdness of

~ o

67* and 0(¢) to build a control-variate estimator with variance equal or lower than 6,.

Definition 2 (Potential control-variate estimator). Given a potential gi? and an unbiased baseline
estimator 0, define
0(6,0) €0, —a(b. —0(¢)), acR (11)

The coefficient o controls the contribution of the correction. Setting o = 0 recovers the baseline
estimator, while o = 1 recovers the potential estimator. As is standard for control variates, we choose
this coefficient to minimize variance. The next proposition gives the optimal choice.

Proposition 2 (Unbiasedness and optimal coefficient). For every fixed potential 5 and fixed coefficient
a, the estimator is unbiased: E,[0(¢, a)] = 6. If both 0. and 0(¢) have finite second moments and

Var, (9* — 9(¢)) > 0, the variance-minimizing coefficient satisfies

~ -

. _ Covy(8..0. —6(4))
Var, (6, — 9((5))

If the difference has zero variance, the two estimators agree almost surely, and the choice of coefficient
has no effect.

= Varp(g(q;, o)) < Varp(g*). (12)

Having characterized the role of the potential and the optimal coefficient, we next turn to their practical
construction and estimation. In the next section, we describe how to design and select potentials and
estimate parameters such as a* from the same samples, without sacrificing unbiasedness.

4 POTENTIAL DESIGN IN PRACTICE: APPLICATIONS AND EXPERIMENTS

In this section, we show how to construct potentials across several estimands and applications, and ask
whether the resulting potential estimators achieve lower variance at comparable computational cost.
Depending on the structure of f, we follow one of two complementary approaches: we either exploit
known additive structure to derive a potential analytically, or learn a potential from data. We present
three applications in the main text and a fourth in App. C.1 (Analysis of Watermark Detection).

4.1 ESTIMATING PROPER LOSSES, DIVERGENCES, AND GRADIENTS

We estimate seven losses frequently used in lan-

guage model training and evaluation along with TABLE 1: ENTROPY

their gradients: entropy (Dai et al., 2018; Braver- fY) = —logp(Y)

man et al., 2020), KL divergence (Schulman ¢ (z) = —log p(x)

et al., 2017; Ouyang et al., 2022), Brier loss p(Y)

and power-score regrets (Shao et al., 2024) with T Ep {7 log (@) ' Y= 4
exponents § € {1.25,1.5,1.75,2}. 3(x) = —log plz)

A = — log p!
Defining a potential analytically using the dl(a | 2) ogpla] @)

function value at the observed prefix. AG(EOS | ) = — log p(EOS | @)
The above losses and their gradients have a natu-

ral additive structure over prefixes; for any such

function, the value of the function at each observed prefix yields a potential. Tab. I illustrates this for
entropy. For a complete string y = @, the chain rule splits — log p(y) into a prefix term — log p(x)
and a continuation term — log(p(y)/p(x)), which includes termination. The oracle potential adds
the expected continuation term to the prefix term; keeping only the prefix term thus approximates
the oracle potential by its observed component. Here the increments are the per-token surprisals
—log p(a | ) (with a final increment at EOS), which are computed during sampling anyway, so the
potential is free. We define the potentials for the other quantities and their gradients in the appendix:
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App. C.2.1 gives those for KL divergence, the Brier loss and the power-score regrets (Tab. 7 to 9),
and App. C.3.1 those for the gradients (Tab. 14).

For KL, our potential estimator coincides with that of Amini et al. (2025); we reproduce their
experiment in App. C.2.4 (Reproducing Amini et al. (2025)). We still include KL in our evaluation
because their claimed variance ordering relative to Monte Carlo does not hold in general, as shown by
Proposition 1 and the counterexample in App. C.2.4. Across all quantities and gradients, we therefore
test how consistently the estimator reduces variance and whether fitting the control-variate coefficient
provides additional gains.

4.1.1 EXPERIMENTS AND RESULTS

(a) variance ratio per quantity (b) Dk, ratio vs. estimated Dk, (¢) cross-fitted control variate
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Figure 1: Variance reduction in the proper-loss experiment (lower is better). (a) Variance ratio of the potential
estimator to Monte Carlo across power scores (8 — 1 gives Dk1,); entropy and Brier are shown on the right.
Each series is one policy—reference pair (see Tab. 10): solid lines are the four main policy—reference pairs
and dashed lines are consecutive Gemma-2 SPPO pairs. (b) For Dk, variance ratio against the estimated
Dx1.(p||q), with one colored marker per pair and grey markers for individual prompts from all pairs. The
shaded regions indicate prompts below and above the Monte Carlo variance. (¢) Variance ratio of the cross-fitted
control-variate estimator to the potential estimator; hollow markers use the full-sample oracle coefficient.

The potential estimator reduces variance in every configuration, by up to 17x in effective
sample size. We evaluate the estimator on eight configurations from three post-training families
(full details in App. C.2.2, Experimental setup). Across all 56 pair—quantity combinations, the
potential reduces variance relative to Monte Carlo (Fig. 1a), with ratios between 0.058 and 0.987 and
every bootstrap upper bound below one. These correspond to effective sample-size multipliers of
1.01x-17.3x.

The gains are largest when the policy and reference are close. The variation across policy—
reference pairs is larger than across estimands. For KL at horizon 256, the variance ratio is 0.86 on
GPT-2 IMDb, 0.77 on Tiilu-3, and 0.32 on Gemma-2, dropping to 0.06-0.11 between consecutive
Gemma SPPO iterations (equivalent to 9.1x—16.7x the Monte Carlo sample size). The same pattern
appears across prompts: smaller KL is associated with larger variance reductions (Fig. 1b).

Variance reduction holds for the vast majority of prompts, but not all of them: Monte Carlo has
lower variance on 1.5% of all 4,096 prompts, including 12.3% of Tiilu-3 prompts (95% interval 9.6%—
15.2%). This provides empirical evidence that the general KL variance ordering of Amini et al. (2025)
does not hold universally; Fitting the control-variate coefficient yields ratios of 0.86—1.00 relative to
the untuned potential estimator (Fig. 1c); among KL prompts where the potential estimator increases
variance, fitting o lowers the median variance ratio relative to Monte Carlo from 1.134 to 0.974.

App. C.3 repeats the comparison for the gradient of each estimand with respect to the policy parame-
ters along a DPO trajectory of the GPT-2 sentiment policy: early in training, the potential removes
most of the gradient variance; when it helps little on its own, fitting the control-variate coefficient
recovers substantial gains.



Preprint

4.2 ESTIMATING EXPECTED COUNTS AND FREQUENCIES OF N-GRAMS

We next study expected counts and frequencies of word n-grams, i.e., contiguous sequences of
n words. These statistics arise in applications such as model distillation (Suresh et al., 2021;
Krishnan et al., 2023) and computational psycholinguistics (Opedal et al., 2024; Kiegeland et al.,
2026). More broadly, n-gram counts are one instance of a general class of functions f(Y) =
#{occurrences of substring w in Y}, encompassing quantities such as the number of forbidden
keywords in a string, unsafe API calls, or other keyword-based patterns emitted by a model.

Designing potentials that marginalize over multiple future tokens. We start by observing that,
for any target substring w € ¥*, the count function f admits two natural decompositions:

w,t — w,t w,t —
t t

f(Y)= Z zond = Z ztert Z2 = 1{w ends at t}, Zyit = 1{w starts at t}.

.. . TABLE 2: SUBSTRING COUNTS, LOOKAHEAD OCCURRENCE POTENTIAL
The Z&*4 decomposition yields

a potential that is completely de- F(Y) = #{occurrences of win Y }

termined by evaluating f at pre- | f(Y) =30, Zauw"'s Zuw' = Zui + Zupi ™"

fix z. Its expected increment, ¢ (z) = E, [ZL‘:’{ Z8t |y - w}

however, is nonzero only at pre- = an

fixes that already match}t,he Eub— O@) = 2 ijal Er [Zw’t | Yeu = 2]

string up to its final token, so Ad(a|a) =Ep[Zui | Y<e = za], t=|z|+1
marginalization is useful only at AG(EOS | ®) = 30,1, (Zih — EplZi | Y<il) + 32, Zuoie™
those few prefixes.

By contrast, Z5!*'" is generally
still unobserved at the current prefix. We therefore replace it by its full conditional expectation—the
probability that the occurrence starting at that position is eventually completed—and take the cumula-

tive expected count over starting positions as the potential. In practice, we marginalize over the canoni-

cal tokenization w = (w1,...,wy,) withw; € ¥ and L £ |w|. At each sampled prefix, this requires L

additional token evaluations: the remaining target tokens after the next token, plus the word boundary.
Thus, if C' denotes the cost of generating one sample from model p, the additional marginalization
cost is O(LC). Including generation gives a total per-target token-evaluation cost proxy of (L + 1)C.

Tab. 2 gives the mathematical definition of the potential using Z5t** and its increments. This example
illustrates the flexibility of the telescoping construction in Eq. (7): the potential may marginalize only
a selected component of f—here, occurrences under the canonical tokenization—while the terminal
increment recovers the remainder, so the decomposition still equals f exactly at termination.’

4.2.1 EXPERIMENTS & RESULTS

Setup. We construct 7,647 word n-gram targets (n = 1,...,6) from the English texts of MECO
(Siegelman et al., 2022), with canonical tokenization lengths ranging from 1 to 10 tokens. We ask
whether the potential estimator that uses the potential defined in Tab. 2 reduces variance at comparable
computational cost with MC, and how the gains vary with target rarity;

For each target, we estimate its expected count and frequency (the ratio estimator of Eq. (29),
App. C.4.1) from 4,000 GPT-2 samples using the potential estimator. We estimate the Monte Carlo
variance from an independent 4 x 10%-sample bank drawn from the same model. We then report the
cost-adjusted variance ratio p.(w) (Eq. (30), App. C.4.2), scaling the potential-estimator variance by
the per-target cost proxy L,, + 1 and the Monte Carlo variance to 4,000 samples. Thus, p.(w) < 1
indicates lower variance at equal cost under this proxy.

To measure target rarity independently, we estimate each target’s frequency from a separate 2 x 106-
sample bank. We report frequency results here because they are easier to interpret, and defer count
results to App. C.4; both show the largest gains for rare targets. The appendix also reports results for
the simpler observed-prefix potential (§4.1), which provides virtually no variance reduction.

*In this application, part of the terminal increment has expectation zero under p and can therefore be dropped
without changing the estimator’s expectation, yielding A@(EOS | ) = >, Zy 1.
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Figure 2: Cost-adjusted variance ratio p.(w) for n-gram frequency estimation. (a) Empirical cumulative
distribution over 3,700 targets with bootstrap RSE at most 2, with approximate 95% log-ratio confidence bounds.
(b) Variance reduction versus estimated frequency for the 2,831 targets with at least 25 expected occurrences in
the independent frequency bank. (c) Fraction of targets whose frequency estimate reaches each RSE threshold,
grouped by token length, at the same sample size M = 4,000 for both estimators. Dashed parity lines in (a—b)
mark equal variance at equal cost under the proxy; in (c), line styles distinguish RSE thresholds.

Half the retained targets reach equal variance on at most 1.3% of the Monte Carlo compute.
Panel Fig. 2a reports the cost-adjusted variance ratio p, for the 3,700 of 7,647 targets estimated with
relative standard error at most 2, with bootstrap 95% confidence intervals. The median ratio is 1.24%,
and 74.7% of targets require at most 10% of the Monte Carlo compute. Using the upper confidence
bound instead gives a median of 2.56%, with 95.6% of targets still below parity. This shows that the
efficiency gains remain substantial even under a conservative treatment of uncertainty.

At the same sample size ()M = 4,000), the potential estimator yields substantially more precise
frequency estimates, with 79.7% of targets reaching RSE < 20% and 96.5% reaching RSE < 50%,
compared with 11.4% and 19.0% for Monte Carlo (see Fig. 2c). The gap grows with token length:
for targets of length 4 or more, Monte Carlo almost never reaches RSE < 50%, whereas the potential
estimator does so for at least 90% of targets in every length group. For L., > 7, Monte Carlo does
not observe any target even in the 4 x 10%-sample reference bank, while the potential estimator gives
a finite estimate for all of them.

4.3 EVENT ANALYSIS WITH LANGUAGE MODELS

Dorman et al. (2026) introduce a framework for estimating event probabilities over any function
using an importance-sampling estimator: they sample from distributions tilted toward different
function values and reweight the resulting trajectories to estimate probabilities under the original
language model. Given a function f on strings, they partition its range into intervals D; and
estimate the probability that f(Y") falls in each interval. The corresponding event indicators are
fi(Y)=1{f(Y) € D;}. We augment their estimator of E,[f;(Y")] with potentials for f;.

Learning potentials from samples. We note that these indicators need not admit a useful additive
decomposition over prefixes. A simple baseline is the terminal potential, which assigns zero to
unfinished prefixes and the indicator value f;(Y") at the string termination. To exploit information
from earlier prefixes, we instead learn an approximation to the oracle potential: the conditional
probability that f;(Y") = 1 given the observed prefix. Each sampled prefix «;, i = 1,... , B, is paired
with its trajectory’s outcome f;(y;), ¥; = x;. Using prefix features &(x) € R?, we fit a predictor’

g;(-;m): RY — [0, 1] with parameters 17 € R™. We can define the potential
6i(w;n) = g;(E(@):m) = & (x) = Pry[f;(Y) = 1| Y = 2], (13)

Unbiased estimation with learned potentials. Fitting and evaluating potentials on the same
samples can introduce bias. We avoid this through K-fold cross-fitting (Chernozhukov et al., 2018):

3When trajectories are obtained through importance sampling as in this application, we weight each prefix’s
prediction loss by its trajectory’s importance weight, so that fitting targets conditional event probabilities under
the original language model.
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each potential is trained on the other folds and evaluated on the held-out fold. Averaging the fold-
specific estimates preserves unbiasedness under independent sampling and exact importance weights
(when needed), while using all samples.

Potential selection with nested cross-fitting. Different potentials may achieve different variance
reductions, motivating data-driven selection. However, selecting a potential on the same samples
used for estimation can introduce bias (Varma & Simon, 2006). We therefore use nested cross-fitting
(Cawley & Talbot, 2010): for each held-out fold, we select the potential through inner cross-validation
on the remaining data, then apply it to the held-out fold. We detail this procedure in Alg. 1.

4.3.1 EXPERIMENTS & RESULTS

Setup. We replicate the main experiment of Dorman et al. (2026), estimating the distribution of
the Automated Readability Index (ARI; Eq. (31)), a sequence-level readability score, over texts
generated by TinyStories-8M. Here f = ARI. During sampling, we additionally retain the next-token
distributions for subsequent potential fitting and evaluation. We consider three candidate potentials:
the terminal potential, which marginalizes over the final token, and two learned potentials based on a
simple logistic regression and a mixture model, respectively. We defer their details to App. C.5.2
(Potential definitions). We also include a control-variate variant of the terminal potential with a
learned coefficient «, giving four candidates, among which we select using nested cross-fitting with
K = 5 outer folds. Throughout, we refer to the original estimator of Dorman et al. (2026) by the
acronym MBAR. MBAR uses estimated weights and is asymptotically unbiased under its regularity
assumptions (Shirts & Chodera, 2008); we do not claim exact finite-sample unbiasedness for this
experiment.

Learned potentials reduce variance by ~12%, equivalent to ~0.9 x 10° additional MBAR
samples.

Tab. 3 summarizes the variance ratio of each potential

estimator relative to MBAR; lower values indicate a  Estimator Var. ratio vs. MBAR [95% CI]
more efficient estimator. Theole'arned pqtentials give o celection 0.88 [0.86. 0.91]
the largest reductions: the logistic and mixture-model o minal 0.92 [0.90, 0.94]
potentials attain median variance ratios of 0.90 and  Terminal, o 0.92 [0.90, 0.95]
0.87, respectively, and nested selection attains 0.88,  Logistic 0.90 [0.86, 0.91]
closely matching the best individual candidate. The  Mixture model 0.87 [0.84, 0.90]

terminal potential gives a smaller but still consistent
reduction, with a median ratio of 0.92. It exploits
cases where membership in a bin D; is determined
only at the final token.

Table 3: variance relative to MBAR, me-
dian over the 64 populated ARI bins; 95%
intervals from 1,000 paired bootstrap repli-
The experiment uses N = 6.68 x 10° generations, cas. Full version in Tab. 19.

matching the original experiments. Assuming variance

scales inversely with sample size, the median ratio of 0.88 corresponds to an MBAR budget requiring
0.9 x 10% more generations than our potential estimator. We used only CPUs for potential estimation,
as detailed in App. C.5.4 (Compute costs and additional results).

5 CONCLUSION

We introduced a general framework for reducing the variance of expectation estimates under au-
toregressive language models using next-token distributions available as a by-product of sampling.
By repurposing potentials from reinforcement learning, we construct an unbiased estimator whose
variance depends on the chosen potential. Across several estimands and applications, we showed
how practical potentials can improve statistical efficiency at comparable computational cost. More
broadly, our results establish potential design as a general strategy for constructing lower-variance
estimators under language models.
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Al USE STATEMENT

In this work, we used generative Al tools to provide feedback on research methodology and ex-
perimental design, assist with the interpretation of experimental results, and help check and refine
mathematical statements and derivations. Additionally, we used generative Al tools to assist with
software development, and drafting and editing portions of the manuscript for clarity, structure,
and readability. Al-assisted text and code were reviewed and verified by the authors. We take
responsibility for the final content of this work, including text, claims, and artifacts produced with the
aid of generative Al
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LIMITATIONS

Our framework has several limitations. First, variance reduction depends on the choice of potential.
Although the oracle potential yields zero variance under direct sampling, practical potentials only
approximate it and are not guaranteed to improve over the baseline for every individual prompt. The
control-variate formulation provides a safeguard against poorly chosen potentials, although estimating
its coefficient or selecting among learned potentials requires cross-fitting to preserve unbiasedness.
Thus, the strong performance of the potentials studied here should not be interpreted as implying that
arbitrary potentials will yield similar gains.

Second, the computational advantage depends on the cost of evaluating the potential. In several of
our applications, the required quantities are already available during sampling or can be computed
relatively cheaply, whereas more elaborate potentials may require additional model evaluations
or fitting. At the same time, this tradeoff suggests a natural direction for future work: designing
potentials that achieve stronger variance reduction while remaining computationally inexpensive.

Third, our approach requires access to the model’s next-token probability distribution along sampled
prefixes. It therefore applies directly when logits or token probabilities are available, but not to
black-box generation APIs that expose only sampled outputs. Finally, our empirical conclusions are
necessarily limited to the estimands, models, and experimental configurations considered here; the
magnitude of the variance reductions may differ in other settings.

A RELATED WORK

Importance sampling and sequential Monte Carlo for language models. Several methods reduce
variance by modifying the sampling distribution to favor events of interest and correcting through
importance weighting (Angell et al., 2026; Dorman et al., 2026). For example, Boyd et al. (2022)
combine query-specific importance sampling with beam search to estimate probabilities of sequence
events. Sequential Monte Carlo (Del Moral, 2004) and its twisted variants (Whiteley & Lee, 2014)
have also been applied to controlled generation (Lew et al., 2023; Zhao et al., 2024; Loula et al.,
2025) and rare-event estimation (Liu et al., 2026). In such methods, a rwist assigns a nonnegative
weight to each prefix, guiding sampling and resampling toward prefixes judged more likely to
produce the desired outcome. For event-probability estimation, the optimal twist weights each prefix
according to the probability that completing it under the original language model will satisfy the
event. It is therefore proportional to our oracle potential gz_S'*, which represents the same conditional
probability (Zhao et al., 2024). Our framework uses prefix potentials to construct additive, zero-mean
corrections that enable variance reduction after sampling, exploiting the next-token distribution
created at generation. We demonstrate its complementarity with importance sampling by augmenting
the importance sampling estimator of Dorman et al. (2026), who sample from exponentially tilted
sequence distributions using Markov chain Monte Carlo.

Conditional Monte Carlo, Rao-Blackwellization, and control variates. Replacing a finite-
variance estimator by its conditional expectation cannot increase its variance, the principle underlying
conditional Monte Carlo (Hammersley, 1956) and Rao—Blackwellization (Robert & Casella, 2004;
Owen, 2013). For KL estimation under language models, Amini et al. (2025) replace each sampled
token log-likelihood ratio by the exact KL divergence between the next-token distributions at the
sampled prefix, and derive an analogous gradient estimator. Although their KL estimator is unbiased,
the variance-reduction guarantee in their Theorem 2 does not hold in general: averaging individual
token contributions can alter their covariances and increase the variance of the sum. Our framework
recovers their KL estimator as a particular choice of potential and extends the construction to arbitrary
test functions, explicitly distinguishing unbiasedness from variance reduction. The difference between
a potential estimator and any unbiased baseline defines a zero-mean control variate (Owen, 2013). This
correction preserves unbiasedness for any fixed coefficient, while the population-optimal coefficient
yields variance no greater than that of the baseline.

Potentials and reward shaping in reinforcement learning. Potential-based reward shaping in
reinforcement learning uses changes in a function of the state to redistribute rewards while preserving
optimal policies (Ng et al., 1999; Wiewiora, 2003). Value functions, which predict future rewards,
provide natural potentials: the resulting shaped rewards measure prediction errors and are used in
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generalized advantage estimation (Schulman et al., 2015). Our construction uses the same telescoping
principle, with text prefixes as states and the test function’s value as the terminal reward. We then
average the potential increments over the next-token distribution to construct unbiased expectation
estimates after sampling. The ideal potential predicts the expected terminal reward given each prefix;
its averaged increments vanish, yielding our zero-variance oracle (Proposition 1).

B ADDITIONAL PROPOSITIONS AND PROOFS

Throughout, Y ~ p denotes a single sampled string, |Y'| its length excluding EOS, and Y. its prefix
of length ¢ — 1, so that Y<1 = ¢ and Y |y |41 = Y. All expectations are assumed finite.

B.1 IMPORTANCE SAMPLING AND THE OPTIMAL PROPOSAL

Proposition 3 (Importance-sampling variance and optimal proposal). Let q be a proposal satisfying
q(y) > 0 whenever p(y)|f(y)| > 0, and let 015 be the importance-sampling estimator of Eq. (5).
Then Eq [915] =0 and

" 1
Var, (Bis) = — 3 PO W) o) (14)
yer*

Terms with q(y) = 0 are read as zero. If E,, | f(Y)| > O, the variance is minimized uniquely by

¢ (y) = Zm7 Vargs (é\IS> = %((EP |f(Y)|)2 o 92)7 (15)

and the minimum is zero if and only if f has constant sign on the support of p.

Proof. The summands of 515 are i.i.d., so it suffices to treat M/ = 1. Using the support assumption,

Y
E, [g’gyi (Y)} = Y ™) = S s =0

y:q(y)>0 9(y) yex”

where the middle equality uses that p(y) f(y) = 0 whenever ¢(y) = 0. The same computation for
the second moment gives E,[(p(Y) f(Y)/q(Y))?] = Zyp(y)zf(y)Q/q(y) which yields Eq. (14).

def

For the optimal proposal, write ¢ = ]Ep |f(Y)| = >_, p(y)|f(y)|. By the Cauchy-Schwarz inequal-
ity applied to the vectors (p(y)|f(y)|/v/q ) and (\/ ))y over the support of ¢,

2 (N~ PW) Ify\ P(y)*f(y)* _ NP )’
¢ _(Ey: Vo) \/(J(?J)) S%: ) zy:q(y) zy: W

Hence Var,(f1s) > (¢* — 6%)/M for every admissible ¢, with equality if and only if the two vectors
are proportional, that is, ¢(y) = p(y)|f(y)|/c = ¢*(y) on the support of ¢; since ¢* sums to
one, equality forces ¢ = ¢*. Substituting ¢* into Eq. (14) confirms the value in Eq. (15). Finally,
2 —0%=(c+10|)(c—|6]) > 0 because c = E, |f(Y)| > | E, f(Y)| = |6], with equality if and
only if f(Y') has almost surely constant sign under p. O

B.2 UNBIASEDNESS OF THE POTENTIAL ESTIMATOR

Proposition 4 (Unbiasedness and Variance). Let (E be any potential whose increments are absolutely
summable in expectation, Ep[ |Y‘+1 |AG(Y; | Y.)|| < oc. Then the potential estimator of
Eq. (10) is unbiased: ]E,,[Q((b)} = 9.

Proof. Tt suffices to treat M = 1. Write T & |Y'| + 1 for the index of the EOS step, so that the event
{t < T} is determined by Y.: it holds exactly when Y., has not yet been terminated. For each ¢,
conditioning on Y. and using that Y; ~ p(- | Y<;) on this event,

Ep[1{t < T} AG(Y; | You)] = Ep[1{t < T} E[AG(Y: | Yer) | Yoil| = B [1{t < T} BAG(Y<y)],
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by Eq. (9). Absolute summability lets us sum over ¢ inside the expectation on both sides, giving

~ -

Ey [i AG(Y: | Yeo)| = Ey {i BAG(Y=)| = B, [0(9)] - d(e).

t=1
The left-hand side equals E,[f(Y)] — 5(5) — 0 — () by the telescoping identity Eq. (7), which
proves the claim.

O

B.3 PROOF OF PROPOSITION 1

Proof of Proposition 1. Oracle potential. For a prefix y with p(y) > 0, the oracle potential is the
continuation value
- 1

9" (y) =Eplf(Y) Y = y] = )

> ply2) f(y2),

zeX*

which is finite whenever |, | f(Y')| < oo. In particular ¢*(¢) = 6. Splitting the continuation z
according to its first symbol gives the one-step recursion

¢*(y) = > pla|y)d*(ya) + p(EOS | y) f(y), (16)

a€x

where terms with (e | y) = 0 are read as zero. The right-hand side is precisely B¢* (y), so the
expected increment of Eq. (9) vanishes at every prefix of positive probability:

BAG*(y) = Bo*(y) — 6" (y) = 0.

Every prefix Y<(T) visited by a sampled string has positive probability, so all inner sums in Eq. (10)
vanish and
M Y™+

W) =G+ > S 0=
m=1 t=1

pathwise. A constant has zero variance, which proves the first claim.

Variance comparison. Writing 8($) = 6, — (8. — 8($)) and expanding,

Var, (6(4)) = Var,(8.) + Var, (6. — 8(3)) — 2Cov, (6., 6, — (¢)).

o~ -

Therefore Varp(é\(c;)) < Varp(a*) holds if and only if Varp(é\* —0(¢)) < 2Covp(§*, 6, — é\( ))s
which is the stated condition. O

B.4 PROOF OF PROPOSITION 2

Proof of Proposition 2. Unbiasedness. By linearity,

Ep[0(6, )] = Epl0.] — a(Ep[0.] — E,[0(3)]) = 0 — (6 — 0) =6,

using that 01 is unbiased by assumption and 6(¢) is unbiased by Proposition 4.

~ -

Optimal coefficient. Write D &y, — 6(¢). Since both estimators have finite second moments,
Var, (6(6, @) = Var, (6, — aD) = Var,(6,) — 2a Cov,(., D) + o Var,(D).  (17)

When Var, (D) > 0, this is a strictly convex quadratic in «, minimized where its derivative vanishes,

a Var,(D) = Cov,(B,, D), that is, at o* = Cov,(0,, D)/Var,(D) as in Eq. (12). Substituting a*

into Eq. (17),

Cov,(0,, D)?
Var, (D)

n Var,(D) = 0, D is almost surely equal to its mean, which is zero by unbiasedness, so

a) = 5* almost surely for every a. [

Var, (5((5, o)) = Varp(é\*) - < Varp(é\*).
\/?\Vhe
0%,
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B.5 POTENTIALS UNDER A PROPOSAL

We now drop the assumption ¢ = p of §3. Let ¢ be a proposal with respect to which p is absolutely
continuous, so that ¢(y) = 0 implies p(y) = 0, and let YU ... Y (M) sy q. The potential

construction remains unchanged: given a potential ¢, we first form the corresponding single-sample
potential estimator under the target distribution p, and then apply the usual importance weight to
account for sampling from gq.

Definition 3 (Importance-weighted potential estimator). Let YV, ..., Y M) " 4 Given a potential
¢, define

|Y(7n)‘+1

w 1 Y<m 3 m
Ois(3) & Zp Z BAG(Y) | . (18)

TYL_

The next proposition is the counterpart of Proposition 1 under a proposal.

Proposition 5 (Unbiasedness and variance under a proposal). Let gg satisfy the summability condition
of Proposition 4, and assume that 01s(¢) has a finite second moment. Assume that 01s(@) has a finite
second moment. Then E,[01s(4)] = 6. Moreover, for the oracle potential,

~ - 2 ’
Var, (61s(¢")) = OM ZZ]((Z;J)) -
yer*

In particular, if 0 # 0, the oracle potential yields zero variance if and only if ¢ = p.

Proof. Unbiasedness. 1t suffices to treat M = 1. By a change of measure,

5 (3 p¥) [ N aas
Eql01s(0)] = Eq | To | 6(6) + > BAG(Y<y)
oY) t=1
[Y]+1
=Ep [6(e)+ > BAG(Y)| =0,
t=1
where the last equality follows from Proposition 4.
Variance. By Proposition 1,
[Y'|+1
+ ) BAG*(Yoy) =0
t=1

almost surely under p. Hence,

MVar, (6is(6*)) = Var, (2239)

_p2 p(Y)? .

(= ) 1)

oy rw?
s (C)
Finally, ,
p(y)* _

5. ) - yg*p“” -

with equality if and only if ¢ = p. Thus, when 6 # 0, the variance is zero if and only if g = p. [
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~ o

The control-variate estimator of Def. 2 is formed with the baseline 6, = ;5 and 0(¢) replaced by
Ois(9). X o

Ois(6,0) 2 s —a(fis —b1s(9)), a€eR. (19)
The proof of Proposition 2 uses only the unbiasedness and finite second moments of the two estimators,
so it applies verbatim: 515(5, «) is unbiased for every «, and at o* its variance is at most that of @\Is.

C ADDITIONAL ANALYSIS AND EXPERIMENTAL DETAILS

This appendix collects the setup behind the experiments of §4: the models and prompt banks, the
target-construction protocols, the generation configurations, and the supporting figures and tables.
One subsection per application, in the order of §4.

C.1 ANALYSIS OF WATERMARK DETECTION

A language model watermark embeds a statistical signal in generated text while preserving the
model’s intended task. Watermark detection then aims to reliably assess whether a text of a given
length was generated by a watermarked model. We use the scheme of Kirchenbauer et al. (2023):
at each generation step, a pseudorandom green list G(x) C X is determined from the prompt and
generated prefix @, and the logits of tokens in this set are increased by a bias §. Let v denote the
fraction of the vocabulary assigned to the green list, m the generation length, and o o my(1 — 7).

Detection then counts the number of generated tokens that fall in their respective green lists and
standardizes this count,

Y G —m e
WMo =2m =y 2 41 v, e ava), 20)
declaring the string watermarked when this exceeds a prescribed threshold 7, equivalently when

Y|¢ > ym + 7o.

C.1.1 ESTIMANDS AND POTENTIAL DEFINITIONS

TABLE 4: EXPECTED WATERMARK SCORE TABLE 5: PROBABILITY OF WATERMARK DETECTION
fY) = (Yo —ym)/o F¥) = {[Y]o = ym + 70}

lzz|lc = |z|c + || not additive in the prefix

¢* (@) = (|zlc + Epl|Z|c | Z = @] —ym)/o | ¢"(x) = Pry[[Y]|c > ym+70|Y - ]
$(x) = (|@lc —ym)/o (@, q) = Pr[Bin(m — ||, q) > k()]
Ad(a] @) = H{a € G(@)}/o Ad(a | @,9) = dwa,q) — o(@,q)
Ag(EOS |2) =0 Ap(EOS | x,q) =0

At a fixed prompt and generation length, two expectations characterize the detector. The expected
score B, [(|Y | —ym)/o| measures how strongly the watermark registers on average; the detection
probability Pr,[|Y | > ym+r70] is the detector’s true-positive rate, and is the quantity a deployment
actually cares about. The two behave differently under our framework. The score has an additive
structure over prefixes (Tab. 4) so the value of the function at the observed prefix is itself a potential,
exactly as for the losses of §4.1. The detection indicator is not additive in the prefix, so it admits no
such decomposition and must instead be approached by approximating the oracle potential, as in the
event analysis of §4.3. Here that oracle potential is the conditional probability that the detector will
eventually fire.

Detection probability: analytical approximation of the oracle potential. For the detection
probability a natural analytical approximation of the oracle potential is available. Write k(x) =
ym + 170 — |x|g for the number of green tokens still needed at the prefix x. If the remaining
m — |x| tokens were green independently with a common rate ¢, the detector would fire with
probability Pr[Bin(m — |x|,¢) > k(x)], which is the potential of Tab. 5. It depends on the single
parameter ¢, which we fit globally for each length m by cross-fitting on 10 folds of the continuations:
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(a) binomial potential and green-count paths (b) variance ratio across regimes
64 =
‘:i‘& ] binomial ¢, o 0=1
©oygd 0 0.5 1 (2) -------- terminal potential ® 6=2
g — trajectory is detected R (. Monte Carlo ¢ 6=5
8 — trajectory is not detected £ < 14+
© 32_ ZH=sE= >
[n} S~
8 S
B 16 § 0.5
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0 16 32 48 64 0.001 0.1 0.5 09 0.999
step ¢ detection probability 7

Figure 3: Panel (a) shows how sampled trajectories update the green-token count over 64 generation steps. Red
trajectories are those whose final green-token count exceeds the detection threshold, while black trajectories
remain below it. The background encodes the potential’s assigned probability of eventual detection at each
step and green-count state, with white indicating probability zero. Red trajectories tend to pass through higher-
probability regions, whereas black trajectories concentrate in low- or zero-probability regions. Panel (b) shows
the variance reduction at different detection probabilities

the ¢ applied to one fold is the average green-list mass of the other nine, pooled over prompts.
Computing this potential requires no additional model evaluations, as it uses only the green-list mass
> aeG(z) Pla | @) from the already-computed next-token distribution.

C.1.2 EXPERIMENTS AND RESULTS

Setup. We use the same setup of Kirchenbauer § m median  [pio, poo]  worst prompt
et al. (2023), with green-list fraction v = 0.5 and 1 32 0471 [0.413. 0.564 0.907
logit biases § € {1,2,5}. For each configuration, 64 0.513 [0.460, 0.597 0.894
we generate 4,000 continuations per prompt from Jos 0501 f0.008, 0.077 098
OPT-1.3B for 512 prompts from C4 RealNewsLike, :

. : . 2 32 0538 [0.471, 0.631 0.836
using temperature 0.7. We evaluate continuation 64 0584 [0.520 0.671 0.876
lengths m € {32,64, 128,200} and detector thresh- 128 0.644 [0.583, 0.748 0.925
olds 2 € {3,4,5}. 200 0.699 [0.629, 0.818 0.962

) 5 32 0.722 [0.608, 0.807 0.922
For each of the two estimands, we compare the as- 64 0.743 [0.665, 0.817 0.960
iated potential inst Monte Carlo. For th 128 0.790 [0.725, 0.867 0.993
sociated potentials against Monte Carlo. For the 200 0837 [0.776. 0.910 0.996
watermark-detection probability, we also include the
baseline terminal potential, i.e., the corresponding ~ o

Table 6: Per-prompt variance of 6(¢) against

observed-prefix potential for non-additive functions: Monte Carlo, 512 prompts.

zero at every nonterminal prefix and equal to the
function value at the terminal prefix.

Detection probability: the binomial potential removes about 44% of the Monte Carlo variance
when detection is uncertain, but little once it saturates. Fig. 3(b) shows the variance ratio
between the potential estimator and MC for each prompt and configuration (J, m, zg). Across the
14,366 pairs for which detection is not deterministic, the median ratio is 0.64, corresponding to a 36%
reduction in variance. Since variance scales inversely with the number of samples, this is equivalent
to reaching the precision of 4,000 Monte Carlo samples with about 2,560 samples, without additional
model evaluations. The gain is largest when detection is uncertain: for 0.001 < 7 < 0.5, the median
ratio is 0.56, corresponding to a 44% reduction. It decreases as detection saturates, reaching a median
ratio of 0.97 for 7 > 0.99. Overall, 92.7% of pairs improve over Monte Carlo, with similar behavior
across 9, m, and zg. The terminal potential, by contrast, remains close to Monte Carlo, with a median
ratio of 0.973.

Fig. 3(a) gives intuition for the variance reduction. From early in generation, trajectories that are
eventually detected overlap with regions of positive potential, whereas undetected trajectories lie
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mostly in the white region where the potential is zero. Thus, the potential already contains information
about the final detection outcome long before the trajectory ends.

Expected score: every prompt improves, by 16-53% depending on 6 and m. Tab. 6 gives the
per-prompt variance relative to Monte Carlo over the 512 prompts. The median ratio rises from 0.471
atd =1,m = 32t0 0.837 at § = 5, m = 200: the marginalization helps most when the watermark
is weak and the continuation is short, the regime in which a single green indicator carries the most
conditional variance. The spread over prompts is narrow, the p;9p—pgo width never exceeding 0.21,
and every one of the 512 prompts lies below Monte Carlo in all twelve cells, the worst single prompt
reaching 0.996. We also cross-fit a control-variate coefficient on top of but observe that it buys almost
nothing here: across the twelve cells the variance against 0((5) stays within 0.991-0.998 and the
median prompt within 0.994-1.000.

C.2 LOSSES AND DIVERGENCES: DETAILS AND FURTHER RESULTS
C.2.1 POTENTIAL DEFINITIONS

Below we give the potential tables for the losses and divergences of §4.1; the corresponding gradients
are in App. C.3. Continuation sums include termination, with Y}y-| {1 = 2|41 = EOS.

TABLE 7: KL DIVERGENCE
p(Y)

F(Y) =log ==+ TEST FUNCTION
/ oY) !
o* (x) = log ggm; +E, [log p(Y)zEz; ‘ Y - :1:] | oracLE PoTENTIAL
z plx)
¢(x) = log = POTENTIAL

(2) i) |
Ad(a | x) = log _‘(a [2) | INCREMENT (a € %)

la | @)
A¢(E0S | x) = log p(EOS [ @) | Eos INcREMENT
B f(zos | =)

BAG(z) = DxL(p(- | ) || (- | =)) | ExPECTED INCREMENT

TABLE 8: BRIER LOSS

f(Y) = Zt ZBGEU{EOS} (ﬁ(b | Y<t) - 1{b = Y;f})z

Ad(a] @) = 3 esugmon (P | 2) = H{b =a})” =1 - 25(a | ) + 3, cnuqron PO | 2)°
f(@z) = d@) + Y7 Ad(z | wz<r)

&' (x) = d(@) + B, [ 2], AdYi | Yeo) | Y = 2]

O(®) = 3 1c 1 AS(@1 | 1)

AG(E0S | @) = 1 — 2(E0S | @) + 3, e i gros PO | @)°

BAg(z) =1— > besugeos; PO | ®)

TABLE 9: POWER-SCORE REGRET, EXPONENT 3

JOY) = 2 [BA0G | Yeo) '™ = @0 | Yer) ™) = (B— 1) Thesigeos (B0 | Y<)* = @b | Yer))|

Ag(a | ) = B(Fla| )’ " —qla] )" ") — (B—1) P yenuiros (PO | )7 — db | 2)7)

f(@z) = (@) + 7T Ad(z | wz<r)
& (@) = 3lw) + B, [ L] A6 | Yar) | Y = a

(@) = 3 iciw) AP (@ | T<t)

Ag(E0s | @) = B(p(E0s | 2)° ' — q(E0s | )7 1) — (B — 1) 3, cpupros, (P | 2)” — 30 | 2))

BAG(®) = Ypesoquos [P0 | 2)7 = B3t | 2) alb [ @)~ + (5= Dl | @)"]
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Entropy is the same construction with A¢(a | ) = —logp(a | «), shown in Tab. 1. The four
power-score regrets use [ € {1.25,1.5,1.75,2}; as 8 — 1 the per-token term, divided by 8 — 1,
tends to the KL term of Tab. 7.

C.2.2 EXPERIMENTAL SETUP

We evaluate the losses and divergences on eight configurations, each defined by a sampling policy, a
reference model, and a generation horizon (Tab. 10). These cover seven distinct policy—reference
pairs: the GPT-2 sentiment pair is evaluated at two horizons, one of 50 tokens that reuses the setting
of Amini et al. (2025) for reproducibility, and one of 256 tokens to match the longer window used for
all other models. Model repositories are listed in Tab. 11.

Shared sampling protocol. Each configuration uses 512 prompts and B responses per prompt,
with B specified in Tab. 10. Responses are drawn by ancestral sampling at temperature 1, without
top-k or top-p filtering, using fp32 precision. Generation stops at EOS or the specified horizon.

Table 10: Policy-reference banks of the proper-loss experiment. Labels are those used in the figures;
p is the sampling policy and g the reference; model names are resolved in Tab. 11. All banks have
512 prompts and B responses per prompt.

bank prompts sampling policy p reference ¢ horizon B
IMDb-256 IMDb prefixes gpt2-imdb + DPO gpt2-imdb 256 4000
IMDb-50 IMDb prefixes same policy gpt2-imdb 50 4000
Tiilu-3 AlpacaEval 2 Tulu-3-8B-DPO  Tulu-3-8B-SFT 256 100
Gemma It3 vs ItO  AlpacaEval 2 SPPO-Iter3 gemma-2-9b-it 256 100
Gemma Itl vs [tO AlpacaEval 2 SPPO-Iterl gemma-2-9b-it 256 100
Gemma It2 vs ItO  AlpacaEval 2 SPPO-Iter2 gemma-2-9b-it 256 100
Gemma It2 vs It1 AlpacaEval 2 SPPO-Iter2 SPPO-Iterl 256 100
Gemma It3 vs It2 AlpacaEval 2 SPPO-Iter3 SPPO-Iter2 256 100

GPT-2-imbd + DPO: policy training. We train the policy p ourself, following the setting of Amini
et al. (2025). The reference ¢ is gpt2-imdb; we obtain the policy p by fine-tuning it for positive
sentiment with direct preference optimization (DPO) on 5,000 IMDb training reviews. Training
prompts are 2—8-token prefixes. Four sampled responses per prompt form six response pairs, with
preferences determined by distilbert-imdb. We train for one epoch (938 steps), using Sppo = 0.1
and a learning rate of 3 x 1076,

GPT-2 sentiment: evaluation prompts. We select 512 reviews from the IMDb test split using
a fixed seed. For each review, we draw a prefix length uniformly from {2, ..., 8} and retain the
corresponding GPT-2 token IDs as the prompt. We draw 4,000 responses per prompt at a primary
horizon of 256 tokens and a control horizon of 50 tokens, using the same policy and reference in both
configurations.

Chat models: policy-reference comparisons. For Tiilu-3, we compare the published DPO policy
with its SFT reference. For Gemma-2, we use the three published SPPO iterations, denoting the
initial instruction model by iteration 0. Comparing iterations 1, 2, and 3 with iteration 0 measures
accumulated drift. We additionally compare iteration 2 with 1 and iteration 3 with 2 to examine local
drift between successive updates.

Chat models: evaluation prompts. The chat-model configurations use 512 instructions from the
805-instruction AlpacaEval 2 set. Instructions are rendered with the corresponding model’s chat
template; within each policy—reference pair, both models receive identical token IDs. Each prompt
receives 100 responses, with a horizon of 256 tokens.
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Table 11: Model repositories (Hugging Face) for the names used in Tab. 10.

model repository

gpt2-imdb lvwerra/gpt2-imdb

gpt2-imdb + DPO trained by us from lvwerra/gpt2-imdb (recipe above)
distilbert-imdb (DPO preference judge) lvwerra/distilbert-imdb

Tulu-3-8B-SFT allenai/Llama-3.1-Tulu-3-8B-SFT
Tulu-3-8B-DPO allenai/Llama-3.1-Tulu-3-8B-DPO

gemma-2-9b-it (SPPO Iter0) google/gemma-2-9b-it

SPPO-Iterl UCLA-AGI/Gemma-2-9B-It-SPPO-Iter1

SPPO-Iter2 UCLA-AGI/Gemma-2-9B-It-SPPO-Iter2

SPPO-Iter3 UCLA-AGI/Gemma-2-9B-It-SPPO-Iter3

C.2.3 ADDITIONAL RESULTS

Variance reduction across quantities. Fig. 4 extends the magnitude—variance comparison of
Fig. 1(b) to all seven quantities. For each quantity, it relates the variance ratio to the estimated
magnitude of the quantity, showing both configuration-level aggregates and individual prompts.

KL divergence power-score regret, B = 1.25 power-score regret, B=1.5 power-score regret, B =1.75
1 X 1 1 1
o LN
(@) A R\
¢ 5 ‘
¢ + ¥ o +
s v O]
o 01 A 0.19 i 0.19 5 0.19 o
T 3 % it
3
>
0.01 o 98.5% of prompts below, 0.01 5 99.0% of prompts below, 0.01 5 99.6% of prompts below, 0.01 5 99.9% of prompts below,
1.5% above 1.0% above 0.4% above 0.1% above
1072 107'  10°  10' 102 107t 10° 10t 1072 107t 10° 10? 1072 107t 10°  10%
estimated Dy (p | q) estimated regret, B=1.25 estimated regret, B=1.5 estimated regret, B =1.75
power-score regret, B =2 entropy Brier loss
1 1 e 1
& @ IMDb-256
A w»
2 ® ! = IMDb-53
@ 3 4 Talu-3
g P 1t3]1t0
= 0.1 v 0.1 0.17 1t1]It0
S g’ + 12|10
«D x 1t2|It1
g - I3It2
one prompt (all banks)
0.01 o 99.9% of prompts below, 0.01 o 99.8% of prompts below, 0.01 o 99.8% of prompts below,
0.1% above 0.2% above 0.2% above
v v T T T T T T T T T
107 1072 107! 10° 10! 10° 10! 10? 10° 10! 102
estimated regret, B =2 estimated entropy H(p) estimated Brier loss

Figure 4: Variance reduction as a function of quantity magnitude for all losses and divergences in the proper-loss

experiment. Each panel shows the variance ratio Varp(a(q_&')) / Varp(gMc) against the estimated magnitude
of the quantity, with one colored marker per policy-reference bank and grey points for individual prompts.
For KL and the power-score regrets, variance reduction becomes stronger as the policy—reference divergence
decreases, with this dependence becoming more pronounced for larger 8. Entropy and Brier loss instead remain
comparatively close to the Monte Carlo baseline across banks.

Prompt-level behavior and control variates. Tab. 12 summarizes the per-prompt variance ratios
of the potential estimator and its cross-fitted control-variate variant relative to Monte Carlo. It also
reports separately the prompts on which the potential alone increases variance, showing how fitting
the control-variate coefficient changes their ratios and how often it brings them below one.
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5((5) VS. §MC §(<5, a*) vs. IH\MC prompts with Varp(§($)) > Varp(gMc)
quantity median [IQR] % < 1 median [IQR] % <1 n gl(e(f) me[g's%%lo]‘*) % < 1
Dk, 0.204 [0.061, 0.503] 98.5 0.204 [0.061, 0.482] 99.5 63 1.134 0.974[0.945,0.990] 65.1

regret 5=1.25 0.202 [0.063, 0.441] 99.0 0.193 [0.063, 0.436] 99.8 40 1.083 0.951[0.932,0.973] 77.5
regret 5=1.5 0.164 [0.063,0.400] 99.6 0.160[0.063,0.396] 99.9 15 1.058 0.935[0.891, 1.044]  66.7
regret 5=1.75 0.142[0.062,0.365] 99.9 0.141[0.061, 0.363] 999 4 1.190 1.080[0.925,1.102] 25.0
regret f=2 0.131 [0.060, 0.330] 99.9 0.129[0.060,0.329] 99.9 3 1.125 1.040[1.009, 1.043] 0.0
entropy 0.633 [0.509,0.796] 99.8 0.630[0.498,0.792] 99.5 10 1.047 1.090[1.050, 1.096] 0.0
Brier loss 0.694 [0.545,0.903] 99.8 0.698[0.543,0.903] 99.5 9 1.040 1.059[1.024,1.080] 0.0

Table 12: Per-prompt variance ratios for the losses and divergences experiments, pooling all eight

~ o

model pairs. We compare the potential estimator #(¢) and its cross-fitted control-variate variant

-~ o

5(5, a*) against Monte Carlo. The rightmost columns restrict attention to prompts for which 6(¢)
has higher variance than Monte Carlo and show how often the control variate reduces the ratio below
one.

C.2.4 REPRODUCING AMINI ET AL. (2025)

We first reproduce the KL-estimation experiment of Amini et al. (2025) using our sentiment-tuned pol-
icy and compare against the estimators considered in their paper. Their term-wise Rao—Blackwellized

~ -

estimator is recovered as 6(¢), corresponding to a unit coefficient on the associated zero-mean cor-
rection. We reproduce its variance reduction over Monte Carlo (Tab. 13). Fitting the control-variate
coefficient reduces variance further: at M = 1, the standard deviation decreases from 2.05 to 1.90.
Thus, the unit coefficient is not in general variance-optimal.

std. dev.
estimator mean M=1 M=5 M=10
V% 6.60 332 149 1.05
HT 6.69 3.32 1.49 1.05

Schulman CV, a =1 6.47 35.67 1595 11.28
Schulman CV, fited v 6.36  11.44  5.11 3.61

-,

0(3) 669 205 092 065
(¢, 0*) 669 190 0.85 0.60

Table 13: Reproduction of the KL-estimation experiment of Amini et al. (2025): mean estimate
and empirical standard deviation (nats) at sample sizes M = 1,5, 10, over 512 prompts with 4,000
samples each. The mean does not depend on M. Lowest standard deviation per column in bold.

Counterexample to the variance guarantee of Amini et al. (2025). Theorem 2 of Amini et al.
(2025) claims that their term-wise Rao—Blackwellized estimator never has larger variance than Monte
Carlo. Consider language models p and ¢ supported on length-two strings, with

plax) =p(bx) = 5,  qax) =q(bx) =,  q(bz) = 3,

and zero probability elsewhere. Under p, log % = log 2 for both possible strings, so Varp(gMc) =

~ -

0. Their estimator, corresponding to 6(¢) in our notation, instead equals % log % or % log % + log 3
with equal probability. It remains unbiased, but

~ -

Var,(6(¢)) = 1(log3)* > 0= Varp(gMc).

-,

This also follows directly from Proposition 1: since é\MC is constant, Covp(é\Mc, é\MC — @\(qﬁ)) =

0< %Varp(gMc — 8(3)), so the condition for variance reduction fails. Accordingly, Proposition 2
gives a* = 0, whereas the estimator of Amini et al. (2025) corresponds to o = 1.
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C.3 GRADIENTS OF LOSSES AND DIVERGENCES

C.3.1 POTENTIAL DEFINITIONS

Let w € RY denote the parameters of p, and write V Y Ve, holding ¢ fixed. The original test
function f is scalar-valued, whereas its gradient with respect to w is d-dimensional. This gives the
vector-valued test function

fe(Y)EVY)+ f(Y)Viegp(Y) € RE 1)

The first term differentiates the function value for a fixed string, while the second accounts for the
change in its sampling probability. Under standard regularity conditions,

VE (V)] = Eplfv(Y)]. (22)
Gradient estimation therefore fits our framework by applying the potential estimator to fy coor-

dinatewise. Given a scalar potential d_; for f, we define the corresponding vector-valued gradient
potential

by (z) € Vi(z) + ¢(z) Viog plz) € R (23)

Replacing ¢ by ¢* gives the corresponding oracle gradient potential.
Because the next-token probabilities in B also depend on w, the expected gradient increment satisfies
BAy(z) = VBAG(z) + BAG(x) V log jlx). (24)
We extend the operators A and B to vector-valued potentials coordinatewise. Tab. 14 gives the

resulting constructions for the losses in Tab. 1 and 7 to 9. For KL, BAgz_S'(a:) is the KL divergence
between the next-token distributions, recovering the local gradient expression of Amini et al. (2025).

TABLE 14: GRADIENT OF A LOSS, V E, [f(Y)]

oY) =VHY)+ f(Y)Viegp(Y) | TesT FuncTiON

Ad_;v(a | 2) = VAG(a | ) + Ad(a | ) Vlog jlza) | INCREMENT (a € %)
+ ¢(@) Vlogpla | x)

fv(xz) = Vo(x) + d(x) Vlog plx) | FuncTioN sTRUCTURE

+V[f(xz) - ¢(x)] + [f(22) — ()] VIogp(x=)

+ ¢(x) Viogp(z | @)

by (x) = Vo' (2) + ¢* (x) Vlog jlax) | oracLE PoTENTIAL
by (@) = Vo(x) + d(x) Vlog plx) | PoTeNTIAL

A _‘v (EOS | &) = VAG(EOS | &) + AG(EOS | @) V log p(x) + ¢(x) V log H(EOS | ) | Eos INcREMENT

BA _‘V (x) = VBAG(x) + BAg(x) V log () | ExPECTED INCREMENT

C.3.2 CONTROL-VARIATE COEFFICIENT FOR VECTOR-VALUED FUNCTIONS

For the gradient we need to fit a global control-variate coefficient when the function value lies in R¢.
We describe the construction for a general vector-valued test function f: ¥* — R? with a potential

J; : ¥* — R?, both read coordinatewise. Let §MC, 6 (J;) € R? denote the Monte Carlo and potential
estimators for one trajectory, and define the zero-mean correction

D% 0yic — 0(S). (25)
As in Proposition 2, we use a single scalar coefficient, here shared across all d coordinates:
0(¢,a) € Oyc —aD. (26)

Thus, a = 0 recovers Monte Carlo and o« = 1 the potential estimator. We choose « to minimize the
total variance tr Var, (6(¢, o)), giving

. tr COVp (é\MCa D) Ep Ké\MC B Ep [é\MC]’ D - EP[D]>] (27)
o = = .
tr Var, (D) Ep[[|D — Ep[D]|3]
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Given sampled trajectories indexed by prompt ¢ and response j, we estimate this globally as

Z <9(w) 51\/107 Did) —D>
>, D@ D

a= (28)
where the bars denote means over all trajectories. The coefficient is therefore shared across prompts

and coordinates. For the gradient experiments we take f = fv and 5 = ¢_;V from App. C.3.1, with
d the number of policy parameters.

C.3.3 EXPERIMENTS AND RESULTS

Marginalization reduces gradient variance across all 135 defined quantity—checkpoint com-
parisons. We repeat the comparison for the gradient of each quantity with respect to the policy
parameters along a DPO training trajectory of the GPT-2 sentiment model (Fig. 5). We evaluate 20
checkpoints using 512 prompts and 20 responses per prompt, and measure the variance of a gradient
estimator 8 by tr Var,(@). Across all 135 quantity—checkpoint comparisons, the potential estimator
0((].7;V) reduces variance relative to the centered Monte Carlo gradient 8y;c, with variance ratios

tr Var, (6(¢y))/ tr Var, (Byc) between 0.11 and 0.98.

The gains are largest early in training. The gains are largest early in training and generally decrease
as training progresses. For example, the KL gradient retains 35% of the Monte Carlo variance at
step 50 and 92% at step 938, while the 3 = 2 regret retains 11% and 65%, respectively. Among the
power-score regrets, larger 5 consistently yields larger reductions at every checkpoint.

Fitting o further improves gradients for entropy and Brier score. For some gradients, the

control-variate estimator 8(gy, a*) provides an additional gain over 8(y ). The unit-coefficient

estimator 0($V) alone barely improves the entropy and Brier gradients, with variance ratios of
0.97-0.98. Their fitted coefficients are substantially larger, o* = 5 for entropy and a* = 11 for Brier,
reducing the ratios to 0.91 and 0.86. For the power-score regrets, by contrast, * remains close to
one (0.66-0.99), and fitting it provides at most about a further 3% reduction.

(a) gradient variance ratio (b) cross-fitted control variate () fitted coefficient a*
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> = 0.944 Vi 5]
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[RSY 4 > =
- [ O R
S 024 4 ﬁKLl(f;) - S 0904 N\ B e
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Figure 5: Gradient estimation along a DPO trajectory of the GPT-2 sentiment policy (checkpomts every 50
steps; the variance of an estimator 8 is tr Varp(e) over the 512 x 20 responses). (a) Variance of 9(¢v) relative
to the centered Monte Carlo gradient BMC, one series per quantity (regrets darker for 1arger [3; undefined at step
0). (b) Variance of the cross-fitted control-variate estimator §($v, *) relative to 0(¢’v) (¢) The cross-fitted
coefficient, mean over 8 prompt folds with the range as band; o* = 1 recovers B(QSV) Bands in (a) and (b) are

95% prompt-cluster bootstrap intervals; one training run and one seed.
C.4 n-GRAM COUNTS AND FREQUENCIES
C.4.1 DEFINITION OF FREQUENCY ESTIMATOR

For n-gram statistics one is often interested in the frequency of a target rather than solely its expected
count. Let f(Y') = #{occurrences of w in Y } be the count, the test function of Tab. 2, and N,,(Y")
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the number of word n-gram slots in Y, i.e., the number of positions in the decoded text of Y at
which n consecutive words occur (for n = 1, the number of words). Here a word is a maximal run
of ASCII letters, and consecutive words must be separated by a single space, so punctuation ends

an n-gram. The frequency of a substring w made of n such words is fpr < E[f(Y)]/ E[N,(Y)].
Since every slot holds exactly one n-gram, the counts of all word n-grams of order n sum to N,,(Y"),
s0, as a function of w, fpg is the marginal distribution over word n-grams of order n. We estimate it
with the ratio estimators

~ -

-~ e é\MC -~ 7\ def (¢)

GFR d:f M 3 9FR(¢) = M 5 (29)
where 0y and g(gz;) are the Monte Carlo and potential estimators of E[f(Y)] built from Tab. 2,
and the denominator is the Monte Carlo estimate of E[V,,(Y")] over the same M generations. Ratio
estimators are biased at finite sample size, but the bias vanishes asymptotically under standard
regularity conditions (Cochran, 1977).

C.4.2 DEFINITION OF COST-ADJUSTED VARIANCE RATIO

For each target w, we compare the potential estimator against Monte Carlo at equal sample size and
equal compute. For either the expected count or frequency, we define

N \//a\r(potential estimator at M = 4,000)
plw) =

= — v Pe(w) = (L + 1) p(w). (30)

1000 Var (Monte Carlo estimator at M = 4 x 106)
The factor 1000 rescales the Monte Carlo variance from 4 x 105 to 4,000 samples. This rescaling is
exact for expected counts, whose estimator is a sample mean. For frequencies, which are ratios of
sample means, the same 1/M variance scaling holds asymptotically by the multivariate delta method
(Rieder, 2012, §1.3).

The per-target token-evaluation cost proxy is ¢,, = 1+ (L., —1)+1 = L,,+1: one generation position
supplies the first-token probability, L,, — 1 positions supply the remaining target-token probabilities,
and one position supplies the closing-boundary probability. A single-token target therefore has cost
multiplier 2. Under this proxy and the 1/M variance scaling above, p..(w) estimates the fraction of
Monte Carlo compute needed to attain the same variance. For frequency ratios, this comparison does
not establish equal mean squared error because finite-sample bias is not included.

C.4.3 OBSERVED-PREFIX POTENTIAL

The Z°" decomposition gives the observed-prefix potential (E(w) = f(z) of Tab. 15. Its expected
increment is nonzero only at prefixes that already match the substring up to its final token, so the
estimator averages over that token alone. Tab. 16 reports the median variance of the resulting
estimator relative to Monte Carlo at equal sample size (M = 4,000) for the unigram targets of GPT-2,
banded by their occurrences in the 4,000 samples (very rare 1-9, rare 10-99, moderate 100-999,
frequent > 1,000).

TABLE 15: SUBSTRING COUNTS, OBSERVED-PREFIX POTENTIAL . .
Table 16: Variance of the observed-prefix esti-

f(Y) = #{occurrences of w in Y'} mator relative to Monte Carlo at equal sample

fY) =X, Z3%, 7% = 1{wends at t} size (M = 4,000): median over the unigram

& (x) =E, [Zg\l Zed ’ Y - m} targets of GPT-2, banded by their occurrence
count in the 4,000 samples (columns).

bzx) = f(z) = zend
d)(ﬂ) J@) = 2 ici0) Zuwi model 1-9 10-99 100-999 > 1,000

A¢(a | x) = 1{wends at |x| + 1 in za}
A(]B‘(EOS |z) =0 GPT-2 (854) 0.997 0.996 0.993  0.997

BA¢(x) = Prp[wendsat|z|+1|Y = x]
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C.4.4 RESULTS FOR EXPECTED COUNTS

Results for expected counts. Fig. 6 repeats Fig. 2 for the expected count 6,, = E[C,,] instead of the
frequency; the results again show the largest gains for rare targets, with some common targets costing
more than Monte Carlo at equal variance.

Half the retained targets reach equal variance on at most 0.80% of the Monte Carlo compute.
Fig. 6a shows the cost-adjusted variance ratio p, for the 4,149 of 7,647 targets whose ratio can be
estimated with relative standard error at most 2 (3,700 for frequencies), together with approximate
per-target 95% log-ratio confidence intervals. Under the per-target cost proxy, the median ratio is
0.79% of the Monte Carlo budget, and approximately 76.8% of the retained targets require at most
10%. Replacing each ratio by the upper bound of its 95% interval gives a median of 1.78% of the
Monte Carlo budget; approximately 77.2% of the retained targets have upper bounds at most 20%,
and 95.4% remain below parity with Monte Carlo.

The gains are largest for rare targets. We restrict to the same 2,831 targets as for frequencies, those
whose count estimates have nominal RSE at most 20% under a Poisson approximation, equivalently
at least 25 expected occurrences in the independent 2 x 10°-sample frequency bank. The compute
ratio increases strongly with the expected count per document (Spearman rs = 0.87), with its median
rising from 2.3 x 1072 in the rarest populated decade to 1.24 among targets with one to ten expected
occurrences per document (Fig. 6b). For the latter group, the median exceeds parity with Monte
Carlo under the cost proxy.

At the same sample size (1/ = 4,000), the potential estimator yields substantially more precise
count estimates, with 79.7% of targets reaching RSE < 20% and 96.5% reaching RSE < 50%,
compared with 11.4% and 19.0% for Monte Carlo (Fig. 6¢). The gap grows with token length: for
targets of length 4 or more, Monte Carlo almost never reaches RSE < 50%, whereas the potential
estimator does so for at least 90% of targets in every length group. For L,, > 7, Monte Carlo does
not observe any target even in the 4 x 10%-sample reference bank, while the potential estimator gives
a finite estimate for all of them. Every share agrees with the corresponding share for frequencies to
within 0.14 percentage points.

(a) pe(w) with log-ratio 95% CI  (b) p.(w) against expected count (¢) resolved by token length

at equal variance, ; 100+ Sazgr—os

1.00- 50% retained need 5 10° VPT:_ MC . et \7| T
<0.80% of Ty < <
MC's compute; |ﬁ<,5' ° 1 hat
0.75+ Z & 210 s .
= 76.8% 310%'. :_8 5‘ z i %) *~e
15 £ = 1072 = =
o s 3 RSE(G.(v)  E -
5
o] 103 ®<0.10 2 0\ ks . ( T,
. . = ®0.10-025 ° *\e.
point estimate 3 ! ©0.25-0.50 0- Nt @ e @
— == 95% upper & 10748 29— i i 3- éll \ ' >.7
g7 e 95% lower 8 :0‘510(_)(1)'00 P 6=
0.00- | ‘ . ‘ S 105 > L realization token length L,,
-3 —1 1 S . . 7
10 0= 10 1075 1073 107! 10! —MC — =01 .eur=05
cost-corrected ratio p.(w) estimated n-gram counts =—RB —=-r=02 resolvable at all

Figure 6: Fig. 2 for expected counts. Cost-adjusted variance ratio p.(w) for n-gram count estimation under
the per-target cost proxy L., + 1. (a) Empirical cuamulative distribution over 4,149 targets with bootstrap RSE
at most 2, with approximate 95% log-ratio confidence bounds. (b) Ratio versus estimated expected count per
document for the 2,831 targets with at least 25 expected occurrences in the independent frequency bank. (c)
Fraction of targets whose count estimate reaches each RSE threshold, grouped by token length, at the same
sample size M = 4,000 for both estimators. Dashed parity lines in (a—b) mark equal variance at equal cost
under the proxy; in (c), line styles distinguish RSE thresholds.

C.4.5 ADDITIONAL DIAGNOSTICS

The variance ratios of Fig. 2 are point estimates, so we also ask how many targets are separated from
parity once their own estimation error is taken into account. Tab. 18 reports this across cumulative
relative-standard-error subsets.
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(a) targets and token lengths

(b) share of targets at each L.,, per
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(c) same, log scale: tails thin alike
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Figure 7: n-gram target inventory and token-length distribution. The n-gram task provides a controlled
way to study targets of different lengths and, consequently, different marginalization costs, which scale with the
number of GPT-2 tokens L,, in the target. (a) Number of targets at each order n, together with the minimum,
maximum, mean, and median L., of their canonical realizations. The inventory contains 7,647 targets in total.
(b) Distribution of token lengths within each order. Increasing n shifts the inventory toward longer targets, while
GPT-2 tokenization also induces within-order variation in L,,. (c) The same distributions on a log scale, showing
that each order additionally contains a progressively thinning tail of targets requiring more tokens, and therefore
more costly marginalization.

cost-corrected variance ratio p.(w)
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Figure 8: Cost-adjusted variance ratio against target rarity before the occurrence filter. Both panels
show the frequency-estimator variance ratio, against estimated n-gram frequency (left) and expected count per
document (right), before applying the occurrence filter to the independently estimated z-axis quantity. In the
main figure, we retain only targets whose independent frequency estimate has RSE at most 20%, corresponding
to at least 25 expected occurrences in the estimation sample, to restrict the analysis to more reliable estimates.
Here, we show all 3,835 targets with positive estimated frequency and a finite positive variance ratio; this
remains a subset of the 7,647-target inventory.
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Table 17: Variance reduction is strongest for rare targets, even within fixed n-gram order and
token length. The 2,831 targets of Fig. 2b are grouped by their independently estimated frequency
Orr. Each entry reports the median cost-adjusted variance ratio 10®p,. within that frequency bin;
lower values indicate larger gains over Monte Carlo. (a) The trend across all targets. (b—c) The same
comparison within fixed n-gram order and canonical token length L,,, showing that the rarity trend
persists after controlling for target length and marginalization cost. The bottom rows give the number
of targets in each column and Spearman’s correlation ¢ between é\FR and p.. Cells with fewer than
8 targets are omitted.

(a) all targets (b) n-gram order (c) token length L.,
frequency §FR #targets  10°p. 1 2 3 4 1 2 3 4
[1078,1077) 354 1.5 20 15 15 13 - 16 15 13
[1077,1079) 701 58 65 66 53 5.1 - 66 54 51
[107%,1077) 725 28 35 28 25 17 42 26 25 17
[107°,107%) 684 130 160 110 8 - 160 110 85 -
[107%,1073) 299 310 330 260 - - 330 260 - -
[1073,1071) 68 710 740 530 - - 740 530 - -
targets 2,831 — 865 1,295 537 115 794 1,307 587 124
Spearman s - 085 072 080 073 069 0.67 078 0.74 0.69

Table 18: A majority of targets in each precision subset retain a variance advantage under the
cost proxy. Among targets with positive estimated frequency and a finite positive variance ratio, each
row retains those with bootstrap RSE below the indicated cutoff s. We report the number of retained
targets and the percentage satisfying p. < 1/(1 + 1.96s), a sufficient condition for the approximate
normal interval p.[1 4+ 1.96 RSE] to lie below parity. These are conservative shares for the normal
interval, rather than the log-ratio intervals in Figs. 2 and 6.

Expected count Frequency
Max. RSE #targets 95% Clbelow 1 #targets 95% CI below 1
5% 84 61.9% 41 70.7%
10% 317 84.2% 240 89.6%
20% 1,048 92.2% 953 95.2%
50% 2,661 93.0% 2,583 94.7%
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C.5 EVENT ANALYSIS OF DORMAN ET AL. (2026)
C.5.1 THE AUTOMATED READABILITY INDEX

We extend the experiments of (Dorman et al., 2026) that estimate the Automated Readability Index.
For a string Y with ¢(Y") characters, w(Y") words, and s(Y") sentences,

oY) (Y)
w(Y) (Y)

a score calibrated so that its value roughly matches the US school grade needed to read the text. The
events D; are bins of this score, and the test functions are the indicators 1{ARI(Y") € D, }.

ARI(Y) = 4.71

105 7“8” —21.43, 31)

Experimental setup. The experiments follow the authors’ setup. The model TinyStories-8M
continues a fixed prompt for 100 tokens, and the target is the probability that the completion’s ARI
falls in each of 80 bins of width 0.29 spanning [—8, 15]. The model is tilted by exp(—X ARI) at 19
values of \; each tilt is sampled by transition-path sampling (200 chains of 32,400 retained states)
and complemented by 200,000 direct samples, and the resulting 6.68 x 10° states are combined with
MBAR weights, which we retain unchanged. Folds are whole chains, stratified by tilting schedule.

C.5.2 POTENTIAL DEFINITIONS

The events are the J = 80 readability bins D; of App. C.5.1. For each bin we learn a potential
¢;(x;m) = g;(€(x);m) of the form of Eq. (13), approximating the oracle Pr,[ARI(Y) € D, |
Y = x]. The prefix features £(x) collect the character, word, and sentence counts of @ together with
its position in the generation window. We consider two models, a logistic model that predicts bin
probabilities directly and a mixture model that forecasts the counts underlying the ARI; both are
fitted by the cross-fitting scheme introduced in §4.3, with potential parameters fitted on the training
folds using the globally estimated MBAR weights.

Logistic potential. The logistic model predicts bin probabilities from the prefix features directly,
pj exp (B €())
J o~
> ji—1 Py exp (ﬁ;f(m))

where p; is the marginal probability of bin D; estimated from the training data. The feature vector
&(x) here comprises 11 features: an intercept, the normalized prefix position and its square, the
inverse remaining length and its inverse square root, the character, word, and sentence counts, and
the interactions between each count and the normalized position, so that the counts can play different
roles at different stages of generation. We fit 7 by minimizing MBAR-weighted cross-entropy.

G () =

) 77:(1617~--a5J)» (32)

Mixture-model potential. At each prefix, we linearly extrapolate the character and word counts
in &£(x) to the terminal length. We separately model the number % of additional sentence endings,
since a single further sentence break can change the ARI substantially. Each value of k gives a
predicted ARI py, (), around which we place a Gaussian with standard deviation o (). Combining
these components with their predicted probabilities 7 (x) gives a Gaussian mixture law for the
terminal ARI(Y") of the completed string, and the potential is the mass this law assigns to the bin
Dj = [l;,u;), available in closed form through the standard normal distribution function ®:

Qi (- | &) = Y mo(@) N (i (), 0} (2))
2

X (2;m) = gmix(Dj | ) = Xk:ﬂk(m) |:(I>(ujﬂk(m)> - q)<ljuk(m))] | (33)

or(x) or(z)

Here 1 collects the extrapolation rates, mixture weights, and Gaussian widths. We fit these parameters
on the combined direct and transition-path samples, giving each retained sample equal weight. To
recover target-model bin probabilities, we multiply the fitted mixture density by the MBAR weight
as a function of terminal ARI, integrate the resulting weighted density over each bin using fine-grid
quadrature, and normalize once across the full mixture. We cap the number of additional sentence
endings at 14, a heuristic upper bound for the 100-token completions used in our experiments.
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C.5.3 POTENTIAL SELECTION ALGORITHM

For each potential (E, we use the control-variate estimator of Eq. (19). The coefficient v may either be
fixed a priori or estimated from data to minimize variance. In particular, @ = 1 yields the potential
estimator, while & = 0 recovers the baseline estimator regardless of the potential. Alg. 1 gives
the nested cross-fitting procedure used in §4.3 to select both the potential and, when learned, its

coefficient using held-out folds.

Algorithm 1 Potential selection by nested cross-fitting

Input: Sampled strings D with stored next-token distributions; target function f.
Input: P candidate potentials, each fixed or learned, with fitting procedures for learned parameters.
Input: For each candidate, a fixed coefficient o (default: 1) or a coefficient-fitting procedure.

Input: Outer and inner fold counts K and L.
Output: Estimate 6 of E,[f(Y)].

1: Split D into K equal-sized outer folds Dy, ... , Dk

2: fork=1,..,K do

> QOuter training data

> Validation score

3 T« D\ Dy

4 Split 7 into L equal-sized inner folds V1, ... , V1.
5 forj=1,..,Pdo

6: for/{=1,..,Ldo

7: AT\,

8 Fit candidate j’s potential on A, if needed, to obtain ¢.
9 Set a to its fixed value, or fit it on A.

10: Evaluate 6(y;; ¢, «) for every y; € Vq.
11: vj¢ < sample variance of these estimates.
12: Sj 4 Zngl Vje
13: j* < argminj—1 . pSs;

14: Refit the selected potential on 7T, if needed, to obtain ¢x.
15: Set o to the selected candidate’s fixed value, or refit it on 7.

1 ~
16: 0 —— 0(yi; x,
6 kD] > 0y brr )

> Held-out estimate

Yi €Dk
K
17: returnf = =34
creturnv = — k
K
k=1
K = 5 outer folds
Y1, YB ] Select 3 m f;;*(W?TAIJ)
| argmin;., Vill'r,v(e(ég,z))
1 b <b;,~(m:772)
HE B EEE 3
[ ] . ¢ (x5 M3)
| | 65 @)
Nested CV Refit .
B85 @8
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Figure 9: Nested cross-fitting, our in-sample selec-
tion among p candidate potentials (Alg. 1). Each
of K = 5 outer folds is held out in turn (red); on
the remaining folds the candidates are compared by
inner cross-validation, the winner 7* is refitted on all
remaining data and applied to the held-out fold.
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C.5.4 COMPUTE COSTS AND ADDITIONAL RESULTS

Compute. All potential fitting, scoring, and selection run on CPUs, with no GPU computation
beyond sampling. The logistic potential has 880 coefficients (11 features across 80 bins), while the
mixture model stores empirical rates, mixture weights, and residual widths. We use five outer folds,
with the four remaining folds serving as the inner folds. Each inner fit uses three folds: exchanging
the outer held-out fold and the inner validation fold leaves the training set unchanged. Thus, the
5 x 4 = 20 inner evaluations require only (g) = 10 distinct fits, which we reuse across outer splits.
Together with 5 outer refits and 1 full-data fit, this gives 16 parameter sets per model. Fitting these
takes 14 minutes for logistic regression and 4 minutes for the mixture model on a single 32-core node.
Scoring both potentials using the stored next-token distributions requires ten parallel jobs, each using
32 cores for 50-95 minutes.

Additional results. Fig. 9 sketches the selection procedure and Fig. 10 shows the variance of the
selected estimator over the bins on which MBAR’s own variance is well measured, Fig. 11 the same
view for each single candidate, Fig. 12 extends the comparison to all 64 populated bins with the
accompanying diagnostics, and Tab. 19 lists the chain-level variance, sample-size efficiency, and
MBAR-equivalent sample size of every estimator.

bin probability

w1240 1072 107!
< --~ median 0.88 [0.84, 0.90]
E N MBAR
£ 0.9
2
S 0.8-
5
> 0.71

0.6

20 3 4 6§
ARI bin centre

Figure 10: Variance ratio of the selected potential on the event-analysis experiment: chain-level variance of the
cross-fitted estimator relative to MBAR, per ARI bin, over the 39 bins 20-58: the 38 bins on which MBAR’s
own variance is itself measured to within 20%, plus bin 57 (at 25%), kept so that the range is contiguous; shading
gives the bin probability, the dashed line the median (0.88) and the band its 95% interval. All 64 populated bins
are in Fig. 12.

Estimator Var. ratio vs. MBAR [95% CI] Sample-size eff. [95% CI] MBAR-equiv. samples (x 10%) [95% CI]

Nested selection
Terminal
Terminal, «
Logistic
Mixture model

0.88 [0.86, 0.91]
0.92[0.90, 0.94]
0.92[0.90, 0.95]
0.90[0.86, 0.91]
0.87[0.84, 0.90]

1.14[1.10, 1.17]
1.09 [1.06, 1.11]
1.09 [1.06, 1.11]
1.12[1.09, 1.16]
1.15[1.11, 1.19]

7.58 [7.34, 7.80]
7.29 [7.09, 7.40]
7.27[7.05, 7.40]
746 [7.31,7.75]
7.69 [7.43,7.92]

Table 19: Event analysis: chain-level variance of each estimator relative to MBAR, median over
all 64 populated ARI bins, with 95% intervals from 1,000 paired chain-bootstrap replicas (fitted
potentials, selections, and coefficients held fixed). Sample-size efficiency: median over bins of
Var(MBAR)/Var(estimator); MBAR-equivalent samples: that factor times the actual sample size
N = 6.68 x 10° states.
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(a) terminal potential (b) terminal potential with «
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06 -2 0 2 4 6 8 -2 0 2 4 6 8
ARI bin centre ARI bin centre

Figure 11: The same view as Fig. 10 for each single candidate, each refitted without the held-out fold and
applied to every bin: chain-level variance relative to MBAR per ARI bin over the same 39 bins (38 by the 20%
rule plus bin 57), with the bin probability as shading and the candidate’s own median over these bins with its
95% interval. The terminal potential and its calibrated version remove 8%, the logistic model 11%, and the

mixture model 13%, against 12% for the selection, which picks the mixture model in four folds and the logistic
model in one.
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Figure 12: Variance reduction across ARI bins. (a) variance of the cross-fitted estimator relative to MBAR for
all 64 populated bins. Filled markers denote the 38 bins for which the MBAR variance is estimated with RSE
below 20%; over these bins, the median variance ratio is 0.88 with a 95% bootstrap interval of [0.84, 0.90], and
over all 64 populated bins it is 0.88 with interval [0.86,0.91]. Ratios in the remaining tail bins are much noisier
because the MBAR variance itself is poorly estimated. Whiskers show £1.96 bootstrap standard deviations
from 1,000 paired chain-bootstrap replicates. (b) RSE of the MBAR variance and mean estimates across bins,
showing that uncertainty in the variance estimate grows sharply in the tails. (¢) Variance ratios against the RSE
of the MBAR variance estimate. Among the 38 reliable bins, the ratio shows no systematic dependence on
baseline uncertainty (Spearman p = 0.05, p = 0.78), indicating that the observed reduction is not driven by

noise in

the MBAR variance estimate.
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