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Abstract

Bayesian Networks (BNs) are established tools for letting agents
reason under uncertainty in sequential decision-making. They split
a joint distribution into local conditional mechanisms arranged on
a directed acyclic graph, which makes them modular, interpretable,
and ready to perform probabilistic inference. Their classical formu-
lation, however, has limitations in both expressiveness and scale:
each conditional is usually stored as a table or a linear-Gaussian
form, and inference evaluates the graph one node and one query
at a time. In this paper we introduce Neural Bayesian Networks
(NBNs), in which each conditional is a differentiable, tensor-valued
mechanism, while the graph and its factorization are unchanged.
NBNs retain the modularity and local mechanisms of BNs, can rep-
resent any learnable conditional distribution, and run natively on
GPUs. We also release NBN, a PyTorch-based library for learning
and inference in NBNs, together with a public benchmark. Our
evaluation shows gains in both expressiveness and scale: NBNs fit
distributions that classical BN libraries struggle to represent, and
on large networks and large batches of queries they run two orders
of magnitude faster thanks to GPU parallelization. NBN is available
at https://github.com/Giovannibriglia/NeuralBayesianNetworks.
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1 Introduction

An agent that acts under uncertainty would benefit from a model of
how its environment responds to its actions to reason about prob-
abilistic outcomes reliably. Model-based reinforcement learning,
planning, and diagnosis all can leverage a transition model that
can be learned from data and queried under evidence [20, 29, 37]. If
the dynamics of the environment are known, at least in the sense
of which variables influence which, the decision-making problem
can be written as a factored Markov decision process (F-MDP)
[10, 19, 30], whose transition model is a Bayesian network (BN)
over the state variables. The BN is then the tool that lets the agent
reason under uncertainty: it can predict the next state, and it can
explain an observation in terms of the state that produced it. This
matters most when the state is high-dimensional, because the fac-
tored model stays compact where a flat one does not.
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Classical BNs, however, were mostly designed for discrete vari-
ables and small graphs [33, 44]. A conditional probability table
grows combinatorially with the parents and is undefined when
a parent is continuous. Additionally, both exact and approximate
inference evaluate the conditionals one node and one sample at a
time. These limitations stem from representing each conditional as
a scalar function and from evaluating the graph sequentially. They
are thus inherited by mainstream BN software packages (Table 4).

We propose Neural Bayesian Network (NBN) as a new tool for
autonomous agents when dealing with decision-making under un-
certainty. NBNs keep the structural properties of BNs (i.e., the
graph) while changing the conditionals to leverage more expressive
and scalable representations based on neural networks. In an NBN
each local conditional p(x; | xpa(;)) is a differentiable, tensor-valued
mechanism that takes a batch of parent configurations and returns
the full conditional distribution for each row (Figure 1). The graph
and the factorization are exactly those of a BN. What changes is
their computational representation: the mechanisms can be tabular,
parametric, neural or non-parametric; every one of them exposes
density, sampling, and gradients through one unified interface; and
a whole layer of the graph is evaluated in one tensor operation on
a GPU, for thousands of samples and evidence rows at once.

This advancement enables BNs to be used efficiently where they
were not practical before: on continuous and non-Gaussian vari-
ables without reasonable discretization available, on networks of
thousands of nodes, and for thousands of queries answered in one
call. As such, NBNs make BNs seamless to integrate with learning-
based agent architectures (e.g., reinforcement learning and cogni-
tive architectures) and, more generally, with any machine learning
toolchain: the NBN model is a differentiable module that is trained
by gradient descent and runs on the same computational accelera-
tors as a neural network (e.g., a GPU), while keeping the explicit
graph, modular representation, and local mechanisms factorisation
of the BNs’ symbolic model.

Our contributions are:

(1) Representation. We define NBNs (Section 2) and show that
they are semantically equivalent to classical BNs, end-to-end
differentiable, and whose inference scales with the number of
active nodes instead of samples or queries.

(2) Library. We release NBN, a PyTorch implementation with tabu-
lar, linear-Gaussian, neural and non-parametric mechanisms
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fit by gradient descent (or closed form); queried by VE / LW / AVI
one tensor op per graph layer: all samples and all queries at once, on the GPU

Figure 1: From a classical BN to an NBN. Left: each node stores a scalar conditional, evaluated one node and one configuration
at a time. Right: each node stores a tensor-valued differentiable mechanism M; that maps a batch of B parent configurations to
a batch of conditional distributions. The DAG and the factorization are unchanged.

and with exact, sampling-based and amortized inference en-
gines, all batched on the GPU.

(3) Benchmark. We release a benchmark for BN learning and in-
ference and compare NBN with state-of-the-art BN frameworks
on discrete, Gaussian, and non-Gaussian networks of different
dimensions (Section 3).

Although NBNs do not yet win all comparisons, the benchmark con-

firms their potential with regards to scalability and expressiveness,

while also pointing to further assessment and development.

The paper is organised as follows. Section 2 introduces NBNs,
contrasts them with BNs, and define their properties. Section 3
presents the design of the benchmark and Section 4 its results.
Section 5 reviews related works, and Section 6 concludes.

2 Neural Bayesian Networks

A Neural Bayesian Network (NBN) is a BN whose conditional dis-
tributions are learnable modules. The graph acts as the architecture
of the model: each node hosts one module, its mechanism, which
receives the values of the node’s parents and returns the distribu-
tion of the node (Figure 1). Learning fits the mechanisms to data
and inference runs them along the graph, both on batches, as in a
neural network.

Similarly to a BN, an NBN over variables X = (Xj,...,Xy) is
a directed acyclic graph (DAG) G = (V,E) with V = {1,...,d}
and one conditional distribution p;(x; | xpa(;)) per node, where
Pa(i) are the parents of i in G [33, 44]. The joint distribution is the
product of the conditionals,

d
plrs,oxa) = [ ] pilxi | xeacs) (1)
i=1

so each variable is independent of its non-descendants given its
parents. Differently from a BN, where a conditional is a conditional
probability table (CPT) or a linear-Gaussian form, an NBN admits ar-
bitrary representations of a conditional distribution: tabular entries,
parametric and non-parametric expressions, and neural network
based approximations, possibly mixed in the same graph.
Additionally, in a BN, parameter learning estimates the condition-
als one at a time using the log-likelihood ), >; log pi(xl.(") | xlgz()i))
based on counting for a CPT and on the least squares method for a
linear-Gaussian form [22]. In an NBN, instead, every conditional
is differentiable, so the same log-likelihood can also be maximized
by gradient descent on batches of data—for all the conditionals at

once, and for those that admit no closed-form estimate, too. Also
inference proceeds one variable at a time in a BN, by computing the
posterior p(xp | xg) of query variables Q given observed evidence
xg using variable elimination at a cost exponential in the treewidth
of the graph [13]. In an NBN, instead, each conditional is evaluated
once for a whole batch of samples and evidence assignments, so
that many queries are answered in a single pass over the graph, by
exact elimination where the treewidth allows it and by sampling
elsewhere. As we will show in the following, BNs are special case
of NBNs when the closed-form methods are feasible.

NBN is written in PyTorch [42]. The network is an nn.Module. A
user builds it from a DAG and a per-node mechanism assignment,
calls fit once, and then query. The benchmark, its configuration,
and the complete results are released with the library.!

2.1 Motivation

BNs are a common “world model” for agents that decide under
uncertainty: they are the transition models of factored Markov
decision processes in planning and reinforcement learning [10, 19,
30], and the diagnostic models used in troubleshooting, risk analysis,
and healthcare [11, 34, 55].

Consider a decision-making agent that has to deal with a Markov
decision process (MDP) formalised as (S, A, P, R, y) with state s €
S, action a € A and transition kernel P(s” | s, a). The MDP treats
the state as a single object, so P is one distribution over the joint
next state for every pair (s, a), and its size grows exponentially with
the number of state variables. If we know which current variables
each next-state variable depends on, we can move to a factored
MDP [10, 30], which is much lighter (Figure 2):

n
P Is.0) = [ ]p(s) 1 Pats)), @)
j=1
where the parents Pa(s}) of each next-state variable are a few of
the current state and action variables. This is a two-slice BN over
X = (s,a,s"). The same formulation applies to agents that face
non-sequential scenarios, such as while doing diagnosis, where the
BN has a single slice.
The agent has to deal with two problems:
P1 Learning. Given G and a dataset D of N samples, estimate
every conditional of Eq. 1, for discrete and for continuous vari-
ables, without fixing the shape of the conditional in advance.

!https://github.com/Giovannibriglia/NeuralBayesianNetworks
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Figure 2: From an MDP to a factored MDP. When it is known
which variables influence which, the transition kernel over
the joint state becomes a two-slice BN with one conditional
per next-state variable.

P2 Inference. Given the learned model, compute p(xo | xg) for
query variables Q and evidence xg, for many evidence assign-
ments at once.

In this work we assume that the structure is given and focus on
parameter learning and inference, while leaving structure learning
and the sampling of trajectories for planning to future work. More
precisely, we make the standard assumptions of parameter learning
in BNs. (A1) The graph G is given and the data distribution factor-
izes according to it. (A2) The data are complete, so every variable
is observed in every sample, and the samples are independent and
identically distributed. (A3) Each variable is a discrete variable with
finitely many values or a real-valued scalar. All statements below
are for a BN over d variables and cover both cases.

Classical BNs solve P1 and P2 only in part, because of three
limitations of scalar conditionals evaluated one at a time. (L1) Rep-
resentation, which limits P1. A CPT for X; has K; [ jepa(;) K; entries,
with K the number of values of X}, and is undefined for a continu-
ous parent. Discretizing a parent introduces a binning parameter
and loses information, and the linear-Gaussian alternative cannot
represent multi-modal or heteroscedastic conditionals. Both fix the
shape of the outcome uncertainty before seeing the data: a table
needs the continuous outcome discretized, a Gaussian has one mode
and a spread that does not depend on the parents. (L2) Sequential
evaluation, which limits P1 and P2. A likelihood evaluation on one
sample visits the d nodes in order, and each visit is a scalar lookup or
a scalar density. Nothing is shared across samples or across queries,
so S samples for B evidence assignments cost @(d - S- B) scalar oper-
ations. (L3) Exact inference, which limits P2. Variable elimination on
a network of treewidth w costs O(d ¢*) with ¢ being the maximum
cardinality [13], and it exists only for discrete and linear-Gaussian
networks. Sampling avoids the exponent but inherits (L2).

A solution to P1 therefore needs conditionals that are not re-
stricted to tables and linear-Gaussian forms (L1) and that are fit on
batches of data (L2). A solution to P2 needs an evaluation whose
cost does not grow with S - B (L2), with exact inference where
the treewidth allows it and batched sampling elsewhere (L3). As
described in Section 2.2, NBNs provide all of these properties.

2.2 Formal definition and Properties

Let G be a DAG over Xj,...,Xy with X; € X;. An NBN replaces
each conditional by a parametrised mapping

P (xi | Xpa(y) = Mi(xpaci); $i) (3)

where M; takes a batch Xp,(;) € REXIPa( of parent configurations
and returns, for every row, a distribution over X; with a density
log pg,;, a sampler, and where it exists a reparametrised sampler.
The joint is still Eq. 1:

d
o0 = [ | by (X | Xpatr)) - @

i=1
Two design choices are worth emphasising here. First, M; returns
the full conditional, not a sample or a point estimate, so learning and
inference reach every mechanism through one interface. Second, ¢;
are tensors on which autograd works, so a table, a linear-Gaussian
form and a neural network are instances of the same class and
can be mixed in one graph. All nodes at the same depth of G are

evaluated in one batched call.
With this representation, NBNs support the following properties.

PROPOSITION 2.1 (SEMANTIC EQUIVALENCE). Let p be a BN on G
and pg an NBN on G with pg, (x; | Xpa(iy) = pi(xi | xpaci)) for alli
and all arguments. Then pg = p, and py satisfies the global Markov
property of G.

Proor. Both joints are the product in Eq. 1 of the same factors.
The Markov property depends only on the factorization [33]. O

Every classical BN is an NBN with tabular or linear-Gaussian
mechanisms, and everything that follows from the factorization
(e.g., conditional independences) holds for NBNs.

PROPOSITION 2.2 (DIFFERENTIABILITY). If every log py, is differ-
entiable in ¢;, the log-likelihood £(¢;x) = 3; log pg, (x; | Xpa(iy) is
differentiable in ¢, V4, £ depends only on the term of node i, and the
whole gradient is one backward pass.

PROOF. {is a sum of terms depending on one ¢;; reverse-mode
differentiation of the sum evaluates all terms in a single pass. O

Parameter learning (P1) is therefore gradient descent on —¢, per
node since the terms are independent (closed form where the family
admits it), or jointly when a downstream differentiable objective
couples the nodes.

PROPOSITION 2.3 (COST OF INFERENCE). Consider a query py(xo |
xg) answered by ancestral simulation with S samples and B evidence
assignments, and let A = Anc(Q U E) be the active nodes. An NBN
issues O(depth(G[A])) sequential tensor operations, each of cost
c¢(M,B-S), so the wall-clock time is O(depth(G[A]) - ¢(M, BS)); a
classical implementation issues ©(|A| - B - S) scalar operations. For a
fixed family, c(M, BS) is constant in BS until the device saturates.

Proor. Nodes outside A are barren and pruned. Within A, all
nodes at the same depth have their parents available and are evalu-
ated in one call over the B-S rows; there are depth(G[A]) such levels.
The scalar count is the number of (node, sample, row) triplets. O



The claim is not that NBNs change the dependence on the graph,
but that for inference (P2) they remove dependence on S and B up
to device saturation, so one or a thousand queries cost the same—on
a GPU the saturation point is far, on a CPU it is near.

These gains do not come at the cost of sacrificing the usual BN
properties that are behind their adoption: modularity is preserved
since each mechanism has its own parameters and can be inspected,
refit, or replaced without touching the others; the explicit structure
stands still (in the DAG), which a designer can read and edit; and
the “one model for every query” workflow is also there, since a fitted
NBN answers p(xg | xg) for any Q and E just like BNs.

Other routes to expressive and scalable probabilistic models give
up at least one of them: see Section 5.

2.3 Learning and Inference Methods

Learning mechanisms differ in how much of the conditional is fixed
in advance. Parametric mechanisms fix its form and have a closed-
form fit: a probability table for a discrete child, by counting under a
Dirichlet prior [22], and the linear-Gaussian form N (Wx+b, 2) for
a continuous one [35], by ridge regression [23]. The neural mecha-
nism fixes the output form but not its dependence on the parents:
a Mixture Density Network (MDN) [8] maps the parents with a
multilayer perceptron to the parameters of a Gaussian mixture, fit
by gradient descent on —¢. It is still parametric, but linear in the
number of parents and multi-modal. Non-parametric mechanisms
fix no form and grow with the data: KNN is a local mixture over
the k=[VNT training rows with the closest parents [53], and Flex-
Code [25] expands the conditional density in a cosine basis, one
regression per coefficient.

Three inference engines answer pg(xg | xg). Variable Elimina-
tion (VE) [40, 57] is exact and discrete-only: it drops the nodes that
cannot affect the query and sums out the others by multiplying
their tables in one batched tensor contraction, so B evidence rows
cost one pass. Being exponential in the induced width, it is our
exact reference, not a scalable method. Likelihood Weighting (LW)
[15, 51] simulates S samples with the evidence clamped and aver-
ages the query node, each sample weighted by the probability of
the evidence; it needs only a sampler and a density per mechanism,
so it works with every family. Amortized Variational Inference (AVI)
[18, 36] avoids the samples LW wastes when the evidence is un-
likely: a recognition network gy (x_g | xg), trained once per model
on the evidence lower bound [32], proposes samples close to the
posterior for every query at constant cost; it falls back to LW when
the proposal is worse than LW’s own Monte-Carlo noise.

3 Benchmark Design

To the best of our knowledge, a fully reproducible benchmark for
BNs has not been provided so far. The bnlearn repository [50]
offers domains and their structures, and it is the usual source of test
networks, but the benchmark configuration is unspecified: which
queries to ask, how to obtain the ground truth, which metrics to
report, or how to count a method that fails or does not finish is not
established. In this way, results are hardly comparable thus advance-
ments difficult to identify. Hence, we built one and release it with
NBN. A benchmark is a configuration file that fixes the problems,
the queries, the methods and the budgets, and the harness writes
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one row per problem, seed, method, query and metric, failures in-
cluded. Its problems come from two sources: (i) the real domains
of bnlearn, and (ii) synthetic domains that we generate. Synthetic
networks are needed to define whatever network structure (varying
nodes and edges configuration) with whatever underlying condi-
tional probabilities (discrete, continuous gaussian and continuous
non-gaussian), and evaluate sample efficiency, scalability and accu-
racy across whatever BN.
We use the benchmark on NBNto answer three research questions:
RQ1. Where the classical BN assumptions hold, does NBN match
the classical BN libraries?
RQ2. Where they do not hold, how much accuracy is gained?
RQ3. Does the cost model of Proposition 2.3 show up as wall-clock
time when many queries are answered at once?
The numerical settings that follow are fields of the configuration
file. We report here those needed to read the results, and all the
others in Appendix A.

Problems. A problem is a triplet of family, number of nodes n,
and seed. The family is the type of the conditionals of the true
model: discrete, where every conditional is a CPT; linear-Gaussian,;
or non-Gaussian, where every conditional is a set of components
forming a Gaussian mixture (that a linear-Gaussian model cannot
represent correctly). The seed draws a sparse random DAG over
the n nodes and then the parameters of every conditional. From
the true model we draw a training set (20 480 rows), a test set that
supplies the evidence values of the queries, and a reference set that
supplies the ground truth. Every problem is repeated over 5 seeds.
The real networks are the 13 networks of Section 4.4. We define a
cell as the combination of one method on one problem.

Queries. A query has two components: a target variable, and an
evidence set, which pairs each observed variable with its value. The
evidence values are always copied from a row of the test set, so
the evidence is a configuration that the true model produces. Three
selectors choose targets and evidence variables, one per purpose:

(1) Random (accuracy): the target and the evidence variables
are drawn uniformly for the problem, and the query is asked
for the evidence values of 128 test rows; it measures the
typical error over evidence values.

(2) Topological (real networks): targets are chosen by their role
in the graph, among the most connected nodes (hubs), the
nodes whose removal disconnects the graph (cut nodes),
and the deep nodes with few descendants (terminals). Each
target is asked in the prediction direction, with evidence
among its ancestors, or in the diagnosis direction, with
evidence among its descendants.

(3) Heaviest (scalability and speed): only the top-ranked hubs,
cut nodes, and terminals are queried, each in both directions,
once with the evidence observed (full) and once with it
marginalized (empty).

Reference and metrics. For a discrete target the reference poste-
rior p is its empirical distribution among the reference samples that
agree with the evidence, and the metric is the total variation (TV)
between p and the answer g, TV(p, q) = % ZXQ [p(x0) —q(xp)] [54].
For a continuous target the reference is a sample from p(xp | xg)
obtained by likelihood weighting on the true model, and the metric
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is the 1-Wasserstein distance (W1) between the empirical distribu-
tion /i of this sample and the empirical distribution v of the samples
returned by the method, Wy (j1,v) = infcrsv) Exx)~ylx — x'[,
where II(f, v) is the set of couplings of /1 and v [16]. In both cases
the reference is a finite sample and not the exact posterior, so the
measured accuracy has a floor that all methods share. On the dis-
crete networks of the accuracy scenario it is a TV of about 0.06 at
10 nodes and 0.08 from 50 nodes on, which are the values exact
engines reach in Figure 3. We use a sampled reference because
an exact one is not available for every family and size: variable
elimination on the true model is exponential in the treewidth, and
non-Gaussian conditionals have no closed-form posterior. Com-
puting exact references when tractable is left for future work. The
main text reports this accuracy metric (TV or W1) for the accuracy,
scalability, and real-network scenarios, and the time per query for
the speed batching scenario, measured as the wall-clock time of
one call divided by the number of answered queries. Complete fit
and query times are in Appendix B.

Budgets and failures. Every cell has a budget of 1200 s for the
fit, a separate budget of 1200 s for its queries, and a memory cap:
80% of RAM (~ 100 GB on our server, that is a more favourable
scenarios for cpu-based libraries e.g. pgmpy.), and the 12 GB of the
GPU. It ends with a status: ok, timeout, oom or not_supported. In
the figures a bar is the interquartile mean (IQM) over the seeds a
method solved, as [2] suggests; f/n is printed when f of n seeds
failed, and a missing bar indicates the failure status.

Scenarios. Each scenario is one configuration. Accuracy fixes the
query load (128 random queries) and varies the family and the size,
n € {10, 50, 100, 500, 1000}: on the discrete and the linear-Gaussian
family the classical model is correct, which isolates RQ1, and on
the non-Gaussian family it is misspecified, which isolates RQ2.
Scalability pushes the network size to n € {10, 102,103, 10*} on the
heaviest queries and records where each method stops. Batching
fixes the network size (n=50) and varies only the number B €
{1,128,512,1024} of queries answered in one call, which is the
variable of Proposition 2.3 (RQ3). Real networks repeat the accuracy
scenario on published structures with topological queries. Learning
scores the fitted conditionals without any query and addresses P1.

Methods and hardware. The comparison baselines are pgmpy with
maximum-likelihood and with Bayesian CPTs, both queried by its
variable elimination; pgmpy linear-Gaussian, which conditions the
joint Gaussian in closed form; pomegranate, which is discrete only
and uses its built-in loopy belief propagation; and Pyro, where
the BN is written as a program with smoothed tables or linear-
Gaussian conditionals and queried by importance sampling from
the prior with 50 particles (the largest number its sequential sam-
pler affords within the budgets). On continuous networks pgmpy
and Pyro always fit linear-Gaussian conditionals, so on the non-
Gaussian family they are the misspecified classical model.

NBN runs every applicable pair of a mechanism and an engine,
with 2048 particles for the sampling engines (16 in the batching
scenario, which measures time only). To keep the figures readable,
each panel shows all applicable external baselines plus the best NBN
methods of the family, selected by accuracy. Appendix B reports
every method on every scenario. All runs use one server with a

20-core CPU, 126 GB of RAM and one GPU with 12 GB of memory;
NBN and pomegranate run on the GPU, pgmpy on the CPU, and
Pyro on the CPU except in the batching scenario.

4 Experimental Results

Section 2 makes two claims: an NBN keeps what a BN offers, while

enhancing expressiveness of conditionals and scaling up inference

performance. The results support both, within limits that the bench-
mark makes visible. In terms of our research questions:

RQ1. No loss where the classical model is right (Proposition 2.1). On
discrete networks, exact inference in NBN returns the same
TV as pgmpy at every size, and on real networks it matches
or improves it on seven out of eight; learning is identical as
well. The exception is inference on linear-Gaussian networks,
where the closed form of pgmpy is more accurate than our
sampled posterior (W1 0.039 against 0.074 at 1000 nodes).

RQ2. Expressiveness pays where it is wrong. On non-Gaussian net-
works the MDN has between one third and 60% of the W1
of a linear-Gaussian model, and achieves better held-out
likelihood: where the outcome has several modes or a state-
dependent spread, the linear-Gaussian family misstates the
uncertainty while the MDN learns its shape.

RQ3. The cost model holds on the GPU (Proposition 2.3). With the
sampling engines the time per query falls by two orders of
magnitude between one query and a batch of 1024, down to
tens of microseconds.

While pgmpy achieves top accuracy wherever one of its two fami-

lies is the right model, it cannot represent non-Gaussian condition-

als and answers one query at a time. pomegranate leverages the

GPU, but its loopy belief propagation returns undefined posteriors

or exceeds budget on all networks but the smallest. Pyro runs a

generic sequential importance sampler, which the budget limits to

50 particles: it has the highest error on all synthetic families and

times out from 500 nodes onwards. The performance of NBN can

still be improved, and the benchmark shows where. The sampling
engines pay a Monte-Carlo error where a closed form exists, the

MDN exceeds the fit budget between 100 and 500 nodes, and the

nearest-neighbour mechanism exhausts the GPU memory at 500.

Below, NBN methods are named by their mechanisms and engines:
cat+VE is categorical table queried by variable elimination; likewise
for linear-Gaussian (LG) and MDN mechanisms, and for likelihood
weighting (LW) and amortized variational inference (AVI).

4.1 Inference accuracy (RQ1, RQ2)

Figure 3 shows the accuracy of the 128 queries for each family.

Discrete. cat+VE and pgmpy return the same TV at every size
because they run exact inference on the same maximum-likelihood
tables: this is Proposition 2.1, measured. Their common value is the
floor of the reference (Section 3). The sampling engines of NBN stay
within 0.01 of it, so on discrete networks approximation costs little.

Linear-Gaussian. This is the one family where a baseline is ahead:
pgmpy conditions the joint Gaussian in closed form, while NBN sam-
ples. The gap grows with the size because, in deeper networks,
fewer prior samples agree with the evidence: the median effec-
tive sample size falls from all 2048 particles at 10 nodes to 13% of
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Figure 3: Inference accuracy against network size on synthetic networks (TV for discrete, W1 for continuous, lower is better).
All applicable external baselines are shown, plus the selected NBN methods per family. A missing bar is a method that failed on
every seed, with its status printed; f/n marks f failed seeds out of n.

them at 1000. The error is due to the engine, not the model, and a
closed-form engine for all-Gaussian networks would remove it.

Non-Gaussian. Here the model is decisive: every linear-Gaussian
method has the same error, in NBN or in pgmpy and whatever the
engine, because the family cannot represent the data. The MDN has
one third to 60% of that error and kNN one half to three quarters.
The price is paid at fit time (Table 13 in Appendix B.1): the MDN
exceeds the fit budget at 500 nodes, where kNN runs out of memory,
so beyond 100 nodes only the misspecified models remain.

Table 1: Accuracy on the heaviest queries with full evidence
against network size, up to 10000 nodes (IQM over seeds,
lower is better). (f/n) marks f failed seeds out of n. Bold:
fewest failed seeds, then best value. Times in Appendix B.2.

Method n=10 n=100 n=1000 n=10000
Discrete, TV

pgmpy Bayes+VE 0.0491 0.0578  0.0645 0.0323(1/5)
pgmpy MLE+VE 0.0438 0.0406  0.0582 0.0484
pomegranate 0.0276 (2/5) nan nan timeout
Pyro IS 0.120 0.188 0.151  0.141(1/5)
NBN cat+VE 0.0435 0.0476  0.0516 0.0376 (2/5)
NBN cat+LW 0.0495 0.0600  0.0619 0.0586
Linear-Gaussian, W1

pgmpy LG 0.0303 0.0553  0.0378 0.0466
Pyro IS 0.138 0330 0338  0.226(1/5)
NBN LG+LW 0.0291 0.0526  0.0652 0.0560
NBN MDN+LW 0.0326 0.0534 timeout timeout
kNN+LW 0.0557 0.102 oom oom
Non-Gaussian, W1

pgmpy LG 0.115 0.142  0.0830 0.101
Pyro IS 0.232 0.193 0.175  0.209(1/5)
NBN LG+LW 0.125 0.137  0.0917 0.0992
NBN MDN+LW 0.0504 0.0414(1/5) timeout timeout
NBN KNN+LW 0.0755 0.0779 oom oom

4.2 Scalability

Table 1 pushes the heaviest queries to 10 000 nodes. Accuracy stays
in the same range at every size; what this scenario reveals is why
each method stops and how long a query takes. Exact inference is
bounded by the elimination itself. pgmpy completes every seed but
needs tens of seconds per query from 1000 nodes; cat+VE answers in
0.2 to 0.4 s, two orders of magnitude faster, and exceeds the 12 GB of
the GPU on two of five seeds at 10 000 nodes. The sampling engines
have no such wall: cat+LW and LG+LW finish every seed at 10 000
nodes, where LG+LW is also faster than the closed form of pgmpy
(2.6 s against 17.5 s per query), being the fastest up to 1000 nodes.
The flexible mechanisms stop earlier due to the cost of learning: at
1000 nodes the MDN exceeds the fit budget and kNN the memory.

4.3 Batched queries (RQ3)

Proposition 2.3 postulates that the cost of a batch does not grow
with its size until the device saturates, so the time per query should
fall as 1/B. We fix 50-node networks and ask each heaviest query
for the evidence values of B different rows (Figure 4). The sampling
engines follow the prediction closely up to B=128, where a query
costs about one hundredth of a single one, and then flattens as the
GPU saturates: at B=1024 the gain is 456X for cat+AVI and 227x
for LG+AVI, down to 0.09 and 0.05 ms per query. Exact cat+VE is
the fastest method on one query (2.8 ms) but gains only 4x: every
factor of the elimination carries the batch axis, so its work grows
with B and batching removes only the per-call overhead. Among
the baselines only pomegranate batches, and at B=1024 it is 60
times slower than cat+AVI; pgmpy answers one query at a time. The
gain is in the batch, not in the latency of one query: on a single
continuous query the closed form of pgmpy takes 2.6 ms and NBN
12 ms. An agent that asks one question at a time is better served
by the classical code; one that scores many candidate actions or
particles at once is the case NBNs are built for.
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Figure 4: Time per query vs. batch size B (log scale) on 50-node networks, full evidence. Non-batching methods are at B=1 only.

4.4 Real networks

Table 2 repeats the accuracy comparison on thirteen bnlearn net-
works: eight discrete ones, from 8 to 1041 nodes, two Gaussian
ones, and three conditional linear-Gaussian (CLG) ones, which mix
discrete and continuous variables.

The conclusions of the synthetic scenarios carry over. On the
discrete networks cat+VE has the lowest TV on five, including the
two largest, and is within 0.001 of the best on two more; pgmpy is
better on mildew only. Amortized inference suffers more here than
on synthetic networks (up to four times the TV of exact inference),
so the exact engine is the one to use whenever the treewidth allows
it. On the Gaussian networks NBN is again close to the closed form of
pgmpy. The CLG networks are where coverage matters: pgmpy and

Table 2: Accuracy on bnlearn networks, grouped by kind and
ordered by node count n (IQM over seeds; TV for discrete, W1
for Gaussian and CLG, lower is better). Each block names
the method of each library; — denotes no applicable engine.
pgmpy with Bayesian estimates and the other NBN engines are
in Appendix B.4.

Network (r) pgmpy pomegr. Pyro NBN NBN
Discrete, TV MLE+VE BP IS cat+VE  cat+AV]
asia (8) 0.00343  0.00380 0.0336 0.00354 0.00478
sachs (11) 0.0128 0.0122 0.0818 0.0120 0.0162
mildew (35) 0.0325 nan 0.287 0.0465 0.0703
barley (48) 0.0275 nan 0.215 0.0240 0.0401
hailfinder (56) 0.0203 0.0208 0.136 0.0206 0.0266
diabetes (413)  0.0393(1/5) nan  timeout 0.0343 0.128
link (724) 0.00197  timeout timeout 0.00174 0.00612
munin (1041) 0.00464 timeout timeout 0.00401 0.0105
Gaussian, W1 LG - IS LG+AVI kNN+LW
ecoli7o (46) 0.0418 - 0.245 0.0541 0.111
arth150 (107) 0.0210 - 0.107 0.0212 0.0418
CLG, W1 - - IS MDN+LW kNN+LW
healthcare (7) - - 106 625 23.4
sangiovese (15) - - 0.0583 0.0242 0.0280

mehra (24) - - 3.74-107  1.89-10° 2.41-10°

pomegranate have no applicable engine, and the best NBN mecha-
nism is below Pyro on all three. Which mechanism is best, however,
depends on the network: the MDN wins on sangiovese and mehra
and has six times the error of Pyro on healthcare, where kNN
wins. The choice of the mechanism is a modelling decision, and the
benchmark is the tool to make it.

4.5 Parameter learning and sample efficiency

The learning scenarios score the fitted conditionals with no query:
by the parameter-recovery TV on discrete networks, the distance be-
tween learned and true rows of the CPTs, and by held-out negative
log-likelihood (NLL) per node on continuous ones (Appendix A).

Table 3: Sample efficiency on 50-node networks against the
number of training rows n, (IQM over seeds, lower is better):
parameter-recovery TV on discrete networks, held-out NLL
per node on continuous ones. timeout: the 1200 s fit budget
was exceeded on every seed. Fit times and the network-size
sweep are in Appendices B.5 and B.6.

Method ny=4096 ny=16384 ny=32768 ny;=65536
Discrete, parameter-recovery TV

pgmpy Bayes 0.0977 0.0474 0.0335 0.0236
pgmpy MLE 0.0979 0.0474 0.0336 0.0236
pomegranate 0.0979 0.0474 0.0336 0.0236
Pyro 0.0847 0.0453 0.0328 0.0233
NBN cat 0.0979 0.0474 0.0336 0.0236

NBN cat (Bayes) 0.0847 0.0453 0.0328 0.0233

Gaussian, NLL per node

pgmpy LG 0.943 0.942 0.944 0.945
NBN LG 0.935 (1/5) 0.942 0.944 0.945
NBN MDN 0.953 0.946  0.958(1/5) timeout
NBN kNN 1.01 0.988 0.981  0.966 (1/5)
Non-Gaussian, NLL per node

pgmpy LG 1.26 1.27 1.27 1.27
NBN LG 1.26 1.27 1.27 1.27
NBN MDN 1.20 1.19 1.19 timeout
NBN kNN 1.25 1.23 1.22 1.21




When the model is correct, NBN learns what competitors do,
as the estimator is the same: the tabular mechanism equals the
max-likelihood tables of pgmpy and pomegranate at all sizes, its
smoothed variant equals the tables of Pyro, and the linear-Gaussian
mechanism equals the least squares of pgmpy (Table 3; Appen-
dix B.5). It is also faster: a 1000-node network is fitted in 2.1s
(tables) and 2.6 s (linear-Gaussian), against 9.8 s and 4.0 s for pgmpy.
The accuracy drop when data is Gaussian is negligible: the NLL of
the MDN is within 0.004 of the exact estimator.

When the model is wrong, more data does not repair it (Table 3).
On 50-node non-Gaussian networks the NLL of the linear-Gaussian
models stays at 1.26-1.27 from 4096 to 65 536 rows, while the MDN
is at 1.20 with 4096 rows already and kNN improves steadily to 1.21.
Flexibility is thus sample-efficient but not compute-efficient: the fit
time of the MDN grows linearly with the rows and nodes, exceeding
the budget at 65 536 rows and from 100 nodes (Appendix B.6).

5 Related Works

NBNs extend classical BNs in two directions, the expressiveness
of the conditionals and the efficiency and scale of learning and
inference; we review the works that pursue each of them.

Expressiveness. Kernel density estimation was used for continu-
ous conditionals in Bayesian classifiers [28], and non-parametric
BN based on kernels or copulas followed [21, 24, 38]. Semiparamet-
ric BNs [4, 5] mix linear-Gaussian and kernel conditionals in one
network; surveys of inference with continuous variables are [39, 48].
Neural structural causal models replace each structural equation
with a neural density, typically a normalizing flow [17, 26, 31, 43, 56].
Closest to ours in name, the Neural Bayesian Network Understudy
[46] trains a single Neural network to approximate the conditional
probabilities of a given BN, with its independences encoded through
training. These works fix one family of conditionals and one in-
ference procedure. At the other extreme, deep generative models
such as normalizing flows [41, 47] and neural world models [20]
are expressive but hide the dependencies in the weights of one
network: there is no local conditional to inspect or replace, and the
posterior given arbitrary evidence is not directly available. An NBN
changes the representation rather than adding a family. With tensor-
valued mechanisms the BN is kept exactly (Proposition 2.1); tabular,
linear-Gaussian, neural and non-parametric [25] mechanisms can
be mixed in one graph and trained by gradient, also jointly with a
downstream objective (Proposition 2.2); and any mechanism that
can sample and evaluate a density is queried by the same batched
engine, with no family-specific algorithm (Proposition 2.3).

Efficiency and scalability. Exact inference has been parallelized
on multi-core CPUs [27] and on GPUs [58], and written as tensor
contractions [40], but only for discrete networks and at a cost that
stays exponential in the treewidth. Probabilistic circuits [12, 45]
keep inference tractable and batched, but trade the per-variable
conditionals for latent sum and product units. When exact infer-
ence is too expensive, a BN is queried by sampling. Likelihood
weighting (Section 2.3) is simple and general, but its samples are
drawn without looking at the evidence, so most of them are wasted
when the evidence is unlikely. Amortized inference [18, 36] trains
a neural network to propose samples that already agree with the
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Table 4: Bayesian-network and probabilistic-modeling li-
braries. Disc.: discrete; LG: linear-Gaussian; NG: continuous
non-Gaussian. Batch: the API accepts many queries in one
call. GPU: BN queries run in parallel on the accelerator. Diff.:
differentiable conditionals. do: native interventions. v/ sup-
ported, ¢ partial, < absent.

Lib Families Compute | Capabilities
torary Disc. LG NG |Batch GPU |Diff. do
pgmpy [3] o/ 4

pyAgrum [14] 4 v

bnlearn [50] v v v

CausalNex [6] v v v
pomegranate [49] | v v v

PyMC [1] Y v

Pyro [7] o o/ 7 4 v v
DoWhy [52] v v v
NBN (ours) | v v v | v | v v

evidence and reuses it for every later query. We do not propose a
new estimator: NBNs change how these estimators are executed.
All the nodes at the same depth of the graph are evaluated in one
tensor operation over every particle and every evidence assignment,
so the cost of a query stops growing with the number of samples
and of queries (Proposition 2.3).

Libraries. Table 4 summarizes NBNs competitors. Classical BN
libraries (pgmpy [3], pyAgrum [14], bnlearn [50], CausalNex [6])
implement tabular or linear-Gaussian conditionals with exact in-
ference; they run on the CPU and accept several queries in one call
but execute them one by one, which are the limitations (L1) and
(L2) of Section 2.1. pomegranate [49] is PyTorch-based and runs on
the GPU, but its BN inference is limited to discrete networks and to
loopy belief propagation, which is not guaranteed to converge on
graphs with loops. Probabilistic programming systems (Pyro [7],
PyMC [1]) support any distribution and GPU execution, but they
do not expose the BN as an object: the graph, the per-node condi-
tionals, and the inference procedure over them have to be written
by hand for every model, and a generic sampler cannot eliminate
variables exactly, prune the nodes that a query does not need, or
evaluate a level of the graph at once. DoWhy [9, 52] estimates the
causal effect of a treatment on an outcome and does not answer
posterior queries over arbitrary variables.

To the best of our knowledge, no existing library combines an
explicit DAG with differentiable conditionals of arbitrary family
and GPU-batched learning and inference, which is the gap NBN
fills. Our benchmark compares against one representative per class:
pgmpy for the classical libraries, pomegranate as the PyTorch-based
one, and Pyro as the probabilistic programming system.

6 Conclusions and Future Works

Neural Bayesian Networks (NBNs) are an extension to Bayesian
networks that combine explicit graphical structure with learn-
able, tensor-valued conditional mechanisms. NBNs preserve the
probabilistic factorization and modularity of BNs while bringing
heterogeneous conditional models into a common framework for
learning and GPU-batched inference. The accompanying PyTorch
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library and reproducible benchmark provide a basis for evaluat-
ing the trade-offs between expressiveness, accuracy, and computa-
tional cost. NBNs provide to autonomous agents a tool for decision-
making under uncertainty that combines structured world models
with the flexibility and computational tools of modern machine
learning. Explicit dependencies and separately replaceable mecha-
nisms support adaptation of individual model components, while
batched inference serve agents that evaluate many candidate ac-
tions or hypotheses. Evaluation of NBNs within agent decision
making tasks (e.g. causal reinforcement learning), removing the
assumption of having the graph available, evaluating sampling,
and considering CPU execution along GPU are amongst the future
works we are considering.
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A Benchmark Design — Extended Version

This appendix gives the settings of the benchmark that Section 3 leaves out. All of them are fields of the released configuration files or
defaults of the released code, and can be changed.

Synthetic generator. The seed draws a DAG over n ordered nodes, where each earlier node becomes a parent of a later one with probability
0.2 and a node keeps at most four parents. The cap bounds the size of a conditional as n grows: with four values per variable, a CPT has
at most 4° = 1024 entries. In the discrete family every variable has four values and every row of a CPT is the softmax of standard-normal
logits. In the linear-Gaussian family every node has weights of variance 1/|Pa|, a standard-normal bias and a noise scale drawn uniformly in
[0.3,1]. In the non-Gaussian family every node is a three-component Gaussian mixture: the component means are linear in the parents, with
weights of standard deviation 0.3/ \/ﬁ and offsets 0.3 (z; + 0.7 |z2|) for standard-normal z1, z,, which are skewed; the component scales are
uniform in [0.3,0.7]; and the mixing weights are drawn from a flat Dirichlet distribution and do not depend on the parents.

Data. The training set has 20 480 rows in the accuracy, scalability and learning scenarios and 4096 rows in the batching scenario; the
sample-efficiency study uses 4096, 16 384, 32 768 and 65 536 rows. On real networks it has 10 240, 20 480, 40 960 or 81 920 rows, for networks
with up to 103, 10%, 10° or more parameters. The test set has 4096 rows (1024 in the batching scenario and on real networks). The five seeds
are 0 to 4.

Query selectors. Random: one target and its evidence variables are drawn uniformly for the problem, and the query is asked for the
evidence values of 128 test rows. Topological (128 queries per cell): targets are allocated by structural role, 30% to hubs, 30% to cut nodes, 30%
to terminals and 10% at random. Hubs are ranked by the size of their Markov blanket, that is, the set of their parents, their children and
the other parents of their children. Cut nodes are the articulation points of the moral graph: the undirected graph obtained by linking the
parents of every node and dropping the direction of the edges, which a cut node disconnects when it is removed. Terminals are ranked by
their depth minus their number of descendants. Hubs, cut nodes and random targets are asked in the prediction or in the diagnosis direction
with equal probability, and terminals in the prediction direction only. The evidence is taken along the longest path (40% of the queries),
inside the Markov blanket (40%) or at random (20%). Heaviest: the top-ranked hub, cut node and terminal, each in the prediction and in the
diagnosis direction and with full and with empty evidence, for at most twelve queries per cell (eight when the graph has no cut node); the
evidence is taken along the longest path for hubs and terminals and inside the Markov blanket for cut nodes. In the batching scenario each
of these queries is asked for the evidence values of 1024 rows.

Reference. For a discrete target the reference set has 5000 samples on synthetic networks and as many samples as the training set on real
ones; a query whose evidence agrees with fewer than ten reference samples is not scored. For a continuous target the reference is a sample
of 2000 draws from p(xp | xg), obtained by likelihood weighting on the true model. Both references are finite samples, which gives the floor
of Section 3. For a discrete target it comes from the few reference samples that agree with the evidence, so it varies with the network and
with the query. The floor is the average error of an exact answer against the sampled reference and not a bound: an approximate method can
fall slightly below the exact engines.

Learning metrics. The learning scenarios score the fitted conditionals directly, without queries. On discrete networks the metric is the
parameter-recovery TV: the total variation between a learned and a true row of a CPT, averaged over the parent configurations with their
true probabilities and then over the nodes. Continuous families have no common parameters to compare, since a linear-Gaussian model, an
MDN and a kNN estimator do not share a parameter space, so we score the fitted density itself with the held-out negative log-likelihood
(NLL) per node: minus the log-density of a test row under the fitted network, averaged over the test rows and divided by n. The NLL is a
strictly proper scoring rule. Its expectation is the entropy of the true conditionals plus the Kullback-Leibler divergence from the true to the
fitted model, so on the same problem the difference between two methods is a difference in divergence from the truth, and it applies to
every mechanism that exposes a density. We prefer it to two alternatives. W1, the metric of the inference scenarios, compares samples of a
posterior and therefore needs a query and an engine, which would mix the error of learning with the error of inference. The calibration error
PIT-KS (the Kolmogorov—-Smirnov distance between the probability integral transform of held-out values and the uniform distribution)
needs no query, but calibration is necessary and not sufficient: a model that ignores the parents and returns the marginal of each node is
perfectly calibrated. Our runs show the difference: on 50-node non-Gaussian networks with 4096 rows FlexCode has less than half the
PIT-KS of the linear-Gaussian model (0.028 against 0.065, close to the 0.023 of the MDN) and the worst NLL of the three (1.42 against 1.26
and 1.20). PIT-KS is reported for every method in Appendix B.5.

Batches with empty evidence. With empty evidence (Appendix B.3) the B queries of a batch are the same marginal query, so NBN answers it
once and the time per query is the time of one query divided by B; we do not count this as a batching gain.

Particles. The sampling engines of NBN use 2048 particles in the accuracy, scalability and real-network scenarios and 16 in the batching
scenario, which measures time only. Pyro uses 50 particles in every scenario.

Budgets and execution. The fit budget and the query budget are 1200 s each; the query budget is 600 s in the batching scenario. The memory
cap of a cell is 80% of the memory that is free on the machine when the cell starts. Each cell runs in its own process, so that a timeout or an
out-of-memory failure ends that cell only.
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Reporting. In the figures the error bar of a method spans the smallest and the largest value that enters its interquartile mean, and the value
axes are logarithmic. Each panel has its own legend; a method has the same colour in every figure, and for NBN the colour is the mechanism
and the hatch is the engine. Each panel of the main text shows all applicable external baselines plus two NBN methods, the best parametric or
neural one and the best non-parametric one (the two best on discrete networks), selected once per family on the accuracy metric of the
scenario. On the continuous families of the accuracy and scalability scenarios the linear-Gaussian mechanism is shown as well, so that the
NBN method that reaches the largest networks is always visible. The tables of Appendix B report the IQM i% of the interquartile range.

Hardware. All runs use one server with an Intel Xeon E5-2640 v4 CPU at 2.40 GHz (20 cores), 126 GB of RAM and an NVIDIA Titan X
(Pascal) GPU with 12 GB of memory.
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B Complete results

This appendix reports every method on every scenario of Section 3, including the mechanisms and engines that the main text does not
discuss (normalizing-flow, kernel-density and neural categorical conditionals, and the amortized importance-sampling engine AIS), and
the fit and query times of the scenarios where the main text reports accuracy only. Methods carry the names of the configuration files,
library-model-engine; for NBN the model is the mechanism of the conditionals. In the figures a bar is the interquartile mean (IQM) over
the seeds a method solved and the error bar spans the smallest and the largest value that enters that mean; f/n above a bar means that
f of n seeds failed, and a missing bar carries the failure status. The value axes are logarithmic. Each panel has its own legend; a method
has the same colour in every figure, and for NBN the colour is the mechanism and the hatch is the engine. In the tables a cell is IQM + half
the interquartile range, followed by (f/n) when f of the n seeds failed for any reason (time budget, memory, NaN output, error); a status
alone (timeout, oom, nan) means that no seed was solved, and - that the method was not run in that configuration. In each column the best
method is in bold: the one with the fewest failed seeds and, among those, the best IQM. In the learning scenarios the negative log-likelihood
is the mean over the held-out rows, divided by the number of nodes.
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B.1 Inference accuracy
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Figure 5: Inference accuracy, all methods: accuracy (TV on discrete targets, W1 on continuous ones) against network size.
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Figure 6: Inference accuracy, all methods: total query time (s) against network size.
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Figure 7: Inference accuracy, all methods: fit time (s) against network size.
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Table 5: Inference accuracy, discrete networks: TV (lower is better), against network size.

Method

n=10

n =50

n =100

n =500

n =1000

pgmpy-bayes-ve
pgmpy-mle-ve
pomegranate-discrete-ve
pyro-empirical-importance
nbn-cat-ais

nbn-cat-avi

nbn-cat-1lw

nbn-cat-ve

0.061£0.0083
0.061£0.0083

0.06780.0054 (2/5)

0.151+0.013
0.0625+0.0085
0.0534+0.0026
0.0624+0.0082
0.061+0.0083

0.0766+0.0059
0.0766+0.0059
nan
0.201+0.013
0.0812+0.0052
0.0845%0.0051
0.0799+0.0053
0.0766+0.0059

0.0783+0.0031
0.0783+0.0031
nan
0.215+0.0054
0.0836%0.0032
0.086+0.0012
0.0842+0.003
0.0783+0.0031

0.0783+0.0035
0.0783+0.0035
timeout
timeout
0.0838+0.0018
0.082+0.0071
0.0825+0.0027
0.0783+0.0035

0.078+0.0014 (1/5)
0.0782+0.00035
timeout

timeout
0.0845+0.0014
0.0875+0.0043
0.0831+0.0024
0.0782+0.00035

Table 6: Inference accuracy, discrete networks: total query time in seconds, against network size.

Method n=10 n =50 n =100 n =500 n = 1000
pgmpy-bayes-ve 0.0893+£0.0018  0.504+0.27 3.33+3.3 1.85+1.7  42.9+39 (1/5)
pgmpy-mle-ve 0.0882+0.0028  0.43+0.16 6.63+8.1 1.05+0.6 42.5+19
pomegranate-discrete-ve 10.8+11 289+16 711424 timeout timeout
pyro-empirical-importance 43.1+0.81 243+0.31 490+3.4 timeout timeout
nbn-cat-ais 1.81+£0.081  5.27+0.026 11.1£0.13 54.2+0.54 109+1.7
nbn-cat-avi 1.36+£0.031  6.78+0.055 13.6+0.075 69.3+1.8 140+0.92
nbn-cat-1lw 1.31£0.046  5.59+0.066 11+0.18 54.2+0.57 108+0.79
nbn-cat-ve 0.193+£0.0065  0.48+0.058  0.594+0.059  0.578+0.083  0.747+0.067

Table 7: Inference accuracy, discrete networks: fit time in seconds, against network size.

Method n=10 n =50 n =100 n =500 n = 1000
pgmpy-bayes-ve 1.77+0.012 2.09+0.0073 2.53+0.02 5.91+£0.16  10.5+0.33 (1/5)
pgmpy-mle-ve 1.77+0.0069 2.04+0.0044 2.4+0.026 5.41+0.052 9.17+0.053
pomegranate-discrete-ve 3.23+0.024 3.34+0.026 3.56+0.042 timeout timeout
pyro-empirical-importance 0.116+0.001 0.137+0.0011 0.17+0.0055 timeout timeout
nbn-cat-ais 5.93+2.1 24.6+10 20.8+0.022 153+0.59 187+2.5
nbn-cat-avi 27.1+4.3 79.1+5 127+0.29 156+1.6 193+3.1
nbn-cat-1w 0.151+0.0015  0.177+0.00027  0.209+0.0014  0.556+0.0032  0.907+0.0044
nbn-cat-ve 0.324+0.0012 0.41+£0.0018  0.521+0.0062 1.46+0.013 2.44+0.017

Table 8: Inference accuracy, linear-Gaussian networks: W1 (lower is better), against network size.

Method n=10 n =50 n =100 n =500 n = 1000
pgmpy-1lg-predict 0.0359+0.0053  0.0495+0.0051 0.0617+0.011 0.0676+0.0043  0.0394+0.01
pyro-empirical-importance 0.17+0.029 0.321+0.071 0.449+0.027 timeout timeout
nbn-flexcode-1w 0.0489+0.015 0.104+0.013 0.129+0.018 timeout timeout
nbn-flow-ais 0.0534+0.01 0.0763+0.0093 timeout timeout timeout
nbn-flow-avi 0.048+0.001 0.0729+0.011 timeout timeout timeout
nbn-flow-1w 0.0485+0.0033 0.0712+0.011 timeout timeout timeout
nbn-kde-1w 0.0408+0.0087 (1/5) oom oom oom oom
nbn-knn-1w 0.0506+0.0059 0.0864+0.004 0.096+0.0058 oom oom
nbn-1lg-ais 0.0384+0.0073 0.0699+0.0082 0.0947+0.0085 0.117+£0.018  0.0723+0.012
nbn-lg-avi 0.0477+0.016 0.0659+0.01 0.0983+0.0093 0.121+£0.021  0.0703+0.015
nbn-1g-1w 0.0353+0.0053 0.0659+0.0092 0.0937+0.0054 0.116+£0.015  0.0744+0.018
nbn-mdn-ais 0.037+0.0051 0.0665+0.011 0.0981+0.0029 timeout timeout
nbn-mdn-avi 0.0481+0.016 0.0643+0.01 0.099+0.0073 timeout timeout
nbn-mdn-1w 0.0376+0.0046 0.0661+0.013  0.0971+0.00068 timeout timeout
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Table 9: Inference accuracy, linear-Gaussian networks: total query time in seconds, against network size.

Method n=10 n =50 n =100 n =500 n = 1000
pgmpy-lg-predict 0.0963+0.0032  0.399+0.019 0.676+0.035 3.98+0.24 10.1+0.25
pyro-empirical-importance 32.1+£0.98 179+5.5 36742 timeout timeout
nbn-flexcode-1w 2.15+0.22 8.69+0.4 17.4+0.25 timeout timeout
nbn-flow-ais 14.2+0.21 117+4.7 timeout timeout timeout
nbn-flow-avi 11+0.4 55.3+1.7 timeout timeout timeout
nbn-flow-1w 11.3+£0.32 54.3+1.5 timeout timeout timeout
nbn-kde-1w 17.2+2.2 (1/5) oom oom oom oom
nbn-knn-1w 10+2 57.2+1.1 122+1.8 oom oom
nbn-1g-ais 2.92+0.064 15.1£0.39 31.7+0.31 15.6+0.2 32.240.23
nbn-1g-avi 0.495+0.0075 1.76+0.057 3.26+0.024 16.2+0.23 31.7+0.36
nbn-1g-1lw 0.675+0.051 1.88+0.02 3.46+0.063 16.2+0.25 31.3+0.16
nbn-mdn-ais 5.75+0.16 36.1+1.3 76.1£0.71 timeout timeout
nbn-mdn-avi 1.92+0.16 8.74+0.1 17.5+0.062 timeout timeout
nbn-mdn-1w 2.15+0.034 8.64+0.11 17.4+0.16 timeout timeout

Table 10: Inference accuracy, linear-Gaussian networks: fit time in seconds, against network size.

Method n =10 n =50 n =100 n =500 n = 1000
pgmpy-1g-predict 1.95+0.028 2+0.0094 2.12+0.016  3.18+0.026 4.34+0.04
pyro-empirical-importance 0.12+0.012 0.164+0.0047  0.205+0.00058 timeout timeout
nbn-flexcode-1w 54.4+16 437+17 928+18 timeout timeout
nbn-flow-ais 14.6+1.9 196+26 timeout timeout timeout
nbn-flow-avi 122+3.1 141+1.4 timeout timeout timeout
nbn-flow-1w 189+15 678+36 timeout timeout timeout
nbn-kde-1w 2.45+0.12 (1/5) oom oom oom oom
nbn-knn-1w 1.37+0.0097 4.73+0.013 9.06+0.022 oom oom
nbn-1g-ais 18+3.1 238+5.1 305+27 207+1.1 212+1.2
nbn-1g-avi 18+0.19 123+0.055 125+0.69 142+3.7 162+9.7
nbn-1g-1lw 0.377+0.0072 0.496+0.0013 0.644+0.0067 1.84+0.015 3.24+0.012
nbn-mdn-ais 25.4+3.2 322+21 479+73 timeout timeout
nbn-mdn-avi 34.6+0.76 125+0.35 129+0.072 timeout timeout
nbn-mdn-1w 55.3+15 441428 930+11 timeout timeout

Table 11: Inference accuracy, non-Gaussian networks: W1 (lower is better), against network size.

Method n=10 n =50 n =100 n =500 n = 1000
pgmpy-lg-predict 0.131+0.07 0.223+0.036 0.0901£0.02  0.0982+0.049 0.156+0.012
pyro-empirical-importance 0.228+0.058 0.343+0.04 0.228+0.016 timeout timeout
nbn-flexcode-1w 0.068+0.037 0.175+0.083 0.131+0.071 timeout timeout
nbn-flow-ais 0.0599+0.019 0.0801+0.022 0.0516+0.0028 timeout timeout
nbn-flow-avi 0.0517+0.0056 0.083+0.023 0.0539+0.002 timeout timeout
nbn-flow-1w 0.051+0.0026 0.0809+0.024  0.0508+0.0043 timeout timeout
nbn-kde-1w 0.0454+0.0079 (1/5) oom oom oom oom
nbn-knn-1w 0.068+0.028 0.11+0.012 0.0681+0.0079 oom oom
nbn-lg-ais 0.13+0.07 0.224+0.035 0.0917+0.017 0.0998+0.051  0.155+0.013
nbn-lg-avi 0.131£0.07 0.232+0.024 0.0903+0.019 0.0991+£0.05  0.155%+0.012
nbn-1g-1lw 0.129+0.07 0.226+0.036 0.0878+0.016 0.102+0.055  0.155+0.011
nbn-mdn-ais 0.0483+0.007 0.0791£0.017 0.0627+0.0054 timeout timeout
nbn-mdn-avi 0.0499+0.0084  0.0707+0.015 0.0513£0.0053 timeout timeout
nbn-mdn-1w 0.0475+0.008 0.0715+0.016 0.0522+0.007 timeout timeout
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Table 12: Inference accuracy, non-Gaussian networks: total query time in seconds, against network size.

Table 13: Inference accuracy, non-Gaussian networks: fit time in seconds, against network size.

Method n=10 n =50 n =100 n =500 n = 1000
pgmpy-1g-predict 0.105+0.012  0.416+0.031  0.7+0.013  3.79+0.061  9.92+0.14
pyro-empirical-importance 30.7+0.55 180+6 358+3.2 timeout timeout
nbn-flexcode-1w 1.93+0.19 8.72+0.37 17.4+0.33 timeout timeout
nbn-flow-ais 13.5+0.14 126+2.6 110+2.1 timeout timeout
nbn-flow-avi 10.6+0.34 56+2.9 110+1.6 timeout timeout
nbn-flow-1w 10.6+0.22 54.8+0.25 111£1.5 timeout timeout
nbn-kde-1w 16+2.1 (1/5) oom oom oom oom
nbn-knn-1w 9.07+1.7 57.4+1.4 121+1.5 oom oom
nbn-lg-ais 2.44%0.029 14.1£0.027 30.5+1.4 153+7.7 220+3.1
nbn-lg-avi 0.391+0.044 1.73+£0.0097  3.27+0.022 15.7+0.2 31.5+0.28
nbn-1g-1lw 0.612+0.0093 1.88+£0.033  3.48+0.063 16+0.14  31.1£0.0079
nbn-mdn-ais 4.82+0.24 28.6+0.22 67+8.1 timeout timeout
nbn-mdn-avi 1.71+0.14 8.61+0.032 17.5+0.22 timeout timeout
nbn-mdn-1w 1.84+0.098 8.69+0.099 17.4+0.23 timeout timeout

Method n=10 n =50 n =100 n =500 n = 1000
pgmpy-lg-predict 1.9240.0021 2.07+0.027 2.11+£0.025  2.98+0.063  3.75+0.021
pyro-empirical-importance 0.131+0.0025 0.162+0.00045  0.204+0.0004 timeout timeout
nbn-flexcode-1w 51.2+15 433+15 932424 timeout timeout
nbn-flow-ais 10.2+0.7 115+2.7 166+3 timeout timeout
nbn-flow-avi 111+1.2 142+2.1 166+2.1 timeout timeout
nbn-flow-1lw 207+43 588+44 1.11e+03+15 timeout timeout
nbn-kde-1w 2.31+0.11 (1/5) oom oom oom oom
nbn-knn-1w 1.32+0.0052 4.74+0.0095 9.02+0.015 oom oom
nbn-1g-ais 8.35+0.14 140+0.58 202+24 525+73 606+0.84
nbn-1g-avi 14.7+1.2 123+0.025 125+0.73 136+1 143+1.3
nbn-1g-1w 0.383+0.0055 0.495+0.0022 0.627+0.0054  1.73+0.032  2.79+0.068
nbn-mdn-ais 15.8+3.2 288+0.45 339445 timeout timeout
nbn-mdn-avi 29.1+2.6 126+0.64 100+5.4 timeout timeout
nbn-mdn-1w 50.1+16 431+16 920+19 timeout timeout
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B.2 Scalability
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Figure 8: Scalability, all methods: accuracy (TV on discrete targets, W1 on continuous ones) against network size.
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Figure 9: Scalability, all methods: accuracy with full evidence against network size.
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Figure 10: Scalability, all methods: time per query (s), both evidence modes against network size.
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Figure 11: Scalability, all methods: time per query (s), full evidence against network size.
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Table 14: Scalability, discrete networks: TV (lower is better), both evidence modes, against network size.
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Method n =10 n =100 n = 1000 n = 10000
pgmpy-bayes-ve 0.0284+0.0041 0.0343+0.0076 0.037+0.0013  0.0212+0.0029 (1/5)
pgmpy-mle-ve 0.0258+0.008  0.0256+0.0074  0.0343+0.0057 0.0291+0.0026
pomegranate-discrete-ve 0.0159+0.0034 (2/5) nan nan timeout
pyro-empirical-importance 0.123+0.015 0.164+0.0087 0.146+0.022 timeout
nbn-cat-ais 0.0317+0.004 0.0392+0.0034 0.0303+0.01 oom
nbn-cat-avi 0.0337+0.0071 0.0394+0.0046 0.0351+0.001 0.0847+0.079
nbn-cat-1lw 0.0326+0.0037 0.0387+0.002  0.0409+0.0026 0.0389+0.0067
nbn-cat-ve 0.0256+0.0083 0.03£0.0018  0.0306+0.0029  0.0225+0.0028 (2/5)

Table 15: Scalability, discrete networks: TV (lower is better), full evidence, against network size.

Method n=10 n =100 n = 1000 n = 10000
pgmpy-bayes-ve 0.0491+0.0055 0.0578+0.01 0.0645+0.0026  0.0323+0.0082 (1/5)
pgmpy-mle-ve 0.0438+0.013  0.0406+0.018 0.0582+0.011 0.0484+0.0051
pomegranate-discrete-ve 0.0276+0.0087 (2/5) nan nan timeout
pyro-empirical-importance 0.12+0.012 0.188+0.024 0.151+0.019 0.141+0.046 (1/5)
nbn-cat-ais 0.046+0.0082 0.0595+0.011  0.0498+0.019 oom
nbn-cat-avi 0.049+0.016  0.0583+0.0093  0.0551+0.0066 0.102+0.078

nbn-cat-1w
nbn-cat-ve

0.0495+0.0065

0.0435+0.014

0.06+0.0022
0.0476+0.0035

0.0619+0.0046
0.0516+0.0081

0.0586+0.012
0.0376+0.0067 (2/5)

Table 16: Scalability, discrete networks: time per query in seconds, both evidence modes, against network size.

Method n=10 n =100 n = 1000 n = 10000
pgmpy-bayes-ve 0.000709+7e-05 4.54+6.3 23.6+10 4.96+20 (1/5)
pgmpy-mle-ve 0.000689:+9.3e-05 243422 18.9+11 23.8+13
pomegranate-discrete-ve 0.094+0.087 5.87+0.23 124439 timeout
pyro-empirical-importance 0.359+0.0058 4.01+0.12 40.4+0.34 timeout
nbn-cat-ais 0.0146+0.0004 0.08+0.00099 0.808+0.019 oom
nbn-cat-avi 0.00704+0.00036 0.0806+0.0018 0.782+0.018 6.73+5.1
nbn-cat-1lw 0.0435+0.00027 0.131+0.0095 0.831+0.015 10.1£0.035
nbn-cat-ve 0.0104£0.00012  0.0296+0.0059  0.113+0.016  0.212+0.024 (2/5)

Table 17: Scalability, discrete networks: time per query in seconds, full evidence, against network size.

Method n =10 n =100 n =1000 n = 10000
pgmpy-bayes-ve 0.000942+7e-05 9.05+13 46.8+21 9.78+41 (1/5)
pgmpy-mle-ve 0.000912+0.00013 4.83+4.3 34.5+26 47.5+26
pomegranate-discrete-ve 0.107+0.087 5.88+0.21 125+4.3 timeout
pyro-empirical-importance 0.344+0.0056 3.98+0.15 40.4+0.4 461+10 (1/5)
nbn-cat-ais 0.0145+0.00059  0.0802+0.0013 0.807+0.022 oom
nbn-cat-avi 0.00697+0.00031  0.0805+0.0016 0.782+0.022 6.72+5
nbn-cat-1w 0.0796+0.0011 0.183+0.015 0.884+0.027 10.1£0.052
nbn-cat-ve 0.0201+0.00021 0.047+0.025 0.189+0.038  0.404+0.051 (2/5)

Table 18: Scalability, linear-Gaussian networks: W1 (lower is better), both evidence modes, against network size.

Method

n=10

n =100

n = 1000

n = 10000

pgmpy-lg-predict
pyro-empirical-importance
nbn-flexcode-1w
nbn-flow-ais
nbn-flow-avi
nbn-flow-1w
nbn-kde-1w
nbn-knn-1w
nbn-lg-ais
nbn-1lg-avi
nbn-1g-1lw
nbn-mdn-ais
nbn-mdn-avi
nbn-mdn-1w

0.03530.0087
0.178+0.032
0.04620.012
0.0494+0.0095
0.0932+0.073
0.0436+0.0035
0.047320.0058 (1/5)
0.0513%0.008
0.032:0.0045
0.0378+0.0038
0.03480.0079
0.04880.014
0.039520.014
0.034+0.0072

0.0515+0.0028

0.3+0.034
0.101+0.026
timeout
timeout
timeout

oom
0.0813+0.018
0.0594+0.0045
0.0578+0.0091
0.059+0.0065
0.0636+0.019
0.0585+0.016
0.0539+0.0047

0.0455+0.0089
0.309+0.037
timeout
timeout
timeout
timeout

oom

oom
0.0584+0.019
0.0546+0.014
0.0556+0.0081
timeout
timeout
timeout

0.0482+0.013
0.218+0.031 (1/5)
timeout
timeout
timeout
timeout

oom

oom
0.0475+0.004
0.0478+0.013
0.0537+0.0037
timeout
timeout
timeout
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Table 19: Scalability, linear-Gaussian networks: W1 (lower is better), full evidence, against network size.

Method n =10 n =100 n = 1000 n = 10000
pgmpy-lg-predict 0.0303+0.013 0.0553+0.0076  0.0378+0.0054 0.0466+0.0056
pyro-empirical-importance 0.138+0.05 0.33+0.051 0.338+0.038  0.226+0.022 (1/5)
nbn-flexcode-1lw 0.0524+0.019 0.113+0.024 timeout timeout
nbn-flow-ais 0.0435+0.013 timeout timeout timeout
nbn-flow-avi 0.104+0.084 timeout timeout timeout
nbn-flow-1w 0.0467+0.0098 timeout timeout timeout
nbn-kde-1w 0.0656+0.011 (1/5) oom oom oom
nbn-knn-1w 0.0557+0.017 0.102+0.033 oom oom
nbn-lg-ais 0.028+0.0047 0.0637+0.012 0.0726+0.024 0.0454+0.0038
nbn-1lg-avi 0.0331+0.0087 0.0654+0.0037 0.0603+0.013 0.0493+0.0077
nbn-lg-1lw 0.0291+0.0077  0.0526+0.0014 0.0652+0.012 0.056+0.0094
nbn-mdn-ais 0.0399+0.0057 0.0694+0.019 timeout timeout
nbn-mdn-avi 0.035+0.011 0.0558+0.018 timeout timeout
nbn-mdn-1w 0.0326+0.0084 0.0534+0.0077 timeout timeout

Table 20: Scalability, linear-Gaussian networks: time per query in seconds, both evidence modes, against network size.

Method n=10 n =100 n = 1000 n = 10000
pgmpy-lg-predict 0.000719+1.3e-05 0.00648+0.0014 0.0803+0.0019 17.3+£0.16
pyro-empirical-importance 0.23740.0036 2.86+0.11 30+0.29  324+5.4 (1/5)
nbn-flexcode-1w 0.0146+0.0024 0.135+0.002 timeout timeout
nbn-flow-ais 0.0989+0.0055 timeout timeout timeout
nbn-flow-avi 0.0793+0.00092 timeout timeout timeout
nbn-flow-1w 0.0728+0.00074 timeout timeout timeout
nbn-kde-1w 0.0893+0.011 (1/5) oom oom oom
nbn-knn-1w 0.0457+0.0091 0.788+0.011 oom oom
nbn-lg-ais 0.0132+0.00029 0.202+0.015 0.264+0.01 2.56+0.0042
nbn-1lg-avi 0.00272+4.5e-05 0.025+0.00018 0.26+0.0051 2.64+0.04
nbn-1g-1lw 0.0103+0.0012 0.0357+0.00072 0.26+0.0022 2.57+0.014
nbn-mdn-ais 0.0272+0.00096 0.519+0.039 timeout timeout
nbn-mdn-avi 0.00938+0.00079 0.126+0.0073 timeout timeout
nbn-mdn-1w 0.0172+0.0024 0.134£0.0027 timeout timeout

Table 21: Scalability, linear-Gaussian networks: time per query in seconds, full evidence, against network size.

Method n=10 n =100 n = 1000 n = 10000
pgmpy-lg-predict 0.000936+1.7e-05  0.0071+0.0018  0.0812:+0.002 17.5+0.27
pyro-empirical-importance 0.228+0.0047 2.88+0.11 30+0.26  324+5.5 (1/5)
nbn-flexcode-1w 0.0187+0.0026 0.143+0.0028 timeout timeout
nbn-flow-ais 0.0987+0.0057 timeout timeout timeout
nbn-flow-avi 0.0816+0.0016 timeout timeout timeout
nbn-flow-1w 0.075+0.0012 timeout timeout timeout
nbn-kde-1w 0.109+0.0095 (1/5) oom oom oom
nbn-knn-1w 0.0568+0.0085 0.798+0.0098 oom oom
nbn-lg-ais 0.013+0.00013 0.204+0.016 0.268+£0.012  2.57+0.0098
nbn-1lg-avi 0.00323+6.9e-05 0.0259+0.00027 0.262+0.005 2.61+0.059
nbn-1g-1lw 0.018+0.0025 0.0457+0.0015 0.271+0.0031 2.59+0.025
nbn-mdn-ais 0.0279+0.0013 0.519+0.04 timeout timeout
nbn-mdn-avi 0.00972+0.00074 0.127+0.0072 timeout timeout
nbn-mdn-1w 0.024+0.0045 0.143+0.0048 timeout timeout
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Table 22: Scalability, non-Gaussian networks: W1 (lower is better), both evidence modes, against network size.

Method n=10 n =100 n = 1000 n = 10000
pgmpy-lg-predict 0.111£0.054 0.136+£0.049  0.0891+0.014 0.101£0.048
pyro-empirical-importance 0.228+0.076 0.22+0.032 0.203£0.029  0.24+0.046 (1/5)
nbn-flexcode-1w 0.0687+0.029 0.0981+0.034 timeout timeout
nbn-flow-ais 0.054+0.013  0.0694+0.0084 (3/5) timeout timeout
nbn-flow-avi 0.0613£0.006  0.0682+0.0039 (3/5) timeout timeout
nbn-flow-1lw 0.0627£0.016  0.05760.0028 (3/5) timeout timeout
nbn-kde-1w 0.0478+0.012 (1/5) oom oom oom
nbn-knn-1w 0.0691£0.019 0.0783+0.013 oom oom
nbn-1g-ais 0.11+0.048 0.131+0.043 0.0899+0.018 0.0908+0.056
nbn-1g-avi 0.115+0.057 0.135+£0.044  0.0942+0.0087 0.102+0.06
nbn-1g-1lw 0.113+0.06 0.13+0.047  0.0934+0.0059 0.0999+0.05
nbn-mdn-ais 0.0458+0.006 0.0564+0.016 (1/5) timeout timeout
nbn-mdn-avi 0.0487+0.0071 0.0453+0.006 (1/5) timeout timeout
nbn-mdn-1w 0.0484+0.0092 0.0453+0.004 (1/5) timeout timeout

Table 23: Scalability, non-Gaussian networks: W1 (lower is better), full evidence, against network size.

Method n=10 n =100 n = 1000 n = 10000
pgmpy-lg-predict 0.11520.061 0.142+0.047  0.0830.0088 0.1012:0.044
pyro-empirical-importance 0.232+0.059 0.193+0.017 0.175+0.024  0.209+0.036 (1/5)
nbn-flexcode-1lw 0.0714+0.026 0.0956+0.044 timeout timeout
nbn-flow-ais 0.0517+0.0082 0.0853+0.012 (3/5) timeout timeout
nbn-flow-avi 0.0578+0.009  0.0729+0.0081 (3/5) timeout timeout
nbn-flow-1w 0.0596+0.011  0.0641+0.0042 (3/5) timeout timeout
nbn-kde-1w 0.0516+0.0076 (1/5) oom oom oom
nbn-knn-1w 0.0755+0.019 0.0779+0.009 oom oom
nbn-lg-ais 0.123+0.054 0.138+0.043 0.0864+0.018 0.0944+0.058
nbn-1lg-avi 0.129+0.065 0.146+0.044  0.0923+0.0097 0.106+0.053
nbn-1lg-1lw 0.125+0.064 0.137£0.045  0.0917+0.0099 0.0992+0.041
nbn-mdn-ais 0.049+0.0048 0.0446+0.014 (1/5) timeout timeout
nbn-mdn-avi 0.0575+0.013  0.0487+0.0053 (1/5) timeout timeout
nbn-mdn-1w 0.0504+0.012  0.0414+0.0046 (1/5) timeout timeout

Table 24: Scalability, non-Gaussian networks: time per query in seconds, both evidence modes, against network size.

Method n=10 n =100 n =1000 n = 10000
pgmpy-lg-predict 0.00076+4.5e-05  0.00659+0.0018  0.0954+0.01 18.6+0.13
pyro-empirical-importance 0.258+0.0039 2.97+0.031 33.1+£0.39  334+5.7 (1/5)
nbn-flexcode-1w 0.0158+0.0023 0.154+0.0053 timeout timeout
nbn-flow-ais 0.106+0.00086  0.835+0.0039 (3/5) timeout timeout
nbn-flow-avi 0.0806+0.0033  0.895+0.0087 (3/5) timeout timeout
nbn-flow-1lw 0.0818+0.0044 0.87+0.0025 (3/5) timeout timeout
nbn-kde-1w 0.107+0.014 (1/5) oom oom oom
nbn-knn-1w 0.0584+0.011 1.03+0.091 oom oom
nbn-1g-ais 0.0232+0.00029 0.292+0.064 2.66%+1.8 2.69+0.097
nbn-1g-avi 0.00319+0.00029 0.0257+0.00028 0.26+0.0053 2.67+0.033
nbn-1g-1w 0.0126+0.0018 0.0387+0.0016  0.277+0.0039 2.87+0.11
nbn-mdn-ais 0.045+0.0018 0.602+0.057 (1/5) timeout timeout
nbn-mdn-avi 0.0117+0.00058 0.135+0.013 (1/5) timeout timeout
nbn-mdn-1w 0.0198+0.0012  0.144+0.0046 (1/5) timeout timeout
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Table 25: Scalability, non-Gaussian networks: time per query in seconds, full evidence, against network size.

Method n=10 n =100 n = 1000 n = 10000
pgmpy-lg-predict 0.000981+8.2e-05  0.00693+0.0019  0.0935+0.0078 18.5£0.2
pyro-empirical-importance 0.248+0.0022 2.93+0.063 32.8+0.026  334+5.7 (1/5)
nbn-flexcode-1w 0.022+0.0039 0.164+0.0052 timeout timeout
nbn-flow-ais 0.107+0.00053  0.831+0.0018 (3/5) timeout timeout
nbn-flow-avi 0.083+0.0041 0.901+0.011 (3/5) timeout timeout
nbn-flow-1lw 0.0847+0.0047  0.873%0.0048 (3/5) timeout timeout
nbn-kde-1w 0.127+0.014 (1/5) oom oom oom
nbn-knn-1w 0.0707+0.0091 1.02+0.089 oom oom
nbn-1g-ais 0.0236+0.00015 0.291+0.064 2.67+1.8 2.68+0.024
nbn-1g-avi 0.00389+0.00034 0.027+0.00029 0.264+0.011 2.7£0.059
nbn-1g-1w 0.0218+0.0031 0.0521+0.0023 0.287+0.0095 2.94+0.053
nbn-mdn-ais 0.0437+0.0018 0.613+0.066 (1/5) timeout timeout
nbn-mdn-avi 0.0126+0.00052 0.137+0.014 (1/5) timeout timeout
nbn-mdn-1w 0.0269+0.0014  0.154+0.0071 (1/5) timeout timeout
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B.3 Batched queries
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Figure 12: Batched queries, all methods: time per query (s), full evidence against query batch size B.
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Figure 13: Batched queries, all methods: time per query (s), empty evidence against query batch size B.
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Table 26: Batched queries, discrete networks: time per query in seconds, full evidence, against query batch size B.

Method B=1 B =128 B =512 B =1024
pgmpy-bayes-ve 0.0346+0 (4/5) - - -
pgmpy-mle-ve 0.0671£0.025 (1/5) - - -
pomegranate-discrete-ve timeout 0.0216+0.00012 0.00829+0.0014 0.0058+0.0016
pyro-empirical-importance timeout - - -

0.0425+0.0019
0.0417+0.0017
0.0425+0.0007
0.00278+0.00016

nbn-cat-ais
nbn-cat-avi
nbn-cat-1lw
nbn-cat-ve

0.000431+4.3e-06
0.000394+1.2e-05
0.000446+9.4e-06
0.000688+0.00031

0.000187+2.4e-05
0.00012+4.5e-06

0.0002+1.2e-06
0.000681+0.00031

0.000154+1.6e-05
9.14e-05+1.9e-05
0.000146+6.4e-06
0.000679+0.00031

Table 27: Batched queries, discrete networks: time per query in seconds, empty evidence, against query batch size B.

Method B=1 B =128 B =512 B =1024

0.00281+0 (4/5) - - -
0.00381+0.0012 (1/5) - - -
timeout 0.0206+0.00026 0.00802+0.0015 0.00535+0.0014

timeout - - -
0.0437+0.0012 0.000341+9.6e-06 8.5e-05+4.7e-06 4.49e-05+5e-06
0.0413+0.0007 0.000316+9e-06 7.87e-05+£1.8e-06  4.02e-05+7.7e-07
0.0436+0.0011 0.000343+9.5e-06 8.5e-05+4.6e-06  4.42e-05+6.7e-07
0.00138+0.00013  1.25e-05+5.3e-07  3.94e-06+1.8e-07  2.66e-06+6e-07

pgmpy-bayes-ve
pgmpy-mle-ve
pomegranate-discrete-ve
pyro-empirical-importance
nbn-cat-ais

nbn-cat-avi

nbn-cat-1lw

nbn-cat-ve

Table 28: Batched queries, linear-Gaussian networks: time per query in seconds, full evidence, against query batch size B.

Method B=1 B =128 B =512 B =1024
pgmpy-1lg-predict 0.00262+0.00011 - - -
pyro-empirical-importance timeout - - -
nbn-flexcode-1w 0.0341+0.00083 0.000569+3.4e-05 0.000425+8.9e-06 0.000428+2.1e-05
nbn-flow-ais timeout 0.00324+2.5e-05 0.000894+9.4e-06 0.000625+1.5e-05
nbn-flow-avi timeout 0.00325+5.4e-05 0.000867+3e-05 0.000593+2e-05
nbn-flow-1w timeout 0.00326+6.9e-05 0.000896+2.2e-05 0.000627+1e-05
nbn-kde-1w 0.0428+0.00068 0.0022+4.9e-05 0.00217+6.7e-05 0.00217+5.4e-05
nbn-knn-1w 0.0459+0.00036 0.000792+2.1e-05 0.000682+2.6e-05 0.000649+1.7e-05
nbn-lg-ais 0.0631+0.00075 0.00071+6.8e-06 0.000244+3.4e-06 0.000217+2.6e-06
nbn-lg-avi 0.0119+0.00025  0.000136+2.1e-06  6.51e-05+1.8e-06  5.25e-05+1.2e-06
nbn-1g-1lw 0.0123+0.0003 0.000199+7.8e-07 0.000142+1.5e-05 0.000111+4.6e-07

nbn-mdn-ais
nbn-mdn-avi
nbn-mdn-1w

timeout
0.052+0.0015
0.052+0.0015

0.00118+3.7e-05
0.000467+1.6e-05
0.000515+3.6e-05

0.000416+1.6e-05
0.000148+1.7e-06
0.000197+4.5e-06

0.000258+2.3e-05
9.37e-05+1.5e-06
0.000172+2.1e-05

Table 29: Batched queries, linear-Gaussian networks: time per query in seconds, empty evidence, against query batch size B.

Method

B=1

B =128

B =512

B =1024

pgmpy-lg-predict
pyro-empirical-importance
nbn-flexcode-1lw
nbn-flow-ais
nbn-flow-avi
nbn-flow-1w
nbn-kde-1w
nbn-knn-1w
nbn-1g-ais
nbn-1g-avi
nbn-1g-1w
nbn-mdn-ais
nbn-mdn-avi
nbn-mdn-1w

0.00236+0.00013
timeout
0.033+0.00071
timeout
timeout
timeout
0.0419+0.00065
0.0439+0.00045
0.0654+0.0011
0.0114+0.00021
0.0118+0.00029
timeout
0.052+0.0014
0.0517+0.0019

0.000257+1.5e-06
0.00309+3.8e-05
0.00313+4.1e-05
0.00308+6.7e-05
0.000336+9.2e-06
0.000324+4.1e-06
0.000515+6.7e-06
8.98e-05+5.8e-07
9.4e-05x1.1e-06
0.00105+2.3e-05
0.000414+1.2e-05
0.000402+1.3e-05

6.6e-05%5.6e-07
0.000773+1.3e-05
0.000784+1.6e-05
0.000773%2e-05
8.42e-05x1.7e-06
8.01e-05%5.9e-07
0.000126+8.5e-07
2.33e-05+5.4e-07
2.46e-05%2.8e-07
0.000266+3.7e-06
0.000104+1.2e-06
0.000101+3.3e-06

3.27e-05%4.3e-07
0.000388+6.6e-06
0.00039+3.6e-06
0.000393+1.2e-05
4.21e-05%+1.1e-06
4.03e-05+1.1e-06
6.42e-05%6.5e-07
1.19e-05x4.7¢-08
1.26e-05+1.5e-07
0.000133+2.3e-06
5.25e-05%1.6e-06
5.12e-05%1.6e-06
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Table 30: Batched queries, non-Gaussian networks: time per query in seconds, full evidence, against query batch size B.

Table 31: Batched queries, non-Gaussian networks: time per query in seconds, empty evidence, against query batch size B.

Method B=1

B =128

B =512

B =1024

pgmpy-lg-predict 0.0031+6.8e-05

pyro-empirical-importance timeout
nbn-flexcode-1w 0.0344+0.00079
nbn-flow-ais timeout
nbn-flow-avi timeout
nbn-flow-1w timeout
nbn-kde-1w 0.0426+0.0015
nbn-knn-1w 0.0466+0.0011
nbn-lg-ais 0.0625+0.00057
nbn-1lg-avi 0.012+0.00012
nbn-lg-1lw 0.0121+0.00026
nbn-mdn-ais timeout
nbn-mdn-avi 0.0515+0.00044
nbn-mdn-1w 0.0523+0.00056

0.000556+3.4e-05
0.00324+6.6e-06
0.00324+4.9¢-06
0.00328+9e-05
0.00222+5.9e-05
0.0008+3e-05
0.000625+1.1e-05
0.000141+3.7e-06
0.000196+1.2e-06
0.00115+1.3e-05
0.000444+5.3e-06
0.000541+2.6e-05

0.000432+9.1e-06
0.000911+£2.3e-05
0.000846+1.4e-05
0.000908+1.3e-05
0.00219+6.6e-05
0.000684+1.3e-05
0.00024+1.6e-05
7.99e-05+1.9e-05
0.000129+1.4e-05
0.000392+9.5e-06
0.000144+5.8e-06
0.000203+1.3e-06

0.000452+9.4e-06
0.00062+9e-06
0.000579+9.9¢-06
0.000629+8.9¢-06
0.0022+7.7e-05
0.000653+1.9e-05
0.000197+1.7e-05
5.34e-05+2e-07
0.00011£1.6e-06
0.000239+1.1e-05
9.06e-05+1.9e-06
0.000151+2.3e-06

Method B=1

B =128

B =512

B =1024

pgmpy-1lg-predict 0.00278+4.3e-05

pyro-empirical-importance timeout
nbn-flexcode-1w 0.0332+0.00053
nbn-flow-ais timeout
nbn-flow-avi timeout
nbn-flow-1lw timeout
nbn-kde-1w 0.0421+0.0015
nbn-knn-1w 0.0446+0.00078
nbn-lg-ais 0.0647+0.00064
nbn-1g-avi 0.0116+0.00025
nbn-1g-1w 0.0116+0.0002
nbn-mdn-ais timeout
nbn-mdn-avi 0.0515+0.00046
nbn-mdn-1w 0.0521+0.00017

0.000261+4.1e-06
0.0031£9.2e-06
0.00307+£8.2e-06
0.00311+8.4e-05
0.000338+2.4e-05
0.000336+2.2e-05
0.000512+1e-05
9.3e-05x1.1e-06
9.22e-05+1.7e-06
0.00104+2.1e-05
0.000397+5.5e-06
0.000409+4.6e-06

6.67e-05%2.2e-06
0.000775+9.2e-06
0.000775+4e-06
0.000785+1.7e-05
8.64e-05+5.3e-06
8.36e-05%4.3e-06
0.00013+5e-07
2.38e-05+6.9e-07
2.41e-05%5e-07
0.00026+9.3e-07
0.000102+3.6e-06
0.000103+2.6e-06

3.38e-05+6.7e-07
0.000387+4.8e-07
0.000383+1e-06
0.000385+1.5e-05
4.41e-05+1.2e-06
4.26e-05+1.9e-06
6.52e-05+1.1e-06
1.2e-05+1.8e-07
1.23e-05+2.8e-07
0.00013+2.7e-06
5.05e-05+2e-06
5.22e-05+5.6e-07
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B.4 Real networks
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Figure 14: Real networks, all methods: accuracy (TV on discrete targets, W1 on continuous ones) against network.
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discrete

[ pgmpy Bayes+VE [l pgmpy MLE+VE [l pomegranate [ pyro IS [ NBN cat+AIS B NBN cat+AVI E NBN cat+LW [ NBN cat+VE
104

103
102
10!

10°

Query time (s)

107!

102

Gaussian

Il pgmpy LG FA NBN FlexCode+LW [l NBN flow+AVI [Z NBN KDE+LW [E NBN LG+AIS [ NBN LG+LW @ NBN MDN+AVI [l NBN MDN+LW
@ pyro IS [l NBN flow+AIS I NBN flow+LW [ NBN kKNN+LW [ NBN LG+AVI [l NBN MDN+AIS

102

10!

Query time (s)

100

N
X
&

CLG

@ pyro IS [ NBN flow+AIS [l NBN flow+LW [ NBN KDE+LW EZ NBN kKNN+LW [l NBN MDN+AIS [ NBN MDN+AVI [l NBN MDN+LW
72 NBN FlexCode+LW [l NBN flow+AVI

N
o
=

Query time (s)
S

10—1 4

>
&é&

Figure 15: Real networks, all methods: total query time (s) against network.
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Table 32: Real networks, discrete networks: TV (lower is better), against network.

Method asia sachs mildew barley hailfinder diabetes link munin
pgmpy-bayes-ve 0.00383+0.00074  0.0124+0.0018 0.033+0.0024 0.0241+0.0013  0.0198+0.00092  0.0407+0.0049 (1/5) 0.00183+0.00014 0.00488+0.00033
pgmpy-mle-ve 0.00343+0.0011  0.0128+0.0016  0.0325+0.0032  0.0275+0.00051 0.0203+0.0015  0.0393+0.0011 (1/5) 0.00197+0.00024  0.00464+9.7e-05
pomegranate-discrete-ve 0.0038+0.0014  0.0122+0.0044 nan nan 0.0208+0.0012 nan timeout timeout
pyro-empirical-importance 0.0336+0.00069  0.0818+0.0091 0.287+0.0041 0.215+0.014 0.136+0.0055 timeout timeout timeout
nbn-cat-ais 0.00524+0.0011  0.0168+0.0024 0.072+0.0027 0.0459+0.0036 0.0333+0.0025 0.118+0.011 0.00604+0.0011 0.0105+0.0012
nbn-cat-avi 0.00478+0.00076  0.0162+0.0015 0.0703+0.0048  0.0401+0.00064 0.0266+0.00054 0.128+0.008 0.00612+0.0021 0.0105£0.00093
nbn-cat-1w 0.00424+0.00096  0.0159+0.0022 0.0709+0.0016 0.0474+0.0019 0.0281+0.00052 0.129+0.0099 0.00496+0.00032 0.00929+0.00056
nbn-cat-ve 0.00354+0.0012  0.012+0.0011 0.0465+0.0027 0.024+0.0013 0.0206+0.00087 0.0343+0.0016  0.00174+0.00033  0.00401+0.0003

Table 33: Real networks, discrete networks: total query time in seconds, against network.

Method asia sachs mildew barley hailfinder diabetes link munin
pgmpy-bayes-ve 0.0165+0.0018 0.0183+8.6e-05 0.331£0.05  1.82+0.027  0.229+0.015 13.6+1.3 (1/5) 0.9£0.05  0.804+0.056
pgmpy-mle-ve 0.0171+£0.0014  0.0183+0.00051  0.269+0.041 1.88+0.1 0.232+0.016  60.8+1.1e+02 (1/5)  0.965+0.04  0.763+0.02
pomegranate-discrete-ve 0.785+0.022 7.47+0.036 67.5+£0.32 146+0.85 60.9+2.3 1.14e+03+8.4 timeout timeout
pyro-empirical-importance 6.15+0.18 11.6+0.41 117+0.47 217+4.8 24045 timeout timeout timeout
nbn-cat-ais 0.328+0.012 0.602+0.011 3.12+0.03  5.13+0.033 12.5+0.58 45.2+0.68 255+0.64 360+1.6
nbn-cat-avi 0.116+0.0033 0.219+0.0025 2.25%0.015 4.13+0.02 4.39+0.065 38.7x1.7 65.6%1.1 94.7£0.55
nbn-cat-1w 0.482+0.014 0.614+0.0071 3.39+0.02  5.35+0.015 5.74+0.1 44.8+1.1 79.8+1.1 111+0.29
nbn-cat-ve 0.113+0.0021 0.115+0.0013 0.531+0.023 1.01+0.02 0.733+0.058 55.9+5.2 4.09+0.6 1.8+0.05

Table 34: Real networks, Gaussian networks: W1 (lower is better), against network.

Method ecoli70 arth150
pgmpy-lg-predict 0.0418+0.002  0.021+7.5e-05
pyro-empirical-importance 0.245+0.0029 0.107+0.0031
nbn-flexcode-1w 0.148+0.0077 0.0389+0.0019
nbn-flow-ais 0.0923+0.0073 3.94+0.062
nbn-flow-avi 0.0942+0.0025 3.91+0.073
nbn-flow-1w 0.0942+0.0087 3.92+0.075
nbn-kde-1w 0.11+0.0018 0.0297+0.0002
nbn-knn-1w 0.111+£0.0052  0.0418+0.00083
nbn-1g-ais 0.0603+0.0012  0.0218+0.00034
nbn-lg-avi 0.0541+0.0062 0.0212+1.1e-05
nbn-1g-1lw 0.0547+0.0012 0.0219+0.0003
nbn-mdn-ais 0.059+0.002 0.0498+0.0021
nbn-mdn-avi 0.0615+0.00074 0.0503+0.0011
nbn-mdn-1w 0.0586+0.0029 0.0471+0.004

Table 35: Real networks, Gaussian networks: total query time in seconds, against network.

Method ecoli70 arth150
pgmpy-lg-predict 0.314+0.02  0.425+0.021
pyro-empirical-importance 141+0.82 317+4.6
nbn-flexcode-1lw 8.58+0.047 13.9+0.11
nbn-flow-ais 106+4.2 102+1.9
nbn-flow-avi 47+0.58 101+0.25
nbn-flow-1w 45.9+1.1 99+0.95
nbn-kde-1w 76+0.66 115+8.3
nbn-knn-1w 39.7+0.22 45.2+3.3
nbn-1g-ais 18.6+0.26 2.98+0.14
nbn-1g-avi 1.49+0.045 2.97+0.05
nbn-1g-1w 1.64+0.018 3.11+0.1
nbn-mdn-ais 42.4+0.4 13.5+0.85
nbn-mdn-avi 8.6+0.23 13.5+0.41
nbn-mdn-1w 8.55+0.37 13.6+0.6
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Table 36: Real networks, CLG networks: W1 (lower is better), against network.

Method healthcare sangiovese mehra
pyro-empirical-importance 106+15  0.0583+0.0027  3.74e+07+1.9e+06
nbn-flexcode-1w 221421  0.0344+0.0027  2.03e+08+1.9e+07
nbn-flow-ais 572+1.3e+02 0.0412+0.004  2.21e+06+1.6e+05
nbn-flow-avi 543439 0.042+0.005  3.56e+06+2.8e+06
nbn-flow-1w 581%+1.1e+02  0.0412+0.0084  1.97e+06+5.7e+05
nbn-kde-1w 16.6+1  0.0252+0.0017 oom
nbn-knn-1w 23.4+11 0.028+0.0019  2.41e+06+7.1e+05
nbn-mdn-ais 461+£2.3e+02  0.0271+0.0044  2.17e+06+4.1e+05
nbn-mdn-avi 576+1.9e+02  0.022+0.0029  2.97e+06+6.8e+05
nbn-mdn-1w 625+90  0.0242+0.0032 1.89e+06+2e+05

Table 37: Real networks, CLG networks: total query time in seconds, against network.

Method healthcare sangiovese mehra
pyro-empirical-importance 4.03+0.19 17.8+0.6 42.2+1.9
nbn-flexcode-1w 0.199+0.011  0.873+0.0092 1.3+0.037
nbn-flow-ais 0.688+0.032 8.52+2.6 7.12+0.023
nbn-flow-avi 0.688+0.046 5.16+0.15 7.71+0.51
nbn-flow-1lw 0.771+0.048 5.24+0.11 7.24+0.26
nbn-kde-1w 0.827+0.037 9.78+0.23 oom
nbn-knn-1w 0.345+0.021 2.25%0.052 2.98+0.098
nbn-mdn-ais 0.152+0.0077 1.67+0.047 1.2+0.041
nbn-mdn-avi 0.126+0.0056 0.705+0.02  1.18+0.055
nbn-mdn-1w 0.166+0.0064 0.747+0.023 1.19+0.042
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B.5 Parameter learning

discrete
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Figure 16: Parameter learning, all methods: parameter-recovery TV against network size.
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Il pgmpy LG [C] NBN FlexCode [l NBN flow [ NBN KDE [l NBN kNN [ NBN LG [l NBN MDN

0.051
5
%)
»
&=
[y
0.02 1
g E 3 g 3
] 3 3 8 = = 3
P om - E o - iim:
100 500 1000
n (nodes)
continuous (non-Gaussian)
M pgmpy LG [ NBN FlexCode [l NBN flow [ NBN KDE [ NBN kNN [ NBN LG [l NBN MDN
o
0 0.051
»
[_‘
—
Ay
g g E g g
0.021 £ EEEM: EEEME
100 500 1000
n (nodes)

Figure 17: Parameter learning, all methods: calibration error (PIT-KS) against network size.
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Figure 18: Parameter learning, all methods: held-out negative log-likelihood per node against network size.
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Table 38: Parameter learning, discrete networks: parameter-recovery TV (lower is better), against network size.

Method n =10 n =50 n =100 n =500 n =1000
pgmpy-bayes 0.00907+0.0023 0.0423+0.002 0.0484+0.0015  0.0585+0.0018 0.0592+0.00063
pgmpy-mle 0.00908+0.0023 0.0423+0.002 0.0484+0.0015  0.0585+0.0018 0.0592+0.00063
pomegranate-discrete-ve 0.00908+0.0023 0.0423+0.002 0.0484+0.0015  0.0585+0.0018 0.0592+0.00063
pyro-empirical 0.00897+0.0021  0.0408+0.0017  0.0463+0.0016 0.0561+0.002 0.0567+0.00066
nbn-cat 0.00908+0.0023 0.0423+0.002 0.0484+0.0015  0.0585+0.0018 0.0592+0.00063
nbn-cat-bayes 0.00897+0.0021 0.0408+0.0017 0.0463+0.0016 0.0561+0.002 0.0567+0.00066

Table 39: Parameter learning, discrete networks: held-out negative log-likelihood per node (lower is better), against network
size.

Method n=10 n=>50 n =100 n =500 n = 1000

nbn-cat 1.12+0.017 1.18+0.003 1.19+0.0069 1.21+0.011 1.21%£0.0042
nbn-cat-bayes  1.12+0.017 1.13+0.0012  1.12+0.0026 1.13+0.00093  1.13+0.00059

Table 40: Parameter learning, discrete networks: fit time in seconds, against network size.

Method n=10 n =50 n =100 n =500 n = 1000
pgmpy-bayes 1.83+0.015 2.18+0.0091 2.72+0.092 6.26+0.18 11+0.16
pgmpy-mle 1.85+0.037 2.09+0.0058 2.54+0.016 5.73+0.023 9.75+0.079
pomegranate-discrete-ve 3.31+0.0011 3.44+0.025 3.66+0.0033 4.63+0.016 6.26+0.011
pyro-empirical 0.12+0.0011  0.14+0.0024 0.182+0.0012  0.469+0.0074  0.711+0.032
nbn-cat 0.336+0.0024  0.401+0.0046 0.495+0.0039 1.3+0.03 2.13+0.02
nbn-cat-bayes 0.311+£0.0056  0.391£0.0055 0.473+0.0041 1.27+0.0083 2.11+0.011

Table 41: Parameter learning, linear-Gaussian networks: PIT-KS (lower is better), against network size.

Method n=10 n =50 n =100 n =500 n = 1000
pgmpy-1lg 0.0299+0.0056 0.0181+0.0013 0.0165+0.00067 0.0151+2.8e-05 0.0148+2.9e-05
nbn-flexcode 0.0358+0.00089 0.0241+0.00034 0.0237+0.0004 timeout timeout
nbn-flow 0.0413+0.0045 0.026+0.00034  0.0249+0.00022 (3/5) timeout timeout
nbn-kde 0.039720.0018 (1/5)  0.0272%0.00022 (2/5)  0.0289%0.0019 (2/5)  0.0285%0.0043 (1/5) oom
nbn-knn 0.0366+0.0038 0.0346+0.00049 0.0394+0.0017 oom oom
nbn-1g 0.032+0.0058 0.0189+0.0012 0.0171+0.00056 0.0152+7.5e-05 0.0149+6.4e-05
nbn-mdn 0.0315+0.0054 0.0203+0.00048 timeout timeout timeout

Table 42: Parameter learning, linear-Gaussian networks: held-out negative log-likelihood per node (lower is better), against
network size.

Method n=10 n =50 n =100 n =500 n = 1000
pgmpy-lg 0.919+0.078 0.943+0.018 0.924+0.04 0.937+0.0076  0.931+0.0041
nbn-flexcode 0.948+0.061 1.04+0.014 1.04+0.035 timeout timeout
nbn-flow 0.968+0.02 1+0.006  0.968+0.013 (3/5) timeout timeout
nbn-kde 0.971+0.039 (1/5) 1.02+0.018 (2/5)  0.973+0.013 (2/5)  1.05+0.024 (1/5) oom
nbn-knn 0.933+0.072 0.985+0.012 0.984+0.034 oom oom
nbn-1g 0.919+0.078 0.943+0.018 0.924+0.04 0.937+0.0076  0.931+0.0041
nbn-mdn 0.921+0.078 0.947+0.017 timeout timeout timeout

Table 43: Parameter learning, linear-Gaussian networks: fit time in seconds, against network size.

Method n=10 n =50 n =100 n =500 n =1000
pgmpy-lg 1.83+0.06 2.14+0.025 2.16+0.095 3.44:+0.04 4.02+0.25
nbn-flexcode 47+14 400+10 852+19 timeout timeout
nbn-flow 182+5.5 605+16  1.16e+03+16 (3/5) timeout timeout
nbn-kde 1.96+0.095 (1/5) 15.240.23 (2/5) 34+0.77 (2/5)  172+1.3 (1/5) oom
nbn-knn 1.08+0.013 3.76+0.028 7.11+0.16 oom oom
nbn-1g 0.37+£0.0049  0.449+0.0022 0.547+0.0073  1.45+0.0014 2.57+0.018
nbn-mdn 77.8+23 674427 timeout timeout timeout
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Table 44: Parameter learning, non-Gaussian networks: PIT-KS (lower is better), against network size.

Method n=10 n =50 n =100 n =500 n = 1000
pgmpy-1g 0.0603+0.0062 0.063+0.0021 0.0646+0.0068  0.065+0.00079  0.067+0.00051
nbn-flexcode 0.0314+0.0033 0.027+0.0054 0.0368+0.013 timeout timeout
nbn-flow 0.0392+0.0056 0.0252+0.00067 0.0225+0.00058 timeout timeout
nbn-kde 0.0313+0.0024 (1/5)  0.0241+0.00052 (2/5)  0.0262+0.00022 (2/5) oom oom
nbn-knn 0.0376+0.0024 0.0333+0.00077 0.0325+0.00026 oom oom
nbn-1g 0.0644+0.0047 0.0637+0.0023 0.0652+0.0064  0.065+0.00068  0.067+0.00047
nbn-mdn 0.0356+0.0088 0.0205+0.001 timeout timeout timeout

Table 45: Parameter learning, non-Gaussian networks: held-out negative log-likelihood per node (lower is better), against
network size.

Method n =10 n =50 n =100 n =500 n = 1000
pgmpy-lg 1.13+£0.071 1.31£0.095 1.42+0.14  1.36+0.015 1.39+0.016
nbn-flexcode 1.11+0.068 1.3+0.027 1.41+0.048 timeout timeout
nbn-flow 1.11+0.076 1.26+0.096 1.84+0.84 timeout timeout
nbn-kde 1.08+0.087 (1/5)  1.45+3.4(2/5)  1.51+0.032 (2/5) oom oom
nbn-knn 1.11£0.067 1.25+0.053 1.31+0.048 oom oom
nbn-1g 1.13+£0.071 1.31£0.095 1.42+0.14  1.36+0.015 1.39+0.016
nbn-mdn 1.09+0.06 1.19+0.031 timeout timeout timeout

Table 46: Parameter learning, non-Gaussian networks: fit time in seconds, against network size.

Method n =10 n =50 n =100 n =500 n =1000
pgmpy-1lg 1.84+0.033 1.9240.02 2.01+0.016 2.8+0.059 3.93+0.15
nbn-flexcode 47.3+14 404+14 858+18 timeout timeout
nbn-flow 178+16 553+41  1.08e+03+10 timeout timeout
nbn-kde 1.9740.1 (1/5)  15.4+0.23 (2/5)  34.3%2 (2/5) oom oom
nbn-knn 1.1+0.0083 3.75+0.0084 7.57+0.77 oom oom
nbn-1g 0.356+0.0075 0.449+0.013 0.553+0.01 1.51+0.031 2.76+0.028
nbn-mdn 79.4+24 679+24 timeout timeout timeout
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Table 47: Sample efficiency, discrete networks: parameter-recovery TV (lower is better), against training-set size.

Table 48: Sample efficiency, discrete networks: held-out negative log-likelihood per node (lower is better), against training-set

size.

Table 49: Sample efficiency, discrete networks: fit time in seconds, against training-set size.

Method

Ny = 4096

ner = 16384

Nyr = 32768

ner = 65536

pgmpy-bayes

pgmpy-mle
pomegranate-discrete-ve
pyro-empirical

nbn-cat

nbn-cat-bayes

0.0977+0.0035
0.0979+0.0035
0.0979+0.0035
0.0847+0.0019
0.0979+0.0035
0.0847+0.0019

0.0474+0.0023
0.0474+0.0023
0.0474+0.0023
0.0453+0.0021
0.0474+0.0023
0.0453+0.0021

0.0335%0.0011
0.0336%0.0011
0.0336+0.0011
0.0328+0.001
0.0336%0.0011
0.0328+0.001

0.0236+0.00064
0.0236+0.00064
0.0236+0.00064
0.0233+0.00062
0.0236+0.00064
0.0233+0.00062

Method Ner = 4096  ng =16384  ng, =32768  nge = 65536
nbn-cat 1.84£0.049  1.21£0.0047  1.15+0.0015 1.12+0.0029
nbn-cat-bayes  1.16+0.0017 1.13+0.0031 1.12+0.0035  1.12+0.0031

Method ns = 4096 ny; =16384  ng; =32768  ng = 65536
pgmpy-bayes 2.2940.025 2.2240.0038 2.2540.035 2.3440.023
pgmpy-mle 2.14+0.0092 2.18+0.02 2.23+0.013 2.39+0.017
pomegranate-discrete-ve 3.5+0.0068 3.56+0.049 3.57+0.063 3.59+0.021
pyro-empirical 0.135+0.0045 0.142+0.0004 0.16+0.0036 0.187+0.022
nbn-cat 0.407+0.0024 0.41+0.00093 0.408+0.003 0.413+0.019
nbn-cat-bayes 0.404+0.0046 0.406+0.0029 0.404+0.002  0.401+0.0052

Table 50: Sample efficiency, linear-Gaussian networks: PIT-KS (lower is better), against training-set size.

Method ng = 4096 ny = 16384 ny = 32768 ny = 65536
pgmpy-1lg 0.0189+0.00091 0.018+0.0013 0.0173+0.0008 0.0173+0.00073
nbn-flexcode 0.0292+0.0013  0.0238+0.00052 0.0228+0.00029 timeout
nbn-flow 0.0297+0.0009  0.0261£0.00093 0.0252+0.00034 timeout
nbn-kde 0.0323%0.0015 0.0275+0.0014 oom oom
nbn-knn 0.0397+0.00051  0.0346%0.00085 0.0329+0.00076  0.0304+0.00049 (1/5)
nbn-1g 0.0187+0.00084 (1/5) 0.0181+0.0013 0.018+0.0014 0.0176+0.0012
nbn-mdn 0.0208+0.0011  0.0195+0.00055  0.0206+0.00096 (1/5) timeout

Table 51: Sample efficiency, linear-Gaussian networks: held-out negative log-likelihood per node (lower is better), against
training-set size.

Method n; =4096  ng = 16384 ng, = 32768 ngr = 65536
pgmpy-1lg 0.943+0.019  0.942+0.017 0.944+0.019 0.945+0.019
nbn-flexcode 1.17+0.013 1.05+0.0087 1.02+0.017 timeout
nbn-flow 1.02+0.0043 1.01+£0.0073 1+0.0043 timeout
nbn-kde 1.05+0.013 1.02+0.013 oom oom
nbn-knn 1.01+£0.012 0.988+0.013 0.981+0.015  0.966+0.013 (1/5)
nbn-1g 0.935+0.015 (1/5)  0.942+0.017 0.944+0.019 0.945+0.019
nbn-mdn 0.953+0.019 0.946+0.017  0.958+0.011 (1/5) timeout

Table 52: Sample efficiency, linear-Gaussian networks: fit time in seconds, against training-set size.

Method ny = 4096 ny = 16384 ng = 32768 Ny = 65536
pgmpy-1g 2.06+0.049 2.06+0.041 2.14+0.043 2.12+0.057
nbn-flexcode 86+4.3 33149.1 664+25 timeout
nbn-flow 232+3.9 573+5.5 886+42 timeout
nbn-kde 1.29+0.023 11.9+0.049 oom oom
nbn-knn 0.737+0.0044 2.86+0.034 9.99+£0.39  37.7+0.53 (1/5)
nbn-1g 0.451+0.0072 (1/5)  0.462+0.0039 0.464+0.00023 0.509+0.015
nbn-mdn 153+7.3 589+20  1.18e+03%12 (1/5) timeout
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Table 53: Sample efficiency, non-Gaussian networks: PIT-KS (lower is better), against training-set size.

Method ner = 4096 Ny = 16384 Nyr = 32768 ner = 65536
pgmpy-1g 0.06320.0021 0.063£0.002  0.0635£0.0024  0.0653%0.0022
nbn-flexcode  0.0275+0.0051 0.028+£0.0052  0.0287+0.0054 timeout
nbn-flow 0.0286+0.0015  0.0244+0.00023  0.0234+0.00035 timeout
nbn-kde 0.0305+£2.7e-05  0.02520.00032 oom oom
nbn-knn 0.0388£0.00089  0.0345£0.0009  0.032+£0.00092  0.0311+0.0013
nbn-1g 0.06460.0022 0.0645+0.002  0.0647+0.0025  0.0663+0.0024
nbn-mdn 0.0234+0.0015  0.0206+0.0015  0.021::0.00093 timeout

Table 54: Sample efficiency, non-Gaussian networks: held-out negative log-likelihood per node (lower is better), against training-
set size.

Method ngy =4096  ng; =16384  ngr =32768  ng = 65536
pgmpy-lg 1.26+0.03 1.27+0.035 1.27+0.029 1.27+0.037
nbn-flexcode 1.42+0.037 1.31+0.022 1.29+0.031 timeout
nbn-flow 1.23+0.03 1.24+0.055 1.22+0.026 timeout
nbn-kde 1.45+0.025 1.62+0.34 oom oom
nbn-knn 1.25+0.026 1.23+0.026 1.22+0.027 1.21+0.028
nbn-1g 1.26+0.03 1.27+0.035 1.27+0.029 1.27+0.037
nbn-mdn 1.2+0.03 1.19+0.028 1.19+0.029 timeout

Table 55: Sample efficiency, non-Gaussian networks: fit time in seconds, against training-set size.

Method ngy =4096  ng =16384 ng = 32768 Ny = 65536
pgmpy-lg 2.04+0.044 1.99+0.018 2.04+0.016 2.2%0.096
nbn-flexcode 83.4+4.5 324+17 633+19 timeout
nbn-flow 222+13 488+4.8 816+20 timeout
nbn-kde 1.15+0.02 10.2+0.45 oom oom
nbn-knn 0.681+0.012 2.46+0.0066 8.31+0.054 30.2+0.49
nbn-1g 0.442+0.0072  0.44+0.0015 0.44+0.0089  0.452+0.0021
nbn-mdn 142+8.3 552+42 1.09e+03+44 timeout
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