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ABSTRACT

A language model can give a correct answer more probability than any single
incorrect answer and still usually sample an incorrect one, because the incorrect
answers together hold more probability. The power distribution raises each com-
plete answer’s probability to a power above one and renormalizes, shifting prob-
ability toward answers the model finds most likely (sharpening). Sampling from
it improves reasoning without changing parameters, but needs many scored can-
didates per query. We show that a model can instead be trained to produce such
answers in one generation. On-policy power distillation (OPPD) runs a sequential
Monte Carlo sampler in which the model being trained generates candidates and
a frozen teacher’s power distribution weights them; the same probabilities weight
each answer in a maximum-likelihood update. Training raises single-generation
accuracy by up to 23.0 points on MATHS500 and 27.3 on GSMS8K over the un-
trained model at the same temperature, and one generation scores 2.4 and 3.5
points above published power sampling with 64 candidates, recovering 94% of
the gain that 16 candidates give the untrained model. For context, against GRPO
trained with verified rewards from the same checkpoint and budget, OPPD scores
3.8, 4.0 and 5.4 points higher on MATH500, GSM8K and AIME using no refer-
ence answers; the two are complementary, and OPPD applied after GRPO adds up
to 9.3 points. Trained only on mathematics, OPPD raises HumanEval accuracy by
up to 5.3 points. One loss coefficient moves the sharpening exponent the model
absorbs between 1.19 and 2.02, against 1.14 for ordinary on-policy distillation,
and it rises mostly on the model’s own answers. Gains hold across model families
and sizes, including a model already trained with verified rewards, where lower-
ing the temperature gives nothing and OPPD adds 4.4 points on MATH500. Code:
https://github.com/ArminAzizi98/0PPD.

1 INTRODUCTION

Let p be an autoregressive language model that assigns probability p(y | «) = [[, p(y: | ,y<:) to
an answer y given a prompt z, where the prefix y.; denotes the tokens before position ¢. Sampling
from p can return an incorrect answer even when the correct answer is more probable than any single
incorrect one, because the incorrect answers together hold more probability. The power distribution
with exponent o > 1,

ply | z)”

maly | 4) = P

Zo(z) =22, py | 2)", (1)
where Z,,(z) is the normalizing constant, moves probability toward the most probable answers, an
effect we call sharpening. Under 7, the ratio between the probabilities of two answers is their ratio
under p raised to the power «. Drawing samples from 7, instead of from p raises reasoning accuracy
by amounts comparable to reinforcement-learning post-training, without changing any parameter
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Figure 1: OPPD moves power sampling from inference time into training. (a) The power distribution
gives each complete answer a probability proportional to the model’s probability of that answer
raised to the power . (b) One training step: (1) the trainable student generates its own candidate
answers, (2) the candidates grow in blocks of tokens, and (3) a frozen teacher scores each new
block. (4) The teacher probabilities give two weights. The importance weight (“SMC weight”)
decides which partial answers are discarded or duplicated, and the training weight sets how much
each complete answer contributes to the student update. (c) Power sampling generates and scores
16 candidates for every query, while the trained student generates one answer and obtains 94% of
the sampler’s gain on MATH500 (Table[9).

(Karan & Du, [2026; Ji et al., [2026). On 250 MATHS00 problems, Qwen?2 .5-Math-7B scores
66.8% when it generates one answer and 79.2% when a sampler with sixteen candidates draws
approximate samples from 7. This sampler, however, has to run again for every query.

In this paper we ask whether this cost can be paid once, during training. Ordinary distillation trains
a student to match a teacher’s next-token probabilities. The next-token probabilities of 7, however,
depend on all possible continuations of the prefix, so no teacher forward pass computes them. Sam-
ples from 7, can therefore only be drawn approximately, by a sampler run at inference time. Our
method, on-policy power distillation (OPPD), trains the student on the output of such a sampler, the
sequential Monte Carlo (SMC) sampler of |Azizi et al|(2026). This sampler extends N candidate
answers in blocks of tokens and gives each candidate an importance weight, which measures how
much more probable it is under 7, than under the distribution that generated it. When these weights
become too uneven, it replaces low-weight candidates with copies of high-weight ones. In OPPD the
student generates the candidates and a frozen teacher defines 7, ; in self-distillation, the teacher is a
copy of the initial student. The teacher probabilities that set the importance weights also give each
complete answer a training weight, and the student is updated by weighted maximum likelihood on
its own answers (Figure |I|) A second loss term, the token-level anchor with coefficient A, keeps the
student’s next-token distributions near those of the teacher at temperature 1/c.

Contributions. (1) A training method that uses no reference answers, verifier or reward model,
in which one teacher forward pass per block of tokens supplies both the importance weights and
the training weights. (2) A trained model that replaces the sampler, scoring above published power
sampling with 64 candidates on the same model and obtaining 94% of the gain that sixteen candi-
dates give the untrained model. (3) A reference point for the size of this gain. Group Relative Policy
Optimization (GRPO) trains on verified rewards computed from reference answers, so it uses infor-
mation OPPD never reads. Trained from the same checkpoint for the same number of steps, OPPD
scores higher on MATH500, GSMS8K and AIME, and we trace the difference to training groups in
which every sampled answer receives the same reward and GRPO gets no learning signal. Applied
after GRPO, oPPD improves the model further, so the two are complementary. We are not proposing
OPPD as a replacement for reinforcement learning from verified rewards, and we compare against
one standard implementation at one budget rather than against that literature. (4) A measurement
of how much sharpening the student absorbs, as an exponent fitted between the student’s token
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probabilities and those of its initialization (Section [d). This exponent decreases monotonically as
A increases and rises mainly on the answers the student writes itself. A quantity measured before
training predicts the best A for each model.

2 BACKGROUND

2.1 SHARPENING COMPLETE ANSWERS VERSUS SHARPENING TOKENS

Lowering the sampling temperature is cheaper and may appear to have the same effect, but the two
operations differ. Sampling at temperature 7 is token-level: it replaces each next-token distribution
by one proportional to its probabilities raised to the power 1/7, renormalizing at every position. The
power distribution is sequence-level: renormalizes once, over complete answers. Temperature
therefore compares next tokens without information about the answers they lead to, while the power
distribution gives little total probability to answers that begin with a prefix whose continuations are
all uncertain. In the two-token example of Appendix [A] the power distribution at & = 2 places 0.213
on answers beginning with the uncertain token and temperature 1/2 places 0.308 there.

2.2 DRAWING SAMPLES FROM THE POWER DISTRIBUTION

The constant Z,, in (I)) sums over every possible answer and cannot be computed, so samples from
T, are drawn approximately with sequential Monte Carlo (Doucet et al., 2001 Del Moral, 2004;
Del Moral et al 2006). The sampler extends [N candidate answers in parallel, which the SMC
literature calls particles. The next token of each candidate is drawn from a proposal distribution
q¢, any distribution that depends only on the prompt and the prefix. With pt the model whose
power distribution is sampled (the teacher in OPPD), each candidate carries an importance weight,
the product of the incremental importance weights

_ pT(l/t \ x,y<t)a

) 2
Qt(yt |93,y<t) @)

t

over its tokens so far. Candidate 4 thus has importance weight Wt(i) = [y w" after ¢ tokens.

Rescaling these weights to sum to one gives the normalized importance weights W), The effective
sample size, ESS = (3_,(W®)2)~1 approximates the number of candidates with non-negligible
weight: it equals /N when all weights are equal and 1 when one candidate holds all of the weight.
When the ESS falls below a threshold, the sampler resamples the candidates: it discards low-weight
candidates, duplicates high-weight ones and resets all weights to be equal. Resampling moves com-
putation toward high-weight prefixes while the answers are still being written (Appendix [F).

The effective sample size measures a divergence. The Rényi divergence of order  between
distributions P and @ is

1
g—1

with 8 = 1 defined by continuity as the Kullback—Leibler (KL) divergence (Rényi, [1961). Let ¢ be
the proposal probability of a complete answer and w = 7, /¢, its importance weight divided by Z,,.
Then E,[w] = 1 and E,[w?] = eP2("all9) 5o for large N

Dy(P|Q) = log» P’ Q' ",  B>0,8#1, 3)
Y

ESS/N ~ E[w]?/E [w?] = e~ P2(malld), @)

The ESS measured while the sampler runs therefore estimates a divergence between 7, and the
proposal distribution, which we use in Section[5.3]

Theorem 1 (Best proposal distribution that depends only on the prefix). Consider all proposal
distributions that are positive wherever pt is. The unique choice that minimizes the conditional
variance of the incremental importance weight @) is to sample from the teacher at temperature
1/a, that is qf (v) < pr(v | ©,y<¢)®. Under this choice wy equals Z; = Y, pr(u | @, y<t)®
whatever token is drawn.
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This is the locally optimal proposal distribution of [Doucet et al.|(2000), written for the power distri-
bution; the proof is in Appendix The Rényi entropy Ho (p) = 1= log >, p(v)* is small when p
is concentrated, and log Z; = (1 — «)Hu(pr (- | 2,y<t)), S0 summing over positions gives the log
importance weight of an answer under ¢*,

logW = (1— )Y, Ha(pr(- | 2,y<1)) (5)

which is non-positive because o > 1. A candidate therefore keeps its weight when the teacher was
confident at every position of its answer and loses weight where the teacher was uncertain. This is
the sampler’s only selection rule, and it uses only the teacher’s output probabilities.

As usual in SMC, the sampler does not estimate the twist function V; = >, pr(y>t | y1:¢)*, on
which the next-token distribution of 7, depends. Weighting and resampling correct for it.

3 METHOD

We want the student pg, with parameters ¢, to minimize Dg(7,||py) for some 5 > 0. Because
Z, cannot be computed, m, can be neither evaluated nor sampled exactly, and the gradient of the
divergence has both problems. Section [3.1|rewrites the gradient to avoid both, and Sections [3.2H3.4]
supply the samples, the proposal and the loss, following steps (1) to (4) of Figure[Ip.

3.1 WHAT THE GRADIENT REQUIRES

Theorem 2 (Gradient of the Rényi divergence). For every 3 > 0, VyDg(ma|lps) =

—E+[Vglogpe(y)], where 78 x p%ﬂ p;_ﬂ-

The factor ﬁ in (@) cancels the factor (1 — 3) from the chain rule for every 3, and Z,, which
does not depend on ¢, drops out of the gradient although it appears in the objective (Appendix [C).
One estimator therefore serves every /3, which makes 3 a free parameter. In practice, answers can
be drawn from any ¢ positive wherever 7(%) is, weighted by 7(*) (y)/q(y), and used in weighted
maximum likelihood, the estimator of reweighted wake-sleep (Bornschein & Bengio| |2015) and of
Markovian score climbing (Naesseth et al., 2020) applied here to the Rényi family. Holding the
weights constant during differentiation is exact, since the derivation accounts for how 7(%) depends

on ¢ (Appendices [H|and[O).

3.2 WHERE THE ANSWERS COME FROM

The weight 7% (y)/q(y) o pr(y)*?ps(y)*~#/q(y) needs three numbers at every token: the
teacher’s log pr(y;), the student’s log p,(y:) and the proposal’s log ¢ (). When the student is the
proposal distribution, the sampler of Section already computes all three: (2)) requires log pr(y:)
and log g;(y;), and the student computes log pe(y:) while generating the token. This choice adds
no model evaluations, and one teacher forward pass per block supplies both the importance weights
that decide resampling and the weights of Theorem [2] (step (4) of Figure[Ip). Because the weighted
answers are its own, the student is trained on the prefixes its own errors lead to (Kim & Rush/ 2016
Agarwal et al., [2024; Gu et al., 2024)).

3.3 CHOOSING THE PROPOSAL TEMPERATURE

The proposal distribution can be the student as it stands, ¢; = pg, or the student at temperature 1/c,
qe o pg. With ¢; = pg,

logw; = a(logpr(ye) —logps(yr)) +  (a—1)logps(ye) - (6)
—_—————
teacher—student difference student’s log-probability of its own draw

Only the first term carries information useful for training. The second depends only on which
token the student happened to sample, so its distribution is the same for good and bad answers. Its
standard deviation is 4.6 nats (natural-log units) per token at & = 4. Over a block of A = 64
tokens, the log importance weights of two candidates then differ by about 4.61/64 ~ 37 nats for
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reasons unrelated to their content. One candidate then receives all of the normalized weight, and the
measured ESS/N stays at 1/N = 0.0625 from the first block onward (Appendix . The proposal
g+ o pg is the variance-optimal choice of Theorem E] with the student in place of the teacher,

and with it log¢;(y:) = alogpy(y:) — log Z,? with Zf) = > . Pe(u | z,y<)®, and logw; =
a(log pr(y) —logpe(ye)) +log Zf. The second term of (6) disappears, and log Z{ depends on the

prefix but not on the token drawn, so it adds no sampling noise. With this proposal, the measured
ESS/N during training lies between 0.39 and 0.64 for every model we train.

3.4 THE LOSS

Theorem [2| averages over 7(%), but the candidates are drawn from ¢. Self-normalized importance
sampling corrects for this mismatch by assigning candidate ¢ the training weight

o 7(B) (y(®) . A(0) o
A6 — L(y)) A0 — NAi > A =1 (7)
a(y™) P AD i=1

N

Both 7 and q factor over tokens, and their products over hundreds of tokens underflow, so we
accumulate the logarithm one token at a time:

log AV =3~ [aplogpr(y” | ) + (1= B)logps(yi” | ) —logauly” )], ®
t
where each term is conditioned on x and yg, and pg is the value recorded when the token was
drawn. Any constant common to all candidates cancels in the normalization. The training weight
is distinct from the importance weight of (2)), which decides when the sampler resamples the candi-
dates. Their per-token increments agree at 5 = 1, but the sum in (8] restarts at each block boundary
while the importance weight accumulates from the start of the answer.

Replacing the expectation in Theorem [2] by the weighted average over the IV candidates gives a
consistent gradient estimate with bias of order 1/N. Holding A fixed during differentiation makes
the estimate the gradient of a loss, and dividing the loss by the mean answer length T' = % > T

keeps its scale independent of answer length (Appendix . Writing m(lfx) o p¢ for the teacher’s

next-token distribution at temperature 1/, the objective is
1 —y i i 1 a
£(9)=—z > [AV] D logps (y§ ', yii) + A = DKL (W(T dl pas), )
i t it

sequence-level term token-level anchor

where [-]sg is held fixed during differentiation and both KL arguments are conditioned on z and yg
The sequence-level term is the core of the method: its optimum is 7, it is the only term that uses
information about complete answers, and it is the only term left when A = 0. The token-level
anchor does not follow from Theorem [2] and moves the attainable optimum toward the teacher at
temperature 1/, the token-level sharpening of Section We include it because this forward KL
is mass-covering: it penalizes the student for giving little probability to tokens that W(Ta) considers
likely. It therefore resists the concentration of all probability onto one answer, a failure we observe
on models whose outputs already have little diversity. The coefficient A\ trades closeness to 7,
against this protection (Section [5.3). The training weights multiply a log-likelihood rather than a
divergence, because a weighted token-level divergence cannot reach 7, (Appendix[G).

3.5 IMPLEMENTATION

The student generates N = 16 candidates at temperature 1/« in blocks of A = 64 tokens. The
teacher scores all NA new tokens of a block in one forward pass, which reduces the sequential
teacher calls for a T-token answer from 7" to T'/A. Three details affect correctness: the importance
and training weights use separate accumulators; recorded training weights are renormalized after ev-
ery resampling step, so that duplicated candidates are not counted more than once (Appendix [Q); and
finished candidates are charged the mean per-token decrease in log importance weight of unfinished
ones, so that stopping early does not raise a candidate’s weight (Appendix [P).
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4 MEASURING ABSORBED SHARPENING

Higher accuracy alone does not show that the student moved toward 7, so we test a consequence
that is specific to this movement. Let pp.se be the model the student was initialized from, and let
a context c be a prompt with a prefix. If training sharpened the student relative to pyase With some
exponent a, so that py ~ p /Z, then

log pg(v | ¢) = a log prase(v | ¢) —log Z(c), (10)

which is a line of slope a in log ppase(v | ¢) at each context c¢. A slope of 1 means that no sharp-
ening was absorbed, and a slope of & means that the student equals ph,se at temperature 1/cv.
We estimate the slope by least squares of logps on log phase over the 200 tokens most likely
under ppase, weighted by prase(v | ¢) so that the near-zero tail does not dominate. We report
the median slope across contexts as the absorbed exponent Qe (Dhase — Do). In self-distillation
Qeff (Pbase — pT) = 1.000 exactly, so no measured increase can come from copying a sharper
model; with a larger teacher, the control is ordinary on-policy distillation against the same teacher.
The slope is dominated by noise when py.se is close to deterministic, so we report a only where
the entropy of ppase 1s large enough for the fit to separate the models, and a direct entropy measure-
ment elsewhere. Appendix [M]gives both and validates the estimator on synthetic logits.

5 EXPERIMENTS

Setup. Our main experiments use Qwen?2 .5-Math-7B (Yang et al} 2024) in self-distillation,
which makes the control of Section ] exact. We repeat the training on Qwen3-8B-Base (Yang
et al., 2025), Llama—-3.1-8B-Instruct (Grattafior1 et al.| 2024), Qwen3-14B-Base and
deepseek-math-7b-rl (Shao et all |2024), and use Qwen2.5-Math-1.5B as the student
for the sweep over A. Training prompts are GSM8K questions (Cobbe et al., 2021)) except in Ap-
pendix and no reference answer is used in training. We set o = 4, increased linearly from 1
over the first 20% of steps, with N = 16 candidates, blocks of A = 64 tokens, resampling when the
ESS falls below N/2, and 3 = 0.7. Training runs for 300 steps at two prompts per step (Appendix.
We generate four answers per problem for 200 problems each from GSM8K and MATHS500 (Light-
man et al., 2024)), graded with the reference power-sampling implementation. We do the same
for AIME 2024 and 2025 pooled (60 problems, 3500-token limit; 4096 for Qwen3-14B-Base).
pass@1 is the fraction of the four answers that are correct, averaged over problems, and best-of-4
counts a problem solved if any answer is correct. The paired standard error on a pass@1 difference
is about 2.9 points. Our baseline is ordinary on-policy distillation against the teacher at temperature
1/, which is () with the anchor alone and no training weights or resampling. Our measurements
of the untrained model are within 3 points of published numbers, in both directions (Appendix [K).
Qwen2.5-Math-7B improves under many training signals, including rewards uncorrelated with
correctness (Shao et al., [2025), so the replications on other families in Section@]caﬂy as much of
the claim as this model does.

5.1 ACCURACY

Generating one answer at temperature 1/«, the model trained with OPPD scores 2.4 points above
published power sampling with 64 candidates on MATHS500 and 3.5 points above it on GSM8K
(Table[T). Two further seeds score 79.50 and 81.25 on MATH500, so every run exceeds published
power sampling (Appendix [B.2)). At temperature 1, this model gains 23.0 and 27.3 points over the
untrained model and 11.0 and 11.6 points over ordinary on-policy distillation. Best-of-4 also rises
on both benchmarks, so the model solves more problems rather than repeating the same answer.
Lowering the temperature to 1/« requires no training, so comparing models at that temperature sep-
arates the contribution of training from that of decoding. At this temperature, ordinary on-policy
distillation loses 1.9 and 1.8 points relative to the untrained model, both within one standard er-
ror, while OPPD gains 8.4 and 15.0. The single-answer result also matches published GRPO on
MATHS500, 78.5 against 78.0 (Table[I)). The published numbers come from a different evaluation
protocol. Under ours, on the same 250 problems, the sixteen-candidate sampler scores 79.2 and
oPPD 78.4 (Table [9). On 250 MATH500 problems, sixteen candidates add 12.4 points for the un-
trained model, of which OPPD obtains 11.6 (94%) with a single generation. Running the sampler on
the trained model adds only 1.6 more (Appendix [B.T).
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Table 1: Self-distillation on Qwen2.5-Math-7B. The published rows are for the same model.
Generating a single answer, the model trained with OPPD scores above power sampling with 64
candidates and matches GRPO, which uses reference answers during training.

MATHS500 GSMSK
pass@1  best-of-4 pass@1 Dbest-of-4

sampling at temperature 1

untrained 50.25 82.0 59.25 91.0
on-policy distillation (baseline) 62.25 86.5 74.88 93.5
OPPD, A =1 64.00 84.0 79.38 96.0
OPPD, A =0 73.25 88.5 86.50 95.5
sampling at temperature 1/«

untrained 70.13 85.0 76.13 92.5
on-policy distillation (baseline) 68.25 84.0 74.38 90.0
OPPD, A =1 72.88 83.5 86.88 93.0
OPPD, A =0 78.50 86.0 91.13 95.5
published for this model

power sampling, 64 candidates (Azizi et al., 2026) 76.1 — 87.6 —
GRPO (Azizi et al.}, 2026) 78.0 — — —

5.2 COMPARISON WITH TRAINING ON VERIFIED REWARDS

GRPO shows how large a gain is usually available when reference answers can be used. We train
the two methods from the same checkpoint to put OPPD on that scale, not to argue that one should
replace the other, and they compose.

We train OPPD and GRPO (Shao et al., 2024) from the same Qwen3-8B-Base checkpoint for
300 optimizer steps each. At each step, both draw two prompts and sample sixteen answers of at
most 1024 tokens per prompt, so each generates 9,600 answers. Our GRPO is the standard version,
with one optimization pass over each batch of samples and a binary reward from the evaluation
grader. Both runs are small next to published GRPO training, 600 prompt draws of at most 1024
tokens each, so the comparison bounds neither method at a larger budget. OPPD scores higher
on all three benchmarks (Table [I3)), by 3.75 points on MATH500, 4.00 on GSM8K and 5.42 on
AIME, each between one and two standard errors and all three with the same sign. GRPO learns
only from groups of answers whose rewards differ, and 234 of the 600 groups (39%) gave every
answer the same reward and no gradient, while every prompt drawn produced a gradient for OPPD

(Appendix [B.10).

The two methods also combine. Applied to a Qwen2.5-Math-7B checkpoint that GRPO had
already trained from 50.25 to 64.00 on MATHS500 and 59.25 to 71.00 on GSMS8K, OPPD adds 9.25
and 8.38 more, 3.1 and 2.8 standard errors (Table [7), and AIME pass@1 rises from 10.83% with
either method alone to 12.92% with both (Appendix [B.11).

5.3 EVIDENCE THAT THE STUDENT MOVES TOWARD THE POWER DISTRIBUTION

Training should reduce Dg(m,||pg), and @) lets us check this on held-out problems by measur-

ing ESS/N with each model as the proposal. The implied divergence Dy = — log(ESS/N) falls
by 21.6% on Qwen2.5-Math-7B and by 26.6%, 24.7% and 12.6% at N = 4, 16 and 64 on
Qwen3-8B-Base. Along the answers of the model trained at A = 0, the untrained model’s to-
ken entropy is 0.32 times its entropy along its own answers, against 0.47 for ordinary on-policy
distillation (Appendix [B.3).

On the \ sweep, where Qwen2.5-Math—-1.5B is trained with Qwen2.5-Math-7B as the
teacher, the absorbed exponent decreases as A increases across all five settings. It is 2.02 with
the sequence-level term alone and 1.14 for ordinary on-policy distillation, and moving A from 0.5
to 2 changes it only from 1.28 to 1.19 (Figure 2] Table[I0). On contexts written by the initialization
rather than by the model itself, ordinary distillation gives almost the same value and OPPD does



Preprint

(a) the dose is controllable (b) the change is deposited on-policy
250 22

2.02

~

)
33
~
o

OPPD: sharp wifere
the model ghes

[
=3
g8 o

=
N
a

1.50

absorbed exponent ot

[N}
a

=
=)
3

T T
0 0.5 1 2 anchor contexts from contexts the model
only the initialisation wrote itself
anchor coefficient 2

Figure 2: (a) The absorbed exponent o, decreases monotonically as the anchor coefficient A in-
creases, across five settings; bars are interquartile ranges over per-context fits. (b) The same esti-
mator on contexts written by the initialization and on the model’s own answers. The two agree for
ordinary on-policy distillation, while for OPPD the estimate is much higher on its own answers, as
expected when the training signal comes only from those answers. Exact values in Table

not (1.207 against 2.019), as expected when the signal comes only from the student’s own answers
(Appendix B.4).

The best value of A depends on the model, and the MATHS00 gain an untrained model gets from
lowering its temperature to 1/« predicts it. This gain is 19.9 points on Qwen?2 . 5-Math-7B, which
does best at A = 0, and 0.6 on L1ama—-3.1-8B-Instruct, which does best at A = 1 and loses
4.75 points of MATH500 without the anchor. A large gain means that sharpening is still available,
so Qwen3-8B-Base (13.0) is trained at A = 0 (Appendix [B.8).

5.4 OTHER MODELS AND SCALE

On Qwen3-8B-Base at temperature 1, OPPD raises MATHS00 from 65.50 to 78.25 and GSM8K
from 78.00 to 95.13, which are 4.3 and 5.8 standard errors. Both scores are above ordinary on-policy
distillation (75.00 and 93.00), and best-of-4 rises on both. On L1lama-3.1-8B-Instruct at
A = 1, OPPD gains 3.25 and 3.13 points over the untrained model and 2.75 on MATHS500 over
ordinary on-policy distillation (Table [TI). On Qwen3-14B-Base at A = 0 and temperature 1,
OPPD reaches 84.00 on MATHS500, 95.88 on GSM8K and 16.25 on AIME, above the untrained
model’s best at either temperature (82.00, 92.38 and 12.92), and adds 18.50 points on MATHS500
against 12.75 on Qwen3-8B-Base (Table[5).

deepseek-math-7b-rl (Shao et al.| 2024), from a third family, was already trained with ver-
ified rewards, and lowering its temperature to 1/« gains +0.00 points on MATH500. OPPD at the
prescribed A = 1 raises MATH500 from 47.12 to 51.50 (95% interval [+0.88, +7.88]) and GSM8K
from 85.38 to 87.75 (Appendix [B.7).

Because the method uses no reference answers, its training questions can come from any source:
training Llama-3.1-8B-Instruct on 4000 OpenR1-Math-220k problem statements gives
51.13 on MATHS500 and 85.88 on GSMSK, against 52.50 and 85.38 with GSM8K prompts (Ap-

pendix [B.12).

5.5 CODE GENERATION

HumanEval (Chen et al. [2021)) scores a model’s implementation of a Python function, given its
signature, by running unit tests. We evaluate the OPPD checkpoints of four models (two for
Qwen2.5-Math-7B) and the GRPO checkpoint of Section [5.2] each with its default generation
configuration.

OPPD raises HumanEval pass@1 on all four models, by 3.51 to 5.34 points (Table 2). The 95%
interval excludes zero in every case except Qwen2.5-Math-7B at A = 0, the setting of Table[I]
The GRPO checkpoint gains 1.98 points, with an interval that includes zero.
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Table 2: HumanEval, 164 problems, four samples each, pass@1. Every trained model was trained
on mathematics questions only. A is trained minus untrained pass@1 on the same problems, with a
95% interval from a paired bootstrap (100,000 resamples).

model training untrained  trained A [95% interval]

Qwen3-8B-Base OPPD, A =0 76.52 81.86 +5.34[+1.83, +8.84]
Qwen3-8B-Base GRPO 76.52 78.51  +1.98 [—1.68, +5.64]
Qwen3-14B-Base OPPD, A\ =0 80.18 83.69 +3.51[+40.30, +6.71]
Llama-3.1-8B-Instruct OPPD,A=1 63.41 68.14 +4.73 [+0.76, +8.69]
Qwen2.5-Math-7B OPPD, A =0 42.53 46.49  4+3.96 [—0.30, +8.23]
Qwen2.5-Math-7B OPPD, A =1 42.53 47.87 +5.34[+1.07, +9.76]

6 RELATED WORK

Power sampling and sequential Monte Carlo. Karan & Du| (2026) introduce Metropolis—
Hastings sampling from the power distribution (1)) and show that it matches reinforcement-learning
post-training on reasoning benchmarks. |Azizi et al.| (2026)) replace the serial Markov chain with the
batch-parallel sampler we use, and |Ji et al.| (2026) approximate the next-token distribution of 7,
with sampled continuations. All three methods run at inference time. [Tomihari & Sato|(2026) show
that the power distribution is the closed-form optimum of KL-regularized reinforcement learning
when the reward is the model’s own sequence log-probability, and derive power self-distillation,
which trains a model on samples a power sampler produced and reaches accuracy at or above power
sampling at much lower inference cost. Moving the cost of power sampling into training is there-
fore established. OPPD differs in where the training answers come from and in what is optimized:
the student is the sampler’s proposal distribution, so the answers are its own and one teacher pass
per block serves both the sampler and the update, and the objective is the Rényi family (3) rather
than supervised learning on stored samples. OPPD trains on-policy, the setting for which on-policy
distillation was introduced (Agarwal et al., [2024;|Gu et al., 2024). SMC has also been used to steer
language models toward constraints (Lew et al.| [2023)) and for inference with learned twist func-
tions (Zhao et al., 2024)), and [Hu et al.[(2024) learn to sample intractable posteriors with GFlowNet
objectives. We do not learn a twist function (Section[2.2).

Distillation and post-training. Sequence-level knowledge distillation trains a student on answers
generated by the teacher (Kim & Rush| [2016; Hinton et al., 2015)), and on-policy variants train on
answers the student generates and the teacher scores. Methods that use verified rewards, such as
GRPO (Shao et al., [2024)), need to know whether each answer is correct. Methods that reward a
model’s own confidence instead include entropy minimization (Agarwal et al.| 2025)), self-certainty
(Zhao et al., 20235)), negative token entropy (Prabhudesai et al.l 2025)) and majority-vote rewards
(Zuo et al,, 2025), and Huang et al. (2025) analyze self-improvement as sharpening against the
model’s own judgments. With the proposal of Theorem[I]and § = 1, (3)) makes our training weight
a softmax over the negative Rényi entropy accumulated along each answer, a confidence weighting
whose scores come from a frozen teacher and are used inside a sampler. OPPD needs only the
questions, so it applies where those methods cannot be run, and it can also be applied to a model
those methods have already trained. [Yue et al.| (2025) argue that such methods mostly re-weight
answers the model could already produce, as power sampling does.

7 CONCLUSION

OPPD trains a model toward the sequence-level power distribution of a teacher, so that one generation
replaces the sampler. The trained model scores above published power sampling with 64 candidates,
matches GRPO trained from the same checkpoint and budget without reading reference answers,
and improves a model that verified rewards have already trained. One loss coefficient controls the
sharpening.
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Figure 3: Accuracy against inference cost on MATH500, with n=250 problems. Sixteen candidates
add 12.4 points for the untrained model. OPPD obtains 11.6 of these points with a single generation,
and running the sampler on the trained model adds only 1.6 more. Both markers on each row are
measured values, and no interpolation between them is implied. Exact values in Table 9]

A THE TWO-TOKEN EXAMPLE

Section [2.1] states that sharpening complete answers differs from sharpening tokens. The following
example shows the difference on a small case.

Consider a vocabulary of two tokens and answers of length two, with p(a) = 0.6, p(a | a) = 0.9
and p(a | b) = p(b | b) = 0.5. Multiplying gives p(aa) = 0.54, p(ab) = 0.06 and p(ba) = p(bd) =
0.20. Setting o = 2:

aa ab ba bb total on answers starting with b
power distribution,« =2 0.777 0.010 0.107 0.107 0.213
temperature 7 = 1/2 0.684 0.008 0.154 0.154 0.308

The power distribution assigns less probability to answers beginning with b, 0.213 against 0.308.
It does so because every continuation of b is uncertain, so no answer beginning with b can reach a
high total probability. Temperature cannot represent this, because at the first token it compares 0.6
against 0.4 with no information about the answers those two tokens lead to. The power distribution
accounts for how probable the continuations of each prefix are, and temperature does not. This is
the information that OPPD transfers into the model parameters.

B EXTENDED EXPERIMENTAL RESULTS

This appendix gives in full the results summarized in Section 3]

B.1 RUNNING THE SAMPLER ON THE TRAINED MODEL

On the untrained model, sixteen candidates add 12.4 points. With a single generation, OPPD obtains
11.6 of these 12.4 points (94%), and running the sampler on the trained model adds only 1.6 more
(Figure [3). Figure [Tk shows the same comparison, between a sampler run on every query before
training and one ordinary generation after it. The gain from candidates falls from 12.4 to 5.2 to
1.6 points as training places more weight on the sequence-level term (untrained, A = 1, A = 0).
The N=1 value of 78.4 here and the 78.50 of Table [1| are both the MATHS00 accuracy of the
same trained model generating one answer at temperature 1/«, measured under two protocols: 250
problems with one sample, and 200 problems with four. The two values agree to within 0.1 points,
which checks the two protocols against each other.

12
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Table 3: OPPD, A = 0, self-distilled on Qwen2 .5-Math-7B with three training seeds, 300 steps
each. Seed 0 is the model of Table[]]

MATHS00 GSMSK
pass@1  best-of-4 pass@1  best-of-4

sampling at temperature 1

seed 0 73.25 88.5 86.50 95.5
seed 1 71.50 88.5 85.88 95.5
seed 2 74.63 89.5 89.50 95.5
mean 73.13 88.8 87.29 95.5

sampling at temperature 1/«

seed 0 78.50 86.0 91.13 95.5
seed 1 79.50 86.0 92.63 94.5
seed2  81.25 88.0 91.88 95.0
mean 79.75 86.7 91.88 95.0

Table 4: Left: ESS/N with each model as the proposal distribution, and the divergence D to the
power distribution that it implies through (@). Right: the untrained model’s token entropy along the
answers each trained model writes (own), along its own answers (base), and the ratio of the two.
The baseline is ordinary on-policy distillation.

proposal distribution ~ESS/N Dy own base ratio MATH@1
untrained 0.561 0.579 baseline 0.138 0.292 047 62.25
OPPD, A =1 0.602 0.508 opPPD, A =1 0.127 0.273 0.47 64.00
OPPD, A =0 0.635 0.454 opPD, A =0 0.096 0.296 0.32 73.25

B.2 TRAINING SEEDS

We trained the configuration of Table[T|with two further random seeds under the settings of Section[5]
Sampled at temperature 1/, the three runs score 78.50 to 81.25 on MATH500 and 91.13 to 92.63
on GSMSK (Table [3). Every run exceeds published power sampling with 64 candidates, by 2.4 to
5.2 points on MATHS500 and 3.5 to 5.0 on GSMSK, and every run matches or exceeds published
GRPO on MATHS500. At temperature 1 the gain over the untrained model is 21.3 to 24.4 points on
MATHS00 and 26.6 to 30.3 on GSM8K.

B.3 DIVERGENCE AND ENTROPY MEASUREMENTS

Training should reduce Dg(7a|[ps), and identity @) lets us check this independently on held-

out problems by reading the ESS when each model is the proposal distribution. We write Dy =
—log(ESS/N) for the divergence that this identity implies, which is (3) at 8 = 2 between 7, and
the model used as the proposal. The measured divergence falls by 21.6%, and it falls more at A = 0
than at A = 1 (Tabled] left).

The first row of this table needs explanation. Its proposal distribution is the teacher at temperature
1/, which Theorem [1|identifies as the best proposal among those that depend only on the prefix,
and yet both trained models do better. This does not contradict the theorem, which fixes a prefix
and minimizes the variance of the next incremental importance weight. The variation that remains,
described by (), comes from differences between the prefixes that different candidates reach. A
trained model cannot improve on ¢* at a fixed prefix, but it can write answers whose prefixes give
more uniform importance weights. The right half of Table f] measures this effect. Sharpening
complete answers favors answers of high total probability, which by (3)) are answers along which
the teacher is confident throughout. Along the answers written by the model trained at A = 0, the
untrained model’s token entropy is 0.32 times its entropy along its own answers, against 0.47 for
ordinary on-policy distillation. Of the three models, the most accurate has the lowest ratio.
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Figure 4: Replication across three models, each sampled with its default generation configuration:
temperature 1, and for Llama-3.1-8B-Instruct temperature 0.6 with nucleus (top-p) sam-
pling at p = 0.9. OPPD improves on both the untrained model and ordinary on-policy distillation
on every model and both benchmarks. Exact values in Table best-of-4 and the temperature-1/c
rows are in Appendix [}

B.4 THE COEFFICIENT A CONTROLS THE ABSORBED EXPONENT

The absorbed exponent decreases as \ increases, across all five settings (Figure Zh). With the
sequence-level term alone it rises by 1.02 above one, to about half of «, against a rise of 0.14
for ordinary on-policy distillation. The interquartile ranges of the two extreme settings do not over-
lap. The relationship is not linear: removing the anchor entirely moves a.g from 1.28 to 2.02,
whereas moving A from 0.5 to 2 moves it only from 1.28 to 1.19. Even a small coefficient on
the mass-covering anchor suppresses most of the available sharpening, which is consistent with its
forward-KL form.

The change appears on the answers the student writes. The estimator can be run on two sets
of contexts. One set comes from answers written by the initialization, and the other from answers
written by the trained model itself. The two estimates agree for ordinary on-policy distillation (1.105
and 1.144) and differ for opPD (1.207 and 2.019) (Tablelm, right, and Figure |Z|3). Measuring on
a model’s own answers therefore does not raise the estimate in general, only for the model trained
with the sequence-level term. On-policy training predicts this asymmetry. The training signal comes
only from answers that the student generates, so the parameters should change mainly along those
answers, and a method trained on text written by the teacher would not produce this pattern.

B.5 REPLICATION ON TWO FURTHER MODELS

On Qwen3-8B-Base, OPPD gains 12.75 and 17.13 points over the untrained model, which are
4.3 and 5.8 standard errors, and best-of-4 rises on both benchmarks. The divergence measurement
gives the same result for every number of candidates we tested: D, falls from 0.494 to 0.362 at
N=4, from 0.712 to 0.536 at N=16, and from 0.851 to 0.744 at N=64. These are reductions of
26.6%, 24.7% and 12.6%, consistent with the 21.6% measured on Qwen2 . 5-Math-7B. Values of
Dy, are not comparable across numbers of candidates, because more candidates explore more of the
distribution, so each comparison is made at a fixed N.

On Llama-3.1-8B-Instruct, OPPD gains 3.25 and 3.13 points over the untrained model, and
2.75 points on MATHS00 over ordinary on-policy distillation. The two methods differ more in
best-of-4 than in pass@1: ordinary on-policy distillation lowers MATHS00 best-of-4 by 4.0 points
relative to the untrained model, while OPPD lowers it by 1.0.
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Table 5: Qwen3-14B-Base, 300 steps at A = 0, evaluated at both decoding temperatures. Sam-
pled at temperature 1, OPPD scores above the untrained model at either temperature in pass@1 on
all three benchmarks, and in best-of-4 on MATH500 and AIME.

MATHS500 GSM8K AIME
pass@1  best-of-4 pass@1 best-of-4 pass@1  best-of-4

sampling at temperature 1

untrained  65.50 86.5 87.62 97.5 8.75 25.0
OPPD 84.00 93.0 95.88 97.0 16.25 28.3
sampling at temperature 1/«

untrained  82.00 89.0 92.38 96.0 12.92 20.0
OPPD 85.50 91.0 95.75 96.5 15.42 25.0

Table 6: deepseek-math-7b-rl, 300 steps at A = 1, 200 problems and four samples per
problem. A is the pass@1 of OPPD minus that of the untrained model on the same problems, with a
95% interval from a paired bootstrap over problems (100,000 resamples).

sampling task untrained ~ OPPD A [95% interval]

temperature 1 MATHS500 47.12 51.50 +4.38 [+0.88, +7.88]
p GSMSK 85.38 87.75 +2.38[40.00, +4.75]

temperature 1/c: MATHS500 47.12 49.88  +2.75[—0.38, +6.00]
P GSMSK 86.00 86.88  40.88 [—-0.75, +2.38]

B.6 SCALING TO A LARGER MODEL

The models above have 7 to 8B parameters. To test whether the method still works at a larger scale,
we ran it on Qwen3-14B-Base, whose authors report it as comparable to Qwen?2 . 5-32B-Base
(Yang et al.,|2025). All settings were those of Section except the learning rate, which was 3 x 1076,
We used A = 0, as the rule of Appendix prescribes, and evaluated both the untrained and the
trained model at both decoding temperatures.

With both models sampled at temperature 1/, OPPD gains 3.50 points on MATH500, 3.37 on
GSMSK and 2.50 on AIME (Table[5). The more informative comparison is across the two tempera-
tures. Lowering the temperature requires no training and raises the untrained model to 82.00, 92.38
and 12.92, its better result of the two temperatures we evaluate. OPPD sampled at temperature 1,
without any change to decoding, reaches 84.00, 95.88 and 16.25, above the untrained model’s best
on every benchmark.

OPPD also keeps more of the model’s diversity, as measured by best-of-4, than lowering the tem-
perature does. Lowering the temperature reduces the untrained model’s best-of-4 on two of the
three benchmarks, from 97.5 to 96.0 on GSM&K and from 25.0 to 20.0 on AIME, a cost of the
higher pass@1 that a lower temperature gives. OPPD at temperature 1 scores 93.0, 97.0 and 28.3 in
best-of-4, above the untrained model at either temperature on MATHS500 and AIME. The gains are
largest on MATHS500, where OPPD adds 18.50 points at temperature 1, against the 12.75 it adds on
Qwen3-8B—-Base.

B.7 A THIRD MODEL FAMILY

deepseek-math-7b-r1 differs from the models above in two ways that matter for this measure-
ment. It comes from a third model family, and it has already been trained with verified rewards on
mathematics, so reinforcement learning has already moved its probability toward correct answers.

Before training, lowering its sampling temperature from 1 to 1/« leaves MATH500 at 47.12 and
moves GSM8K from 85.38 to 86.00, gains of +0.00 and +0.62 points. The rule of Appendix [B.§|
prescribes A = 1 for a model that gains this little from a lower temperature, and we fixed A = 1
from this measurement before training began.
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Table 7: OPPD applied to a checkpoint that has already been trained with verified rewards. The
second row is that checkpoint. GRPO moves the untrained model from 50.25 to 64.00 on MATHS500,
and OPPD adds a further 9.25 points.

MATHS500 pass@1  GSMS8K pass@1

untrained model 50.25 59.25
after GRPO with verified rewards 64.00 71.00
GRPO, then OPPD, A = 1 72.13 79.75
GRPO, then oPPD, A = 0 73.25 79.38

OPPD scores above the untrained model in every row of Table[6] At temperature 1, MATHS500 rises
4.38 points with a 95% interval of [4+0.88, +7.88], and GSM8K rises 2.38 points.

This model allows a direct comparison of the two operations of Section 2.1} Lowering the tem-
perature, the token-level operation, gives +0.00 points on MATHS500. Sequence-level sharpening
through OPPD gives 4.38 points on the same benchmark and the same problems. On a model where
token-level sharpening gives no further gain, sequence-level sharpening still raises accuracy.

B.8 CHOOSING A FROM THE UNTRAINED MODEL

Removing the anchor term costs Llama—-3.1-8B-Instruct 4.75 points of MATH500 accuracy
and 5.5 points of best-of-4. On Qwen2.5-Math-7B the same change gains 9.25 points, so the
best coefficient differs between models. A quantity measured on the untrained model predicts which
case applies: how much the model gains from lowering its sampling temperature, which reflects how
much sharpening is still available.

model MATHS500 gain from temperature 1/« better A
Qwen2.5-Math-7B +19.9 0
Qwen3-8B-Base +13.0 0 (only A trained)
Llama-3.1-8B-Instruct +0.6 1

A model that gains a lot from a lower temperature still has sharpening available and tolerates A = 0,
the strongest setting. A model that gains almost nothing is already sharp, and sharpening it further
costs accuracy and best-of-4. On these three models, a single evaluation of the untrained model
identifies the better \.

B.9 APPLYING OPPD AFTER TRAINING WITH VERIFIED REWARDS

Table [T] compares our result with published GRPO on the same model. Reinforcement learning
with verified rewards and OPPD might move probability toward the same answers, in which case
applying one after the other would give no further gain. We tested this by taking a checkpoint of
Qwen?2.5-Math-7B that had already been trained with GRPO on verified rewards and training it
further with OPPD. All other settings were those of Section [5]

Training with verified rewards moves the untrained model from 50.25 to 64.00 on MATHS500 and
from 59.25 to 71.00 on GSM8K. OPPD then adds a further 9.25 and 8.38 points, which are 3.1 and
2.8 standard errors (Table[7). Both settings of A give gains of a similar size, 8.12 and 8.75 points at
A = 1, so this model is not sensitive to the anchor coefficient in the way that the instruction-tuned
model of Appendix [B.§was.

The two procedures can therefore be combined: training with verified rewards does not already pro-
vide what OPPD adds, although both start from the same untrained model and improve the same
benchmarks. Because the two gains add up, OPPD is useful both where verified rewards are unavail-
able, as in Table|l| and as a further step after training with them.
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Figure 5: AIME 2024 and 2025 pooled, n=60 problems, four answers each. OPPD reaches the
same pass@1 as training with verified rewards without using reference answers, and applying it
after that training exceeds either method alone. Best-of-4 rises to 31.67, so the combined model
solves problems that the untrained model does not solve in four attempts. The same evaluation on
Qwen3-8B-Base gives 7.08 untrained and 14.17 with OPPD. Exact values in Table@

MATHS500 GSMBK AIME
100 -

accuracy

55 70 0
untrained GRPO  OPPD untrained GRPO  OPPD untrained GRPO  OPPD

best-of-4 WM pass@l  --- untrained pass@1

Figure 6: OPPD and GRPO trained from the same Qwen3-8B-Base checkpoint with an equal
budget. Solid bar: pass@1; pale extension: best-of-4; dashed line: untrained pass@]1.

B.10 EQUAL-BUDGET COMPARISON WITH GRPO

Appendix applied OPPD to a checkpoint that others had trained with GRPO. This shows that the
two can be combined, but it does not say how large the gain from OPPD is beside a method that reads
reference answers. Here we train both ourselves, from the same starting model and with the same
budget. The comparison uses one standard implementation of GRPO at one budget, and we draw
no conclusion from it about the wider family of reinforcement-learning methods that use verified
rewards.

What is held equal. Both methods run for 300 optimizer steps. At each step both draw two
prompts and sample sixteen answers of at most 1024 tokens per prompt, so each method generates
9,600 answers over the run. GRPO additionally uses a reference answer for every training question,
which OPPD never does.

Our GRPO implementation is the standard one, with a single optimization pass over each batch of
samples. For each prompt it samples sixteen answers, called a group, and scores each with a binary
reward from the grader used for evaluation. The advantage of each answer is its reward minus the
group mean, divided by the group standard deviation. With a single pass, the model that generated
the samples is the model being updated, so the ratio between the new and the sampling probabilities
is one and the clipping range is inactive.

OPPD scores higher on all three benchmarks (Figure [6), by 3.75 points on MATH500, 4.00 on
GSMSK and 5.42 on AIME. Each margin is between one and two standard errors, so none is con-
clusive on its own, but all three favor the method that uses no reference answers.

Best-of-4, shown as the pale extensions in Figure [6] separates the two methods more clearly than
pass@1. On MATH500 and GSM8K both methods raise it, GRPO by 0.5 and 1.0 points and OPPD
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by 1.5 and 2.5. On AIME they differ: GRPO leaves best-of-4 at 16.67, the same as the untrained
model, while OPPD raises it to 26.67. A method that raises pass@ 1 without raising best-of-4 selects
more reliably among answers the model could already produce. Raising both means that the model
solves problems it did not solve in four attempts before, and on the hardest of the three benchmarks
only OPPD does so. AIME has only 60 problems, so the pass@ 1 margins there are imprecise.

Groups that give GRPO no training signal. GRPO learns from a group only when the rewards
in it differ. If all sixteen answers earn the same reward, the group mean equals every reward, all ad-
vantages are zero, and the prompt contributes no gradient. Our logs record how often this happened:
234 of GRPO’s 600 prompt draws (39%) had uniform rewards and produced no gradient. These
draws still cost computation, because the answers had to be generated before their rewards could be
compared.

This fraction is higher than the average reward rate would suggest. Late in training, the mean reward
ranged from 0.06 to 0.97 across steps. If every answer succeeded independently at the average
of these rates, fewer than 2% of groups of sixteen would have uniform rewards. Observing 39%
therefore means that difficulty is not spread evenly across prompts. A given problem tends to be
either easy for the model, so that most of the sixteen answers succeed, or too hard, so that almost
none do. Both cases tend to give uniform rewards and zero advantages, so mainly problems of
intermediate difficulty provide a learning signal.

OPPD does not have this problem, because its training weights come from the teacher’s probabilities
rather than from a correctness check. Sixteen answers that are all incorrect still differ in the total
probability the teacher assigns them, so their training weights still differ. The measured ESS stayed
between 0.39V and 0.64N throughout training, so no group’s weight concentrated on a single can-
didate, and every prompt drawn produced a gradient.

The two methods also place different requirements on the training data. GRPO needs a reference
answer that a grader can check, and of the 12,000 OpenR1-Math-220k items we examined, 8,236
had one. The rest give their answer in a form that the grader cannot match to a single expression,
such as a pair of values or a multiple-choice letter. OPPD uses only the question, so all 12,000 items
were available to it.

B.11 RESULTS ON AIME

MATHS500 and GSMS8K are solved often enough by the untrained model that a large part of each
score is already available before training. We therefore also evaluate on AIME, a competition bench-
mark on which a 7B model rarely succeeds. We pool the 2024 and 2025 problem sets, giving 60
problems, and generate four answers for each. All rows use the same 3500-token generation limit,
which keeps the prompt and the answer inside the model’s context window.

The untrained model solves 4.17% of AIME problems on a single attempt. Training it with GRPO
on verified rewards raises that to 10.83%, and OPPD, which uses no reference answers, reaches the
same 10.83% (Figure [5). The two methods reach this number with different requirements: GRPO
needs to know whether every training answer was correct, while OPPD needs only the questions.

Applying opPD after GRPO exceeds either method alone, reaching 12.92%. Best-of-4 separates
the three more clearly, at 21.67 for GRPO, 20.00 for OPPD, and 31.67 for the two together. The
combined model solves 31.67% of these problems within four attempts, where the untrained model
solves 13.33%, so it solves problems that the untrained model does not solve in four attempts.
Selecting among answers the untrained model already produces cannot give such a gain.

The AIME result holds on a second model. We repeated the evaluation on Qwen3-8B-Base,
a stronger and more recent starting point than Qwen?2 . 5-Math-7B. The untrained model solves
7.08% of AIME problems on a single attempt, and OPPD raises that to 14.17%, with best-of-4 going
from 16.67 to 26.67. Single-answer accuracy at least doubles on both models, and 14.17% is the
highest AIME result among our 7B and 8B models, so the pattern does not depend on starting from
a model that rarely solves these problems.
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Table 8: Qwen2.5-Math-1. 5B trained twice from the same starting point, 300 steps each, dif-
fering only in which model scores the candidates. Scoring against the student’s own distribution
matches or exceeds scoring against a 4 x larger teacher.

MATHS00 GSM8K
teacher pass@1  best-of-4 pass@1  best-of-4
none (untrained) 49.75 77.0 57.88 88.5
Qwen2.5-Math-7B 58.25 82.5 67.63 89.5
the student itself 59.88 82.5 73.25 91.0

The gain also transfers to problems harder than those used in training. The training prompts are
GSMB8K questions, which are grade-school word problems, while the gain appears on competition
problems that the model solves only occasionally.

B.12 TRAINING ON A DIFFERENT PROMPT SOURCE

Because the method uses no reference answers, the training questions can come from any source.
We repeated the training on Llama—-3.1-8B-Instruct using 4000 problem statements from
OpenR1-Math-220k (Hugging Face,|2025). A corpus assembled from competition sources may
contain problems that also appear in the benchmark. We therefore removed every training prompt
whose normalized form matched an evaluation problem, so no benchmark question appeared during
training.

Training on this corpus gives results within one standard error of training on GSM8K questions:
MATHS500 is 51.13 against 52.50 and GSMS8K is 85.88 against 85.38, differences of 1.4 and 0.5
points against a standard error of 2.9. Of the configurations trained on this model, this one also has
the highest best-of-4 (tied on GSM8K): 69.0 against the untrained model’s 69.5 on MATH500, and
94.0 against 92.5 on GSM8K, while pass@1 rises on both benchmarks. One training run per model,
on questions from any source, is therefore sufficient. The method needs a supply of questions, not
questions matched to the evaluation.

B.13 TRAINING AGAINST THE STUDENT ITSELF OR A LARGER TEACHER

Our main results use the student as its own teacher. Section |3 chose self-distillation for a measure-
ment reason: Qef(Phase — pr) is then exactly 1.000, so no measured sharpening can come from
copying a stronger model. The choice also follows from the purpose of the method: OPPD redis-
tributes probability that the student already assigns, so the distribution that should be sharpened is
the student’s own.

Standard distillation practice suggests the opposite, namely that a larger teacher should do better.
We tested this on Qwen?2 .5-Math-1. 5B, training it twice for 300 steps with A = 1 and otherwise
identical settings, once against Qwen?2 . 5-Math-7B as teacher and once against itself.

Both settings improve on the untrained model, by 8.50 and 9.75 points with the larger teacher and
by 10.13 and 15.37 points with the student itself (Table [8). Self-distillation is ahead by 5.62 points
on GSMS8K, which is 1.5 standard errors, and by 1.63 on MATHS500, which is within noise. The two
benchmarks together show that scoring against the student’s own distribution loses nothing relative
to a teacher four times its size, and on one benchmark it does better.

This agrees with how the method works. OPPD uses the scoring model’s ranking of complete an-
swers, and that ranking indicates where to move probability only if the probability belongs to the
model being trained. A larger teacher defines a power distribution that is not the student’s own, so
part of the gradient goes into closing the gap between the two models rather than into sharpening
the student. Self-distillation removes this competing objective, so the method does not need a larger
model to learn from.

Both runs used A = 1, chosen for the larger-teacher setting. We did not test whether A = 0 changes
their order, or how the comparison changes as the gap between teacher and student grows.
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Table 9: Each model used as the proposal distribution of the sampler, on MATH500 with n=250
and every candidate graded. Generating a single answer, OPPD at A = 0 comes within 0.8 points of
the untrained model with sixteen candidates.

proposal distribution N=1 N=16 gain from candidates best candidate ~ESS/N

untrained 66.8 79.2 +12.4 82.4 0.561
OPPD, A =1 71.2 76.4 +5.2 79.6 0.602
OPPD, A =0 78.4 80.0 +1.6 81.6 0.635

B.14 WHERE THE SAMPLER’S GAIN COMES FROM

Grading every candidate separates two things that the sampler does: it discards candidates while
answers are being written, and at the end it re-ranks the finished answers by importance weight. If
the importance weights carried information about correctness, the total normalized weight on correct
candidates would exceed the fraction of candidates that are correct. Across eleven measurements
spanning three models and three numbers of candidates, the two agree to within 0.5 points in every
case. This includes self-distillation, where teacher and student share an architecture. Choosing the
answer by weighted draw, by highest weight, or by majority vote gives the same result throughout
(Appendix [R).

The teacher’s probabilities therefore carry no useful information for ranking finished answers. All
of the sampler’s gain comes from discarding candidates while the answers are still being written and
their continuations still differ. Once the answers are complete, the teacher’s probabilities no longer
separate correct from incorrect candidates. This has a consequence for a family of methods: re-
ranking complete answers by model probability should not be expected to help, whereas intervening
during generation should.

C PROOFS

Proof of Theorem([l} Fix a prefix and write p(v) := pr(v | @,y<;). For a proposal ¢ the incre-
mental importance weight is w(v) = p(v)®/g(v), and its mean is proposal-independent: E,[w] =
>, q(v)p(v)*/q(v) = Z;. Minimizing the variance is therefore equivalent to minimizing E,[w?] =
2, P(v)**/q(v) subject to 37, q(v) = 1. With Lagrangian 3=, p(v)**/q(v) + n(3, q(v) — 1),
stationarity gives —p(v)®**/q(v)® + p = 0, hence g(v) = p(v)*/\/p, and normalization fixes
f = Z;. Substituting, w(v) = Z; for all v, so the conditional variance is zero and the minimizer
is unique. O

Proof of Theorem2} Let S = 3, ma(y)’py(y)' =%, s0 Dg = 317 log S. Differentiating and using
Vepgs = ppVglogpg,

VoS = Zﬂgu - ﬂ)p;ﬁv¢p¢ =(1-5) Zﬂgpi,_ﬂvwogp(b.
Y y

mBpl=F . _
Then VyDg = 557VS/S = =3, 2P Vylogpy = —Er [V logpg), since éff = -1

for every 8 # 1; the S — 1 case follows by continuity and gives the gradient of KL(m,||p,). The
normalizer Z, does not depend on ¢ and drops out. O

D TABLES CORRESPONDING TO THE FIGURES

Figures and [5| present these measurements graphically. The exact values follow.

E NOTATION AND DEFINITIONS

This section defines the terms used in the paper, for readers who are not familiar with all of them.
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Table 10: Left: the absorbed exponent decreases as A increases, across five settings, with
Qwen?2.5-Math-1.5B as the student, « = 4, and contexts taken from the answers each model
writes itself. Right: the same estimator on two sets of contexts. Only the model trained with the
sequence-level term measures higher on its own answers. The baseline is ordinary on-policy distil-
lation.

et (Pbase — Do) IQR contexts from base  own answers  ratio
OPPD, A =0 2.019 [1.713,2.356] baseline 1.105 1.144 1.04
OPPD, A = 0.5 1.283 [1.204,1.372] OPPD, A =0 1.207 2.019 1.67
OPPD, A =1 1.243 [1.172,1.319]
OPPD, \ = 2 1.193 [1.144,1.286]
baseline 1.144 [1.110,1.178]

Table 11: Replication at each model’s default generation configuration. Left: Qwen3-8B-Base,
temperature 1. Right: Llama-3.1-8B-Instruct, temperature 0.6 with nucleus sampling at
p=0.9. On Llama-3.1-8B-Instruct, lowering the sampling temperature to 1/« gains only
0.6 points on MATHS500, so gains measured here come from training rather than from decoding.
The baseline is ordinary on-policy distillation.

Qwen3-8B-Base Llama-3.1-8B-Instruct
MATH GSM MATH GSM
@1 @4 @1 @4 @1 @4 @1 @4
untrained 65.50 86.0 78.00 96.5  untrained 49.25 69.5  82.25 92.5
baseline 75.00 86.5 93.00 97.5 baseline 49.75 65.5 85.20 94.0
OPPD, \=0 78.25 87.5 9513 99.0 orprD, A\=0 47.75 63.0 85.75 91.5
OPPD, \=1 52,50 68.5 85.38 93.0

OpenRI prompts  51.13 69.0 85.88 94.0

Prompts, answers, probabilities. x is the prompt, y = (y1,...,yr) an answer of T tokens,
and y., the prefix before position ¢. A token is a short piece of text. A language model factors

ply | ) = [[,p(y: | ©,y<¢), and p(- | =,y<¢), as a function of the next token, is a next-token
distribution.

Temperature. Sampling at temperature 7 replaces each next-token distribution p(-) by one pro-

portional to p(-)*/7. Temperature 7 = 1 is ordinary sampling, and 7 < 1 makes likely tokens more
likely, which is token-level sharpening. The power distribution sharpens complete answers instead
(Section [2.1)).

pass@1 and best-of-4. We draw four independent answers per problem. pass@] is the fraction
correct, averaged over problems; it estimates the chance a single answer is correct. best-of-4 counts
a problem solved if at least one of the four is correct. A method that raises pass@1 while best-
of-4 holds or rises is solving more problems. A method that raises pass@1 while best-of-4 falls is
producing the same answer more consistently. The gap between the two metrics shows how much
the model’s success depends on which sample is drawn.

Entropy and nats. Entropy measures how spread out a distribution is, and it is zero when one
outcome is certain. We report it in nats, the unit that natural logarithms give. For the models studied
here, a next-token entropy of a few tenths of a nat means that the model is already confident.

Divergences. KL(P||Q) measures how different P is from Q. It is zero if and only if the two
agree, and it is not symmetric, so the two orderings behave differently as objectives. Forward KL,
KL(P||@) with P the distribution being approximated, is mass-covering: it heavily penalizes @
for assigning little probability where P assigns some, and it tolerates ) being broad. Reverse KL,
KL(Q||P), is mode-seeking: it penalizes () for assigning probability where P assigns little. The
Rényi divergence Dg(P||Q) = 57 log Y., P(y)’Q(y)' " is a family indexed by 8 > 0, equal
to KL at B = 1; it is zero exactly when P = () and positive otherwise. The Rényi entropy is
Ha(p) = 1ia log va(v)a'
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Table 12: AIME 2024 and 2025 pooled, n=60 problems, four answers each. OPPD reaches the same
pass@1 as training with verified rewards without using reference answers. Applying it after that
training exceeds either method alone, and best-of-4 rises to 31.67, so the combined model solves
problems that the untrained model does not solve in four attempts.

pass@1  best-of-4

untrained Qwen?2 .5-Math-7B 4.17 13.33
after GRPO with verified rewards 10.83 21.67
OPPD, no reference answers 10.83 20.00
GRPO, then oPPD, A = 0 12.92 31.67
untrained Qwen3-8B—-Base 7.08 16.67
Qwen3-8B-Base with OPPD 14.17 26.67

Table 13: opPD and GRPO trained from the same Qwen3-8B-Base checkpoint for 300 steps each,
generating 9,600 answers each, then evaluated with the same code. GRPO uses a reference answer
for every training question, and OPPD uses none. The two runs used the same GSM8K prompt set.

MATHS00 GSMS8K AIME
pass@1 best-of-4 pass@1 best-of-4 pass@1  best-of-4
untrained 65.50 86.0 78.00 96.5 7.08 16.67
GRPO, reference answers 74.50 86.5 91.13 97.5 8.75 16.67

OPPD, no reference answers 78.25 87.5 95.13 99.0 14.17 26.67

Distillation. Distillation trains a student pg, with parameters ¢, to behave like a teacher pr. In
off-policy distillation the teacher writes examples and the student reproduces them. In on-policy
distillation the student writes answers and the teacher scores them, so the student learns to continue
from its own mistakes. Self-distillation initializes both from the same model, which rules out that a
measured change comes from the student copying a stronger model.

Stop-gradient. [-],, denotes a quantity held fixed during differentiation.

Uncertainty. With 200 problems and four samples each, the paired standard error on a difference
between two methods on the same problems is ~ 2.9 points, written 1o. Differences of 1o or less
are not treated as real. For per-context estimates we report the interquartile range (IQR), the range
of the middle half of the measurements.

F EXTENDED BACKGROUND ON THE SAMPLER

Importance sampling. To estimate averages under a distribution 7 = ~/Z, where v can be
evaluated but Z cannot, draw samples from a proposal distribution g and weight each sample by
w(y) = v(y)/q(y), which measures how much more 7 favors the sample than ¢ does. The self-
normalized estimate is E,[f] ~ >, w(y®) f(y)/ >, w(y™), and the division removes Z. This
estimator is consistent rather than unbiased, with bias of order 1/N.

Computing the weights incrementally. When importance sampling is applied to complete an-
swers in one step, the weights vary over many orders of magnitude and one sample dominates.
Defining unnormalized distributions over prefixes, v:(y1.t) = pr(y1.+ | ©)®, and updating the
weights by @) gives the same total weight v /g, while letting the sampler monitor the weights
and resample during generation.

Resampling. When the ESS falls below xN (we use k = 0.5), the candidates are resampled
with probability proportional to their normalized importance weights, and all weights are reset to be
equal. We use systematic resampling, which is unbiased and has lower variance than multinomial
resampling (Doucet & Johansen, 2009). Duplicated candidates diverge again because their next
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tokens are sampled independently. Any unbiased resampling scheme leaves the distribution being
approximated unchanged and affects only the variance and the diversity of the candidates.

What the weights select for. Equation (3)) states that, under the variance-optimal proposal, a can-
didate’s log importance weight is (1 — «) times the sum of the Rényi entropies of the teacher’s
next-token distributions along its answer. Since o > 1 makes (1 — ) negative, candidates whose
prefixes the teacher is confident about keep their weight, and candidates that pass through uncertain
positions lose it. No reward model, verifier or reference answer is used at any point.

G WHY A WEIGHTED TOKEN-LEVEL KL CANNOT REACH THE POWER
DISTRIBUTION

An alternative objective multiplies a per-token KL divergence to the teacher at temperature 1/« by
the training weight of each answer, Zi’t[/_l(i)]sg KL(F(TO‘)(- | y(éz)Hpqﬁ( | yg)) This objective
cannot reach m,. A divergence multiplied by a nonnegative scalar has the same minimizer as the
divergence itself, so for every context c that is visited, the optimal py (- | ¢) is W(T“) (- | ¢) whatever the
weights are. Weights placed outside a divergence change which contexts contribute, but they never
change the distribution matched at each context. The attainable optimum is therefore the teacher at
temperature 1/c, which Section [2.1]shows differs from 7.

The underlying reason is that the next-token distribution of =, is proportional to pr(v |
Y<t)® Vi(y1:1v), where the twist function V; = 37 pr(y>¢ | y1.4)* sums over all continuations.

Setting V; = const leaves exactly the teacher at temperature 1/, and a factor missing inside the
divergence cannot be supplied by a weight outside it. Equation (9) instead places the weights on a
log-likelihood, where they change the distribution being fitted.

H THE DERIVATION IN FULL

This appendix derives the loss from the objective step by step. It repeats material from Section [3]in
a form that can be checked line by line, and it contains no new results.

H.1 WHAT WE ARE MINIMIZING

Fix a prompt . The student p,, with parameters ¢, assigns probability p,(y | ) to each complete
answer y. The power distribution of (T]), with the teacher p in place of p, is

Taly| ) = % Zaw) = S paly/ | 2)°.

We choose an order 5 > 0 and minimize the Rényi divergence (3] between the power distribution
and the student,

(@) = Ds(rallpe) = 577 l0g S0, S(0) = X malt) po(0)!

where the dependence on z is omitted. Minimizing 7 is equivalent to minimizing log S when 5 > 1

and to maximizing it when 3 < 1; the factor 1~ handles the sign, which is why the gradient below

B—1
has one form for every .

H.2 THE GRADIENT OF THAT OBJECTIVE
Differentiate S with respect to ¢. Only the factor ps(y)!~? depends on ¢, and a%p;_ﬁ = (1-
B) ;" Vopg. so

VoS = Y ma®)’ (1= B)ps(y) ™ Vops(y).
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Use the identity Vypy = pg Vg log pg, which holds wherever py > 0, to replace Vgpg(y):

VoS = (1=8)Y_ ma(y)’ pe(y)' " Vi log ps(y).

Now differentiate J = ﬁ log S

L VeSS 1-Bma®)ips(y)
v = . = Vsl .
oJ -1 s = Zy: 5 ¢10g Py (y)
The prefactor [13;_? equals —1 for every 3 # 1. Define
B 1-8
2y = Ta(y)” e (y) ’
S
which is nonnegative and sums to one over y, so it is a probability distribution. Then
VeDs(malps) = =D 7D (y) Vslogpe(y) = —Ero[Vslogps(y)], (1)
Y

which is Theorem 2] The case 3 = 1 follows by continuity and gives the gradient of KL (mq[pg).

Substituting 7, = p$/Z, into the definition of 76 gives 7B p%ﬁ p}b_B , with the factor Z, B
absorbed into the normalizer S. This is why the intractable Z,, never appears in the gradient even
though it appears in the objective.

H.3 WHY THE WEIGHTS CAN BE TREATED AS CONSTANTS

Equation (TT)) contains 78, which depends on ¢ through péfﬁ . It might appear that differentiating
a loss whose weights are computed from ¢ and then held fixed would miss a term. It does not,
because (TI)) is already the complete gradient. The differentiation in Appendix was applied
to the full expression for 7, including the dependence of 7(?) on ¢, and every resulting term was
collected. In the right-hand side, 7(?) appears only as a weight. Any implementation that evaluates
those weights and holds them fixed while differentiating log py4 therefore computes exactly, not
an approximation of it. Appendix [O|confirms this numerically against brute-force enumeration.

H.4 FROM AN EXPECTATION TO A WEIGHTED AVERAGE

We cannot evaluate the sum in (L 1)), because it runs over every possible answer, and we cannot draw
samples from 7(%), because computing its normalizer S requires the same sum. Instead, we draw
answers from a proposal distribution ¢ and correct for the mismatch.

(N)

Let y™, ..., y™) be answers drawn from ¢, and suppose ¢(y) > 0 wherever 7(%) (y) > 0. For any

function f,

E:o[f@)] = Y 7P fy) = > alw)

Y

M) o [F0)
q(y) fv) = Eq{ q(y) f(y)]’

where the middle step multiplies and divides by ¢(y), which is legitimate because ¢(y) > 0 on the
support. The ratio 7(%) (y)/q(y) is the importance weight of 3 for estimating expectations under

7(8). We call its self-normalized version the training weight, to keep it distinct from the sampler’s
importance weight for 7.

Two problems remain: the right-hand side is still an expectation, which we replace by the sample
average over the NV answers, and 7(#) is known only up to the constant S, which we cannot compute.
The self-normalized form handles both. Write A() = 7 (y(©)) /¢(3y()) for the unnormalized ratio,
using any convenient constant multiple of 7(%), and let

A A - A
A == <N a0 SO that Z A = ].
Zj:l A(j) =1
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Any constant common to all A cancels between the numerator and the denominator, so the un-
known S and the unknown Z, # both drop out. The self-normalized estimate is

N

Ezo[f(y)] = ZA(i)f(y(i))y

=1

which is consistent, with bias of order 1/N (Doucet et al., 2001). This is the sense in which Sec-
tion [3.4] obtains the training weights from self-normalized importance sampling: they are the ratios

7B /q evaluated at the sampled answers and rescaled to sum to one. Taking f = V4 logpg and
substituting into (TI)),

N
VeDs(malps) = =Y AW V4 logpy(y™”). (12)
=1
H.5 COMPUTING THE WEIGHTS TOKEN BY TOKEN

Both 7% and ¢ factor over tokens, so their ratio does too. Writing the factorization out,
i i) aB i i)\ 1-8

A o HtpT<yt() |~”U7?/(<z)s) Htp¢(yt() | :v7y(<%)
I (v | 2,9%))

and taking logarithms turns each product into a sum:

log AW =" [aﬁ logpr(y” | ) + (1 — B) logps (yi” | -) — loga (v,” | -)},
t

)

which is (8). Working in logarithms is necessary, because each factor is a probability below one and
the product underflows to zero in floating point after a few hundred tokens. The three quantities in
the bracket are the same three that the sampler evaluates at every token, which is the sense in which
the sampler and the loss share their computation.

H.6 FROM THE GRADIENT TO A SCALAR LOSS

Equation (T2)) is a gradient estimate, but automatic differentiation requires a scalar loss. Consider

N

Loeq(d) = =Y [AV], logps(y" | ),

=1

where [-|s; means the enclosed value is treated as a constant by the differentiation. Differentiating,
the constants pass through and

N

i=1
which is exactly the right-hand side of (12). A gradient step on L. is therefore a gradient step on
Dg(mq||pe), up to the error of the estimate. Appendix [H.3|justifies the stop-gradient.

Finally, we expand log ps(y) | #) = 3, log po(yt? | =, yg), so that the loss is a sum over
tokens. Dividing by T = % >; T keeps the magnitude of the loss from growing with answer
length, which would otherwise tie the effective learning rate to how long the answers are. The result
is the sequence-level term of (9).

I THE SIMPLEST CASE OF THE LOSS

Setting 8 = 1 reduces (§) to a sum of the log incremental importance weights of (2). Substituting
the proposal ¢; o p§ and using log Z? = (1-a)H, (ps),

log AW = a | log pr(y"” | x)—log ps(y"* Ix)}*(afl)’H(“, HO =" Ho(po(- | 2.99).
t
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At initialization in self-distillation the first bracket vanishes and A) = softmax; (— (o — 1)H®),
a softmax over the negative total Rényi entropy along each answer, scaled by a — 1. With A = 0
the loss is then maximum likelihood on the student’s own answers, each weighted by how confident
the student was along it. As training proceeds, the first bracket becomes nonzero and shifts weight
toward answers that the frozen teacher rates more highly than the current student does.

J  FULL EXPERIMENTAL CONFIGURATION

Models. Qwen2.5-Math-7B (main, self-distillation), Qwen3—-8B-Base,
Qwen3-14B-Base, Llama-3.1-8B-Instruct, deepseek-math-7b-rl, and
Qwen2.5-Math-1.5B as student with Qwen2.5-Math-7B as teacher for the A sweep.
In self-distillation teacher and student are initialized from the same checkpoint; the teacher is then
frozen.

Sampler. « = 4, increased linearly from 1 over the first 20% of training steps; N = 16 candidates;
block length A = 64; resampling when ESS < N/2; systematic resampling; 8 = 0.7; the proposal
distribution is the student at temperature 1/«. The teacher’s next-token distributions are truncated
to the top 64 tokens and renormalized. The probability retained by the truncation is logged, and it
exceeds 0.98 throughout except on the first block of unusually long prompts.

Optimization. 300 steps, two prompts per step, learning rate 5 x 107% (3 x 1076 for
Qwen3-14B-Base and 1 x 1075 for the Qwen2.5-Math-1.5B students) with 10 warmup
steps, no weight decay, gradient clipping at 1.0, 8-bit AdamW (Dettmers et al., |2022), gradient
checkpointing, microbatch size 1 in the gradient phase, 1024 generated tokens during training (2048
for deepseek-math-7b-r1, whose answers are longer).

Evaluation. Four samples per problem, 200 problems each from GSM8K and
MATHS00, 2048 generated tokens (3072 for Llama-3.1-8B-Instruct and 4096 for
deepseek-math-7b-rl, whose answers are longer). We use the prompt builder, answer
parser and grader of the reference power-sampling implementation so that our numbers are directly
comparable with published measurements on the same models. Temperature-1 rows use each
model’s own generation configuration, which is temperature 1 with no truncation for the Qwen
models and temperature 0.6 with nucleus sampling at p = 0.9 for L1ama—-3.1-8B-Instruct.
Temperature-1/a rows set 7 = 0.25 explicitly and keep the rest of that configuration, so
Llama-3.1-8B-Instruct is sampled there with nucleus sampling at p = 0.9.

Prompt formats. Each model is trained and evaluated with the same prompt format.
deepseek-math-7b-r1 uses the instruction its model card specifies.

Training corpora. GSMS8K training-split questions throughout, except Appendix which
uses 4000 problem statements from OpenR1-Math—-220k. In both cases only the question text
is used. For the latter we remove any training prompt whose normalized form (lowercased, al-
phanumeric characters only, first 400 characters) matches any evaluation problem, so no benchmark
question appears in training.

K VALIDATION OF THE EVALUATION CODE

Before training we evaluate the untrained model and compare with published numbers for the same
model, to establish that our decoding, parser and generation length reproduce the setting those num-
bers were produced in.

untrained Qwen?2.5-Math—-7B measured published difference

MATHS500, temperature 1 50.25 49.6 +0.65
GSMSK, temperature 1 59.25 62.2 —2.95
MATHS500, temperature 1/« 70.13 69.0 +1.13
GSMS8K, temperature 1/a 76.13 7.3 —-1.17
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Differences are within 3 points and run in both directions, consistent with sampling variation on a
200-problem subset rather than a systematic difference in protocol. All comparisons in the paper
use this evaluation.

L COMPLETE ACCURACY TABLES

Table[[1]reports the replication models at each model’s default generation configuration. The tables
below give both decoding temperatures.

Table 14: Qwen3-8B-Base, both decoding temperatures.
MATHS500 GSMSK
pass@1  best-of-4 pass@1  best-of-4

temperature 1

untrained 65.50 86.0 78.00 96.5
on-policy distillation ~ 75.00 86.5 93.00 97.5
OPPD, A =0 78.25 87.5 95.13 99.0
temperature 1 /o

untrained 78.50 87.0 93.75 98.0
on-policy distillation ~ 79.00 86.5 95.00 98.0
OPPD, A =0 81.00 86.5 94.88 97.0

Table 15: Llama-3.1-8B-Instruct. Lowering the decoding temperature gains only +0.6
and +1.25 on this model, so improvements measured at its default configuration (temperature 0.6,
nucleus sampling at p = 0.9) come from training rather than from decoding.

MATHS00 GSMS8K
pass@1  best-of-4 pass@1 best-of-4
untrained, default configuration ~ 49.25 69.5 82.25 92.5

untrained, temperature 1/ 49.88 66.5 83.50 93.0
on-policy distillation 49.75 65.5 85.20 94.0
OPPD, A =0 47.75 63.0 85.75 91.5
OPPD, A =1 52.50 68.5 85.38 93.0

OPPD, A = 1, OpenR1 prompts 51.13 69.0 85.88 94.0

M COMPLETE DIVERGENCE AND ABSORBED-EXPONENT MEASUREMENTS

Divergence to the power distribution for different numbers of candidates. Appendix [B.5|sum-
marizes these measurements, and the full table follows. The divergence Dy = — log(ESS/N) is
not comparable across rows, because more candidates explore more of the distribution and the mea-
sured spread of the weights grows with N for any fixed proposal. Comparisons are meaningful only
within a row.

ESS/N Do per block
candidates N untrained OPPD  untrained OPPD  reduction
4 0.610 0.696 0.494 0.362 26.6%
16 0.490 0.585 0.712 0.536 24.7%
64 0.427 0.475 0.851 0.744 12.6%

Because the ESS measures the divergence from the power distribution to the proposal distribution,
the trained model is also a more efficient proposal for the sampler than the model it was trained
from. Fewer candidates are therefore wasted if the sampler is run after training.
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Absorbed exponent on both sets of contexts, gwen2.5-Math-1.5B sweep. Table[I0|reports
the measurements on each model’s own answers. Both sets of contexts are given here, with the
token entropies. The base entropies differ between rows because each row’s contexts are written
by a different model, so only the fraction of the base-to-target entropy gap that training closes is
comparable across rows.

Qe (Pbase — Po) entropy on own contexts (nats)

base ctx. ownctx. base trained target
OPPD, A =0 1.207 2.019 0.268 0.087 0.052
OPPD, A = 0.5 — 1.283 0.218 0.138 0.045
OPPD, A =1 1.165 1.243 0.277  0.203 0.056
OPPD, A = 2 1.137 1.193 0.300 0.224 0.062
baseline 1.105 1.144 0.302 0.241 0.061

Validation of the estimator. On synthetic logits with a known exponent, the estimator returns a
correctly to four decimal places for a € {1,1.5,2,3,4}. It returns 1.998 when the sharpened model
is also perturbed by noise, and —0.008 for a model unrelated to the reference.

A resolution limit of the estimator. The fitted slope in (I0) is a covariance divided by the variance
of 10g ppase under weights ppase. When ppase 1S close to deterministic, that variance approaches zero
and the slope is dominated by noise. For the 7B and 8B models, the entropy of pp,s. along the
trained models” own answers is 0.096 to 0.138 nats, and all trained models give a,.g between 1.11
and 1.25, with no separation between them. We therefore report a¢ only where the entropy of ppase
is large enough (0.22 to 0.30 nats in the Qwen2 . 5-Math-1. 5B sweep), and use the direct entropy
measurement of Table[d]for the larger models. Outside this range, values of a..g mostly reflect noise.

N WHY THE STUDENT AT TEMPERATURE 1 FAILS AS A PROPOSAL

Section [3.3] states that using the student at temperature 1 as the proposal distribution makes the
sampler fail. The second term of (6), (ov — 1) log py(v+), has a standard deviation of about 4.6 nats
per token at « = 4. Across a block of A = 64 tokens, the spread between candidates is therefore
about 4.61/64 =~ 37 nats, against a usable range of log N = log 16 ~ 2.8 nats. With this proposal,
ESS/N stays at 1/N from the first block onward, which makes the sampler equivalent to selecting
one candidate at random. The failure raises no error and produces no unusual value in the training
log. The normalized importance weights are a softmax over the log importance weights, so a gap of
35 nats between the two largest gives the second a relative weight of e 73° ~ 6 x 1076, Resampling
then replaces all IV candidates with copies of one. From that point on, the candidates carry a single
distinct answer and no longer approximate 7, and the estimator of Theorem 2] has a single sample.
With the student at temperature 1/« as the proposal, this term cancels exactly, and the measured
ESS/N during training lies between 0.39 and 0.64 for every model we train.

As a check on the algebra, setting the student equal to the teacher makes the teacher—student differ-
ence term vanish, so by Theorem [I|the incremental importance weights should be identical for every
candidate. The measured ESS/N in this configuration is 0.998.

O IMPLEMENTATION CORRECTNESS

Several results concern distributions rather than accuracy, so we verify the implementation indepen-
dently of any benchmark with fifty automated checks on small randomly initialized models, which
run the same code as training.

* Theorem[2] and the exactness of holding the weights fixed, against brute-force enumeration
and numerical differentiation: agreement to 10719 for 8 € {0.25,0.5,1,2,5}.

* Log-probabilities recorded during generation and recomputed in the gradient step agree
to 4.8 x 10~7 with resampling forced at every block. This tests token alignment and the
reordering of the attention key-value cache for student and teacher.
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* Loss and gradient match a direct reference implementation to 10~% and 3 x 1078, and
accumulating gradients over microbatches matches a single backward pass to 7 x 1077,

* The total variation distance between the sampler’s output distribution and 7., computed
by exhaustive enumeration on a small model, decreases monotonically in N (0.166, 0.095,
0.065 at N = 4,16, 64) against 0.112 for the untrained model. This is the O(1/N') behavior
expected of a correct sampler.

* With the student equal to the teacher, Theorem [I| predicts equal weights, and the measured
ESS/N is 0.998 against a theoretical 1.000.

These checks found three defects before any reported run: the amplification of training weights at
resampling (Section [3.5), activation memory that grew with N instead of with the microbatch size,
and proposal log-probabilities that were discarded.

P CORRECTING THE WEIGHT ADVANTAGE OF STOPPING EARLY

Equation (5) implies that the log importance weight decreases at every token. A candidate that
emits the end-of-sequence token keeps its weight fixed while unfinished candidates continue to lose
weight, so stopping early gains weight for reasons unrelated to answer quality. For long chains of
reasoning, this would train the model to stop reasoning early, and the loss curve would give no sign
of it.

We charge each finished candidate the mean per-token increment in log importance weight of the
unfinished ones. This is the same constant for every finished candidate at a given step, so the
normalized weights among unfinished candidates are unchanged, and only the comparison between
finished and unfinished candidates is corrected. As a diagnostic, we use the mean answer length
weighted by the normalized importance weights minus the unweighted mean length, which should
be near zero.

We measure this diagnostic in a controlled setting where student and teacher are the same model, so
that the per-token decrease is identical across candidates and any preference for length comes from
the weight accounting:

weighted minus unweighted length  ESS/N

without the correction —25.9 tokens 0.084
with the correction +0.13 tokens 0.997

Q RESAMPLING AND THE TRAINING WEIGHTS

Resampling duplicates candidates. The training weights already recorded for earlier blocks are
stored per candidate, so a duplicated candidate carries its ancestor’s recorded weight once per copy.
Without a correction, the total training weight on an earlier block grows with every resampling step
(a block that survives k steps is amplified by up to N*), and the opening tokens of every answer
come to dominate the loss. Neither the loss value nor any standard diagnostic shows this.

Duplication is how resampling represents weight, so the recorded training weights must be renor-
malized to compensate. After each resampling step, we renormalize the stored training weights
of every earlier block to sum to one across candidates. The test suite of Appendix [Of checks this
property automatically.

The sampler and the loss also keep separate weight accumulators. The sampler’s accumulator uses
(2) and decides when to resample. Replacing it with the training weight, which depends on S,
would stop the sampler from approximating 7. The loss accumulator uses (8], is reset at every
block boundary, and supplies A(*). Their per-token increments agree at 3 = 1, but for every 3 they
accumulate over different windows. We write the training weight with the letter A to keep it distinct
from the importance weight .

R SELECTING AMONG FINISHED ANSWERS
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Table 16: Percentage of candidates that are correct, against the total normalized importance weight
on correct candidates. If the teacher’s probabilities ranked finished answers usefully, the weight on
correct candidates would exceed the percentage correct.

model proposal, N % correct  weight on correct  difference
1.58 untrained, 16 53.5 53.0 —0.45
: trained, 16 49.8 49.7 —0.06
untrained, 16 78.9 78.8 —0.10
Qwen2.5-Math-7B OPPD A\=1, 16 76.4 76.7 +0.32
opPPD A=0, 16 80.0 80.1 +0.15
untrained, 4 81.20 81.04 —0.16
untrained, 16 82.40 82.34 —0.06
0 3-8B-B untrained, 64 76.72 76.63 —0.09
wen ase OPPD, 4 81.30 81.46 +0.16
OPPD, 16 80.10 80.18 +0.08
OPPD, 64 80.06 79.86 —0.20
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