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People often tackle difficult problems by thinkingmore deeply or exploringmore possibilities.
Similarly, recursive reasoners, which reason by repeatedly applying a learned update rule
to latent states, can also scale inference through more updates (depth) or additional
trajectories generated by perturbing latent states (width). When people hit a dead end in
their thinking, they may step back and approach the problem from a fresh angle. However,
neither depth scaling nor perturbation-based width scaling of recursive reasoners can
reliably achieve this: both may converge to incorrect attractors. To address this, we propose
to explore diverse reasoning traces by applying different update maps to the same latent
state, without any additional training. We realize this idea through Input-Conditioned
Search (ICS), which searches over input conditions to induce alternative update maps from
the pretrained reasoner. Across six reasoning tasks, ICS achieves the highest mean accuracy,
while requiring up to two orders of magnitude fewer model FLOPs than the evaluated
scaling baselines. Controlled experiments confirm that ICS can redirect trajectories from
the same state. Our theoretical analysis and rigorous numerical verification also confirm
that ICS can locally eliminate incorrect attracting fixed points. Together, these findings
establish ICS as an effective axis for efficient test-time scaling and motivate further research
on shaping recursive reasoning during training and at test time.
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1 Introduction
People often respond to difficult problems by thinking longer or exploring more possibilities, yet their
reasoning can still reach a dead end. Recursive reasoners face a similar limitation. They produce
answers by repeatedly applying a learned update rule to a latent state, and can scale test-time
computation with fixed weights through longer trajectories (depth) or multiple perturbed trajectories
(width) (Jolicoeur-Martineau, 2025; Sghaier et al., 2026; Baek et al., 2026). However, both strategies
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Figure 1 Sudoku test-time scaling without a task certificate at selection. All curves are the average of three
trained seeds. The Attractor point uses the 3,072-puzzle subset and is marked separately.

retain the reasoner’s original input-conditioned update map: depth iterates the same map for longer,
while perturbation-based width explores additional trajectories under the same map. Our diagnostics
identify failures that persist under both continued iteration and random perturbations, as trajectories
converge to incorrect attractors. This raises a central question: how can a frozen recursive reasoner use
additional test-time computation to overcome such failures and discover correct solutions efficiently?

When their reasoning stalls, people may step back and approach the same problem from a fresh angle.
We ask whether a recursive reasoner can do the same without retraining. To achieve this goal, we
investigate shaping recursive dynamics as an additional dimension of test-time scaling: changing the
update map that governs reasoning without retraining the model. Because each recursive update
depends on both the learned parameters and the input, varying the input condition provides a way to
induce alternative update maps while keeping the parameters fixed. We introduce Input-Conditioned
Search (ICS), which searches over input conditions to explore these alternative maps and restarts
reasoning from the same initial latent state under each condition.
We instantiate ICS through two operations. Hypothesis injection incorporates partial model predictions
into the input as tentative assumptions. Validity-preserving restatements express the same task in
equivalent representations and map predictions back to the original representation. Model predictions
guide both which hypotheses to expand and which answer to select. Throughout the search, the
original task remains the criterion for answer correctness.
Our analysis establishes that input conditioning can locally eliminate incorrect attracting fixed points.
We verify this mechanism with computer-assisted proofs in separately trained 4× 4 Sudoku reasoners
under continuous variation of the input embeddings. Controlled interventions on hypotheses and
restatements also show that changing the input condition can redirect trajectories from the same
initialization. Recovery further depends on the starting state and the duration of conditioning,
motivating input-conditioned search combined with fresh initialization.
Across six reasoning tasks, ICS achieves the highest mean accuracy both with and without a task
correctness checker at answer selection, tying at 100% on Light-Up. Without a checker, ICS achieves
higher mean accuracy than the evaluated scaling baselines on the remaining five tasks with approxi-
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Figure 2 ICS lifts efficient test-time scaling of recursive reasoners by shaping the update rules.

mately 10–195× fewer model FLOPs; on Sudoku-Extreme, it reduces errors by approximately 92%
relative to the strongest baseline at comparable compute. Together, these results demonstrate efficient
test-time scaling through input-conditioned search without additional training, and motivate broader
methods for shaping recursive dynamics to improve access to correct solutions.

2 Preliminaries
Frozen recursive reasoners. A recursive reasoner repeatedly updates an internal latent state to
refine its prediction. Formally, a modelM𝜃 receives an input 𝑥 ∈ V𝐿𝑥 , a sequence of 𝐿𝑥 tokens over the
vocabulary V with task-specific given positions 𝐺(𝑥) ⊂ {1, . . . , 𝐿𝑥}. M𝜃 reasons towards the answer
𝑦̂ ∈ V𝐿𝑦 by iterating a learned update 𝐹𝜃(𝑧𝑡−1; 𝑥) of its latent state 𝑧 ∈ Z = ℝ𝑑 from an initial state
𝑧0, and reads the answer and a halting signal from the state:

𝑧𝑡 = 𝐹𝜃(𝑧𝑡−1; 𝑥), 𝑦̂𝑡 = 𝑔𝜃(𝑧𝑡; 𝑥), 𝑞𝑡 = 𝑄𝜃(𝑧𝑡), 𝑡 = 1, 2, . . . (1)

where the decoder 𝑔𝜃 decodes the answer 𝑦̂ from the latent 𝑧𝑡 and 𝑄𝜃 produces a halting score that
can be used for stopping or candidate selection. The learned parameters 𝜃 are frozen at test time;
thus, for a given input 𝑥, they induce a fixed latent update map 𝐹𝑥 := 𝐹𝜃(·; , 𝑥). One application of 𝐹𝑥
is a recursion step, and the resulting 𝜏 = (𝑧0, 𝑧1, . . . ) is a reasoning trajectory from the initialization
𝑧0. The Tiny Recursive Model (TRM) (Jolicoeur-Martineau, 2025), our primary backbone, uses a
small shared network to recursively update an internal reasoning state and an answer representation.
In our notation, the complete state is 𝑧 = (𝑧𝐻 , 𝑧𝐿): 𝑧𝐻 represents the current answer, 𝑧𝐿 supports its
iterative refinement, and the decoder reads 𝑧𝐻 . A recursion step can contain multiple applications of
the shared network. In this work, we study reasoning puzzles, where the input token length is equal
to the output length 𝐿 := 𝐿𝑦 = 𝐿𝑥 .
Test-time scaling of recursive reasoners. Each latent state 𝑧𝑡 can be decoded by 𝑔𝜃 into a candidate
answer 𝑦̂𝑡. Additional recursion steps therefore provide further opportunities to discover a correct
answer, but need not improve coverage of correct solutions (Appendix C). Two common scaling axes
are depth, which increases the number 𝐷 of updates per trajectory, and width, which increases the
number 𝐾 of trajectories. Width scaling can be implemented by perturbing a latent state 𝑧𝑡 with a
perturbation 𝜀(𝑘)𝑡 and continuing recursion from the resulting states. Previous work uses perturbations
sampled from fixed noise distributions or learned distributions (Sghaier et al., 2026; Baek et al.,
2026). For a fixed input 𝑥, consider 𝐾 trajectories with 𝐷 updates each. Their latent states form the
collection P(𝑥) =

(
𝑧
(𝑘)
𝑡

)
1≤𝑘≤𝐾,1≤𝑡≤𝐷.
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Answer selection and evaluation. Discovering a correct candidate and selecting the answer
to return are distinct requirements of test-time scaling. Let 𝑉 (𝑥, 𝑦) ∈ {0, 1} indicate whether 𝑦
satisfies the original task defined by 𝑥. Let C(𝑥) denote the candidate answers made available
by the inference procedure, expressed in the original task representation. Their solution cov-
erage is Coverage(𝑥) = 1[∃ 𝑦 ∈ C(𝑥) : 𝑉 (𝑥, 𝑦) = 1] . We distinguish two answer-selection regimes:
𝑦̂cert = 𝑐cert

(
C(𝑥); 𝑥, 𝑉 )

, 𝑦̂model = 𝑐model
(
P(𝑥); 𝑥) . For a fixed candidate pool, certificate-based selection

returns a valid answer whenever one is present. Model-based selection instead uses model-derived
information, such as halting scores, learned scores, or prediction agreement, without access to 𝑉
during selection. With a task certificate 𝑉 available, we evaluate reasoning efficiency: the ability to
discover a verified solution as a function of inference cost. Without the certificate at selection, we
evaluate the complete procedure by its final-answer accuracy and inference cost, using 𝑉 only to
assess correctness. Each regime is evaluated with its corresponding search and stopping rules.

3 Input-Conditioned Search
Input-Conditioned Search (ICS) allocates test-time computation to exploring alternative input condi-
tions for the original task 𝑥 (Figure 2). Each conditioned input 𝑥 induces an update map 𝐹𝑥 := 𝐹𝜃(·; 𝑥)
under the same frozen model. ICS restarts reasoning from 𝑧0 under these conditions to generate
candidate answers. We instantiate this search through two operations: hypothesis injection, which
incorporates partial model predictions into the input as tentative assignments, and validity-preserving
restatements, which express the same task in equivalent representations. Predictions are mapped back
to the original task representation when necessary, and answer correctness is always defined by the
original input 𝑥.

3.1 Input-conditioned Reasoning
For a conditioned input 𝑥, we run the frozen reasoner from a fresh initialization:

𝑧
(𝑥 )
0 = 𝑧0, 𝑧𝑥𝑡 = 𝐹𝑥

(
𝑧
(𝑥 )
𝑡−1

)
, 𝑡 = 1, . . . , 𝑇𝑥 , (2)

where 𝑇𝑥 is the allocated recursion depth. The resulting state provides a decoded candidate and a
halting score. The final state provides a raw decoded prediction 𝑦̂𝑥 = 𝑔𝜃(𝑧 (𝑥 )𝑇𝑥

; 𝑥) and a halting score
𝑞𝑥 = 𝑄𝜃(𝑧 (𝑥 )𝑇𝑥

). We construct the conditioned inputs 𝑥 through two operations.
Hypothesis injection. A hypothesis specifies tentative assignments 𝐻 = {(𝑖, 𝑣𝑖) : 𝑖 ∈ 𝐼𝐻}, where 𝐼𝐻 is
a set of task-specific mutable positions disjoint from 𝐺(𝑥) and each 𝑣𝑖 is an admissible state token at
position 𝑖. We construct the conditioned input by

(𝑥𝐻)𝑖 =
{
𝑣 𝑗, 𝑖 ∈ 𝐼𝐻 ,

𝑥𝑖, 𝑖 ∉ 𝐼𝐻 .
(3)

This preserves the original givens while expressing the tentative assignments as additional input infor-
mation. Specifically, the assignments specify digits in Sudoku-Extreme (Sodoku), path membership
in Maze-Hard, light placement in Light-Up, and cell colors in Nurikabe, Tapa, and Heyawake. We
then apply Equation 2 with 𝑥 = 𝑥𝐻 . The resulting predictions and scores guide hypothesis expansion
and answer selection.
Validity-preserving restatements. A restatement expresses the same task in an equivalent represen-
tation through an invertible, task-specific transformation Φ. The transformation acts correspondingly
on inputs and answers and preserves task validity:

𝑉 (Φ(𝑥),Φ(𝑦)) = 𝑉 (𝑥, 𝑦) (4)
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We apply Equation 2 with 𝑥 = Φ(𝑥) and map the decoded prediction back to the original represen-
tation with 𝑦̂ = Φ−1 ( 𝑦̂Φ (𝑥 )

). The frozen reasoner need not be equivariant to Φ, so equivalent task
representations can produce different candidate answers after inverse mapping.
Search and answer selection

ICS starts with running the frozen reasoner M𝜃 on the original input 𝑥. If none of the resulting
candidates meets the configured acceptance rule 𝑐𝑐𝑒𝑟𝑡 or 𝑐𝑚𝑜𝑑𝑒𝑙, it proceeds to hypothesis-conditioned
search. Each search node corresponds to a hypothesis 𝐻 and retains the model predictions obtained
from 𝑥𝐻 . The root corresponds to 𝐻 = ∅. Expanding a node introduces an additional assignment:

𝐻′ = 𝐻 ∪ {(𝑖, 𝑣)}, 𝑖 ∉ 𝐺(𝑥) ∪ 𝐼𝐻 , (5)

If hypothesis search ends without an accepted answer, ICS explores validity-preserving restatements
of the original input 𝑥. This schedule allocates computation to additional input conditions when
earlier stages have not accepted an answer.
Proposal and expansion. At each parent node 𝐻, we use the decoder’s token score to propose
additional assignments. Specifically, we rank eligible positions by increasing prediction margin:

𝑚
(𝐻 )
𝑖

= ℓ
(𝐻 )
𝑖,(1) − ℓ

(𝐻 )
𝑖,(2) , (6)

where ℓ (𝐻 )
𝑖,(1) and ℓ

(𝐻 )
𝑖,(2) are the largest and second-largest decoder logits at position 𝑖 from the parent

rollout. At each position, we propose alternative state tokens permitted by the task’s vocabulary,
excluding the current predicted state. When multiple alternatives are available, we order them by the
decoder’s token logits ranking. Each proposed assignment (𝑖, 𝑣) create a child 𝐻′ = 𝐻 ∪ {(𝑖, 𝑣)}. We
cap the number of proposals per parent and truncate the pooled proposals to the remaining total
child budget. For each remaining child 𝐻′, we run the frozen reasoner on 𝑥𝐻′ for 𝑇ℎ recursion steps
from 𝑧0, as in Equation 2.
Candidate ranking. For each child 𝐻′, let 𝑦̂𝐻′ denote its raw decoded prediction and 𝑞𝐻′ its halting
score. Let Π𝑥 ( 𝑦̂) restore the original givens in a prediction 𝑦̂.

©­«
∑︁

(𝑖,𝑣) ∈𝐻′
1[ 𝑦̂𝐻′,𝑖 ≠ 𝑣], 1[ 𝑦̂𝐻′ ≠ Π𝑥 ( 𝑦̂𝐻′)], −𝑞𝐻′

ª®¬ (7)

So we first prioritize child nodes with fewer assignments that contradict their parent’s hypothesis
𝐻 and the givens. Among ties, we prefer predictions with a higher halting score. These consistency
checks use the original input 𝑥, the injected assignments in relevant hypotheses 𝐻, and the task’s
output format, without requiring a task certificate. If no candidate meets the acceptance rule, we
retain up to 𝑊 highest-ranked children for expansion at the next search level, where𝑊 is the beam
width.
Termination and answer selection. We apply the acceptance rule to candidates expressed in the
original task representation and corrected by Π𝑥 . When a task certificate 𝑉 is available, we accept a
candidate when 𝑉 (𝑥,Π𝑥 ( 𝑦̂)) = 1. When the task certificate is unavailable, we use the model-derived
scores or consistency between predictions to stop recursion and select an answer.

4 Performance and Inference Efficiency
Experimental setup. We evaluate ICS on six reasoning tasks: Sudoku-Extreme andMaze-Hard (Wang
et al., 2025), and four tasks from PPBench Waugh (2026), including Light-UP, Nurikabe, Tapa, and
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Protocol Sudoku Maze Light-Up Nurikabe Tapa Heyawake
Task certificate available at selection
Standard TRM 86.0 ± 0.6 91.6 ± 0.3 99.7 ± 0.5 83.8 ± 2.8 72.8 ± 5.4 86.4 ± 3.3

+ depth scaling 98.2 ± 0.1 91.6 ± 0.3 100.0 ± 0.0 84.9 ± 2.7 75.4 ± 5.5 87.8 ± 1.5
PTRM 98.3 ± 0.1 92.4 ± 0.3 100.0 ± 0.0 86.1 ± 2.3 76.4 ± 6.9 88.7 ± 1.5
GRAM 97.5 ± 0.4 90.8 ± 0.6 99.7 ± 0.5 91.9 ± 1.8 52.3 ± 5.5 97.1 ± 1.3
EqR 98.8 ± 0.1 95.0 ± 1.9 91.4 ± 0.5 77.1 ± 0.5 26.7 ± 0.9 31.6 ± 2.7
Attractor 94.8 ± 1.3† 80.7 ± 1.4 100.0 ± 0.0 89.0 ± 2.2 82.2 ± 4.6 94.2 ± 2.2
ICS 99.94 ± 0.02 100.0 ± 0.1 100.0 ± 0.0 95.9 ± 1.3 95.9 ± 0.9 99.1 ± 0.0

No task certificate at selection
Standard TRM 86.0 ± 0.6 91.6 ± 0.3 99.7 ± 0.5 83.8 ± 2.8 72.8 ± 5.4 86.4 ± 3.3

+ depth scaling 98.1 ± 0.1 85.1 ± 0.9 99.7 ± 0.5 80.9 ± 1.7 67.7 ± 4.1 84.3 ± 3.0
PTRM 98.3 ± 0.1 91.8 ± 0.3 100.0 ± 0.0 84.9 ± 3.1 74.9 ± 6.2 88.7 ± 1.5
GRAM, LPRM 97.2 ± 0.7 84.7 ± 1.6 99.1 ± 0.9 86.1 ± 3.8 43.1 ± 5.3 93.6 ± 0.5
GRAM, majority 96.6 ± 0.6 85.2 ± 1.4 99.4 ± 1.0 86.1 ± 4.0 43.1 ± 1.5 93.6 ± 0.5
EqR 98.8 ± 0.1 87.4 ± 1.8 80.2 ± 0.5 57.7 ± 1.0 17.4 ± 0.9 18.8 ± 1.3
Attractor 94.8 ± 1.3† 53.6 ± 1.6 100.0 ± 0.0 87.6 ± 1.8 78.1 ± 5.7 92.2 ± 2.3
ICS 99.70 ± 0.08 99.1 ± 0.2 100.0 ± 0.0 88.4 ± 5.9 86.7 ± 0.9 94.5 ± 1.0
Table 1 Answer accuracy (%) on six tasks. †: Attractor Models is evaluated on a fixed 3,072-instance Sudoku-
Extreme subset. Appendix A.5 compares all methods on the same subset.
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Figure 3 Six-task efficiency and PPBench golden-set accuracy. Both radar panels use logarithmic radii,
farther inward indicates lower cost.Appendix A.8 gives complete LLMs results.

Heyawake. We use Maze-Hard for our main maze experiments because standard TRM already
achieves near-perfect accuracy on Maze-Unique (Huang et al., 2026), leaving little headroom for
comparing accuracy gains from test-time scaling (Appendix A.3). We train and evaluate all recursive
models with the same training and test splits across all six tasks. Dataset construction, preprocessing,
and training configurations are detailed in Appendix A.
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Certificate selection Model selection
Components Accuracy (%) TFLOPs Accuracy (%) TFLOPs
A: TRM + depth scaling 87.85 0.38 87.85 0.38
AB: + hypotheses 99.92 1.39 99.75 1.10
AC: + restatements 98.83 1.19 98.82 1.19
ABC: full ICS 99.94 1.39 99.81 1.12

Table 2 Sudoku component ablation on the same eight test windows and trained model. Appendix C.4 provides
more details for the complete ablation study.
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Figure 4 State interventions and ICS recover different failures. Oracle direction requires label access and
more computation(Appendix C).

Baselines. We compare ICS with standard TRM (Jolicoeur-Martineau, 2025), two TRM depth-scaling
baselines, PTRM (Sghaier et al., 2026), GRAM (Baek et al., 2026), EqR (Huang et al., 2026), and
Attractor Models (Fein-Ashley and Rashidinejad, 2026). ICS operates on frozen TRM backbones. TRM
+ depth scaling runs each instance for the full allocated depth budget. It returns the candidate with
the highest halting score 𝑞𝑡 along the entire trajectory under the model-based answer selection. TRM
+ greedy depth instead stops each instance at the first task-valid candidate under certificate-based
selection, or at the first candidate with 𝑞𝑡 > 0 under model-based selection. For an evaluation set of
𝑁 instances, greedy depth shares a total budget of 6400𝑁 recursion steps: computation continues
on the remaining active instances until this budget is exhausted or all instances have stopped. This
matches the average compute budget of 6400-step depth scaling while allowing different instances to
receive different amounts of computation. For GRAM, we report its performance with both LPRM
and majority-vote selection. Results for each recursive-reasoning method are reported as the mean
and standard deviation across three training seeds. For each task, ICS, Standard TRM, TRM with two
depth-scaling, and PTRM use the same three trained TRM checkpoints for a fair comparison.
Evaluation and inference cost. We measure solution accuracy by whether the returned answer 𝑦̂𝑡
satisfies the original task rules, using the same correctness criterion for all methods. We evaluate all
methods under two answer selection protocols. Under certificate-based selection, a task certificate is
available during inference, allowing us to measure recursive reasoning efficiency with the accuracy
and computational cost of verified solution discovery. Under model-based selection, each method uses
its own selection rule without the task certificate, evaluating the complete procedure’s ability to return
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a correct answer. The task certificate is still used for final scoring under both protocols. We report
inference cost as model FLOPs and execution time, averaged over all evaluated instances, including
those that stop early or return incorrect answers. Detailed inference budgets, compute accounting,
and profiling procedures are provided in Appendix A.
LLM comparison. We additionally compare ICS without certificate-based selection against LLMs on
the official PPBench golden set. All LLMs use a shared prompt template and a shared output limit of
128k tokens, including reasoning tokens and excluding input tokens. Attempts that fail to return a
valid answer within this limit are counted as incorrect. The corresponding configuration details can
be found in Appendix A.8.
ICS achieves the best mean performance across all six tasks. As shown in Table 1, under both
certificate-based and model-based answer selection, ICS achieves the highest mean accuracy on
all tasks and ties on Light-Up. With a task certificate available, ICS substantially improves verified
solution discovery on all tasks. On Tapa, it reaches 95.9%, exceeding the second best method by
13.7 percentage points. The gains persist under model-based selection. On Maze-Hard, ICS achieves
99.1%, compared with 91.8% for the second best method. On Sudoku-Extreme, ICS achieves 99.7%
without certificate-based selection, exceeding EqR’s 98.8%. Relative to PTRM’s 98.3% on the same
trained TRM checkpoints, ICS reduces the remaining errors by approximately 82%.
Test-time scaling. Figure 1 compares test-time scaling on Sudoku-Extreme under model-based answer
selection. At comparable compute, ICS substantially reduces the remaining errors: it achieves 99.70%
accuracy at 1.14 TFLOPs per puzzle, reducing errors by approximately 92% relative to the second
best method (TRM + greedy depth), evaluated at approximately 1.20 TFLOPs per puzzle. Increasing
the baselines’ budgets does not close this gap. None of the evaluated scaling baselines matches ICS
accuracy at its reported high-budget setting, despite using over 100× the test-time computation. Even
providing these baselines with a task certificate at selection leaves their accuracy below model-selected
ICS (Table 1). Furthermore, we scale ICS along both the width (more hypotheses) and depth (more
recursion steps) axes, achieving accuracies of 99.96% and 99.91% with 1.94 and 3.10 TFLOPs of
test-time compute, respectively. The two TRM depth-scaling curves also reveal a budget-dependent
trade-off between computation allocation and answer selection. Greedy depth performs better at
small budgets, consistent with early stopping concentrating computation on unresolved instances. At
larger budgets, full-depth best-𝑞 selection overtakes greedy stopping: continued evaluation allows the
model to reconsider its answer after an early positive halting score, whereas greedy stopping commits
to that first acceptance.
The efficiency gains extend across all six tasks. Figure 3(a,b) compares model computation and
execution time across tasks under model-based answer selection. Across the six tasks, ICS achieves
the results in Table 1 with approximately 10–525× less test-time computation than the evaluated
scaling baselines. ICS also achieves the lowest measured execution time per puzzle on all six tasks.
ICS outperforms the evaluated LLMs on the PPBench golden set. Figure 3c compares model-
selected ICS with each LLM’s strongest evaluated configuration. Without a task certificate at selection,
ICS achieves 91.7% mean accuracy across three training seeds, exceeding the strongest evaluated
LLM result of 78.3% by 13.3 percentage points. Per-task results and evaluation configurations are
provided in Appendix A.8.
Contributions of the input-conditioning operations. We ablate the two input-conditioning com-
ponents on a random sampled subset of the Sudoku-Extreme test set (49,152 instances) using one
trained TRM backbone (Table 2). Under model-based selection, removing hypothesis search reduces
accuracy from 99.81% to 98.82%, whereas removing validity-preserving restatements yields 99.75%.
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Certificate-based selection shows the same pattern: the corresponding accuracies are 99.94%, 98.83%,
and 99.92%, respectively. Thus, at the evaluated settings, hypothesis search provides the larger
contribution, while restatements offer an additional improvement. Full configurations and proposal
ablations are reported in Appendix C.4.

5 Discussions
The preceding experiments establish ICS’s accuracy and computational advantages. We now examine
two aspects of its design: the state from which reasoning begins and the input-conditioned update
map under which it proceeds. We first study latent-state interventions under the fixed original-input
map 𝐹𝑥 . We then examine hypothesis injection and validity-preserving restatements as two ways
to change the input condition while keeping model parameters fixed. Together, these experiments
investigate how input conditioning and fresh initialization affect access to correct solutions.

5.1 Recovery depends on where exploration begins.
We first examine exploration under the original-input update map 𝐹𝑥 . Repeated updates can leave
the latent state almost unchanged even when the decoded answer is incorrect. Conversely, a correct
answer can be produced while the latent state continues to change (Appendix B). These observations
distinguish answer correctness from latent convergence. We therefore examine whether interventions
at different states along a reasoning trajectory can recover valid solutions while keeping the update
map fixed.
Perturbation direction and initialization both matter. We compare latent-state perturbations
with hypothesis-conditioned rollouts, corresponding to the hypothesis-injection operation of ICS, on
both TRM and GRAM backbones. For the same failed instances, warm-start perturbations modify
a saved failed state and continue recursion under 𝐹𝑥 . On TRM, we additionally evaluate cold-start
perturbations applied to the fresh initialization 𝑧0, followed by recursion under the same map. Figure 4
shows that cold-start random perturbations recover substantially more instances than warm-start
random perturbations, which recover none across the evaluated scales. Oracle perturbations can also
recover failures that resist random perturbations, indicating that recovery depends on direction as well
as initialization, while both learned prior and posterior perturbations of GRAM yield substaintially
lower recover rate. Both Oracle directions and the GRAM posterior use the ground-truth label and
serve as diagnostic controls. ICS instead changes the input condition and recomputes from 𝑧0 and
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achieves significantly higher candidate coverage than the tested label-free perturbations on both
backbones, including cold-start random perturbations.
Recovery becomes difficult early in failed trajectories. We next examine how perturbation effec-
tiveness changes along the original-input trajectory. On the selected Sudoku-Extreme failure cohorts,
we apply Gaussian perturbations to 𝑧𝐻 at different recursion steps, holding the relative perturbation
scale fixed. We measure whether any of 16 trials produces a correct answer within 64 subsequent
updates under 𝐹𝑥 . Across all three perturbation scales, recovery drops sharply after only two recursion
steps for both the incorrect fixed-point class and moving failures (Figure 5). For these instances, the
tested perturbations become less effective early in the trajectory. This motivates exploring from fresh
initialization, rather than restricting exploration to states reached after failure.

5.2 Input conditioning changes recursive dynamics.
The preceding interventions change the latent state while continuing recursion under 𝐹𝑥 . We now
examine the complementary choice explored by ICS: changing the input condition that determines
the recursive update map.
Hypothesis injection changes the update landscape. Figure 6 compares the relative update-residual
landscapes induced by 𝑥 and 𝑥𝐻 on a shared two-dimensional section for an incorrect near-fixed
point. The surfaces interpolate model evaluations of 𝑟𝑢(𝑧) = ∥𝐹𝑢(𝑧) − 𝑧∥2/∥𝑧∥2 for 𝑢 ∈ {𝑥, 𝑥𝐻}, and the
overlaid paths are projections of recorded latent trajectories. Under the landscape shaped by 𝐹𝑥 , both
the unperturbed TRM trajectory and the illustrated perturbed trajectory are captured by a wrong
attractor and approach the same incorrect near-fixed point 𝑠𝑤. At 𝑠𝑤, hypothesis injection increases
the relative one-step update residual from approximately 2.4 × 10−7 to 0.225, so the original state
is no longer nearly stationary under 𝐹𝑥𝐻 . Both the warm-start trajectory from 𝑠𝑤 and the cold-start
trajectory from 𝑧0 reach the same correct near-fixed point 𝑠𝑐, yielding a valid answer to the original
task.
Input conditioning can eliminate incorrect attracting fixed points. Our theory and computer-
assisted proofs establish that input conditioning can locally eliminate an incorrect attracting fixed point
in a frozen recursive reasoner. In this mechanism, continuous variation of the input embedding causes
an incorrect attracting fixed point to collide with an unstable fixed point, and the pair disappears
through a local fold (saddle-node) bifurcation (Kuznetsov, 2004). We derive sufficient conditions for
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this mechanism and verify them with rigorous numerical certificates in separately trained 4×4 Sudoku
reasoners (Appendix F.2 and D.3). Numerical continuation in the Maze-Hard and Sudoku-Extreme
models provides complementary evidence of folds in incorrect fixed-point branches (Appendix D.2).
These results establish that changing the input can remove an incorrect attracting state from the
reasoner’s dynamics, providing a mechanism for overcoming persistent failures without retraining.
Fresh initialization can enable recovery. In the extended Sudoku study, restarting from 𝑧0 recovers
solutions under input conditions for which continuation from the saved failed state remains incorrect.
The retained incorrect near-fixed states include cases with estimated local spectral radii below one.
Recovery also depends on whether the hypothesis agrees with the reference solution and corrects an
erroneous prediction (Appendix C.3). These findings motivate combining input conditioning with
recomputation from a fresh latent state.
Validity-preserving restatements also change recursive dynamics. After aligning latent coordinates
across equivalent task representations, we find that restatements alter recursive updates and can
redirect trajectories from the same initialization (Appendix D.4)
Together, these findings show that input conditioning can redirect reasoning trajectories and locally
eliminate incorrect attracting fixed points. They motivate shaping recursive dynamics as an additional
dimension of test-time scaling. ICS realizes this principle by searching over input conditions that
induce alternative update maps, using hypothesis injection and validity-preserving restatements.
Combined with fresh initialization, this search enables efficient test-time scaling without additional
model training, as demonstrated by our accuracy and inference-cost results.

6 Related Work
Recursive and looped reasoning. Reusing a learned transformation to refine a latent state has a long
history, from Universal Transformers (Dehghani et al., 2019) and adaptive computation time (Graves,
2017; Banino et al., 2021) to recurrent networks that extrapolate to harder instances by iterating
longer (Schwarzschild et al., 2021; Bansal et al., 2022) and looped or recurrent-depth transformers
that trade parameters for depth (Giannou et al., 2023; Saunshi et al., 2025; Geiping et al., 2025),
now pretrained at scale with learned depth allocation (Zhu et al., 2026). Iterative neural solvers
have also been developed for constraint problems such as Sudoku, including recurrent relational
networks (Palm et al., 2018), differentiable satisfiability layers (Wang et al., 2019), energy-based
iterative reasoning (Du et al., 2022, 2024) and the recursive reasoners HRM (Wang et al., 2025) and
TRM (Jolicoeur-Martineau, 2025) . Both models re-inject the problem input at every recursion step,
as does the recall architecture of Bansal et al. (2022), which keeps the problem instance from being
forgotten over many iterations. ICS instead changes this input and each input condition induces a
different update map under the same frozen model.
Test-time scaling and answer selection. For language models, test-time compute is typically spent
on sampling many candidates and selecting among them (Wang et al., 2023; Cobbe et al., 2021;
Lightman et al., 2024; Yao et al., 2023). Repeated sampling could increase coverage, but converting
coverage into accuracy is much harder without an automatic verifier (Brown et al., 2024). For
recursive reasoners, PTRM (Sghaier et al., 2026) diversifies candidates by injecting Gaussian noise
into the latent state during recursion, and GRAM (Baek et al., 2026) by sampling from learned
stochastic latent transitions. ICS instead changes the update map; this recovers more solutions than
label-free latent perturbations on the same failed instances, and ICS uses less compute overall3.
Equilibrium and attractor views of reasoning. Equilibrium models compute their outputs as fixed
points of a learned map (Bai et al., 2019). Anil et al. (2022) call a recurrent computation path
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independent if it converges to the same limiting behavior from any initial state, and find that
equilibrium models with this property better exploit test-time computation. Two recent recursive
reasoners build these ideas into training: Attractor Models (Fein-Ashley and Rashidinejad, 2026)
solve for the fixed point of TRM’s recursive update instead of unrolling it; EqR (Huang et al., 2026)
randomizes the initial state to encourage path independence and restarts from multiple random initial
states under the same update map at test time. However, convergence alone does not ensure task
correctness(Section 5). ICS explores a complementary direction by searching over input-conditioned
update maps with a frozen model, without requiring path independence. It restarts every candidate
from 𝑧0, allocating test-time computation to trajectories generated under alternative update maps.
Search over partial assignments and equivalent views. Branching on tentative variable assignments
is the backbone of classical constraint solving, from DPLL (Davis et al., 1962) to conflict-driven clause
learning (Marques-Silva and Sakallah, 1999), and learned models have been used to choose the
branching variable (Selsam and Bjørner, 2019). Evaluating a model on symmetry-transformed
inputs is another source of candidate diversity, used by TRM on ARC-AGI (Jolicoeur-Martineau,
2025), aggregated across views as a product of experts (Franzen et al., 2025), and combined with
parameter updates in test-time training (Akyürek et al., 2025). ICS combines both ideas while keeping
parameters frozen: the model’s own decoder margins select where and how to branch, the reasoner
itself, rather than a hand-designed propagator, completes the solution under each hypothesis without
a task certificate, and validity-preserving restatements provide additional views, although our ablation
identifies hypotheses as the larger source of improvement.

7 Conclusion
We introduced Input-Conditioned Search (ICS), which allocates test-time computation to exploring
alternative updatemaps as an additional scaling axis without retraining themodel. Across six reasoning
tasks, ICS achieves the highest mean accuracy while using substantially less model computation and
execution time than baselines. Controlled experiments show that ICS can effectively redirect recursive
updates and trajectories. Our theoretical analysis and rigorous numerical verification establish that
ICS can locally eliminate incorrect attracting fixed points. Together, these findings demonstrate
efficient test-time scaling through ICS without additional training and motivate further research on
shaping recursive reasoning dynamics during training and at test time.
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A Experimental Details
A.1 Datasets and Splits
We evaluate six reasoning tasks: Sudoku-Extreme and Maze-Hard (Wang et al., 2025), and Light-Up,
Nurikabe, Tapa, and Heyawake from PPBench (Waugh, 2026). All methods are trained and evaluated
on the same training and test partitions of every task with 3 seeds.
Sudoku-Extreme and Maze-Hard. Each Sudoku-Extreme puzzle consists of 9 × 9 grids. A valid
answer must preserve the given clues and satisfy the row, column, and subgrid constraints. We use
the official split of the Sudoku-Extreme dataset, with 1,000 training instances and a test pool of
422,786 instances. Each Maze-Hard puzzle contains 30 × 30 grids and requires finding a shortest
path between the designated endpoints. We also use the official split of the dataset, with training and
test sets each contain 1,000 instances.
PPBench test-set construction. For each of the four PPBench tasks, we reserve the 15 instances
belonging to the official golden_300 selection. With only 15 instances per task, a single prediction
changes per-seed accuracy by 6.67 percentage points, making comparisons sensitive to individual
instances. To obtain a more informative comparison, we additionally sample 100 instances per task
from the non-golden pool using the fixed random seed 20260808. For Tapa, we sample 50 additional
instances because fewer instances are available. The golden and additionally sampled instances
together form the held-out test set for each task.
PPBench training data and input representation. After removing the held-out instances, we use all
remaining instances with max(𝐻,𝑊) ≤ 24 for training, where 𝐻 and𝑊 denote the puzzle dimensions.
We represent each puzzle on a 26 × 26 canvas. The main six-task comparison uses this representation
consistently within each PPBench task. Two Light-Up golden instances do not fit this canvas and are
excluded from that evaluation. The resulting test sets contain 113 Light-Up, 115 Nurikabe, 65 Tapa,
and 115 Heyawake instances. To make an additional evaluation on the whole Light-Up golden set,
we further trained 3 TRM seeds on the data that fits in a 40 × 40 canvas. The results on the whole
Light-Up golden set are consistent with the universal protocol (trained on 26× 26, with all three TRM
seeds achieving 100% accuracy on the full Light-Up golden set. All scaling methods based on the
same TRM seeds also achieve 100% accuracy on the full Light-Up golden set.
Complete golden-set evaluation. For the comparison with LLMs, we evaluate all 15 golden instances
from each task, giving 60 instances in total. To accommodate the two larger Light-Up instances, this
comparison uses separately trained 40 × 40 Light-Up models with three training seeds. The other
three tasks retain their 26× 26 configurations. The main six-task table continues to report the 26× 26
Light-Up results to maintain consistency with other PPbench tasks.

A.2 Models and Training
Training seeds and shared backbones. For each task, standard TRM, TRM + depth scaling, TRM
+ greedy depth, PTRM, and ICS use the same three trained TRM checkpoints. This allows us to
compare their test-time procedures on a common trained reasoner. GRAM, EqR, and Attractor Models
are trained separately using their respective architectures and training procedures, with the same
task-specific data splits. We report solution accuracy as the mean and standard deviation across three
training seeds. Model parameters remain frozen during inference. Following PTRM (Sghaier et al.,
2026), we augment PPBench training inputs with partial puzzle states taken from trajectory prefixes.
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A.3 Maze-Unique and the choice of maze benchmark
We additionally evaluateMaze-Unique (Huang et al., 2026) to assess the remaining accuracy headroom
for test-time scaling. We train three TRM models on its training split using the official TRM training
configuration.
Before evaluating task validity, we restore the original givens in each prediction by copying the wall,
start, and goal tokens from the input. This input-only projection removes errors in reproducing these
given tokens without using a reference solution or a task certificate for answer selection.
The three standard TRM models achieve rule-valid accuracies of 100.0%, 100.0%, and 99.8%. ICS
and PTRM each achieve 100.0% on all three trained backbones. These results leave little headroom
for distinguishing accuracy improvements from additional test-time computation in this setting.
We therefore use Maze-Hard for the main maze experiments, where the remaining errors permit a
more informative comparison of test-time scaling methods.

A.4 Inference Protocols
Standard TRM. Standard TRM stops at the first recursion step with 𝑞𝑡 > 0, or at its standard depth
limit if the threshold is never reached, and returns the corresponding prediction 𝑦̂𝑡. We evaluate this
same output under both selection regimes, without additional trajectories or retries.
TRM + depth scaling. For each instance, we execute the full depth budget of 𝐷 recursion steps,
regardless of intermediate halting scores, and consider the decoded candidates produced throughout
the trajectory. Under model-based selection, we return the candidate with the highest halting score:

𝑡★ = argmax
1≤𝑡≤𝐷

𝑞𝑡, 𝑦̂ = 𝑔𝜃(𝑧𝑡★; 𝑥). (8)

Under certificate-based selection, we return a valid candidate whenever one occurs along the trajectory.
Both regimes execute the full depth budget. Our main comparison uses 𝐷 = 6,400 to match the
budget of PTRM and GRAM.
TRM + greedy depth. Greedy depth stops each instance at the first task-valid candidate under
certificate-based selection, or at the first candidate with 𝑞𝑡 > 0 under model-based selection. The
corresponding prediction is returned immediately. For an evaluation set of 𝑁 instances, we allocate
a shared budget of 6,400𝑁 recursion steps. Computation continues on instances that have not yet
stopped until the shared budget is exhausted or all instances have stopped. Thus, individual instances
may receive more than 6,400 steps, while the total budget matches that of fixed-depth scaling over
the same evaluation set. Under model-based selection, instances that have not triggered 𝑞𝑡 > 0 when
the shared budget is exhausted return the prediction decoded at their final recursion step. In our
experiments, several instances remain unsolved with more than 2.9 million recursion steps.
PTRM. PTRM (Sghaier et al., 2026) generates 𝐾 trajectories from fresh initial states using the
frozen TRM backbone. Each trajectory runs for 𝐷 recursion steps with early halting disabled. Noisy
trajectories receive Gaussian perturbations with standard deviation 𝜎 to the low-level recurrent state
𝑧𝐿 during recursion. We follow the hyperparameter settings reported in their paper. Each trajectory
contributes its final decoded answer and corresponding halting score. Model-based selection returns
the terminal candidate with the highest halting score. Certificate-based selection returns a valid
answer whenever one exists among these terminal candidates. Both regimes evaluate the full pool,
requiring 𝐾𝐷 = 6,400 recursion steps per instance.
GRAM. GRAM (Baek et al., 2026) generates 𝐾 = 100 stochastic trajectories using its learned prior,
each evaluated for 𝐷 = 64 recursion steps with early halting disabled. Each trajectory contributes
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Method Certificate selection Model selection
Standard TRM 84.80 ± 1.18 84.80 ± 1.18
TRM + depth scaling† 97.48 ± 0.63 97.49 ± 0.75
PTRM 97.47 ± 0.96 97.47 ± 0.96
GRAM, LPRM 94.99 ± 0.30 94.69 ± 0.52
GRAM, majority 94.99 ± 0.30 94.09 ± 0.56
EqR 97.48 ± 0.16 97.46 ± 0.17
Attractor Models 94.76 ± 1.30 94.76 ± 1.30
HIS 99.95 ± 0.07 99.65 ± 0.27

Table 3 Solution accuracy (%) on the same first 3,072 Sudoku-Extreme test instances. Values are means
and sample standard deviations across three training seeds. Each method retains its corresponding inference
budget; this is not an equal-compute comparison. Standard TRM evaluates the same native 16-step output in
both columns. The two GRAM rows share the same certificate coverage. †: depth scaling uses a 6,400-step
budget. Its two columns come from separate archived numerical executions with different batch configurations,
rather than two selectors applied to an identical trajectory pool.

its terminal prediction and learned LPRM score. We evaluate two model-based selection rules on
this candidate pool. LPRM selection returns the terminal candidate with the highest LPRM score.
Majority selection returns the most frequent complete decoded answer, with ties resolved by first
occurrence in sampling order. Certificate-based selection returns a valid answer whenever one exists
in the same terminal candidate pool. All selection rules use the full configured pool.
EqR and Attractor Models. We use the authors’ officially released implementations of EqR (Huang
et al., 2026) and Attractor Models (Fein-Ashley and Rashidinejad, 2026). For Attractor Models,
we identified and corrected a history-window indexing error in the Anderson solver of the released
implementation. This error caused non-finite training losses in our runs. All reported Attractor Models
checkpoints were trained and evaluated using the corrected solver. We will release the correction
together with our ICS implementation and trained checkpoints to facilitate reproduction of our results
by the community.

A.5 Matched-subset comparison on Sudoku-Extreme
Evaluating the high-budget search configuration of Attractor Models on the full Sudoku-Extreme
test set is computationally expensive. We therefore evaluate this configuration on a fixed subset
comprising the first 3,072 instances in test-loader order. To enable a direct comparison, we also
report all other methods on exactly the same instances.
Table 3 reports accuracy under both certificate-based and model-based answer selection, summarized
as the mean and sample standard deviation across three training seeds. Each method retains its
corresponding inference budget.
ICS achieves the highest mean accuracy under both protocols on this shared subset: 99.95% with
certificate-based selection and 99.65% with model-based selection, compared with the strongest
baseline means of 97.48% and 97.49%, respectively. Thus, its accuracy advantage also holds when
all methods are evaluated on the same test instances.

A.6 ICS Configuration
Task-specific hypotheses. ICS constructs hypotheses over task-specific cell states while preserving
the original clues and structural constraints. Table 4 summarizes the assignment tokens used for
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Task Hypothesis assignment
Sudoku-Extreme A digit from 1 to 9
Maze-Hard A traversable cell belongs to the path
Light-Up A lamp is placed in an empty cell
Nurikabe A cell is shaded or unshaded
Tapa A cell is shaded or unshaded
Heyawake A cell is shaded or unshaded

Table 4 Task-specific assignments used for ICS.

Task Original-input depths Levels Beam Proposals Nodes Views Selection
Certificate-based selection
Sudoku-Extreme 20 6 4 48 96 32 Certificate
Maze-Hard 20 6 4 48 96 8 Certificate
All four PPBench tasks 20 6 4 48 96 8 Certificate
Model-based selection
Sudoku-Extreme 20 8 3 6 24 32 𝑞 threshold
Maze-Hard 20 8 3 6 24 8 𝑞 threshold
Light-Up, Nurikabe 20 8 3 6 24 8 𝑞 threshold
Tapa, Heyawake 20 8 3 6 24 8 Confirmation
Table 5 ICS search configurations. Levels, beam width, proposals per parent, and evaluated hypothesis nodes
specify upper limits. Views denotes the size of the final restatement set, including the identity representation.

each task. Each extension assigns a cell not already assigned by the current hypothesis, using an
admissible state token that differs from the current prediction.
For Maze-Hard, hypotheses mark path membership while preserving walls, the start, and the goal.
For Heyawake, cell states are encoded together with clues and room boundaries; hypothesis injection
changes only the shading component of the token and preserves the remaining information.
Validity-preserving restatements. For Sudoku-Extreme, we compose digit relabeling, permutations
of bands and stacks, row permutations within bands, column permutations within stacks, and
transposition. For Maze-Hard and the PPBench tasks, we use grid rotations and reflections. All task
annotations are transformed consistently with the grid. For tasks represented on a padded canvas,
we transform the puzzle region and embed the transformed puzzle back into the canvas. Decoded
predictions are mapped back to the original coordinates, with inverse digit relabeling applied where
necessary.
Search parameters. Table 5 lists the task-specific search settings. Every hypothesis-conditioned
rollout starts from a fresh initialization 𝑧0 and runs for 16 recursion steps. Each rollout on a validity-
preserving restatement also uses 16 steps.
The proposal limit bounds the number of cell–value assignments proposed per parent, while the
node budget bounds the total number of hypothesis children across all search levels. We use the
margin-based proposer and consider up to two admissible alternative values per position, ordered by
the decoder’s token scores.
Certificate-based selection. A candidate is accepted when it satisfies the original task rules, after
mapping it back to the original representation and restoring the original givens. Accepted instances
leave the search.
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𝑞 threshold selection. For 𝑞 threshold selection, we accept a candidate when its halting score exceeds
zero. This condition is checked at the end of each configured rollout.
Confirmation-based selection. For confirmation-based selection, we maintain the candidate with
the highest halting score encountered so far.
The selection method on each task is chosen by minimizing the error on the training set.

A.7 Inference Cost Measurement
Average inference cost. We report inference cost per evaluated instance. The denominator includes
all evaluated instances, including those that stop early or return incorrect answers. Computation
spent on unsuccessful hypotheses and rejected candidates contributes to the total cost.
Model FLOPs. For each model and task, we record the number of executed forward calls at each
batch shape. We measure the FLOPs of these calls using PyTorch’s FlopCounterMode on eager replays
of inputs saved during execution, counting a multiply-add as two operations. For each shape, we
average the measurements from up to two saved calls.
Let 𝑛𝑠 denote the number of executed calls with shape 𝑠, and let 𝑓𝑠 denote their profiled FLOPs per
call. For 𝑁 evaluated instances, the reported computation is

𝐶FLOPs =
1
𝑁

∑︁
𝑠

𝑛𝑠 𝑓𝑠. (9)

The count covers the model operations supported by the profiler, primarily matrix multiplications.
Execution time. We measure elapsed execution time on NVIDIA L40S GPUs. All methods are
measured end-to-end on the same data. Per-instance execution time is calculated by dividing the
total execution time by the number of instances.
Used datasets and configurations. For the computational comparison, we evaluate a fixed subset of
3,072 Sudoku-Extreme instances and the complete test pools of the other tasks: 1,000 Maze-Hard,
113 Light-Up, 115 Nurikabe, 65 Tapa, and 115 Heyawake instances.

A.8 LLM Evaluation Protocol
Evaluation set. We evaluate LLMs on the official PPBench golden set, using the 15 instances selected
for each of Light-Up, Nurikabe, Tapa, and Heyawake, for a total of 60 instances.
For this comparison, ICS uses the Light-Up models trained on a 40 × 40 canvas, which accommodates
all 15 Light-Up golden instances. The other three tasks retain their 26 × 26 configurations. We report
ICS accuracy averaged across three training seeds.
Prompt and inference budget. All LLMs receive the same prompt template, instantiated with the
task rules, puzzle dimensions, and puzzle input. Each model makes a single attempt per instance
under each evaluated configuration, with no retries. The output-token limit is 128k tokens, including
reasoning tokens and excluding input tokens. Responses that do not produce a valid answer within
this limit are counted as incorrect.

You are solving a {puzzle_name} puzzle.

Rules:
{puzzle_rules}

The puzzle has {H} rows and {W} columns.
Rows are numbered 1-{H} top to bottom,
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Model / configuration Light-Up Nurikabe Tapa Heyawake Overall (%)
gpt-5.6-sol, xhigh 13 9 13 12 78.3
gpt-5.6-sol, high 12 7 11 11 68.3
gpt-5.6-sol, medium 9 2 6 3 33.3
Claude Opus 5, high 11 11 14 9 75.0
Kimi K3, max 13 4 10 4 51.7
Qwen3.8 Max, max 13 5 8 2 46.7
Claude Sonnet 5, max 12 2 9 3 43.3
GLM-5.2, max 9 2 8 2 35.0
Qwen3.8-27B (FP8) 10 2 3 3 30.0
ICS, training seed 0 15 15 13 14 95.0
ICS, training seed 1 15 12 14 13 90.0
ICS, training seed 2 15 13 13 13 90.0

Table 6 Results on the PPBench golden set. Task columns give correctly solved counts out of 15 instances;
overall accuracy uses all 60 instances. All rows use answer selection without the task certificate. ICS rows
correspond to separate training seeds.

columns 1-{W} left to right.

Puzzle:
{puzzle_to_solve}

Think carefully, then output your final answer as
exactly {H} lines of {W} characters each (no spaces)
inside a ```-fenced code block. Clue cells are part
of the grid and are written as . in the answer.
The last fenced block in your reply will be graded.

Answer extraction and scoring. We extract the answer from the last fenced code block and evaluate
it against the original puzzle rules. A response is correct only if the extracted answer has the required
format and satisfies the task constraints. Valid alternative solutions are accepted. Missing, malformed,
and incorrect answers are all counted as incorrect.
Accuracy is the percentage of the 60 instances solved correctly. ICS uses model-based answer selection
without access to the task certificate during selection; the certificate is used to score the returned
answer.
Reported model configurations. For an LLM evaluated at multiple reasoning-effort settings, the
main comparison reports the setting with the highest aggregate accuracy on the golden set. Each
setting is evaluated with one attempt per instance. Answers from different settings are not pooled to
construct a per-instance best-of-settings result.
Per-task results. Table 6 reports the number of correctly solved instances for each task. The main
figure retains the strongest evaluated effort setting for each LLM. For ICS with model-based selection,
the three training seeds solve 57, 54, and 54 instances, respectively, giving an overall accuracy of
91.7 ± 2.9%.
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B Latent Trajectory Diagnostics
We examine latent trajectories to distinguish convergence of the recursive state from correctness of
the decoded answer. The representative examples include both correct and incorrect near-stationary
states, as well as correct answers produced on trajectories that continue moving.
Trajectory recording. We keep the model parameters and original input fixed, disable halting, and
repeatedly apply 𝐹𝑥 from the model’s standard initialization 𝑧0. For TRM, the recorded state includes
both recurrent components, 𝑧 = (𝑧𝐻 , 𝑧𝐿). These diagnostic rollouts use FP32 forward computation
and recurrent states.
State-update residual. We measure the relative change between consecutive latent states as

𝑟𝑡 =
∥𝑧𝑡+1 − 𝑧𝑡∥2

∥𝑧𝑡∥2
. (10)

The norms are computed over the complete latent state. We also record the absolute update norm,
state norm, decoded prediction, and halting score at each step. Small residuals indicate approximate
stationarity; answer correctness is evaluated separately.
Two-dimensional visualization. We save a fixed 256-dimensional random projection of each latent
trajectory. For visualization, we fit a two-dimensional principal component analysis (PCA) basis to
the final 256 saved projections and apply that basis to the trajectory. Colored paths show this final
window, and gray paths show the earlier approach where displayed. Black markers indicate the final
recorded state.
Each example uses its own PCA basis and axis scales. The accompanying diagnostics show the step
residuals, their distribution over the final 256 updates, and a return map of consecutive values of a
fixed linear observable of the latent state.
Endpoint correctness. We evaluate each saved final prediction against the original task rules after
restoring the original givens, and separately check whether its raw decode respects those givens.
The correct/incorrect labels in the trajectory figures refer to these saved endpoints. For a moving
trajectory, a correct endpoint does not imply that every preceding prediction was correct.
The examples are selected to illustrate distinct combinations of latent behavior and answer correctness.
They show that an incorrect answer can persist near a stationary state, while a correct answer can
occur during continued latent motion. Their two-dimensional geometry provides a visualization of
the recorded trajectories; numerical classification uses the diagnostics described below.
Near-fixed points and periodic trajectories. We identify approximate stationarity and periodic
returns using numerical residuals. For the trajectory examples shown here, we use a relative tolerance
𝜏fp = 2.5 × 10−6, ten times the FP32 residual floor used in these diagnostics.
Let 𝑇 denote the observation horizon. Starting from the final state 𝑧𝑇 , we search for the smallest
return period 𝑝 ∈ {1, . . . , 64} satisfying

∥𝐹 𝑝𝑥 (𝑧𝑇 ) − 𝑧𝑇 ∥2
∥𝑧𝑇 ∥2

≤ 𝜏fp, (11)

where 𝐹 𝑝𝑥 denotes 𝑝 successive applications of 𝐹𝑥 . This endpoint return test uses the full latent state.
We additionally require a window of 16 consecutive 𝑝-step relative differences below the same
tolerance within the recorded trajectory. For 𝑝 = 1, these are the full-state update residuals 𝑟𝑡.
For 𝑝 > 1, we compute the persistence test from the saved random projections 𝑢𝑡 = 𝑅𝑧𝑡, using
∥𝑢𝑡+𝑝 − 𝑢𝑡∥2/∥𝑢𝑡∥2.
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Figure 7 Different latent behaviors can accompany either correct or incorrect answers. Top: incorrect
endpoints. Bottom: correct endpoints. Columns show near-stationary, periodic, regular moving, and irregular
moving examples. Each panel uses an independent PCA basis fitted to the final 256 saved random projections.
Colored paths show this window; gray paths show the earlier approach for the near-stationary examples. Black
markers indicate endpoints, and 𝑟(𝑇) reports the final recorded relative update residual. Axis scales differ
across panels.

A trajectory satisfying both tests is assigned to the near-fixed-point class when 𝑝 = 1, or the ap-
proximately periodic class when 𝑝 > 1. These labels describe numerical behavior over the observed
horizon.
Local stability diagnostics. For a detected return period 𝑝, we examine the linearized update
𝐽𝑝 = 𝐷(𝐹 𝑝𝑥 ) (𝑧𝑇 ) using automatic-differentiation Jacobian–vector products. We estimate its spectral
radius using 40 power iterations from each of two random initial vectors. For each initialization, we
take the geometric mean of the final 30 growth ratios, then retain the larger estimate.
We use 𝜌 < 0.95 as a conservative numerical criterion for local stability and record whether the
iteration has converged. A trajectory that passes the return tests but does not meet this stability
criterion remains in the corresponding near-fixed-point or periodic class without confirmed stability.
For example, the Light-Up trajectory in Figure 9 has a detected period of three, but its spectral-radius
estimate does not pass this stability criterion.
Diagnostics of continued motion. For trajectories without a confirmed fixed-point or short-period
return, we examine temporal regularity and sensitivity to nearby initial states.
We compute the correlation version of the 0–1 test for chaos (Gottwald and Melbourne, 2009) from
a fixed scalar observable 𝑠𝑡 = 𝑎⊤𝑧𝑡, where 𝑎 is a random unit vector. The reported statistic 𝐾 is the
median over 100 test frequencies sampled uniformly from (𝜋/5, 4𝜋/5). We use up to the final 2,000
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observations. Since this implementation uses correlation coefficients, finite-sample values of 𝐾 can be
negative.
We also compute a finite-time perturbation-growth estimate 𝜆 using nearby trajectories with stepwise
renormalization (Benettin et al., 1980). Starting from 𝑧𝑇 , we use four random perturbation directions
with initial norm 10−3∥𝑧𝑇 ∥2 and continue for up to 64 updates. We average the usable logarithmic
growth rates across steps and directions, excluding readings from separation collapse or from the
first crossing of the saturation threshold 0.1∥𝑧𝑇 ∥2 onward. If no usable readings remain, the estimate
is treated as unavailable.
We assign the regular-motion class when 𝐾 ≤ 0.2 and either |𝜆 | < 0.05 or 𝜆 is unavailable. We
assign the irregular-motion class when 𝐾 ≥ 0.8 or an available 𝜆 exceeds 0.05. Other cases remain
unresolved. These operational classes summarize finite observations; the two diagnostics need not
agree on every instance.
For irregular trajectories, we additionally distinguish small and large motion using the relative
diameter

𝑑tail =
max𝑖, 𝑗∈W ∥𝑢𝑖 − 𝑢 𝑗∥2

∥𝑧𝑇 ∥2
, (12)

where 𝑢𝑡 = 𝑅𝑧𝑡 is the saved random projection and W contains the final 256 recorded states. The
threshold is 𝑑tail = 0.1. The figure annotations A1–A5 denote, respectively, near-fixed points, periodic
returns, regular motion, small irregular motion, and large irregular motion.
Latent behavior and answer correctness. Figure 7 pairs correct and incorrect endpoints across these
numerical classes. The two Sudoku MLP examples both approach near-fixed points, although only
one returns a correct answer (Figure 8). Periodic trajectories likewise occur with different endpoint
outcomes (Figure 9).
Correct answers also occur during continued latent motion. The Nurikabe example in Figure 10
returns a valid answer while its update residual remains well above the near-fixed-point tolerance.
Figure 11 shows a correct Heyawake endpoint with irregular-motion diagnostics. For this example, 𝐾
exceeds the irregularity threshold while the finite-time perturbation-growth estimate is negative; its
classification is therefore supported by the former diagnostic.
Together, these examples show why latent stationarity and answer correctness must be evaluated
separately. They illustrate possible combinations of the two, rather than their prevalence across tasks.

B.1 Stability and robustness of incorrect states
Incorrect predictions can persist both under continued recursion and after substantial state perturba-
tions. To characterize this persistence, we distinguish three complementary diagnostics: approximate
stationarity, estimated local linear stability, and robustness to finite perturbations. These diagnostics
complement the recovery comparisons in Figure 4.
Approximate stationarity and local stability. Among the 4,320 final failures of greedy depth scaling
for the seed-0 Sudoku-Extreme TRM checkpoint, 239 instances belong to the incorrect near-fixed-
point class. Their classification uses the residual and persistence tests described above. To examine
local stability, we estimate the spectral radius of the full-state Jacobian,

𝜌̂𝑥 (𝑤) ≈ 𝜌(𝐷𝐹𝑥 (𝑤)) ,

at each recorded near-fixed point 𝑤.
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We use Jacobian–vector products in FP32, with the MATH attention backend where applicable. For
each of two random initial vectors, we perform 40 power iterations and compute the geometric mean
of the final 30 growth ratios. We report the larger of the two estimates. An estimate passes our
convergence check when the relative range of the final 10 growth ratios is below 1% for both initial
vectors.
Across all 239 instances, the lower quartile, median, and upper quartile of the estimated spectral
radius are 0.893, 0.919, and 0.943, respectively; the maximum is 0.9945. The convergence check
passes for 128 instances, whose estimates range from 0.7384 to 0.9877. Together with their small
update residuals, these measurements provide numerical evidence of local attraction for a subset of
incorrect states. The remaining 111 estimates are reported as unconverged, rather than interpreted
as verified stability. Throughout, we retain the label near-fixed point: an estimated spectral radius
below one is distinct from a certified bound at an exact fixed point.
Robustness to finite perturbations. For each of the 239 instances, we draw 16 independent full-state
Gaussian perturbations at each scale

𝜎 ∈ {0.001, 0.003, 0.01, 0.03, 0.1, 0.3, 1}.

The perturbation is scaled relative to the recorded state:

𝑧̃0 = 𝑤 + 𝜀, 𝜀 ∼ N
(
0, 𝜎

2∥𝑤∥22
𝑑

𝐼𝑑

)
.

We then apply 64 recursion steps under the unchanged map 𝐹𝑥 . At every tested scale, all resulting
endpoints retain the original incorrect decoded answer. Moreover, no rule-valid prediction is observed
during any of these 64-step continuations. Thus, the failure persists across the tested random
directions even when the perturbation magnitude is comparable to the state norm.
Decoded-answer retention and latent return. Retaining the same answer does not require returning
to the same latent state. We therefore measure decoded-answer retention separately from latent
return. Let 𝑆𝑤 contain the recorded state 𝑤 and the final 16 states of its reference trajectory. An
endpoint 𝑧̃64 passes the latent-return test when

min
𝑠∈𝑆𝑤

∥ 𝑧̃64 − 𝑠∥2 ≤ max{3 𝑓num∥𝑤∥2, diam(𝑆𝑤)} ,

where 𝑓num is the calibrated relative numerical floor. Distances in this test are computed in the full
latent space.
Table 7 shows that endpoint answer retention remains at 100%, whereas latent return within 64
updates decreases as the perturbation scale grows. This separates robust persistence of an incorrect
answer from return to its recorded latent neighborhood. Failure to satisfy the finite-horizon return
test alone does not establish escape: a trajectory may converge slowly, approach another state with
the same decode, or remain in motion.
Moving failures. The same finite-perturbation protocol also reveals persistent failure among the
4,073 irregular moving trajectories. Across the tested scales, approximately 99.8–100% of endpoints
satisfy the reference-set return criterion. At 𝜎 = 1, only 0.13% of endpoints yield a valid answer. For
these trajectories, the return tolerance is determined by the diameter of the recorded reference tail.
These measurements describe finite-horizon return to a sampled neighborhood; they do not identify
a unique invariant attracting set.
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𝜎 Answer retention (%) Solution discovery (%) Latent return (%)
0.001 100.0 0.0 75.0
0.003 100.0 0.0 64.3
0.010 100.0 0.0 43.8
0.030 100.0 0.0 25.5
0.100 100.0 0.0 16.8
0.300 100.0 0.0 11.8
1.000 100.0 0.0 6.8

Table 7 Perturbation robustness of 239 incorrect near-fixed points from one Sudoku-Extreme TRM checkpoint.
Each scale includes 16 perturbations per instance (3,824 trials). Answer retention compares the raw endpoint
decode with the original decode after 64 updates. Solution discovery records whether any rule-valid prediction
appears during those updates, with the original givens restored. Latent return uses the full-state neighborhood
criterion defined in the text. All entries are descriptive percentages over perturbation trials.

Together, these diagnostics show that incorrect answers can persist in approximately stationary states
with supporting local-stability evidence, as well as along moving trajectories. They motivate evaluating
interventions by their ability to recover valid answers, rather than treating stationarity or perturbation
robustness as a proxy for correctness.

C State Perturbations and Recovery
C.1 Perturbation Direction and Initialization
Diagnostic cohorts. Figure 4 compares state perturbations and hypothesis injection on three Sudoku-
Extreme cohorts, using one trained checkpoint per backbone. Within each panel, all displayed methods
use the same instances. Cold-start comparisons are available for the two TRM cohorts.
Warm and cold initialization. Let 𝑤 denote the saved failed state of an instance. Warm-start inter-
ventions perturb 𝑤, whereas cold-start interventions perturb the model’s standard initialization 𝑧0.
After applying an edit, we run 64 updates under the unchanged original input:

𝑧
(𝑘)
end = 𝐹64𝑥

(
𝑧start + 𝜀(𝑘)

)
, 𝑧start ∈ {𝑤, 𝑧0}. (13)

All diagnostic rollouts use FP32 computation with halting disabled. For GRAM, subsequent updates
follow its deterministic prior-mean path.
Random perturbations. We evaluate 𝜎 ∈ {0.001, 0.003, 0.01, 0.03, 0.1, 0.3, 1}. For a full-state
Gaussian perturbation,

𝜀(𝑘) = 𝜎
∥𝑧start∥2√

𝑑
𝜉(𝑘) , 𝜉(𝑘) ∼ N(0, 𝐼𝑑). (14)

Its expected squared norm is 𝜎2∥𝑧start∥22. The high-level-only control applies the corresponding
construction to 𝑧𝐻 and leaves 𝑧𝐿 unchanged.
Each perturbation is scaled relative to its own starting state or component.
Solution-guided perturbations. The oracle control uses the reference answer to optimize an edit
of the full latent state. We minimize next-update cross-entropy over nonpadding output positions
using 30 Adam updates with learning rate 2. After each optimization step, the edit is projected
onto the ball ∥𝜀∥2 ≤ 𝜎∥𝑧start∥2. Each scale uses eight random initializations, with initial edit norm
min{10, 𝜎∥𝑧start∥2}. The resulting edits are evaluated using Equation 13.
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The transferred-oracle control takes another instance’s optimized edit at the same scale, normalizes
its direction, and rescales it to the receiving state’s norm budget. Donors are assigned cyclically within
each recorded evaluation group. These transferred directions retain reference-answer information
from their donors.
Learned perturbations on GRAM. We additionally evaluate directions drawn from GRAM’s learned
prior and reference-conditioned posterior. The posterior direction includes its mean displacement
relative to the prior mean. Each direction is normalized and rescaled to 𝜎∥𝑧𝐻 ∥2, applied to 𝑧𝐻 , and
followed by 64 deterministic prior-mean updates. The posterior and solution-guided controls use the
reference answer.
ICScomparison. For each instance, the ICS comparator evaluates up to eight model-proposed single-
cell hypotheses. Each hypothesis changes the input and starts a fresh 64-step rollout from 𝑧0 No
reference answers are used to generate these hypotheses.
This comparison measures candidate coverage from one round of hypothesis proposals. It does not
execute the complete multilevel ICS search or apply its final model-based answer selection.
Endpoint coverage and uncertainty. We decode each rollout at its 64-step endpoint, restore the
original givens, and check validity against the original task. An instance is covered if at least one of the
first eight attempts returns a rule-valid answer. The comparison therefore uses at most eight 64-step
candidate rollouts per instance and condition. The oracle controls additionally incur the optimization
cost described above. Coverage is measured at rollout endpoints, rather than by checking whether any
intermediate state was correct. Shaded regions and error bars in Figure 4 show pointwise nominal
95% Wilson intervals, with instances as the statistical unit.
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Sudoku MLP #9  |  correct endpoint  |  T=512
A1;  residual=2e-07;  ρ=0.753

‖Δzt‖/‖zt‖ ‖Δzt‖/‖zt + 1‖ Configured floor τfp

Figure 8 Near-fixed points with different answer outcomes. Both Sudoku MLP trajectories approach
numerical stationarity within 512 updates. The incorrect raw prediction satisfies the row, column, and box
constraints but violates an original given; restoring that given produces an answer that fails the task rules. The
other endpoint is correct. Columns show update residuals, the projected trajectory, the final-window residual
distribution, and a centered scalar return map. The two residual curves normalize the update norm by ∥𝑧𝑡 ∥2
and ∥𝑧𝑡+1∥2, respectively.
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Figure 9 Periodic returns with different answer outcomes. The Tapa trajectory has an incorrect endpoint
and a detected period of seven after 512 updates. The Light-Up trajectory has a correct endpoint and a detected
period of three after 2,048 updates. Both continue moving between successive states. Period detection and
local stability are evaluated separately: the Light-Up example does not pass the conservative spectral-radius
criterion. Correctness is checked at the saved endpoint. Readouts follow Figure 8.
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Figure 10 Regular-motion examples with different answer outcomes. The Heyawake endpoint is incorrect
and the Nurikabe endpoint is correct, both after 512 updates. Both satisfy the regular-motion diagnostic
criteria, despite their different projected appearances. The Nurikabe trajectory exhibits a looping projection
while maintaining nonzero update residuals. Its correct endpoint therefore does not require latent stationarity.
Readouts follow Figure 8.
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Figure 11 Irregular-motion examples with different answer outcomes. The Nurikabe endpoint is incorrect
after 512 updates; the Heyawake endpoint is correct after 2,048 updates. Their small/large-motion distinction
uses the relative projected diameter in Equation 12. The Heyawake example satisfies the irregularity criterion
through its 0–1 statistic despite a negative finite-time perturbation-growth estimate. Readouts follow Figure 8.
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† Uses answer; ‡ uses donor answer. ICS uses model proposals and cold initialization.
Recovery: first 8 edits / up to 8 hypotheses; bands and bars: pointwise Wilson 95% across instances.
Other columns: all archived trials (32 random/learned, 8 oracle/transfer per instance and scale).
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Figure 12 Sudoku MLP: failed-reference diagnostics. Left: first-eight strict recovery coverage; HIS uses up
to eight cold model hypotheses. Shading and bars are pointwise Wilson 95% intervals across instances.
Middle/right: per-trial decode preservation and latent return.
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State curves: original input, edited reference state; all archived trials. † Answer; ‡ donor answer.
Input controls: one hypothesis of each type per instance; agreement refers to the stored answer.
Original-input strict correctness after 64 cold-start updates; bars: pointwise Wilson 95% over instances.
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Figure 13 Sudoku MLP: solved-reference diagnostics. Top: per-trial state-edit outcomes under the original
input. Bottom: separate answer-assisted input hypotheses agreeing or conflicting with the stored answer,
evaluated from cold initialization; these are not HIS performance estimates. Bars are pointwise Wilson 95%
intervals across instances; counts follow legend order.
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Other columns: all archived trials (32 random/learned, 8 oracle/transfer per instance and scale).

Random full
Random H

Oracle†
Transfer‡

Figure 14 Maze attention: failed-reference diagnostics. Left: first-eight strict recovery coverage; HIS uses
up to eight cold model hypotheses. Shading and bars are pointwise Wilson 95% intervals across instances.
Middle/right: per-trial decode preservation and latent return.
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Figure 15 Maze attention: solved-reference diagnostics. Top: per-trial state-edit outcomes under the original
input. Bottom: separate answer-assisted input hypotheses agreeing or conflicting with the stored answer,
evaluated from cold initialization; these are not HIS performance estimates. Bars are pointwise Wilson 95%
intervals across instances; counts follow legend order.
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Figure 16 Sudoku GRAM (mean path): failed-reference diagnostics. Left: first-eight strict recovery coverage;
HIS uses up to eight cold model hypotheses. Shading and bars are pointwise Wilson 95% intervals across
instances. Middle/right: per-trial decode preservation and latent return.
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Figure 17 Sudoku GRAM (mean path): failed-reference diagnostics. Left: first-eight strict recovery coverage;
HIS uses up to eight cold model hypotheses. Shading and bars are pointwise Wilson 95% intervals across
instances. Middle/right: per-trial decode preservation and latent return.
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Original-input strict correctness after 64 cold-start updates; bars: pointwise Wilson 95% over instances.
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Figure 18 Sudoku GRAM (mean path): solved-reference diagnostics. Top: per-trial state-edit outcomes under
the original input. Bottom: separate answer-assisted input hypotheses agreeing or conflicting with the stored
answer, evaluated from cold initialization; these are not HIS performance estimates. Bars are pointwise Wilson
95% intervals across instances; counts follow legend order.
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Other columns: all archived trials (32 random/learned, 8 oracle/transfer per instance and scale).
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Figure 19 Tapa: failed-reference diagnostics. Left: first-eight strict recovery coverage; HIS uses up to eight
cold model hypotheses. Shading and bars are pointwise Wilson 95% intervals across instances. Middle/right:
per-trial decode preservation and latent return.
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Solved references · one checkpoint · 64-update endpoints

A1 · fixed-point class  |  Correct reference  |  n=31

Strict validity
(per trial)

Decode preservation
(per trial)

Latent return
(per trial)

A7 · unresolved class  |  Correct reference  |  n=1

Input hypotheses: answer-assisted, cold initialization

State curves: original input, edited reference state; all archived trials. † Answer; ‡ donor answer.
Input controls: one hypothesis of each type per instance; agreement refers to the stored answer.
Original-input strict correctness after 64 cold-start updates; bars: pointwise Wilson 95% over instances.
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Figure 20 Tapa: solved-reference diagnostics. Top: per-trial state-edit outcomes under the original input.
Bottom: separate answer-assisted input hypotheses agreeing or conflicting with the stored answer, evaluated
from cold initialization; these are not HIS performance estimates. Bars are pointwise Wilson 95% intervals
across instances; counts follow legend order.
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Failed references · one checkpoint · 64-update endpoints

A3 · recurrent-aperiodic class  |  Failed reference  |  n=1

Recovery in up to 8 trials
(instance coverage)

Decode preservation
(per trial)

Latent return
(per trial)

A5 · large-scale moving class  |  Failed reference  |  n=4

A7 · unresolved class  |  Failed reference  |  n=5
Transfer: 4/5 instances; one has no donor

† Uses answer; ‡ uses donor answer. ICS uses model proposals and cold initialization.
Recovery: first 8 edits / up to 8 hypotheses; bands and bars: pointwise Wilson 95% across instances.
Other columns: all archived trials (32 random/learned, 8 oracle/transfer per instance and scale).
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Figure 21 Heyawake: failed-reference diagnostics. Left: first-eight strict recovery coverage; HIS uses up to eight
cold model hypotheses. Shading and bars are pointwise Wilson 95% intervals across instances. Middle/right:
per-trial decode preservation and latent return.
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Heyawake 2/2

Solved references · one checkpoint · 64-update endpoints

A1 · fixed-point class  |  Correct reference  |  n=12

Strict validity
(per trial)

Decode preservation
(per trial)

Latent return
(per trial)

A3 · recurrent-aperiodic class  |  Correct reference  |  n=3

A7 · unresolved class  |  Correct reference  |  n=17

Input hypotheses: answer-assisted, cold initialization

State curves: original input, edited reference state; all archived trials. † Answer; ‡ donor answer.
Input controls: one hypothesis of each type per instance; agreement refers to the stored answer.
Original-input strict correctness after 64 cold-start updates; bars: pointwise Wilson 95% over instances.
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Figure 22 Heyawake: solved-reference diagnostics. Top: per-trial state-edit outcomes under the original input.
Bottom: separate answer-assisted input hypotheses agreeing or conflicting with the stored answer, evaluated
from cold initialization; these are not HIS performance estimates. Bars are pointwise Wilson 95% intervals
across instances; counts follow legend order.

42



10−3 10−2 10−1 1
0

50

100

In
sta

nc
es

 (%
)

3/6

ICS ≤8

10−3 10−2 10−1 1
0

50

100

10−3 10−2 10−1 1
0

50

100

10−3 10−2 10−1 1
0

50

100

In
sta

nc
es

 (%
)

0/1

ICS ≤8

10−3 10−2 10−1 1
0

50

100

10−3 10−2 10−1 1
0

50

100

10−3 10−2 10−1 1
0

50

100

In
sta

nc
es

 (%
)

2/3

ICS ≤8

10−3 10−2 10−1 1
0

50

100

10−3 10−2 10−1 1
0

50

100

10−3 10−2 10−1 1
Relative scale σ

0

50

100

In
sta

nc
es

 (%
)

1/4

ICS ≤8

10−3 10−2 10−1 1
Relative scale σ

0

50

100

10−3 10−2 10−1 1
Relative scale σ

0

50

100

Nurikabe 1/2

Failed references · one checkpoint · 64-update endpoints

A1 · fixed-point class  |  Failed reference  |  n=6

Recovery in up to 8 trials
(instance coverage)
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(per trial)
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A5 · large-scale moving class  |  Failed reference  |  n=3

A7 · unresolved class  |  Failed reference  |  n=4

† Uses answer; ‡ uses donor answer. ICS uses model proposals and cold initialization.
Recovery: first 8 edits / up to 8 hypotheses; bands and bars: pointwise Wilson 95% across instances.
Other columns: all archived trials (32 random/learned, 8 oracle/transfer per instance and scale).
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Figure 23 Nurikabe: failed-reference diagnostics. Left: first-eight strict recovery coverage; HIS uses up to eight
cold model hypotheses. Shading and bars are pointwise Wilson 95% intervals across instances. Middle/right:
per-trial decode preservation and latent return.
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Nurikabe 2/2

Solved references · one checkpoint · 64-update endpoints

A1 · fixed-point class  |  Correct reference  |  n=31

Strict validity
(per trial)

Decode preservation
(per trial)

Latent return
(per trial)

A3 · recurrent-aperiodic class  |  Correct reference  |  n=1

Input hypotheses: answer-assisted, cold initialization

State curves: original input, edited reference state; all archived trials. † Answer; ‡ donor answer.
Input controls: one hypothesis of each type per instance; agreement refers to the stored answer.
Original-input strict correctness after 64 cold-start updates; bars: pointwise Wilson 95% over instances.
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Figure 24 Nurikabe: solved-reference diagnostics. Top: per-trial state-edit outcomes under the original input.
Bottom: separate answer-assisted input hypotheses agreeing or conflicting with the stored answer, evaluated
from cold initialization; these are not HIS performance estimates. Bars are pointwise Wilson 95% intervals
across instances; counts follow legend order.
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Solved references · one checkpoint · 64-update endpoints

A1 · fixed-point class  |  Correct reference  |  n=24

Strict validity
(per trial)

Decode preservation
(per trial)

Latent return
(per trial)

A7 · unresolved class  |  Correct reference  |  n=8

Input hypotheses: answer-assisted, cold initialization

State curves: original input, edited reference state; all archived trials. † Answer; ‡ donor answer.
Input controls: one hypothesis of each type per instance; agreement refers to the stored answer.
Original-input strict correctness after 64 cold-start updates; bars: pointwise Wilson 95% over instances.
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Figure 25 Light-Up: solved-reference diagnostics. Top: per-trial state-edit outcomes under the original input.
Bottom: separate answer-assisted input hypotheses agreeing or conflicting with the stored answer, evaluated
from cold initialization; these are not HIS performance estimates. Bars are pointwise Wilson 95% intervals
across instances; counts follow legend order.
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Model and task Failed references Correct references Total
Sudoku TRM 202 153 355
Maze TRM 82 32 114
Sudoku GRAM 209 120 329
Tapa TRM 11 32 43
Heyawake TRM 10 32 42
Nurikabe TRM 14 32 46
Light-Up TRM 0 32 32

Table 8 Diagnostic cohorts in the extended perturbation study. Correct references include late-solution
references. Counts describe the sampled model–instance pairs, not the frequency of each outcome in the full
test sets.

C.2 Comparisons Across Failure and Successful States
Coverage of the extended study. Figures 12–25 report all 40 recorded cohorts across six tasks and
seven model–task combinations. Each combination uses one trained checkpoint. Table 8 summarizes
the sample sizes; individual numerical classes remain separate in the figures.
This extended study includes a separate cohort of 106 incorrect fixed-point-class Sudoku TRM
instances, rather than the 239-instance cohort used in Figure 4(a). The moving-failure cohorts of 96
Sudoku TRM and 120 Sudoku GRAM instances are shared with Figure 4(b,c).
References are grouped by whether the saved prediction passes the original-task checker before
intervention. The late-solution references, labeled A6, originate from previously failed instances
whose classification rollouts have already reached accepted endpoints. They therefore enter this study
as successful references. A7 denotes unresolved numerical behavior.
Three complementary readouts. All state perturbations in these extended figures start from the
saved reference state 𝑧★ and are followed by 64 updates under the original input. We report three
outcomes.
Strict correctness requires the endpoint answer to satisfy the original task after restoring givens, and
additionally requires its raw decode to respect all original givens. This adds a given-consistency
requirement to the rule-valid metric used in Figure 4.
Decode preservation requires the raw endpoint decode to equal the raw reference decode at every
output coordinate, before restoring givens.
Latent return measures proximity to the saved reference state and its trailing trajectory. Let 𝑆★ contain
𝑧★ and the final 16 saved full-dimensional states. We count a return when

min
𝑠∈𝑆★

∥𝑧end − 𝑠∥2 ≤ max {3 𝑓 ∥𝑧★∥2, diam(𝑆★)} , (15)

where 𝑓 is the numerical residual floor. Distances are computed in the full latent space. This readout
measures return to the recorded reference neighborhood.
Aggregation within each figure. For failed references, the correctness column reports instance
coverage: at least one strictly correct endpoint among the first eight perturbation attempts. The
separate ICS markers use up to eight cold-start, model-proposed input hypotheses and the same strict
endpoint criterion.
For successful references, the correctness column instead reports the fraction of individual interven-
tions that retain strict correctness. Decode preservation and latent return are likewise reported per
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intervention for both reference groups. These rates use all recorded attempts: 32 per scale for random
and learned directions, and eight for solution-guided and transferred directions.
Pointwise nominal Wilson 95% intervals accompany instance-level coverage and the separate input
controls. Per-intervention rates are shown descriptively without treating repeated attempts on the
same instance as independent samples.
Transferred directions require a donor instance. The Tapa periodic-failure cohort has no available
transfer donor, and the Heyawake unresolved-failure transfer results cover four of its five instances.
Each plotted rate uses its available denominator; unavailable controls are omitted.
Input controls on successful references. The successful-reference figures additionally show one
answer-assisted agreeing hypothesis and one conflicting hypothesis per instance when available.
Agreement is defined relative to the stored reference answer. Each modified input is evaluated from
fresh initialization for 64 updates and scored against the original task.
These controls examine recomputation under added assumptions, rather than preservation of the
saved successful latent state. A returned answer need not obey the additional hypothesis to satisfy
the original task.
Correctness, decode preservation, and latent return can separate. The successful Sudoku TRM
references provide a clear example. At 𝜎 = 1, full-state random perturbations retain both strict
correctness and the original decode in all trials of the near-fixed-point cohort, while only 3.2% return
to the saved latent neighborhood (Figure 13). Preserving an answer therefore does not require
returning to the same recorded latent state.
Correctness can also persist without exact decode preservation. For the regular-moving Nurikabe
reference, all full-state random trials at 𝜎 = 1 remain strictly correct, while only 3.1% reproduce the
complete raw reference decode (Figure 24). These readouts capture different aspects of the response
to an intervention.
Across failed references, recovery varies with the numerical class and intervention direction. The
complete figures retain the small periodic, regular-moving, irregular-moving, and unresolved cohorts
alongside the larger fixed-point groups. They support the comparisons within these sampled cohorts;
the smaller groups provide descriptive examples rather than estimates of task-wide behavior.

C.3 Hypothesis Content, Initialization, and Persistence of Near-Fixed Points
We examine whether a hypothesis enables recovery by changing the input condition, whether recovery
requires a fresh initialization, and whether incorrect near-fixed points persist under the conditioned
update map. These controlled interventions use one frozen Sudoku Extreme TRM-MLP checkpoint.
They study individual hypotheses rather than the complete ICS search procedure.
Paired interventions and scoring. We use 4,320 previously classified failed instances: 239 in the
incorrect near-fixed-point class, 4,073 with moving failures, two with periodic failures, and six in
other or unresolved classes. For each instance, we generate 16 single-cell hypotheses from the decoder
scores at its saved failed state 𝑧★. Mutable positions are ordered by increasing top-two logit margin,
and we consider two alternative tokens per position, excluding its current prediction. Original givens
are never modified. These are the same ordered hypotheses used for these instances in the extended
perturbation study.
For each hypothesis ℎ = (𝑖, 𝑣), we keep the modified input 𝑥ℎ fixed and run the same map 𝐹𝑥ℎ for 512
recursion steps from either 𝑧★ (warm start) or 𝑧0 (cold start). Neither run stops early. Recovery means
that the prediction at step 512 is valid for the original task after restoring its givens. We do not force
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Figure 26 Recovery depends on initialization and hypothesis content. All panels use the frozen Sudoku-
Extreme TRM-MLP checkpoint (training seed 0). (a,b) Warm and cold starts use the same instance–hypothesis
pairs under 𝐹𝑥ℎ . Compatible hypotheses agree with the reference solution at the edited cell; this label is
assigned after proposal generation. (c) Cold-start, label-informed controls inject correct or wrong values at
unproposed erroneous cells or already-correct mutable cells. All rates measure validity of the final answer after
512 updates and restoration of original givens, pooled over instance–hypothesis pairs; they do not measure
whether any of several hypotheses succeeds per instance. Injected values are not forced into the returned
answer, so incompatible hypotheses can still yield valid outputs. Error bars show 95% confidence intervals
from 1,000 bootstrap resamples of instances. Sample counts are given in Tables 9 and 10.

Failure cohort Hypothesis Pairs Warm (%) Cold (%)
Near-fixed point (239) Compatible 602 0.00 73.92

Incompatible 3,222 0.00 10.09
Moving (4,073) Compatible 17,381 50.43 61.26

Incompatible 47,787 1.43 0.09
Periodic (2) Compatible 8 100.00 100.00

Incompatible 24 12.50 0.00
Other/unresolved (6) Compatible 9 0.00 44.44

Incompatible 87 36.78 2.30
Table 9 Final-answer recovery under paired warm and cold starts. Each pair uses the same instance and
injected hypothesis for both initializations, with 512 updates under the conditioned map. Parentheses in the
first column give instance counts; the denominator of each percentage is the number of instance–hypothesis
pairs. The periodic and other/unresolved groups are reported descriptively because they contain very few
instances.

the injected value into the returned answer. Since these Sudoku instances have unique solutions,
the recorded reference-match score after restoring givens agrees with rule validity. Unless stated
otherwise, percentages pool instance–hypothesis pairs, rather than count whether any hypothesis
succeeds for an instance.
We call a hypothesis compatible when its proposed value agrees with the reference solution at the
edited position, and incompatible otherwise. This label is assigned after proposal generation and is
used only for analysis. In particular, compatibility does not imply that the model will find a solution
under 𝐹𝑥ℎ .
A useful hypothesis need not remove an incorrect near-fixed point. Figure 26(a,b) and Table 9
compare recovery under the two initializations. For the near-fixed-point cohort, warm starts recover
no solutions, whereas cold starts recover 445 of 602 compatible pairs (73.9%). Across all 3,824
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Injected assignment Near-fixed-point failures Moving failures
Model proposal, compatible 73.9% (445/602) 61.3% (10,648/17,381)
Model proposal, incompatible 10.1% (325/3,222) 0.09% (45/47,787)
Correct value at unproposed error cell 74.9% (715/955) 73.3% (11,950/16,292)
Correct value at already-correct cell 49.1% (469/956) 26.2% (4,262/16,292)
Wrong value at unproposed error cell 14.6% (139/955) 6.6% (1,082/16,292)
Wrong value at already-correct cell 14.2% (136/956) 2.9% (480/16,292)
Table 10 Cold-start recovery after 512 updates, stratified by hypothesis content. Counts are successful/at-
tempted instance–assignment pairs. An already-correct cell is an editable cell correctly predicted at the saved
state, not an original given. Compatible model proposals occur on 225 of 239 near-fixed-point instances and
4,060 of 4,073 moving instances. One near-fixed-point instance has only three eligible unproposed error cells,
yielding 955 rather than 956 error-cell controls.

hypotheses in this cohort, 3,760 warm endpoints (98.3%) remain near-fixed and decode to the
same incorrect answer as 𝑧★; 3,674 also remain within 0.05∥𝑧★∥2 of that state. Here, an endpoint is
classified as near-fixed when every relative step residual in the final 16 updates is at most 2.5 × 10−6.
Thus, input conditioning can permit recovery from a fresh initialization while leaving an incorrect
near-fixed state accessible from the failed initialization. For moving failures, compatible hypotheses
recover 50.4% of warm pairs and 61.3% of cold pairs. The benefit of restarting therefore depends on
the starting state and hypothesis; it is not a uniform advantage for every intervention.
The content and location of an injected assignment matter. We separate agreement with the
reference solution from the location of the edit using four cold-start controls. We inject a correct or
incorrect value either at an already-correct mutable cell or at an erroneous cell not selected by the
model’s proposer. Each control samples up to four eligible cells per instance without replacement.
Incorrect control values exclude both the reference value and the saved prediction. These label-
informed controls are diagnostic interventions, not inference procedures available to ICS. Control
families are paired by instance, but need not select the same cells.
Correcting an erroneous cell is more effective than repeating an already-correct value (Figure 26(c);
Table 10). Averaging paired differences between per-instance recovery fractions gives gains of 25.8
percentage points for near-fixed-point failures (95% interval: 22.3–29.8) and 47.2 points for moving
failures (46.3–48.1). Intervals use 1,000 bootstrap resamples of instances, preserving all interventions
within each instance.
The controls show that recovery depends on what information is injected, not merely on changing
an input token. They do not establish that the model’s location ordering is optimal: correctly filling
unproposed error cells also produces strong recovery. Incompatible hypotheses sometimes recover
valid answers because the model is free to revise or disregard an injected value when decoding the
original task.
Spectral diagnostics under the conditioned map. We additionally estimate the spectral radius of
the Jacobian at original and conditioned near-fixed states. Computation uses the full recurrent state
(𝑧𝐻 , 𝑧𝐿) in fp32. For each state and input map, we run 40 Jacobian–vector-product power iterations
from each of two Gaussian initial vectors. Each run takes the geometric mean of its last 30 norm
growth ratios; 𝜌 is the larger of the two estimates.
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State Map 𝑛 Median 𝜌 [Q1, Q3] 𝜌 < 1 Batch check
Original incorrect state 𝐹𝑥 239 0.9185 [0.8926, 0.9429] 239 128
Retained incorrect, compatible 𝐹𝑥ℎ 585 0.9085 [0.8846, 0.9366] 585 84
Retained incorrect, incompatible 𝐹𝑥ℎ 3,089 0.9076 [0.8829, 0.9339] 3,087 449
Recovered correct, matched pairs 𝐹𝑥ℎ 424 0.9113 [0.8849, 0.9320] 424 47
After restoring 𝑥, same pairs 𝐹𝑥 424 0.9175 [0.8986, 0.9380] 424 9
Retained correct, solved controls 𝐹𝑥ℎ 6,534 0.9147 [0.8882, 0.9371] 6,524 604
Table 11 Spectral-radius estimates at near-fixed states. The first row has one state per instance; subsequent
rows count instance–hypothesis pairs. Retained endpoints preserve the original decoded answer and lie within
0.05∥𝑧★∥2 of the starting state. The two matched rows use exactly the same 424 compatible interventions on
203 initially failed instances, before and after restoring 𝑥. The last row uses the separate 431-instance solved
cohort described below. The final two columns count estimates below one and endpoints belonging to batches
that pass the ratio-stability check, respectively; the latter is not an individual-state convergence rate. Quartiles
describe the distribution of estimates, not uncertainty in an individual spectral radius.

The implementation checks whether the relative range of the final ten ratios is below 10−2 for both
initial vectors, but records this convergence flag jointly across a batch of states. Not all batches satisfy
the check. We report all finite-iteration estimates rather than treating the flag as an individual-state
convergence certificate.
All 585 retained incorrect endpoints under compatible hypotheses have 𝜌 < 1, with median 0.9085
(Table 11). More directly, 422 compatible instance–hypothesis pairs yield a retained incorrect near-
fixed endpoint from the warm start and a correct near-fixed endpoint from the cold start, with both
spectral radius estimates below one under the same 𝐹𝑥ℎ . This provides numerical evidence consistent
with persistent local attraction under the conditioned map, in addition to small update residuals and
unchanged incorrect decoding. It does not prove stability: the endpoints are approximate and the
finite-iteration estimates are not certified bounds. Estimates above one also occur for two retained
incorrect endpoints under incompatible hypotheses and ten retained correct endpoints in the solved
controls (maxima 1.0051 and 1.0365, respectively).
Preserving a solution differs from reaching it. For each cold endpoint, we restore the original input
𝑥 and run another 512 updates. Among the 10,977 cold endpoints that are correct and near-fixed in
the two largest failure cohorts, 10,761 (98.0%) remain correct and near-fixed and move by at most
0.05∥𝑧★∥2. The matched spectral rows in Table 11 further compare 424 compatible near-fixed-point
interventions satisfying this return criterion. These tests establish endpoint correspondence at the
measured tolerance, not continuous tracking of a fixed-point branch between the two maps.
As a complementary control, we retain 431 instances whose original-input 512-step rollout reaches a
correct near-fixed state, from 450 tested instances. We propose 16 alternative-value hypotheses per
instance. All 6,896 hypotheses are incompatible with the reference solution, because the starting
predictions are correct. Warm continuation keeps all final answers valid; 6,835 endpoints (99.1%)
remain near-fixed with the same decoded solution, including 6,534 within the retention tolerance.
Cold starts under these identical hypotheses recover only 1,040 of 6,896 pairs (15.1%). Thus, a
conditioned map can preserve an existing solution even when that solution is difficult to reach from
initialization.
Together, these interventions support searching over hypothesis content and recomputing candidates
from a fresh state. They show that recovery can improve without eliminating every incorrect near-
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fixed point, and that a solution’s persistence alone does not ensure its accessibility from a particular
initialization.

C.4 Sudoku component and proposal ablations
We compare a fixed-depth TRM baseline with seven search configurations using the same seed Sudoku
model; the search runs use inference seed 7. The first eight disjoint windows in test-loader order
contain 6,144 instances each, totaling 49,152.
Components and selection. A is TRM with depth scaling to 𝐷 = 20: it executes all 20 recursion
steps on the original input and returns the highest-𝑞 prediction along the trajectory. The same output
is evaluated in both columns, giving 87.85% accuracy at 20 steps (0.375 TFLOPs) per instance; A
does not use a task certificate to choose its answer. B adds hypothesis search with 16 steps per child;
C adds up to 32 symmetry restatements of the original input, each with 16 steps. Thus AB, AC, and
ABC retain the original search settings, while A is a fixed-depth reference. Their differences from A
include adaptive original-input computation as well as the added search stages.
For the search configurations, certificate selection checks each candidate against the original Sudoku
rules. Model selection uses the engine’s 𝑞 terminal without a task checker: the original-input and
hypothesis stages can accept a positive halting logit; hypothesis candidates are ordered by assumption
contradictions, original-input consistency, and descending 𝑞. The restatement stage first accepts a
positive-𝑞 candidate, then uses agreement of at least two complete outputs, and finally falls back
to the highest-𝑞 restatement if needed. This protocol is not a fixed-pool best-𝑞 rule. All reported
accuracies are the offline rule-validity rates of delivered answers after restoring original givens;
reference-solution accuracy agrees in these records. Without restatements, an unaccepted AB run
returns the last search level’s top-ranked candidate. These outputs also enter accuracy.
Search budgets and proposal controls. Both certificated-based selection and model-based selection
use two alternative values per proposed location, subject to the proposal cap. The small budget arms
cap proposals at six per parent and total children at 16; the respective levels and beam widths are
unchanged. The implementation caps the number of proposals, not the number of distinct locations.
Random-location controls retain model-ranked alternative values. The joint random control also
samples alternative values without replacement from the digit vocabulary, excluding the current
predicted value; it does not filter proposals by Sudoku constraint satisfaction.
For the search configurations, each window stores accuracy to four decimal places. With its known
denominator, the number of correct outputs is uniquely recoverable; we pool those counts. A reports
the 20-step baseline accuracy.
Interpretation. Relative to full ICS, omitting hypotheses (AC) lowers accuracy by 1.11 percentage
points with a certificate and 0.99 points under model selection. Omitting restatements (AB) lowers
accuracy by 0.02 and 0.06 points, respectively. These comparisons use the shared adaptive original-
input schedule of the search configurations. Random locations only result in a small gap from the
full ICS. Randomizing values instead lowers it by 1.00 point, whereas certificate selection remains
above 99.85%. Under the small budget, the joint random control loses 1.96 points under model
selection and 0.29 points with a certificate. The results support useful information in the model’s
value proposals. Because the terminal rule affects which later candidates are evaluated, the two
selection columns, which also differ in search budgets, do not isolate scoring error on a common
candidate pool.
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Certificate selection Model selection
Configuration Acc. (%) Steps TFLOPs Acc. (%) Steps TFLOPs
A: TRM + depth scaling (𝐷 = 20) 87.85 20.0 0.38 87.85 20.0 0.38
AB: + hypotheses 99.92 74.0 1.39 99.75 58.8 1.10
AC: + restatements 98.83 63.7 1.19 98.82 63.6 1.19
ABC: full HIS 99.94 74.4 1.39 99.81 59.8 1.12
ABC: random locations and values 99.85 75.5 1.42 98.81 58.8 1.10
ABC: random locations 99.90 73.8 1.38 99.78 59.4 1.11
ABC: small budget 99.63 56.8 1.06 99.42 54.8 1.03
ABC: small budget, random locations and values 99.34 64.3 1.20 97.45 50.4 0.95
Table 12 HIS ablation on Sudoku-extreme (with 49,152 instances). A uses the same best-𝑞 output in both
columns; its exact cost is 0.375 TFLOPs. Search configurations retain adaptive original-input attempts. Both
accuracy columns evaluate delivered answers with the original task rules; only certificate-selected search
consults those rules during selection. Steps and TFLOPs are mean executed model computation per instance,
charging every launched evaluation. One step costs 1.875 × 1010 FLOPs. Search accuracies pool reconstructed
counts; search costs use rounded window means. No multi-seed uncertainty is implied.

D Input-Conditioning Experiments
The preceding experiments examine state interventions under the original-input update map 𝐹𝑥 . We
now examine interventions that change the input condition and therefore the update map. With
model parameters held fixed, a hypothesis 𝐻 replaces 𝐹𝑥 with 𝐹𝑥 = 𝐹𝑥𝐻 or a restatement Φ replaces 𝐹𝑥
with 𝐹𝑥 = 𝐹Φ (𝑥 ) .
Input conditioning can locally eliminate incorrect attracting fixed points. Numerical continuation in
the benchmark models provides evidence of the underlying folds, and computer-assisted certificates
in separately trained small reasoners establish this mechanism (Appendices D.2, D.3, and F.2). The
experiments also examine how input conditions and initialization affect access to correct solutions.
We first describe the construction of the update-residual surfaces and recorded trajectories in Figure 6,
then present the continuation and certification results. We subsequently examine aligned restatement
dynamics, compare fresh initialization with continuation from a saved failed state, and vary the
duration of hypothesis conditioning. Throughout these experiments, answer correctness is evaluated
against the original task 𝑥.

D.1 Construction of the update-residual visualization
Figure 6 visualizes a Maze-Hard instance using the seed-0 TRM checkpoint. The surfaces are
constructed from model evaluations, and the overlaid paths are projections of recorded full-state
trajectories.
Reference states and input intervention. We run the original-input model for 512 recursion steps
from 𝑧0 to obtain an incorrect near-fixed point 𝑠𝑤. For this diagnostic example, the hypothesis 𝐻
introduces one additional "path" token at a mutable position.
Under the resulting map 𝐹𝑥𝐻 , we run two trajectories for 1,024 updates: a cold-start trajectory from
𝑧0 and a warm-start trajectory from 𝑠𝑤. We use the cold-start endpoint as the correct near-fixed point
𝑠𝑐.
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A shared two-dimensional section. We construct an affine plane through 𝑧0, 𝑠𝑤, and 𝑠𝑐 in the full
recurrent state space. Its orthonormal basis is

𝑒1 =
𝑠𝑤 − 𝑧0

∥𝑠𝑤 − 𝑧0∥2
,

𝑎 = (𝑠𝑐 − 𝑧0) − ⟨𝑠𝑐 − 𝑧0, 𝑒1⟩𝑒1, 𝑒2 =
𝑎

∥𝑎∥2
.

(16)

A point on the section corresponds to the full latent state

𝑧(𝑢, 𝑣) = 𝑧0 + 𝑢𝑒1 + 𝑣𝑒2. (17)

Both input conditions are evaluated at the same section coordinates, so differences between their
surfaces arise from changing the input condition.
Measured residuals and interpolation. For each sampled state, we evaluate the relative one-step
update residual

𝑟𝑥 (𝑧) =
∥𝐹𝑥 (𝑧) − 𝑧∥2

∥𝑧∥2
, 𝑟𝑥𝐻 (𝑧) =

∥𝐹𝑥𝐻 (𝑧) − 𝑧∥2
∥𝑧∥2

. (18)

Panels (a) and (c) display the corresponding base-10 log residuals. Panel (b) displays

Δ(𝑢, 𝑣) = log10 𝑟𝑥𝐻 (𝑧(𝑢, 𝑣)) − log10 𝑟𝑥 (𝑧(𝑢, 𝑣)). (19)

Positive values therefore indicate that conditioning increases the relative update magnitude at the
same state.
We begin with a 45×45 grid and add nested 9×9 grids around the coordinates of 𝑠𝑤 and 𝑠𝑐, with half-
widths 32/4 𝑗 for 𝑗 = 0, . . . , 7. After deduplication, the section contains 3,195 sampled coordinates.
Both maps are evaluated in FP32. We construct a shared triangulation in the original section
coordinates and use piecewise-linear interpolation of the measured log residuals. The interpolant is
defined before applying any display coordinate transformation.
Recorded trajectories. Each full-state trajectory is projected onto the section using coordinates(

⟨𝑧𝑡 − 𝑧0, 𝑒1⟩, ⟨𝑧𝑡 − 𝑧0, 𝑒2⟩
)
.

For visualization, its projected path is placed on the corresponding interpolated residual surface.
These displayed heights describe the residual at the reconstructed section coordinate; the original
trajectory can also have components outside the plane.
The illustrative perturbation in panel (a) is applied at 𝑧0, corresponding to 𝑡 = 0 in the general
annotation 𝑧𝑡 + 𝜀

(𝑘)
𝑡 . It is an in-plane displacement of radius 800 at angle 225◦, selected from

trajectories that return to 𝑠𝑤. This example illustrates a returning perturbed trajectory; the quantitative
comparisons of perturbation methods use the separate protocol described with Figure 4.
The perturbed initialization projects outside the sampled rectangle. For rendering, out-of-domain
projected coordinates are clamped to its boundary before surface interpolation. Consequently, the
displayed perturbed starting point and its connector are schematic. The underlying trajectory is
unchanged, and no residuals are extrapolated outside the sampled section.
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Display coordinates. The residual minima occupy small regions relative to the full trajectory extent.
To make both visible, all panels use the same nonlinear horizontal coordinate transformation, which
magnifies neighborhoods of 𝑠𝑤 and 𝑠𝑐 and compresses distant context. A monotone display-height
transformation compresses extreme log-residual values while retaining shallow relief. The residual
panels share the same height and color scales, and axis and colorbar labels report the original values.
The same horizontal transformation is applied to the surfaces, trajectories, and markers. Local
transparency adjustments reveal surface regions otherwise obscured by foreground plateaus. These
rendering choices leave the measured residuals and recorded trajectories unchanged, but displayed
widths, distances, and slopes are not latent-space metric measurements. The surfaces represent
update residuals, rather than an energy function whose gradient generates the dynamics.
Endpoint checks. Direct evaluation at the recorded state 𝑠𝑤 gives 𝑟𝑥 (𝑠𝑤) ≈ 2.41× 10−7 and 𝑟𝑥𝐻 (𝑠𝑤) ≈
0.22465. Thus, the same state that is nearly stationary under the original input has a substantial
update under the hypothesis-conditioned map. Both conditioned trajectories return valid answers,
and their terminal states differ by only 2.40 × 10−7 in relative norm. These endpoint measurements
use the saved full states, rather than values read from the interpolated surfaces.

D.2 Input conditioning induces folds in incorrect fixed-point branches
Numerical continuation in the trained Maze-Hard and Sudoku-Extreme models identifies local folds
in incorrect fixed-point branches as the input condition changes. At a fold, two fixed-point branches
meet and terminate locally on one side of a critical parameter value. This provides a mechanism
through which changing the input can remove an incorrect attracting fixed point. We first present
the numerical evidence, then establish this mechanism with computer-assisted certificates in trained
small reasoners (Appendix D.3).
We use 𝜆 to interpolate between the original input embedding (𝜆 = 0) and the hypothesis-conditioned
embedding (𝜆 = 1). The curves below track fixed points across these conditions; each plotted state
approximately satisfies the fixed-point equation for its own condition.
A local fold in Maze-Hard. For the Maze-Hard landscape example (instance 461, hypothesis at cell
576), refinement locates a fold at 𝜆𝑐 ≈ 0.796498891. The relative fixed-point residual is 2.03 × 10−15
and the unit-eigenvector equation residual is 7.01×10−14. The leading multiplier approaches +1, while
the next-largest computed multiplier modulus is approximately 0.609. Automatic differentiation gives
nonzero fold coefficients 𝑎 ≈ −294.62 and 𝑏 ≈ −0.12645, using the normalization in Appendix F.2. A
finer continuation step gives the same fold location to approximately eight decimal places. Together,
these measurements provide numerical evidence of a local saddle-node involving the incorrect
attracting branch.
Condition-dependent branch structure in Sudoku. For Sudoku instance 60398 with a hypothesis
at cell 40, continuation follows the original attracting branch to a fold near 𝜆 = 0.696896. It then
reverses direction in 𝜆, follows an unstable segment to a second fold near 0.684264, and increases
𝜆 again along another attracting branch to reach 𝜆 = 1 (Figure 27). This is the order of fixed-point
continuation, not a sequence of reasoning steps or a monotone increase of the input parameter. The
tracked states retain the original incorrect decode.
A different hypothesis on this instance, and the controls on Maze instance 69 and Sudoku instance
357158, reach the fully conditioned map without detected folds. Together, these cases show that the
structure of incorrect fixed-point branches depends on the input condition: a branch can terminate
locally at a fold, while another incorrect attracting branch can persist under the final condition.
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Figure 27 Numerical continuation in the trained Maze-Hard and Sudoku-Extreme models. (a) The Maze
example exhibits a fold near 𝜆 = 0.79650. (b) A Sudoku example has two folds, revealing an intervening
unstable branch. (c) Its full continuation and a persistent Sudoku control reach the fully conditioned input.
Points are connected in continuation order; vertical coordinates report 100∥𝑧− 𝑠𝑤∥2/∥𝑠𝑤∥2. Panel (b) magnifies
the fold region. Stability styles use numerical multiplier estimates, not interval certificates.

Continuous input intervention. Let 𝑒(𝑥) and 𝑒(𝑥𝐻) be the frozen model’s input embeddings. We
define

𝑒𝜆 = (1 − 𝜆)𝑒(𝑥) + 𝜆𝑒(𝑥𝐻), 𝐺(𝑧, 𝜆) = 𝐹𝜆 (𝑧) − 𝑧, (20)
where 𝐹𝜆 evaluates the recursive update with embedding 𝑒𝜆 . Thus 𝐹0 = 𝐹𝑥 and 𝐹1 = 𝐹𝑥𝐻 . Intermediate
embeddings need not encode literal puzzles; this interpolation is a diagnostic path between the two
conditions, not an additional ICS inference operation. The complete recurrent state and all model
parameters are held in the same coordinates throughout.
Following stable and unstable branches. Starting from an incorrect near-fixed point, we solve
𝐺(𝑧, 𝜆) = 0 using FP64 Newton–Krylov correction and pseudo-arclength continuation. An additional
arclength equation allows the continuation parameter 𝜆 to reverse direction at a fold, so the method
can follow unstable fixed points that ordinary forward iteration would leave. Jacobian–vector products
support the matrix-free linear solves and Arnoldi estimates of leading multipliers. We refine candidate
folds by solving the augmented fixed-point, unit-multiplier, and eigenvector-normalization equations
described in Appendix F.2. These calculations concern the full recurrent state; projections are used
only for display.

D.3 Certified elimination of incorrect attracting fixed points
Input conditioning can locally eliminate incorrect attracting fixed points in trained recursive reasoners.
We establish this result with 51 complete computer-assisted certificates across selectedmodel–instance–
hypothesis cases in separately trained 4 × 4 Sudoku models (Table 13). Each certificate verifies the
sufficient conditions of Appendix F.2: an incorrect attracting branch meets an unstable companion and
both cease to exist locally as the input interpolation crosses the critical value. The verified coefficient
signs place the attracting branch on the lower-𝜆 side.
The complete certificates cover 42 solution-consistent and nine inconsistent hypotheses. They establish
local elimination as an attainable outcome of input conditioning in learned networks. We report the
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Solution-consistent hypotheses Inconsistent hypotheses
Width Seed Tested Folds Roots Complete Tested Complete

8 0 71 21 19 19 9 0
8 1 56 1 1 1 24 3
8 2 61 13 12 12 19 4
16 0 23 6 6 3 17 0
16 1 45 7 7 7 35 2
16 2 8 0 0 0 8 0

Total 264 48 45 42 112 9
Table 13 Fold detection and certification in six trained small models. Counts concern selected checkpoint–
instance–hypothesis pairs, not independent puzzles. All nine detected folds under inconsistent hypotheses
have complete certificates. Failure to complete a certificate does not establish absence of a fold.
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Figure 28 Certified local folds and subsequent warm-start outcomes in trained small models. (a) Fold locations
and certified bounds on the noncritical spectral radius for all 51 complete certificates; markers distinguish
solution-consistent and inconsistent hypotheses, and colors indicate the 512-update endpoint category after
crossing the fold. Each bound concerns the noncritical spectrum; the critical multiplier itself equals one. (b)
Endpoint categories at 𝜆 =min{1, 𝜆𝑐 + 0.02}: 42 consistent and nine inconsistent hypotheses. Bar widths show
percentages and labels give case counts. “Same wrong answer” denotes output agreement with the initial
failure, not return to the same latent state.

certified instances and their subsequent reasoning outcomes first, followed by the model, selection,
and verification protocols.
Recovery after a certified fold. Among the 42 certified cases with solution-consistent hypotheses,
31 produce the correct solution in the post-fold warm-start diagnostic (Figure 28). We initialize
each rollout at the original incorrect state and run 512 updates at 𝜆 =min{1, 𝜆𝑐 + 0.02}. Ten of the
remaining cases end at another incorrect decode and one at the same incorrect decode; the latter
latent state has nevertheless moved and remains nonstationary.
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Among the nine inconsistent cases, one ends at the solution, seven at another incorrect decode, and
one at the same incorrect decode. At 𝜆 = 1, their counts are one, six, and two, respectively. These are
endpoint outcomes, not the frequency of ever visiting a correct prediction. The results separate the
certified change to the local fixed-point structure from the empirically measured answer reached by
subsequent recursion.
Models and diagnostic data. We use 4 × 4 Sudoku with 𝐿 = 16 positions and hidden widths
ℎ ∈ {8, 16}, each trained with three seeds. Both recurrent components are retained, giving full state
dimensions 𝑛 = 2𝐿ℎ ∈ {256, 512}. The shared MLP block uses position-mixing and channelwise
SwiGLU transformations with RMS normalization; each recursion step updates 𝑧𝐿 and then 𝑧𝐻 .
Training uses cross-entropy supervision at eight recursion steps, detached recurrent carries, and
AdamW with batch size 256, learning rate 10−3, weight decay 1, and 4,000 optimizer updates.
Of the 288 completed Sudoku grids, 200 supply training puzzles and 88 supply the evaluation pools.
Puzzles are generated by deleting cells and retaining only uniquely solvable inputs. Checkpoints are
selected by 32-step accuracy on the standard pool with 6–10 givens, evaluated every 250 optimizer
updates. This pool therefore serves model selection and is not an unbiased test set. The mechanism
study uses a separate pool of 3,520 harder puzzles with 4–5 givens, generated from the same 88
grids.
Case and hypothesis selection. For each checkpoint, we scan this pool in its fixed order, run 512
updates from initialization, and stop after collecting ten incorrect near-fixed points or exhausting the
pool. Near-stationarity requires relative residuals below 10−10 throughout the last 16 updates. An
incorrect output differs from the unique reference completion; merely satisfying row, column, and
box constraints without respecting the original givens is insufficient. The six scans yield 47 retained
checkpoint–instance pairs.
Each retained state receives eight single-cell hypotheses. The first inserts the reference value at
an incorrectly predicted empty cell; remaining proposals are ranked by decoder logit margin. We
distinguish hypotheses that agree with the unique solution (solution-consistent, or compatible)
from those that disagree (inconsistent, or incompatible). This reference-informed construction is a
diagnostic control, separate from the label-free ICS performance evaluation.
Certificate construction and replay. For each pair, we perform dense full-state pseudo-arclength
continuation, refine detected folds, and attempt interval certification at multiple box radii. We sepa-
rately count detected folds, verified roots of the augmented fold equations, and complete certificates.
A complete certificate additionally establishes nondegenerate fold coefficients, a simple unit multiplier
with the complementary spectrum inside the unit circle, and a strictly wrong prediction at an original
non-given position throughout the enclosing box. Appendix F.2 states the local implication and
verification conditions. The certificate is for the real-valued map defined by the stored weights, with
numerical enclosures accounting for evaluation error.
We replay all 54 saved candidate certificates without repeating candidate search. All 54 pass
augmented-root, nondegeneracy, and wrong-decoding verification; 51 also pass transverse-stability
verification. The remaining three are unverified at this last stage, not classified as unstable. The
replay uses outward-rounded interval arithmetic, independently checks the decoder-margin lower
bounds with exact rational arithmetic, and checks uniqueness of the original puzzles.
A representative certificate. For a representative width-16, seed-0 case (instance 305, hypothesis
at cell 0), 𝜆𝑐 ≈ 0.482176. The verified root bound satisfies 𝑌 + 𝑍𝑅 < 1.049 × 10−9 < 𝑅, with
𝑅 ≈ 1.737 × 10−9. Outward-widened coefficient enclosures are 𝑎 ∈ [−0.27288,−0.27215] and
𝑏 ∈ [−0.10222,−0.10202], while the noncritical spectral radius is below 0.85388. Four original
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non-given positions have certified wrong tokens, with all their decoder margins exceeding 7.21535.
This example verifies both transverse stability and wrong decoding around the critical point.
Scope and interpretation. The theorem and certificates establish that changing the input embedding
can locally eliminate an incorrect attracting fixed point. The large-model continuation results are
numerical evidence; the rigorous certificates concern the separately trained small models. Certification
covers a neighborhood of each critical point along the specified interpolation, rather than absence of
every incorrect attractor or absence at the final condition 𝜆 = 1. The connection from the original
failed state to the critical branch is tracked numerically, not certified along its entire length.
The study selects failed states and hypotheses for mechanism analysis, so the case counts do not
estimate the prevalence of this mechanism on the main test sets. Post-fold rollouts evaluate recovery
separately from local elimination. Their successful and unsuccessful outcomes, together with the
persistent branches above, motivate searching over input conditions and evaluating the candidates
that those conditions produce.

D.4 Restatement-induced dynamics in aligned coordinates
Validity-preserving restatements express the same task in different representations. We test whether
their effect extends beyond a change of coordinates: after aligning latent states, do they change the
recursive update, and does the resulting recovery depend on initialization and continued conditioning?
Aligning the update maps. We restrict this study to spatial restatements. For a cell permutation Φ,
let 𝑃Φ apply the corresponding permutation to the sequence positions of both recurrent components
(𝑧𝐻 , 𝑧𝐿), while leaving hidden-feature coordinates and the 16 puzzle-embedding prefix positions
unchanged. We express the restated-input update in the original coordinates as

𝐹̃Φ (𝑧) = 𝑃−1Φ 𝐹Φ (𝑥 ) (𝑃Φ𝑧). (21)

The tested TRM models initialize each recurrent component by broadcasting a shared vector over
positions, so 𝑃Φ𝑧0 = 𝑧0; the implementation checks this identity for every batch. Their shared token
decoder permits predictions to be mapped back by Φ−1. Thus, the original and restated cold-start
trajectories begin at the same aligned state. Equivariance of the recursive update would additionally
require 𝐹̃Φ = 𝐹𝑥 , which we do not assume.
Models, instances, and restatements. We use a frozen TRM checkpoint for Sudoku-Extreme and
a frozen checkpoint for Maze-Hard. The archived Sudoku failure cohort contains 4,320 instances:
239 in the incorrect near-fixed-point class, 4,073 moving failures, two periodic failures, and six other
or unresolved cases. The Maze cohort contains 42 incorrect near-fixed-point instances. For each
instance, we use its saved full latent endpoint 𝑧fail from the trajectory diagnostics in Appendix B.
For Sudoku, we sample eight nonidentity spatial symmetries per instance by composing band and
stack permutations, row permutations within bands, column permutations within stacks, and optional
transposition. Sampling uses the fixed per-instance seed 7 · 1,000,003 + id(𝑥); duplicate sampled
symmetries are not removed. Digit relabeling is excluded from this study because Equation 21 defines
a transport of spatial positions. For Maze, we use all seven nonidentity rotations and reflections of
the grid. These yield 34,560 Sudoku and 294 Maze instance–restatement pairs. They are diagnostic
cohorts from one checkpoint per task, rather than full-test, multi-seed evaluations of ICS.
Paired rollouts and scoring. For each pair (𝑥,Φ), we run 𝐹̃Φ for 512 recursion steps from either 𝑧0
(cold) or 𝑧fail (warm). Original-input controls run 𝐹𝑥 for 512 steps from the same two starting states.
All rollouts use eager FP32 inference with frozen parameters, no injected latent noise, and no early
stopping or model-based candidate selection.
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Sudoku-Extreme Maze-Hard
Condition All failures Near-fixed Moving Near-fixed
Instances 4,320 239 4,073 42
Original map, cold 1.13 5.86 0.83 0.00
Original map, warm 0.05 0.00 0.00 0.00
Restated map, cold 7.60 35.41 5.92 72.45
Restated map, warm 1.85 0.00 1.88 43.88
One restated step, then original† 5.56 34.57 3.83 60.54
Any-of-𝐾 coverage, restated cold 19.58 53.97 17.53 92.86
Any-of-𝐾 coverage, restated warm 7.82 0.00 8.20 85.71
Table 14 Recovery and coverage (%) on the archived failure cohorts. The upper rows report recovery within
512 recorded updates; restated conditions average over instance–restatement pairs, and original-map controls
average over instances. The final two rows count instances recovered by at least one of 𝐾 = 8 Sudoku or 𝐾 = 7
Maze restatements. †: this control uses one preparatory restated update followed by 512 original-map updates,
for 513 total steps.

At every step, predictions are mapped to the original representation and passed through the task-
specific output projection. Sudoku scoring restores the original givens and checks agreement with
the unique reference solution. Maze scoring restores the original structural tokens and applies the
shortest-path validity criterion to the projected output. These operations affect the scored prediction,
not the latent recurrence. Recovery records whether any scored prediction is correct within the
observation window. We report both recovery averaged over instance–restatement pairs and instance-
level coverage by any of the 𝐾 restatements. The original-input controls have one rollout per instance
and start. Confidence intervals use 1,000 bootstrap resamples of instances, retaining all associated
restatements and paired conditions.
Restatements change the aligned update. At a shared state 𝑧, define

Δ𝑥 (𝑧) = 𝐹𝑥 (𝑧) − 𝑧, ΔΦ (𝑧) = 𝐹̃Φ (𝑧) − 𝑧,

𝑑Φ (𝑧) =
∥ΔΦ (𝑧) − Δ𝑥 (𝑧)∥2

max{∥Δ𝑥 (𝑧)∥2, 10−12}
.

(22)

Norms include both recurrent components and their prefix positions. Across the failed-instance
pairs, the median 𝑑Φ (𝑧0) is 0.259 for Sudoku and 0.482 for Maze; the corresponding median cosine
similarities between updates are 0.966 and 0.884. The updates therefore differ even after undoing
the spatial coordinate transformation.
At original near-fixed points, ∥Δ𝑥 (𝑧)∥2 is very small, so we instead compare the relative step residual
∥𝐹(𝑧) − 𝑧∥2/∥𝑧∥2 under the two maps. For the 239 Sudoku near-fixed-point instances, its median
increases from 6.02× 10−7 under 𝐹𝑥 to 0.0494 under 𝐹̃Φ. For the 42 Maze instances, it increases from
9.22 × 10−7 to 0.672. Thus, these recorded states cease to be nearly stationary under the restated
maps. This observation does not by itself establish recovery or removal of an entire incorrect attractor.
Changing the map does not remove the dependence on initialization. Figure 29 and Table 14 show
that cold restatements recover 35.41% of Sudoku near-fixed-point pairs, whereas warm restatements
recover none. On Maze, both initializations recover solutions, but cold recovery is higher: 72.45%
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Figure 29 Recovery under spatial restatements depends on initialization and the duration of conditioning.
Recovery is the fraction of instance–restatement pairs with a correct prediction by the recorded rollout step;
original-map controls average over instances. Bands show pointwise 95% instance-bootstrap intervals. Each
restated cold/warm rollout uses the same task and transformation, differing only in its initial state. The
one-step control first applies 𝐹̃Φ once, then records 𝑡 updates under 𝐹𝑥: its total cost is 𝑡 + 1 steps, and the
preparatory state is not included in its recovery window. Panel 𝑦-axis ranges differ.

versus 43.88%. The paired cold-minus-warm difference is 35.41 percentage points for Sudoku near-
fixed-point pairs (95% interval: 30.49–40.17) and 28.57 points for Maze (21.08–36.05). Allowing any
tested restatement to succeed yields cold-start instance coverage of 53.97% and 92.86%, respectively.
In particular, the increased residual at a Sudoku failed state does not imply access to a correct solution
from that state.
One changed update versus continued restatement. To distinguish the first changed update from
continued use of the restated map, we initialize a control at 𝑧1 = 𝐹̃Φ (𝑧0) and then apply 𝐹𝑥 for 512
additional steps. As implemented, this control therefore has 513 total steps; only its 512 original-
map predictions enter the recorded recovery window. It is a mechanism control, not an exactly
matched-compute comparison.
For Sudoku near-fixed-point pairs, this control recovers 34.57%, close to the 35.41% obtained with
continued restatement. The paired difference is 0.84 percentage points (95% interval: −0.42–2.25).
Continued restatement has a larger advantage on Sudoku moving failures, 2.10 points (1.83–2.38),
and on Maze, 11.90 points (5.10–19.06). Thus, a single restated update can provide much of
the recovery observed in the Sudoku near-fixed-point cohort, whereas retaining the restated map
provides additional benefit on Maze. The benefit of restatement need not require continuous use of
the alternative map in every setting.
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Condition Sudoku-Extreme Maze-Hard
Original map, cold 0.45% (2/444) 0.00% (0/38)
Restated map, cold 0.53% (19/3,552) 4.89% (13/266)
Restated map, warm 0.00% (0/3,552) 0.38% (1/266)

Table 15 Invalid final predictions after 512 updates on the separately screened solved-control cohorts. Counts
are invalid/total rollouts. Restated rows contain eight transformations per Sudoku instance and seven per
Maze instance.

Controls starting from solved instances. We also evaluate 444 Sudoku and 38 Maze instances that
produce valid endpoints in a separate 512-step original-input screening rollout. We compare restated
cold starts with restated warm starts from these saved valid endpoints, using the same transformation
families and a further 512 steps. Table 15 reports endpoint invalidity, rather than whether an
intermediate solution was encountered. Original-input cold reruns are included because screening
and evaluation are separate executions. The results show that successful task representations are not
interchangeable for the learned solver: cold restatements can return invalid outputs on previously
solved instances, while continuation from a valid state usually preserves validity.
These experiments establish that spatial restatements can change the aligned recursive update
and redirect reasoning from the same initial state without changing model parameters or task
validity. Together with the initialization and one-step controls, they support restatements as an
input-conditioning operation within ICS while showing that their effectiveness depends on both the
starting state and how long the condition is retained.

D.5 Initialization and hypothesis retention
We examine whether a hypothesis that enables recovery from fresh initialization also enables recovery
from a saved incorrect state, and how recovery depends on the duration of conditioning.
Models, instances, and hypotheses. We study three TRM configurations: Sudoku MLP, Maze
attention, and Sudoku attention, using one checkpoint per configuration. For each model, we use
a fixed cohort of 20 incorrect instances: 16 with a successful hypothesis in an earlier cold-start
screening experiment and four without such a success. Each instance receives eight model-proposed
single-cell hypotheses derived from its saved state’s decoder logits. The same hypotheses are used in
every initialization and retention condition.
These selected cohorts support paired mechanism comparisons rather than estimates of test-set
accuracy.
Rollout and correctness conventions. All rollouts use frozen parameters, FP32 state updates, and
disabled halting. Correctness is always evaluated against the original task 𝑥.
Cold-start trajectories apply 𝐹𝑥𝐻 from the standard initialization:

𝑧
cold,𝐻
𝑡 = 𝐹 𝑡𝑥𝐻 (𝑧0). (23)

We run each trajectory for 512 updates and record endpoint correctness at intermediate horizons.
Warm-start trajectories begin from the same saved incorrect state 𝑤. They retain the hypothesis for 𝑚
updates and then restore the original input:

𝑧
𝐻,𝑚
𝑇 = 𝐹 𝑇−𝑚𝑥

(
𝐹 𝑚𝑥𝐻 (𝑤)

)
, 𝑇 = 512, 𝑚 ∈ {0, 1, 2, 16, 64, 512}. (24)
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Figure 30 Input retention has model-dependent effects. (a) Strict correctness after 512 updates from a
saved incorrect state. Solid curves: hypotheses successful after 64 cold-start updates; dashed curves: all
128 hypotheses from the 16-instance screening cohort. Bands show nondegenerate 95% instance-bootstrap
intervals. (b) Endpoint decode categories among cold-successful hypotheses when conditioning is retained
throughout (𝑚 = 𝑇).

Model Hypothesis pool 𝑚 = 1 𝑚 = 2 𝑚 = 16 𝑚 = 64 𝑚 = 512
Sudoku MLP All 0/128 0/128 0/128 0/128 0/128

Cold-successful 0/37 0/37 0/37 0/37 0/37
Maze attention All 9/128 23/128 27/128 27/128 20/128

Cold-successful 7/25 18/25 20/25 20/25 20/25
Sudoku attention All 0/128 1/128 4/128 7/128 15/128

Cold-successful 0/26 1/26 4/26 7/26 14/26
Table 16 Strictly correct warm-start endpoints after 512 updates. The hypothesis is retained for the first 𝑚
updates. Each model’s full pool contains eight hypotheses for each of 16 screened instances. Cold-successful
subsets are selected by correctness after 64 updates from fresh initialization. Denominators count instance–
hypothesis pairs, not distinct instances.

The latent state is carried continuously across the input switch. At 𝑚 = 0, the entire rollout uses the
original input; at 𝑚 = 512, the hypothesis remains active throughout. The original-input control is
evaluated once per instance and shared across its hypotheses.
Conditional and full-pool comparisons. Within each model’s 16-instance screening cohort, there
are 128 instance–hypothesis pairs. Of these, 37 for Sudoku MLP, 25 for Maze attention, and 26 for
Sudoku attention are strictly correct after 64 cold-start updates. These pairs define the cold-successful
subset.
Figure 30 and Table 16 report warm-start outcomes for both this conditional subset and the full
128-pair pool. Thus, the conditional comparison holds the instance and hypothesis fixed while testing
recovery from a different initialization. All warm-start results are scored at the same total horizon of
512 updates.

62



Initialization changes recoverability. For Sudoku MLP, all 37 cold-successful hypotheses also remain
correct at the cold-start 512-step endpoint. Yet none recovers from the saved incorrect state at any
tested retention duration. All 128 warm-start pairs retain the original incorrect endpoint decode.
Thus, a hypothesis can support a correct solution from fresh initialization while failing to recover
from an existing incorrect state under the same conditioned map.
The effect of retention varies across models. Maze attention often recovers after brief conditioning,
whereas Sudoku attention benefits from longer conditioning within the tested schedules. Longer
retention is not uniformly beneficial: in the full Maze pool, restoring the original input after 16
or 64 updates yields 27 correct endpoints, compared with 20 when the hypothesis remains active
throughout.
Because the total horizon is fixed, increasing 𝑚 also reduces the time available after restoring 𝑥.
These curves therefore compare complete intervention schedules, rather than identifying a universal
minimum conditioning duration.
Additional controls and uncertainty. Without changing the input, all 60 incorrect instances retain
their original incorrect endpoint decode. Among the four additional instances per model, neither
Sudoku configuration yields a warm-start success at any tested duration. Maze yields one success
among 32 hypotheses at 𝑚 = 16 and 𝑚 = 64, and none at the other durations.
For uncertainty estimates in the retention curves, we resample instances with replacement using 2,000
bootstrap replicates and recompute the pooled hypothesis success rate. This preserves dependence
among hypotheses from the same instance.
Longer continuations. We selectively extend a retention trial to 2,048 updates if its maximum relative
update over the last 16 steps exceeds 10 𝑓num, or if its endpoint classification remains unresolved,
where 𝑓num = 2.5 × 10−7. Continuation uses the map active at step 512.
There are 820 incorrect-instance trials per model: one original-input control and 40 hypothesis-
duration combinations for each of 20 instances. The extension criterion is triggered by zero trials for
Sudoku MLP, 28 for Maze attention, and 144 for Sudoku attention. These follow-up diagnostics are
kept separate from the common 512-step outcomes reported above.

D.6 Matched-norm perturbations and solution round trips
We use two additional controls to examine the effect of input conditioning. The first compares a single
conditioned update with random state displacements of the samemagnitude. The second tests whether
correct solutions can be recovered after switching between the original and hypothesis-conditioned
inputs. Both controls use the strict correctness criterion.
Matching the first conditioned displacement. For each incorrect instance, we select the hypothesis
with the largest halting score among those strictly correct after 64 cold-start updates. If none is
correct, we select the hypothesis with the largest score. This selection uses cold-rollout outcomes to
define the diagnostic comparison.
For the selected hypothesis 𝐻, let

𝑑𝐻 = ∥𝐹𝑥𝐻 (𝑤) − 𝑤∥2 (25)
be the magnitude of its first update from the saved incorrect state 𝑤. We draw eight independent
Gaussian vectors and normalize them to obtain isotropic unit directions:

𝑢𝑘 =
𝜉𝑘

∥𝜉𝑘∥2
, 𝜉𝑘 ∼ N(0, 𝐼𝑑), 𝑘 = 1, . . . , 8. (26)
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Model Strictly correct Same decode Latent return
Sudoku MLP 16/16 16/16 16/16
Maze attention 15/15 15/15 15/15
Sudoku attention 7/7 7/7 5/7

Table 17 Solution round trips. The selected pairs have strictly correct, numerically near-fixed endpoints under
both input conditions before the final phase. Results describe 𝑠̃𝐻 after reapplying the hypothesis for 512 updates.
Same-decode and latent-return measurements use 𝑠𝐻 as their reference. Each instance contributes one trial.

The matched random interventions and the one-step input intervention are then compared through

𝑧
random,𝑘
𝑇 = 𝐹 𝑇−1𝑥 (𝑤 + 𝑑𝐻𝑢𝑘),

𝑧
input
𝑇 = 𝐹 𝑇−1𝑥

(
𝐹𝑥𝐻 (𝑤)

)
, 𝑇 = 512.

(27)

Thus, both conditions use 511 original-input updates after the intervention. The matched quantity is
the Euclidean displacement of the complete recurrent state.
Across the 16 screened instances per model, none of the 128 random-direction continuations produces
a strictly correct prediction, for any of the three models. The selected one-step input intervention
succeeds on 6 of 16 Maze instances, and on none of the Sudoku instances. The additional four-instance
cohorts also yield no random-intervention successes, with 32 trials per model. On the sampled Maze
instances, matching displacement magnitude alone therefore does not reproduce the recovery induced
by a conditioned update.
Solution round trips. We next examine correspondence between solution states under the two input
conditions. Using one recorded hypothesis per screened instance, we construct the endpoints

𝑠𝐻 = 𝐹 2048
𝑥𝐻

(𝑧0),
𝑠𝑥 = 𝐹 2048

𝑥 (𝑠𝐻),
𝑠̃𝐻 = 𝐹 512

𝑥𝐻
(𝑠𝑥).

(28)

The first two endpoints are saved from the preceding long-rollout experiment. The final phase
reapplies the same hypothesis while carrying the state continuously from 𝑠𝑥 .
For the solution-preservation comparison, we select pairs for which both 𝑠𝐻 and 𝑠𝑥 are strictly correct
and satisfy the numerical near-fixed-point classification under their respective maps. This yields 16
Sudoku MLP, 15 Maze attention, and seven Sudoku attention instances.
We separately measure whether 𝑠̃𝐻 is strictly correct, whether it has the same raw decode as 𝑠𝐻 , and
whether it returns to the recorded latent neighborhood of 𝑠𝐻 . Let 𝑆𝐻 contain 𝑠𝐻 and the final 16
states of its reference trajectory. The latent-return criterion is

min
𝑠∈𝑆𝐻

∥ 𝑠̃𝐻 − 𝑠∥2 ≤ max{10 𝑓num∥𝑠𝐻 ∥2, diam(𝑆𝐻)} , 𝑓num = 2.5 × 10−7. (29)

Distances are computed in the full latent space.
All selected round trips recover a strictly correct endpoint with the same decoded answer as 𝑠𝐻
(Table 17). Latent return also holds for every selected Sudoku MLP and Maze instance, but for only
five of the seven Sudoku attention instances. Correct-answer preservation and return to a recorded
latent neighborhood are therefore distinct outcomes.
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Model Original input Hypothesis input
𝑟𝑥 (𝑤) 𝑟𝑥𝐻 (𝑤)

Sudoku MLP 1.92 × 10−7 2.80 × 10−2

Maze attention 2.37 × 10−7 6.67 × 10−2

Sudoku attention 4.75 × 10−7 1.65 × 10−1

Table 18 Median relative one-step displacement from saved incorrect states. Each model contributes 20
instances. The original-input column uses one measurement per instance; the hypothesis-input column pools
eight hypotheses per instance, giving 160 state–hypothesis pairs without filtering by cold-start success or
halting score. Both quantities are dimensionless and normalized by the same starting state’s norm.

The remaining saved pairs are reported separately. The one remaining Maze pair produces a correct
endpoint and returns to its reference neighborhood. Among nine remaining Sudoku attention pairs,
one produces a correct endpoint and seven return to their reference neighborhoods. Because these
reference pairs do not all represent correct solutions, their return rates do not measure solution
preservation.
Together with the initialization comparison, these results distinguish preserving an available solution
from recovering one from an incorrect state. In particular, Sudoku MLP can recover the recorded
solution after an input-condition round trip even when the same family of hypotheses fails to recover
from saved incorrect states.

D.7 One-step response to hypothesis injection
We measure how input conditioning changes the next update from a saved incorrect state. Using the
same models, instances, and hypotheses as Section D.5, we compare one update under 𝐹𝑥 with one
under 𝐹𝑥𝐻 , holding the initial latent state and model parameters fixed.
We use the relative update residuals defined in Section D.1:

𝑟𝑥 (𝑤) =
∥𝐹𝑥 (𝑤) − 𝑤∥2

∥𝑤∥2
, 𝑟𝑥𝐻 (𝑤) =

∥𝐹𝑥𝐻 (𝑤) − 𝑤∥2
∥𝑤∥2

. (30)

The norm includes both recurrent components of the complete latent state.
Under the original input, median relative updates are of order 10−7. Under hypothesis conditioning,
they increase to 2.80%, 6.67%, and 16.50% for Sudoku MLP, Maze attention, and Sudoku attention,
respectively (Table 18). Thus, changing the input produces percent-level movement from states that
are nearly stationary under the original map.
This response does not necessarily yield a correct answer. For example, Sudoku MLP retains its original
incorrect endpoint decode throughout the tested retention schedules despite the initial displacement.
Persistent incorrect predictions therefore need not imply an absence of latent movement. The
initialization and retention experiments examine whether that movement ultimately enables recovery.

E Training Supervision and Inference Behavior
Our finite-horizon diagnostics reveal a marked contrast between the studied Sudoku-Extreme and
Maze-Hard models: incorrect predictions on Sudoku frequently continue to change under further
recursion, whereas those on Maze are predominantly persistent. Nurikabe, Tapa, and Heyawake
exhibit mixtures of these behaviors.
One potential contributor is the relationship between solution multiplicity and training supervision.
The original Sudoku-Extreme training and test puzzles have unique solutions. Maze-Hard, by contrast,
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Figure 31 Training supervision changes decoded behavior. Each point summarizes one trained model’s
reference-mismatch cohort after 16 recursion steps. The horizontal axis measures subsequent decoded changes;
the vertical axis measures return to the original decoded prediction after perturbation. Dashed arrows compare
separately trained conditions, whereas solid arrows connect a self-imitation initialization to its third fine-tuning
round. The Sudoku inset magnifies the same observations. Standard Sudoku models are probed on 3,072
test instances and retrained models on 422,786; Maze models use the same 1,000-instance test split. Maze
reference mismatches can include valid alternative solutions.

admits multiple shortest paths, while each training instance is supervised using a single reference
path selected by the dataset’s path-generation procedure.
These observations motivate two related questions: does solution multiplicity affect inference behavior,
and does the way supervision selects among valid solutions matter? We investigate these questions
through complementary training interventions. On Maze-Hard, we keep the training inputs fixed
and change how shortest-path targets are selected or combined. On Sudoku-Extreme, we introduce
multiple solutions by removing givens and then vary the target-selection convention. We measure
both decoded behavior and task accuracy (Figures 31 and 32).

E.1 Maze-Hard: changing supervision on fixed inputs
We first investigate whether the choice of training targets affects inference behavior independently
of solution multiplicity. We retain the same 1,000 Maze-Hard training inputs, so each input’s set of
valid shortest paths remains unchanged, and vary how these paths enter supervision. All models are
evaluated on the unchanged 1,000-instance test split.
Replacing the reference-path convention. The original dataset provides one reference shortest
path per input. In Sample 𝐾 = 1, we replace this target with one uniformly sampled shortest path,
fixed throughout training. Thus, each input still has a single training target, but the targets no longer
follow the original path-selection convention. In Sample 𝐾 = 8, we present eight sampled paths per
input as separate training examples, increasing the training set to 8,000 input–target pairs.
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Figure 32 Task performance under training interventions. (a) Additional inference on the 469 initially
rule-invalid instances of the Maze Sample 𝐾 = 1 model. Continuation measures correctness at the budget
endpoint; restart measures coverage across trial endpoints. Noise scales are standard deviations in raw state
units. (b) Sudoku rule-valid accuracy under changes to training inputs and target conventions. Original-test
bars show three-seed means and standard deviations; clue-removed results use seed 0.

Figure 31(a) shows that these changes substantially alter decoded behavior. For the standard models,
only 0.63–5.56% of their reference-mismatch cohorts meet the decode-change criterion, and 95.06–
100% return to their original decoded prediction after perturbation. With Sample 𝐾 = 1, these
fractions become 53.3% and 51.6%, respectively; Sample 𝐾 = 8 gives 41.4% and 71.6%.
These measurements use each model’s own reference-mismatch cohort, which can include valid
alternative paths. They demonstrate a change in decoded behavior without changing the underlying
puzzles or their solution sets. However, the target replacements also reduce task accuracy: Sample
𝐾 = 1 and Sample 𝐾 = 8 achieve 53.1% and 23.0% rule-valid accuracy, respectively.
Supervising sets of valid solutions. To examine alternatives to presenting different valid paths as
separate targets, we train models with min-over-8 and min-over-64 objectives. Each input is associated
with a sampled target set, and training minimizes cross-entropy over its members. The associated
reference-matching supervision also accepts membership in that set. We additionally evaluate per-cell
shortest-path inclusion probabilities as soft targets.
Min-over-8 improves rule-valid accuracy to 64.2%, while retaining substantial decoded changes
(45.1%) and lower decoded-output return (61.7%) than the standard models. Increasing the target
set to 64 paths yields 57.5% accuracy, and marginal targets yield 7.8%. Thus, providing broader
supervision over valid solutions does not produce a monotonic accuracy improvement.
Learning from the model’s own solutions. Starting from the min-over-8 checkpoint, we perform
three rounds of collecting rule-valid model predictions and fine-tuning on the resulting target sets.
Each round collects eight predictions per training input: one deterministic 16-step rollout and seven
noisy rollouts. Valid predictions populate the new target set; inputs without a valid prediction retain
their original sampled targets.
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After three rounds, the decode-change fraction decreases from 45.1% to 23.6%, while decoded-
output return increases from 61.7% to 71.6%. Accuracy nevertheless changes from 64.2% to 62.8%.
Self-imitation therefore moves these behavioral diagnostics toward the standard models without
recovering their solution accuracy.
Additional inference after an incorrect prediction. We next examine whether additional computation
can recover instances that remain incorrect after 16 deterministic recursion steps. For each trained
model, we identify these instances using the task rules and compare two inference procedures.
Continuation extends the original trajectory to 256 total recursion steps and evaluates its final
prediction. Noisy restart uses the same total budget for the initial 16-step rollout followed by 15
fresh, 16-step trials. During each restart trial, independent Gaussian noise is added to 𝑧𝐿 before every
update, with per-coordinate standard deviation 𝑠raw ∈ {10−3, 0.3}. This scale is expressed in raw
state units, rather than the relative perturbation scale used in the state-intervention experiments.
Continuation reports correctness at its final step, whereas restart reports whether any trial endpoint
is rule-valid. The latter measures candidate coverage and does not require a model-based selector to
identify the correct candidate.
For Sample 𝐾 = 1, continuation ends with a valid prediction on 53/469 = 11.3% of the initial
failures. Noisy restart provides at least one valid candidate for 115/469 = 24.5% at 𝑠raw = 10−3 and
145/469 = 30.9% at 𝑠raw = 0.3 (Figure 32(a)).
These experiments show that the retrained models can produce valid alternatives to their initial
incorrect predictions through noisy rollouts. Together with the behavioral diagnostics, they motivate
evaluating training supervision through both its initial solution accuracy and the opportunities it
leaves for additional inference.

E.2 Sudoku-Extreme: introducing solution ambiguity
The Maze experiments change supervision while preserving each input’s solution set. We next take
the complementary approach: introduce multiple solutions into Sudoku training inputs and examine
whether this produces the predominantly persistent incorrect predictions observed on Maze.
Introducing ambiguity while retaining the targets. Starting from the original Sudoku-Extreme
training data, we randomly remove givens until each input admits at least two solutions, while
retaining its original target. An exact solution-counting procedure, capped at two, verifies this
property for all 1,001,000 augmented training examples.
We evaluate the resulting models on both the unchanged unique-solution test set of 422,786 instances
and a separate 3,072-instance clue-removed test set. All reported accuracies use task validity, so valid
alternative completions are accepted even when they differ from the reference answer.
Training on ambiguous inputs reduces original-test accuracy to 60.38 ± 1.72%, compared with
86.0 ± 0.6% for the standard models. On the clue-removed test set, the seed-zero ambiguity-trained
model achieves 49.80%, compared with 99.25% for the standard model. Thus, the reduction is also
present when evaluation inputs admit multiple solutions.
Despite this change in supervision, incorrect predictions on the original test set continue to change: the
decode-change fraction remains approximately 99.0–99.3% across three training seeds (Figure 31(b)).
Introducing solution ambiguity alone therefore does not reproduce the persistent-output behavior
observed on Maze in these experiments.
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Selecting targets by a consistent convention. We next replace the targets on the same ambiguous
training inputs using two deterministic conventions. Raw min-lex selects the lexicographically smallest
valid completion in row-major order. Canonical-frame min-lex compares solutions after relabeling
digits by their order of first appearance, with a deterministic raw-digit tie-break for digits absent from
the givens.
Raw min-lex supervision raises seed-zero accuracy on the clue-removed test set from 49.80% to
70.38%, but reduces original-test accuracy to 35.13 ± 1.05%. The canonical-frame variant achieves
22.71 ± 0.38% on the original test set and 36.88% on the clue-removed test set (Figure 32(b)).
Moreover, the raw min-lex models’ incorrect predictions on the original test set retain high decode-
change fractions of approximately 97.2–99.3%.
These results show that imposing a deterministic target convention does not, by itself, reproduce
Maze-like persistent failures or restore solution accuracy. The particular convention and its interaction
with learning remain relevant.
Self-imitation. We also fine-tune the seed-zero ambiguity-trained model using its own rule-valid
predictions. Each of three rounds uses the first 100,000 ambiguous training examples, replacing an
original target with a valid model prediction when one is found and retaining the original target
otherwise. Each round performs 8,000 fine-tuning updates.
After three rounds, original-test accuracy is 56.88%, compared with 62.24% for the initialization. The
decode-change fraction decreases from 99.12% to 97.63%, while decoded-output return increases
from 1.77% to 3.46%. Unlike the larger behavioral shift observed for Maze, this model remains
dominated by changing incorrect predictions in the diagnostic window.
What explains the contrast? The two directions of intervention distinguish solution multiplicity from
the choice of training targets. On Maze-Hard, changing the targets substantially changes decoded
behavior while preserving the training inputs and their valid solution sets. Even Sample 𝐾 = 1, which
retains one fixed target per input, produces a different behavioral profile from the original supervision.
The observed behavior therefore depends on more than the number of valid solutions.
Conversely, introducing multiple solutions into Sudoku does not reproduce the predominantly per-
sistent incorrect predictions observed on Maze. Providing deterministic min-lex targets also leaves
incorrect predictions largely changing within the diagnostic window. These results identify training
supervision as a contributing factor, but do not support a simple correspondence between solution
multiplicity, a deterministic target convention, and persistent failures.
The interventions also separate behavioral changes from improvements in reasoning performance.
For example, Maze self-imitation increases decoded-output return while slightly reducing solution
accuracy. Training objectives should therefore be evaluated by both the quality of the resulting
predictions and the effectiveness of additional inference, rather than output persistence alone.
Whereas ICS searches input conditions to change the update map of a frozen reasoner, these experi-
ments motivate a complementary direction: learning update rules whose dynamics support accurate
and efficient test-time search.

F Conditional Analysis of Input-Conditioned Reasoning
This section establishes sufficient conditions under which input conditioning locally eliminates an
incorrect attracting fixed point. The fold analysis in Appendix F.2 gives the proof, and the computer-
assisted certificates in Appendix D.3 verify these conditions in trained small reasoners. Alongside
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this result, we characterize the response of a saved state to an input change and give conditions for
reaching a correct solution from a chosen initialization.
For a fixed model, let

𝐹 = 𝐹𝜃(·; 𝑥), 𝐺𝐻 = 𝐹𝜃(·; 𝑥)
denote the original and hypothesis-conditioned update maps. We begin with the one-step residual
response, then prove the local fold criterion and describe its verification. The final two subsections
address persistence of a correct fixed point and its accessibility from different initializations.

F.1 One-step response at an incorrect near-fixed point
Let 𝑤 be a saved state with an incorrect decoded answer. Using the Euclidean norm of the complete
latent state, define

𝜂𝐹 (𝑤) = ∥𝐹 (𝑤) − 𝑤∥2, (31)
Δ𝐻 (𝑤) = ∥𝐺𝐻 (𝑤) − 𝐹(𝑤)∥2, (32)
𝛿𝐻 (𝑤) = ∥𝐺𝐻 (𝑤) − 𝑤∥2. (33)

Here, 𝜂𝐹 (𝑤) measures the original update residual, Δ𝐻 (𝑤) measures how much the hypothesis changes
the update at the same state, and 𝛿𝐻 (𝑤) measures the resulting residual under the conditioned map.
A residual bound. The identity

𝐺𝐻 (𝑤) − 𝑤 =
(
𝐺𝐻 (𝑤) − 𝐹(𝑤)

)
+

(
𝐹(𝑤) − 𝑤

)
and the triangle inequality give ��𝛿𝐻 (𝑤) − Δ𝐻 (𝑤)

�� ≤ 𝜂𝐹 (𝑤). (34)
Equivalently,

max{0, Δ𝐻 (𝑤) − 𝜂𝐹 (𝑤)} ≤ 𝛿𝐻 (𝑤) ≤ Δ𝐻 (𝑤) + 𝜂𝐹 (𝑤). (35)

If 𝑤 is an exact fixed point of 𝐹, then 𝜂𝐹 (𝑤) = 0 and 𝛿𝐻 (𝑤) = Δ𝐻 (𝑤). Any nonzero change in the
update therefore makes 𝑤 cease to be a fixed point of 𝐺𝐻 .
For an approximate fixed point, let 𝜏 be an absolute residual tolerance. If

𝜂𝐹 (𝑤) ≤ 𝜏, Δ𝐻 (𝑤) > 𝜂𝐹 (𝑤) + 𝜏, (36)

then 𝛿𝐻 (𝑤) > 𝜏: the same state no longer satisfies the approximate-stationarity criterion under the
conditioned map. For relative residuals, the same bounds hold after dividing all three quantities by
the common denominator ∥𝑤∥2 > 0.
Implication for hypothesis injection. When the original residual is small relative to the input-induced
update change, Equation 34 implies that 𝛿𝐻 (𝑤) closely tracks Δ𝐻 (𝑤). This explains how hypothesis
injection can initiate motion from a previously near-stationary state without directly perturbing that
state.
The bound concerns departure from stationarity at 𝑤, rather than escape from an entire region of
incorrect predictions. The conditioned trajectory may still converge to another state that decodes
to an incorrect answer. Determining whether a correct solution persists under 𝐺𝐻 , and whether a
particular initialization reaches it, requires additional conditions.
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F.2 Local annihilation of an incorrect attracting fixed point
Input conditioning can locally eliminate incorrect attracting fixed points. We establish this mechanism
through a saddle-node result and 51 computer-assisted certificates in separately trained 4× 4 Sudoku
reasoners (Appendix D.3). The proposition below gives sufficient conditions for this local annihilation,
and the certificates verify those conditions. Figure 28 relates the certified events to the observed
reasoning outcomes.
Let 𝑒0 = 𝑒(𝑥) and 𝑒1 = 𝑒(𝑥𝐻) be fixed input embeddings, and define

𝑒𝜆 = (1 − 𝜆)𝑒0 + 𝜆𝑒1, 𝐹𝜆 (𝑧) = 𝐹𝜃(𝑧; 𝑒𝜆), 𝜆 ∈ [0, 1]. (37)

This family varies the input embedding while keeping the model parameters fixed. The analysis
concerns the smooth real-valued map defined by the stored, frozen parameters and embedding
endpoints. Write 𝑦̂𝜆 (𝑧) for the decoded answer after the original-task projection Π𝑥; correctness is
always assessed by 𝑉 (𝑥, 𝑦̂𝜆 (𝑧)).
The local mechanism is a collision between an attracting fixed point and an unstable fixed point.
Under the conditions below, the pair disappears on one side of the collision. If both states decode
incorrectly near the collision, this eliminates an incorrect fixed-point attractor.
Proposition: a local wrong-answer fold. Suppose 𝐹𝜆 is 𝐶3 jointly in (𝑧, 𝜆) near (𝑧𝑐, 𝜆𝑐), with 𝜆𝑐 ∈
(0, 1), and:

1. 𝐹𝜆𝑐 (𝑧𝑐) = 𝑧𝑐. The Jacobian 𝐽𝑐 = 𝐷𝑧𝐹𝜆𝑐 (𝑧𝑐) has an algebraically simple eigenvalue +1; all other
eigenvalues have modulus strictly below one.

2. For real right and left eigenvectors 𝑣, 𝑢, normalized by 𝑢⊤𝑣 = 1, the coefficients

𝑎 = 𝑢⊤𝜕𝜆𝐹𝜆𝑐 (𝑧𝑐), 𝑏 = 1
2𝑢

⊤𝐷2
𝑧 𝐹𝜆𝑐 (𝑧𝑐) [𝑣, 𝑣] (38)

satisfy 𝑎 ≠ 0 and 𝑏 ≠ 0.
3. In a neighborhood of (𝑧𝑐, 𝜆𝑐), decoding remains incorrect for the original task: 𝑉 (𝑥, 𝑦̂𝜆 (𝑧)) = 0.

Then there are sufficiently small state and parameter neighborhoods in which 𝐹𝜆 has exactly two fixed
points when −𝑎(𝜆 − 𝜆𝑐)/𝑏 > 0, and none when this expression is negative. At 𝜆 = 𝜆𝑐, the two branches
meet at 𝑧𝑐. One branch is locally asymptotically stable; the other has one unstable direction. Both
decode incorrectly. In particular, if 𝑎𝑏 > 0, increasing 𝜆 through 𝜆𝑐 locally annihilates an incorrect
attracting fixed point and its unstable companion.
Proof. Apply Lyapunov–Schmidt reduction to 𝐹𝜆 (𝑧) − 𝑧 = 0 at the critical point, writing 𝑧 = 𝑧𝑐 + 𝜉𝑣+𝑤,
with 𝑢⊤𝑤 = 0. The restriction of 𝐽𝑐 − 𝐼 to the complementary subspace is invertible. The implicit
function theorem therefore determines 𝑤 = 𝑤(𝜉, 𝛿), where 𝛿 = 𝜆 − 𝜆𝑐, and 𝜕𝜉𝑤(0, 0) = 0. Projecting
the remaining equation onto 𝑢 gives

0 = 𝑎𝛿 + 𝑏𝜉2 + 𝑂
(
𝛿2 + |𝛿𝜉| + |𝜉|3

)
. (39)

The nonzero coefficients give the stated local pair/no-pair alternative of the saddle-node theo-
rem (Kuznetsov, 2004). Along the two branches, the critical eigenvalue is 1 + 2𝑏𝜉 + 𝑂( |𝛿| + 𝜉2).
It lies below one on one branch and above one on the other; sufficiently close to the fold it remains
above −1. The remaining eigenvalues stay inside the unit circle by continuity. This establishes the
stability distinction. The decoding assumption makes both branches incorrect. □
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Computer-assisted verification. We certify an exact critical point and its eigenvector by enclosing a
zero of the augmented system

H(𝑧, 𝑣, 𝜆) = ©­«
𝐹𝜆 (𝑧) − 𝑧

(𝐷𝑧𝐹𝜆 (𝑧) − 𝐼)𝑣
𝑐⊤𝑣 − 1

ª®¬ , (40)

where 𝑐 is a fixed normalization vector. For an approximate root 𝜔, let 𝑋 = 𝜔+ [−𝑅, 𝑅]2𝑑+1 and choose
a numerical inverse preconditioner 𝐴. Outward-rounded interval evaluations bound

𝑌 ≥ ∥𝐴H(𝜔)∥∞, 𝑍 ≥ sup
𝜔∈𝑋

∥ 𝐼 − 𝐴𝐷H(𝜔)∥∞. (41)

The inequalities 𝑍 < 1 and 𝑌 + 𝑍𝑅 < 𝑅 make 𝜔 ↦→ 𝜔 − 𝐴H(𝜔) a contraction mapping 𝑋 into itself.
They certify a unique augmented root in 𝑋 . Verified linear solves enclose its left eigenvector; interval
evaluation then checks the nonzero left–right pairing and excludes zero from both coefficients in
Equation 38.
These checks also establish simplicity of the critical eigenvalue. The verified bound on 𝐼− 𝐴𝐷H implies
that 𝐷H is invertible. If ker(𝐽 − 𝐼) had dimension greater than one, a nonzero change to 𝑣 in that
kernel could preserve 𝑐⊤𝑣, producing a kernel vector of 𝐷H . Thus the eigenspace is one-dimensional.
Moreover, a generalized eigenvector 𝑤 with (𝐽 − 𝐼)𝑤 = 𝑣 would imply 𝑢⊤𝑣 = 𝑢⊤(𝐽 − 𝐼)𝑤 = 0,
contradicting the certified pairing. The eigenvalue +1 is therefore algebraically simple.
Transverse stability is certified by a Lyapunov bound on the noncritical directions. Define at the exact
enclosed root

𝐵 = 𝐽 − 𝑣𝑢⊤

𝑢⊤𝑣
. (42)

The rank-one term is the spectral projector onto the critical direction. Thus 𝐵 replaces the eigenvalue
+1 by zero and retains the other eigenvalues of 𝐽. Interval operations enclose 𝐵 using the enclosed
𝐽, 𝑢, 𝑣, including uncertainty in their pairing. A numerical Lyapunov solve proposes a symmetric
matrix 𝑃; separate interval checks verify

𝑃 ≻ 0, 𝑟2𝑃 − 𝐵⊤𝑃𝐵 ≻ 0, 0 < 𝑟 < 1. (43)

The interval verification of these inequalities certifies that every noncritical eigenvalue has modulus
below 𝑟.
As an alternative, interval bounds on a similarity-transformed Jacobian can give Gershgorin disks
that isolate the unit multiplier and place every remaining disk strictly inside the unit circle. Four of
the 51 complete certificates use this criterion; the other 47 use Equation 43.
Strict margins for an incorrect decoder output certify that the local fixed-point branches remain
wrong for the original task. For the linear decoder used in these experiments, token 𝑎 at position 𝑖 is
constant over a state box if every competing token 𝑏 satisfies

inf
𝑧∈𝑋𝑧

(𝑤𝑎 − 𝑤𝑏)⊤𝑧𝐻,𝑖 > 0. (44)

Strict margins at all positions make the complete decode locally constant. On a unique-solution task, a
single certified admissible token 𝑎 ≠ 𝑦★

𝑖
at an original non-given position already proves incorrectness,

provided Π𝑥 preserves that token. The witness therefore remains wrong after the original givens are
restored.
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What the result establishes. The proposition and its verified instances establish that varying the input
condition can locally annihilate an incorrect attracting fixed point. The certificate concerns the smooth
real-valued map along the specified embedding interpolation; floating-point rollouts approximate this
map, and intermediate embeddings need not represent valid discrete inputs. It certifies disappearance
in a neighborhood of one critical point, rather than absence of other incorrect attractors or absence
throughout the path to 𝜆 = 1. Ordinary numerical continuation supplies evidence connecting the
critical branch to the observed failure at 𝜆 = 0; it is not a validated connection certificate. Thus the
local result does not certify that the discrete ICS input replacement eliminates the original failure
branch at its endpoint. Subsequent recovery and the inference cost of discovering useful conditions
remain empirical outcomes, reported separately from the local proof.

F.3 Local persistence of a correct solution
We next ask when a correct solution can persist after changing the input condition. Let 𝑠 be a state that
produces a valid answer under the original input. Under the conditioned input, define the returned
prediction at state 𝑧 as

𝑦̂𝐻 (𝑧) = Π𝑥 (𝑔𝜃(𝑧; 𝑥)) , (45)
where Π𝑥 is the original-task output projection used by ICS. Correctness is always evaluated using
𝑉 (𝑥, 𝑦̂𝐻 (𝑧)).
Because the decoder may depend on the input, correctness at 𝑠 under 𝑥 does not automatically imply
correctness under 𝑥𝐻 . The condition below explicitly concerns decoding under the conditioned input
and evaluation against the original task.
A sufficient local condition. For 𝑟 > 0, let

𝐵(𝑠, 𝑟) = {𝑧 : ∥𝑧 − 𝑠∥2 ≤ 𝑟}

be a closed ball around 𝑠. Suppose that:
1. Every state in the ball produces a valid answer to the original task:

𝑉 (𝑥, 𝑦̂𝐻 (𝑧)) = 1 for all 𝑧 ∈ 𝐵(𝑠, 𝑟).

2. The conditioned update is contractive on the ball: there exists 0 ≤ 𝜅 < 1 such that

∥𝐺𝐻 (𝑢) − 𝐺𝐻 (𝑣)∥2 ≤ 𝜅∥𝑢 − 𝑣∥2 for all 𝑢, 𝑣 ∈ 𝐵(𝑠, 𝑟).

3. Its displacement at the center satisfies

𝛿𝐻 (𝑠) := ∥𝐺𝐻 (𝑠) − 𝑠∥2 ≤ (1 − 𝜅)𝑟. (46)

Then 𝐺𝐻 has a unique fixed point 𝑠𝐻 within 𝐵(𝑠, 𝑟), and every trajectory initialized in this ball converges
to 𝑠𝐻 . Every iterate, including the limiting fixed point, produces a valid answer to the original task.
Moreover,

∥𝑠𝐻 − 𝑠∥2 ≤ 𝛿𝐻 (𝑠)
1 − 𝜅

. (47)

Proof. For any 𝑧 ∈ 𝐵(𝑠, 𝑟),

∥𝐺𝐻 (𝑧) − 𝑠∥2 ≤ ∥𝐺𝐻 (𝑧) − 𝐺𝐻 (𝑠)∥2 + ∥𝐺𝐻 (𝑠) − 𝑠∥2 (48)
≤ 𝜅𝑟 + 𝛿𝐻 (𝑠) ≤ 𝑟. (49)
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Thus, 𝐺𝐻 maps the closed ball into itself. The contraction mapping theorem gives a unique fixed point
in the ball and convergence from every initialization within it. At this fixed point,

∥𝑠𝐻 − 𝑠∥2 ≤ 𝜅∥𝑠𝐻 − 𝑠∥2 + 𝛿𝐻 (𝑠),

which gives Equation 47. Correctness follows from the first assumption. □

Interpreting the conditions. The factor 𝜅 bounds how strongly one update contracts distances
within the ball. The displacement 𝛿𝐻 (𝑠) measures how far the conditioned update moves its center.
Equation 46 requires this displacement to be small enough for the ball to remain invariant.
A locally correct decoding region can arise when the conditioned logits vary continuously with the
latent state and have a unique highest-scoring token at every output position at 𝑠. If the resulting
prediction is valid, sufficiently small changes in the state preserve that prediction. This establishes
the existence of a local decoding neighborhood, but does not by itself determine its radius or verify
contraction.
If 𝑠 is an exact fixed point of the original map, then 𝛿𝐻 (𝑠) = Δ𝐻 (𝑠). For an approximate fixed point,
the preceding residual bound instead gives

𝛿𝐻 (𝑠) ≤ 𝜂𝐹 (𝑠) + Δ𝐻 (𝑠).

Consequently, a sufficient condition for Equation 46 is
𝜂𝐹 (𝑠) + Δ𝐻 (𝑠) ≤ (1 − 𝜅)𝑟. (50)

The result allows the correct fixed point to move: 𝑠𝐻 need not coincide with 𝑠. It guarantees persis-
tence and convergence within the specified neighborhood, but does not establish that either a fresh
initialization or a previously incorrect state reaches that neighborhood.

F.4 Persistence does not imply accessibility
The preceding result guarantees convergence and correctness for trajectories initialized inside a
specified neighborhood. It does not determine whether the fresh initialization 𝑧0 or a previously
incorrect state 𝑤 reaches that neighborhood.
Entry into a correct neighborhood. Let 𝐵(𝑠, 𝑟) satisfy the conditions of Appendix F.3, with conditioned
fixed point 𝑠𝐻 . For an initialization 𝑢, define its first entry time as

𝑡ent(𝑢) = inf {𝑡 ∈ ℕ0 : 𝐺𝑡𝐻 (𝑢) ∈ 𝐵(𝑠, 𝑟)
}
, (51)

where inf ∅ =∞.
If 𝑡ent(𝑢) is finite, invariance of the ball ensures that all subsequent states remain inside it. Consequently,
for every integer 𝑇 ≥ 𝑡ent(𝑢),

𝑉
(
𝑥, 𝑦̂𝐻 (𝐺𝑇𝐻 (𝑢))

)
= 1. (52)

Moreover, for every integer 𝑛 ≥ 1,


𝐺𝑡ent (𝑢)+𝑛𝐻 (𝑢) − 𝑠𝐻





2
≤ 𝜅𝑛




𝐺𝑡ent (𝑢)𝐻 (𝑢) − 𝑠𝐻





2
. (53)

Local contraction therefore controls convergence after entry; it supplies no bound on the entry time
itself. For a finite inference budget 𝑇, 𝑡ent(𝑢) ≤ 𝑇 is a sufficient condition for a correct endpoint. It is
not necessary: a trajectory may produce a valid answer elsewhere, without entering this particular
ball.
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Cold success can coexist with warm failure. Suppose the fresh initialization reaches the correct
neighborhood, so that 𝑡ent(𝑧0) < ∞. Now suppose the previously incorrect state lies in a region 𝑈

satisfying
𝑤 ∈ 𝑈, 𝐺𝐻 (𝑈) ⊆ 𝑈, 𝑉 (𝑥, 𝑦̂𝐻 (𝑧)) = 0 for all 𝑧 ∈ 𝑈. (54)

Then the cold-start trajectory produces valid answers from its entry time onward, whereas the warm-
start trajectory remains incorrect at every step. The latter follows directly by induction: 𝐺𝑡𝐻 (𝑤) ∈ 𝑈
for all 𝑡 ≥ 0.
Thus, the same conditioned map can support a correct solution accessible from 𝑧0 while retaining an
incorrect outcome accessible from 𝑤. In particular, successful cold reasoning does not require every
incorrect fixed point or invariant incorrect region to disappear.
Implication for hypothesis search. The existence of a correct solution under a hypothesis and its
accessibility from the chosen initialization are separate requirements. ICS evaluates each hypothesis
from 𝑧0, so its relevant accessibility question concerns trajectories starting from that initialization.
Warm-start interventions probe a different question: whether the conditioned map can recover directly
from a previously failed state.
These conditions explain how the two outcomes can differ; they do not establish that cold initialization
is universally preferable. The entry and invariance properties depend on the particular model, input,
hypothesis, and initialization.
Scope and empirical interpretation. The fold certificates in Appendix D.3 verify sufficient conditions
for local elimination of particular incorrect attracting fixed points. The residual bound additionally
relates the measured input-induced response to departure from stationarity at the saved state.
The correct-solution persistence and accessibility results require separate assumptions about decoding
neighborhoods, contraction, and trajectory entry. Center residuals, estimated Jacobian spectral
radii, and sampled perturbation responses provide complementary diagnostics, but neither these
measurements nor the fold certificates verify all of those assumptions throughout a neighborhood.
Correct predictions can also occur on moving trajectories, so convergence to a fixed point is not
necessary for successful reasoning.
The analysis identifies mechanisms through which input conditioning and initialization affect rea-
soning. Which hypotheses ICS discovers, and the computation required to find and select a correct
answer, are evaluated empirically.
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