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Abstract

A large language model (LLM) trained on synthetic
limit order book (LOB) data achieves near perfect
scores in generating valid sequences of LOB events.
However, the LLM’s implicit world model fails to learn
the state of the LOB. This deficiency leads to biased
estimates and spurious predictability in using the LLM
to forecast future LOB events. Our analysis uses novel
tests of an LLM’s world model, extending prior work
from deterministic settings to the stochastic dynamics
needed for the LOB.

1. Introduction

If a large language model (LLM) learns to recognize and generate
valid sequences of limit order book (LOB) events — order arrivals,
execution, and cancellations — has it developed a correct world
model of the LOB? Does such an understanding matter? These are
the questions we investigate.

We train a transformer-based LLM from scratch using events in a
simulated LOB. The LLM performs extremely well in generating
valid sequences and in finding sequences that move the LOB from a
starting state to a target state. By these measures, the LLM appears
to understand key concepts underlying an LOB: transactions can
only occur at the best bid or ask price; market orders can only
execute against opposite side resting orders; a cancellation order
requires the presence of a limit order to be canceled.

At the same time, we find evidence of systematic errors in the
LLM’s implicit world model of the LOB. A correct understanding
of the LOB’s dynamics becomes important in applying the trained
LLM to a task related to but different from the task on which it
was trained.

In our setting, the related task is forecasting. We have in mind
a trader or market-maker using the trained LLM to predict, e.g.,
whether the next order will be a buy or a sell order. We find
consistent evidence of spurious predictability: the LLM finds
predictability where none exists, and thus delivers misleading
forecasts. This is where the abstract concept of an incorrect world
model takes on practical consequences.

By using simulated data, we are able to ensure that the state of
the data-generating LOB is a Markov chain. Given the current
state, the past history of the LOB is therefore irrelevant to its
future evolution, yet the LLM’s forecasts are influenced by past
events. Our framework thus evaluates the LLM under the null
hypothesis of no predictability. Events in an actual LOB may
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well exhibit some predictability, but an LLM’s ability to provide
reliable forecasts is suspect if it finds predictability under the null.
More fundamentally, its implicit world model of an LOB appears
to be flawed.

Prior work on inferring and evaluating LLMs’ world models in-
cludes (Hazineh et al., [2023; [Li et al., |2023; [Toshniwal et al.} 2022)
in the setting of games, (Guan et al.| 2023) in task planning, (Liu
et al.l 2023} |Vafa et al., [2024)) in deterministic finite automata
(DFA), and (Vata et al.| 2025) in the setting of physical laws. In
these cases, the “true”” model is deterministic whereas the evolution
of an LOB is inherently stochastic. We adapt and apply some tests
studied in the general framework of (Vata et al.[2024).

Our focus on biased forecasts and spurious predictability is new
and particularly relevant to the financial setting. We introduce
new tests for this property. Our kernel-level total variation (TV)
measures deviations between an LLM’s next-token probabilities
and the true distribution kernel. Our history-level total variation
(TV) measures the erroneous influence of past events on an LLM’s
forecast distribution. We also apply a regression test to evaluate
spurious predictability or miscalibration in the probabilities of
future events using information on past events.

From a practical perspective, our results indicate that valid-
sequence tests are insufficient in training an LLM for downstream
tasks (such as forecasting events) in LOB. Larger training datasets
or new training methods are needed to improve an LLM’s world
model of an LOB. Our results use small LOB settings to make
training from scratch feasible; the issues we document would likely
be more severe with a larger state space. A growing literature fo-
cuses on generating large synthetic financial datasets; see, e.g.,
(Assefa et al., 2020} Kong et al., 2024} Nagy et al.,[2023).

Section[2]reviews LOBs and formulates our LOB dynamics. Sec-
tion [3] constructs the datasets. Section H] describes our model
training process. Section[5]introduces a simple baseline for com-
parison. Section[6|uses existing diagnostics to evaluate our models.
Section [7] introduces and applies our new tests. Section [§]tests
larger LOB settings. Section[9]concludes.

2. Limit Order Book
2.1. States

Figure[T]illustrates a limit order book. This example has five fixed
price levels p1 > --- > ps. There are v1 = 1 orders to sell at
price p1 and v2 = 2 orders to sell at p2; there are v4 = 3 orders
to buy at price ps and vs = 2 orders to buy at ps. The notation
£* = 2 indicates that the lowest asking price is p2, and similarly
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h® = 4 indicates that the highest bid price is pa.
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Figure 1: Representation of a limit order book

More generally, we represent the state of the LOB by the vector
(£*,h®, vy, ...,vp), where P is the fixed number of possible price
levels. Fori = 1,...,¢%, v; is the quantity of sell orders asking
pi. Fori = h®, ..., P, v; is the quantity of buy orders bidding p;.
If there are no bids (buy orders), then h? = P + 1, and if there are
no ask (sell) orders then /¢ = 0.

Any price levels (ps3 in the figure) between the bids at the bottom
and the asks at the top constitute the spread region and should have
v; = 0. To keep the state space finite, we cap the total number
of orders at any price level at V1, and the size of each individual
order at V5. (See, e.g., (Cartea et al., 2015)) for general background
on limit order books.)

2.2. Events and State Transitions

The state of the LOB evolves through the arrival of limit orders,
cancellation orders, and market orders. We associate a token
with each possible event. The token ask_p_i_ v represents the
arrival of an ask order to sell v shares at price p;. A limit buy
order is similarly written as bid_p_1i_v. The cancellation orders
w_ask_p_i_v and w_bid_p_i_v remove v units from the
corresponding side at price p;. A market sell order m_ask_v
consumes v units from the bid side starting from the best bid pjs;
a market buy order m_bid_v consumes v units from the ask side
starting from the best ask pga.

Limit orders follow standard matching logic. If an arriving limit
buy order bids at a price p; below the lowest ask price pga, the order
rests in the book at price p;, provided that the resulting volume
does not exceed V). If instead the submitted limit buy order bids
at p; > pee (a crossing bid), it executes against the opposite side
starting from the lowest asking price pea . If the submitted size is
larger than the available sell volume at prices less than or equal to
the bid p;, the unfilled residual rests at p;. The arrival of limit sell
orders works analogously. Cancellation orders are valid only when
the corresponding side and price level currently contain at least the
requested cancellation volume. Market orders are valid only if the
opposite side has enough total volume to fully execute the order.

The rules of the LOB determine the set of valid events A(s) in
each state s. Each valid event a € A(s) deterministically maps
the LOB state s to a new state s’ = T'(s, a), as in a deterministic
finite automaton (DFA), the framework used in (Vafa et al., [2024).
There may be more than one event that moves the state from s to

’
S .

Once we specify the probability p(a|s) of each event a in each
state s, the evolution of the state becomes a Markov chain. The
transition probability from s to s’ is given by

K(s,s') = Z

a€A(s):T(s,a)=s’

als).

The resulting finite-state Markov chain is irreducible and aperiodic,
and therefore admits a unique stationary distribution 7, which sat-
isfies mK = . For simplicity, we assume that, in each LOB state,
all valid events (tokens) are equally likely, u(als) = 1/].A(s)].
We have obtained consistent results using non-uniform kernels that
assign higher probabilities to buy or sell orders, inducing upward
or downward price pressure.

3. Synthetic Datasets Construction

We associate a state ID token with every LOB state, and, as de-
scribed above, we associate a token with every event. Each training
sequence is represented as

Sstart Sgoal Q1 G2 art end, (1)

where Sstars 1S the initial state ID, sgoa is a target state ID, and
ai,...,ar are valid LOB events. The special token end is valid
only when current state equals the target state. We train an LLM
to respond to a prompt of the form (Sstart, Sgoal) by generating a
sequence of valid event tokens that move the LOB from sg¢art to

Sgoal-

This format requires the LLM to learn which sequences of events
are valid from any LOB state ssart. But it goes further in requiring
the model to learn how to reach a target state sgoa1, which suggests
an ability to plan or anticipate the impact of multiple events and
thus a deeper understanding of the LOB’s transition structureﬂ

Following (Vafa et al.l|2024), we generate two types of datasets of
sequences (I): random walks and shortest paths.

For the random walk dataset, we draw sstart from the stationary
distribution 7 of the LOB Markov chain. We generate a; from
1(+|sstart ), the next-token distribution in the current state. The
event a; moves the LOB to a new state s’. With probability psop,
the sequence terminates and we set Sgoa1 = s'. With probability
1 — pyop, We generate a2 from s’, and the process repeats. This
construction gives the sequence length 7" a geometric distribution
with mean 1/pgep. The memoryless property of the geometric
distribution implies that the number of events observed thus far
along a sequence carries no information about how many more
events will be observed before the sequence terminates. In our
experiments, we cap the maximum sequence length to keep the
length bounded.

In the shortest-path dataset, we require that (1) move from the start
to the goal state with the fewest possible transitions 7". Details of
the construction are given in Appendix [AT]

The random walk dataset is intended to approximate observational
data. Given a history of events in an actual LOB, one could

!"The goal state acts as a conditioning signal, analogous to contextual conditioning
in standard language modeling, requiring the model to learn multi-step reachability
rather than only local transition probabilities. This does not conflict with our subse-
quent prediction tests, since this conditioning is averaged out over goal states drawn
from the same data-generation process.



randomly divide the historical sequence into segments, record the
start and end states for each segment, and train an LLM to generate
similar segments. The shortest-path dataset is for comparison; we
expect the shortest paths to reveal more about the LOB dynamics
but to explore the state space less thoroughly.

4. LLM Training

For each dataset, we train a decoder-only transformer model on to-
ken sequences of the form (). We use a GPT-style causal decoder
architecture with 12 transformer layers, embedding dimension 768,
and 12 attention heads, giving approximately 86.4 million trainable
parameters. We have obtained very similar qualitative results using
a larger transformer structure with 48 layers, embedding dimen-
sion 1600, and 25 attention heads, which gives approximately 1.5
billion trainable parameters.

Each transformer model is trained with the standard next-token
prediction objective using a cross-entropy loss function. Given a to-
ken sequence a1, . .., an, the model estimates pg(at|a<¢), where
a<: denotes the sequence of tokens preceding a:, and 6 denotes
the model’s parameters. Interpret pg(ala<:) as the probability the
model assigns to token a to follow a<:. The parameters 6 are
chosen through approximate minimization of the loss function

N

L(0) = = > logps(ala<s).

i=1

For batched training over many sequences, this loss is summed
over all non-padding tokens in the batch.

For the experiments in Sections[6]to[7] we use the base LOB setting
(P, V1, V2) = (3,5,2), and we train three models:

* SP: trained on 500K shortest-path segments with geometric
mean length 5 and cap 20.

* RW-S: trained on 10M random-walk segments with geomet-
ric mean length 20 and cap 60.

e RW-L: trained on 10M random-walk segments with geomet-
ric mean length 50 and cap 150.

We use 99% of each dataset for training and reserve 1% for heldout
evaluation. All training is performed using mixed precision on
a Supermicro AS-4124GO-NART+ server with eight NVIDIA
A100-SXM4-80GB GPUs. The SP model is trained for 10 epochs.
We run a validation every 5000 parameter updates and select the
checkpoint with lowest validation loss. The RW models are trained
for one epoch, and the final checkpoint is used. The training time
is 4-6 hours for the SP model, and 1-2 days for the RW models.

In Section [8] we repeat the same pipeline on two larger LOB
settings. One increases the depth capacity, using (P, V1, V2) =
(3,12, 3), and the other increases the number of price levels, using
(P, V1,V2) = (8,2,2). For these scaling experiments, the train-
ing datasets are enlarged to two and three times the size of the
corresponding base datasets, respectively, and the training time
increases approximately proportionally with the amount of training
data.

5. Empirical-Kernel Baseline

To separate errors caused by the training data from errors caused
by the LLM’s learned representation, we also construct a simple
empirical-kernel baseline. This baseline has no hidden state or
attention mechanism, it predicts the next event only based on the
current LOB state by using empirical next-token frequencies in
the training data. For each state s and event token a (including
the end token), let Nirain($, a) be the number of times event
a appears immediately after state s in the training data, and let
Nirain(8) = D orca Nirain(s, a’) be the total number of observed
outgoing events from s, using the RW-L dataset. The empirical-
kernel baseline predicts

Ntrain (57 a)
Ntrain (5)

For each LOB setting, the baseline is trained on the same dataset
as the RW-L model. In our experiments, more than 99.8% of
evaluation states are observed in the training data and baseline
results are computed over these covered states. This simple model
provides a useful comparison: if this empirical-kernel baseline
does not exhibit the same errors we find in the LLM, then those
patterns are unlikely to be a consequence of the training data.
Instead, they arise from the representation the LLM learns.

Pemp(a | 5) =

6. Model Diagnostics
6.1. Valid Traversal Test

As a first test of the trained LLM’s understanding of the LOB, we
evaluate its ability to generate (only) valid sequences of tokens. We
prompt the model with a heldout pair (so, s¢). Recall that state IDs
are themselves tokens, so we can evaluate the model’s next-token
distribution pg (-|so, s¢) and choose token @; to maximize the next-
token probability. We then choose G2 to maximize pg(-|so, sg, 1)
and so on to generate a sequence So, Sy, a1, a2, - ,ar, end. We
refer to this as greedy generation.

The generated trajectory is valid if every generated event is valid
under the true LOB transition rules and the terminal token appears
only when the current state equals the target. Formally, (recalling
Aand T'(-,-) from the end of Section starting from 89 = so,
each generated event must satisfy

az 6A(§t_1), S¢ IT(§t_1,€Lz),

and end is emitted only when 7 = s,. We evaluate the fraction
of valid sequences for each model.

In the experiments below, this evaluation is carried out on the
testing split of each dataset. In addition to the valid traversal rate,
we also report two shortest-path diagnostics. The SP Rate is the
fraction of generated trajectories that reach s, using a shortest path
in the LOB state graph. The Extra Steps statistic is the generated
path length minus the shortest-path distance between sg and sg,
averaged over valid generated trajectories.

Success in generating (only) valid sequences suggests an under-
standing of LOB dynamics. In contrast, executing a market buy
order at a higher price than the lowest resting sell order would sug-
gest a lack of understanding; so would generating a cancellation of
a nonexistent limit order. Using sequences of the form (T} requires



substantially more than this basic understanding of LOB rules by
requiring the LLM to steer the state to a fixed goal in generation.

Table [T] shows that that all three LLMs score very high on the
valid traversal test, nearly always generating valid sequences. As
expected, the baseline performs poorly on this task because it
has no mechanism for goal-directed sequence generation. The
SP Rate column shows that 99.4% of sequences generated by the
SP model also achieve the shortest length. Interestingly, the RW
models also tend to generate short sequences. In the RW-S model,
90.6% of generated sequences achieve the shortest path to the goal,
even though only 10.4% of sequences in its training set have this
property. Also, the generated sequences of RW-S model exceed the
shortest path by only 0.1 steps on average, whereas in its training
data the value is 16.3. The RW-L results in the table show a similar
pattern. The fact that RW models generate shorter sequences to
reach s, further suggests an understanding of the LOB dynamics,
since their training sequences are not constructed to be the shortest
paths.

Table 1: Diagnostic results

Model Valid SP Extra Compress.
Traversal Rate Steps Score
SP 99.4% 99.4% (100%) 0.0 (0.0) 61.1%
RW-S 98.5% 90.6% (10.4%) 0.1 (16.3) 42.0%
RW-L 95.5% 83.7% (4.2%) 0.3 (43.8) 48.0%
Baseline 0.7% 0.7% (4.2%) 0.0 (43.8) 99.9%

6.2. Compression Test

The compression test, introduced in (Vafa et al.| 2024), examines
an LLM’s understanding of the state of the real system. Given
the current state, an LLM with a correct world model should not
be influenced by the history leading to that state in generating
future sequences. The test in (Vafa et al.|[2024) was formulated in
a deterministic setting; we adapt it to our setting for consistency
with our data generating process.

We draw an initial state so from the stationary distribution .
We simulate forward a geometric number of steps using the true
LOB dynamics and record the state reached sg; this will serve
as the goal state. We then generate event histories by simulating
backwards from state so. By Bayes’ rule, state s¢ is preceded
by state s” and event a, where T'(s’,a) = so, with probability
proportional to 7(s’)u(a|s’). Repeating this backward-sampling
process produces an event history; by running the procedure twice
we produce two histories (valid token sequences) h1 and ho that
terminate in So.

From the history h; we use the LLM to generate suffix sequences
z = (z1,...,%m) with z; drawn from pe (-|h1, $¢), 22 drawn from
po(-|h1, Sq, 21), and so on. If the LLM’s world model aligns with
the LOB state, any suffix z generated from h; should be feasible
(according to the LLM) following hs. Given a threshold € > 0, we
say that a suffix z is accepted under ho if pg(2;|ha, sg,2<;) > €.
The compression score is the fraction of states s in which all
suffixes generated from one incoming history with probability
> e are also accepted under a second incoming history. A high
compression score suggests that the LLM should understand, given

the fixed current state, the set of feasible suffixes does not depend
on the path by which the current state was reached.

In our experiments, we use 1000 sampled state-goal-history pairs
and 30 suffixes per pair. The prefix length is sampled from the
capped geometric segment distribution. We set e = 0.01, but the
results are not sensitive to this threshold choice.

The compression scores of all the three LLMs in Tableﬂ]are low,
whereas the baseline score is close to 100%. For the RW models,
in more than half the states the set of valid suffixes is deemed
history-dependent, even though in the true LOB dynamics the set
of valid suffixes is identical for two histories ending in the same
state sg.

We are thus left with a mixed picture. The LLMs perform remark-
ably well in generating valid sequences, but they have failed to
understand a key feature of the LOB dynamicsﬂ We turn next to
the implications of this misunderstanding.

7. Evaluating LLM Forecast Distributions

We will show that deficiencies in LLMs’ implicit world view
of LOB dynamics translate into biased forecasts and spurious
predictability. This analysis requires refining the valid traversal
and compression tests to account for the stochastic nature of the
LOB dynamics.

Under greedy generation, an LLM will achieve a perfect score
on the valid traversal test so long as the event that maximizes
po(-la<s) is always a valid event in the state determined by a<;
beyond that requirement, the probabilities pg (a|a<) do not affect
the test. Similarly, the compression test checks that the suffix distri-
butions that follow histories h; and ho have common support, but
the threshold is a hard cap, and it ignores the probabilities assigned
to valid suffixes. In the setting of a deterministic model, these
probabilities are not necessarily relevant; in our stochastic setting,
they form an important part of the LOB’s dynamics. We therefore
develop stochastic counterparts to the validity and compression
tests.

7.1. Kernel-Level TV Distance

Under our LOB dynamics, an event sequence a1.x of length H
following state s has probability

H
Pi(a1m | s) = Hu(at | st-1),

t=1

where so = s and sy = T(s¢—1,a:). We want to compare
this probability with the LLM’s implied probability. As before,
po(alh, sq) denotes the LLM’s probability of event a given history
h and goal state s;. Then the LLM’s implied probability of the
token sequence ai.x given (h, sq) is

Qo1 (a1, sq) = po(ailh, sq) - -po(am|h, sg,a1.1-1)

2We have also applied the probe test of (Hewitt and Liang} [2019) and the detour
and distinction tests of (Vafa et al.;|2024). The RW models perform well on the probe
test, which checks if a model’s hidden state encodes information about the true state.
They also perform well on detour and distinction tests, while the SP model does not.
These tests are less directly relevant to our focus on forecast distributions so we do
not discuss them further.



To remove the condition on the goal state while maintaining consis-
tency with the training-data generation process, we simulate M
independent LOB paths from state s, producing M, goal states
8g;- The resulting LLM probability, conditional on history A, is
then estimated by the average over goal states

Mg

1
Qon(- [ h) = 57> Qon(- | hyso.s). @
j=1

The conditional kernel-level total variation compares the model’s
goal-averaged H -step path distribution with the true H-step kernel:

erne. 1 *
TV (h,s) = 5 > 1Qo,u(aru | h) — Pr(arm | )|

al:H

3
Here, we retain py(alh, sy) assigned to invalid tokens a ¢ A(s),
which have zero probability under Pg (- | s) and therefore con-
tribute directly to the TV distance. We average (3) over draws of s
from the LOB’s stationary distribution 7 and from histories h of
geometric length ending in state s, using the backward-sampling
procedure described in Section[6.2}

The resulting quantity measures how well the LLM recovers the
true event-token transition probabilities at horizon H. The value
lies in [0, 1], with smaller values indicating stronger agreement.
Whereas the compression test basically checks if the two distribu-
tions have the same support, TVer2el checks if they are close.

If the two distributions are not close, then there will be states
in which the LLM predicts some events (e.g., a buy order at a
particular price) has high probabilities while in fact they should
not. We will illustrate this point with an example.

7.2. Example 1: Kernel-Level TV

With the notation of Figure [I] suppose the current state is s =
(€ay hb,v1,v2,v3) = (3,4, 2,2,2). There are two limit sell orders
at each price p1, p2, and p3, and there are no limit buy orders.
Suppose this state was reached from state (2,4,4,1,0) through the
sequence of events and states in Table 2}

Table 2: Prefix used in kernel-level TV

Step  Event Resulting State
0 Start (2,4,4,1,0)
1 ask_p3_2 (3,4,4,1,2)
2 bid_p2_1 (3,4,4,1,1)
3 ask_p2_1 (3,4,4,2,1)
4 w_ask_pl_2 (3,4,2,2,1)
5 ask_p3_1 (3,4,2,2,2)

In the current state s there are 20 valid events. The true one-step
event kernel assigns probability 1/20 = 0.05 to each of them.
The model’s implied distribution is calculated using (2), and the
resulting one-step kernel-level TV is 0.665 in this example.

To illustrate why the value is so large, Table[3]shows the five most
likely events according to the model. The LLM assigns nearly a
50% chance (0.245 4 0.241) to the next event being a cancellation
at price p1, although the actual probability is only 10%. It also
overestimates the probability of a limit sell order at p; or pa.

In this example, the LLM’s forecasts are severely biased. The
errors illustrated in Table 3] would not prevent the LLM from
attaining a perfect score on the valid traversal test, since that test
is simply too coarse to quantify errors in forecasting distributions,
which is why we introduced the kernel-level TV measure.

Table 3: Next-event probabilities in kernel-level TV

Action Token Next State True Prob. LLM'’s Prob.
w_ask_pl_2 (3,4,0,2,2) 0.050 0.245
w_ask_pl_1 (3,4,1,2,2) 0.050 0.241
ask_p2_2 (3,4,2,4,2) 0.050 0.190
ask_pl_1 (3,4,3,2,2) 0.050 0.132
ask_pl_2 (3,4,4,2,2) 0.050 0.106

7.3. History-Level TV Distance

The kernel-level TV is essentially a measure of bias: it measures
systematic errors in the LLM’s forecast distribution when com-
pared with the true dynamics. On the other hand, we also introduce
the history-level TV, which measures whether the LLM gives dif-
ferent predictions for different histories ending at the same current
state (see Figure ). For each current state s, suppose we ob-
serve histories h1, . .., hm, all ending at s. Define the within-state
mean model distribution Q5 = £ 37 Qo 1 (- | hi), then the
history-level TV for one history h; and current state s is

istor, 1 S
TV}I‘{ YO (hy, 8) = 2 Z |Q0,H(a1:H | hi) — Qe,H(aleﬂ .

al:H
C))
As with TV ™! we average this measure over draws of s from
7 and histories h; ending in s. This measure quantifies dispersion:
the larger the value, the more the LLM’s forecast is erroneously
influenced by past history, which violates the Markov property.

Model forecast distributions
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Figure 2: Illustration of history- and kernel-level TV

In the experiments, the kernel-level TV is computed from 1000
sampled state-prefix pairs. For the history-level TV, it is computed
from 200 sampled current state, and m = 10 prefixes for each
state. The LLM’s implied probability Qo (a1:.1|h, s4) for each
state-prefix pair is averaged over M, = 32 sampled future goals.

Table M shows the results for our two TV measures across all
models and three forecast horizons. The results are more relevant
for the RW models. At H = 1, the TV measures are rather small,



but they clearly increase at longer forecasting horizons as error
accumulates, which is a pattern we expect to see continue for larger
H. Moreover, the variances of both TV measures are very small,
indicating that the LLMs consistently exhibit forecast errors and
excessive dependence on past events across all states.

Table 4: Multi-step forecast TV distances

Model TV Type H=1 H=2 H=3
Sp Kernel-level 0.46 0.72 0.84
History-level 0.33 0.51 0.59
Kernel-level 0.11 0.19 0.28
RW-S History-level 0.07 0.14 0.23
Kernel-level 0.08 0.15 0.21
RW-L History-level 006 011 0.16
Baseline Kernel-level 0.00 0.01 0.01
) History-level 0.00 0.00 0.01

7.4. Example 2: History-Level TV

To illustrate the history-level TV measure, we consider two differ-
ent histories that reach the same current state. The shared current
state is s = (Lq, hp, v1,v2,v3) = (1,3,5,0,2). The two event
sequences leading to this state are shown in Appendix[A.2] Table[7]

We calculate Qg1 (+|hs), i = 1,2, as in (2)) for the two histories,
using the same sampled goal states sg,;; this ensures the differ-
ences in Qg,m (-|h;) are due only to differences in the histories
hi, which should be irrelevant given the Markov property. The
history-level TV distance (@) using these histories is 0.385 in this
example.

Table[5] provides more detail by showing the model-based proba-
bilities of certain events following the two histories. If the LLM’s
implicit world view of the LOB recognized the current state, the
last two columns would be identical. Instead, we see that the LLM
assigns a rather large probability (0.278) to a limit buy order at
price p» following h; and a rather large probability (0.313) of a
limit sell order at price p3 following ha.

These are examples of spurious predictability: the LLM operates
as if the history leading to the current state helps predict the next
event, even though there should be no such predictability in our
Markov-generated training data.

Table 5: Next-event probabilities in history-level TV

Event Token Next State Qo,1(a|h1) Qo1(a]|h2)
bid_p2 2 (1,2,5,2,2) 0.278 0.002
ask_p3_2 (1,4,5,0,0) 0.056 0313
m_ask_2 (1,4,5,0,0) 0.047 0233
w_bid_p3_2 (1,4,5,0,0) 0.028 0.199
ask_p2_2 (2,3,5,2,2) 0.053 0.208
ask_p2_1 (2,3,5,1,2) 0.128 0.002
7.5. Regression Test

A low compression score and a high history-level TV score indicate
that the LLM has failed to understand the state of the LOB. A direct

way to see the implications of this failure is to run a forecasting
regression on features of the event history, which should again
have no predictive power under the Markov property.

For our forecasting analysis, we group our target future events into
four categories:

* Buy orders: limit buy and market buy orders.
¢ Cancel orders: all cancellation orders.
e Market orders: all market orders.

* Big orders: orders with size greater than V2 /2.

These categories correspond to economically meaningful order-
flow quantities. Buy orders capture directional buy pressure. Can-
cel orders capture liquidity withdrawal from the book. Market
orders capture aggressive liquidity-taking behavior. Big orders
capture large-flow intensity. By studying the model’s forecasts
for these quantities, we can identify which forms of financial pre-
dictability the LLM has incorrectly learned.

For each sampled visit, we compute the model’s implied category
ratios over H-step event paths. For a category c, define

H
1
re(arm) = EZI{at € c}.
t=1

The true expected category ratio is Epx. [rc], and the model-implied
expected category ratio is Eq,  [rc], with Pf; and Qo as de-
fined in Section [7.1l We use the difference between these two
quantities as the regression target:

Ber(h,s) = IEQa,H [re] — EP;} [re].

It is important to note that the raw model’s implied ratio Eq, ,, [¢]
would not be the right object for detecting spurious predictability or
miscalibration, because the true ratio E px. [r] should itself depend
on the current state s. Since different LOB states have different
feasible actions and liquidity conditions, the true probabilities of
buy orders, cancellations, market orders, and big orders may not
be constant across states. For example, a state with little ask-side
liquidity or a wide spread can have a different true distribution
over future order types than a balanced, liquid state.

The ratio bias B, g (h, s) removes this true state-dependent com-
ponent. It measures whether the LLM overpredicts or underpre-
dicts a future order-flow quantity relative to the correct Markov
benchmark of the true LOB dynamics.

We clarify the interpretation of the regression coefficients. Under
the Markov LOB dynamics, the history h should have no incremen-
tal predictive content once the current state s is given. Significant
prefix-history coefficients therefore reveal spurious predictability:
the model assigns forecasting value to historical order flow that
should be irrelevant. On the other hand, if current-state features
predict Be m (h, s), this does not violate the Markov property di-
rectly, since both Eq,, ,, [rc] and Eps [rc] are allowed to depend
on the current LOB state. However, because the target has already
subtracted the true Markov benchmark, such coefficients indicate
a state-dependent model miscalibration: the LLM is systematically
too optimistic or pessimistic about future order flow in certain
types of book configurations.



Based on that, for each category ¢ and horizon H € {1, 2,3}, we
run an OLS regression,

Be(hys) = a+ B Fu(s) + By Fu(h) +¢,

where F(s) contains current-state features and F}, (h) contains
prefix-history features. This gives 12 regression equations per
model.

Here, we use D to represent the depth of the LOB. Recall the state
definition s = (¢, h®,v1,...,vp) in Section we have:

£ (s)
DaSk(S) _ Z ’Ui(S), Dbestask(s) = Vga (S)
=1

With similarly for bid depth, we also define D****(s) = D***(s)+
DP(s). The current-state feature vector Fi(s) includes:

* Current depth imbalance:
Dbid (S) _ Dask(s)
Dbid(s) + Dask(s)”
This measures whether displayed liquidity is concentrated

on the bid side or the ask side, which is a standard proxy for
pressure at the book level.

* Current spread width: £*(s) — h°(s). A wider spread corre-
sponds to lower immediacy and liquidity.

* Current total depth: D**!(s). This is the total displayed
liquidity on the bid and ask sides. A deeper book is typically
more resilient to incoming orders.

* Current best-depth imbalance:
Dbestbid (S) _ Dbestask(s)
Dbestbid (S) + Dbestask (S) .

This measures the imbalance at the top of the book, focusing
on the most immediately executable liquidity.

The prefix-history feature vector Fj, (h) includes:

Prefix length: This is the number of past events in the seg-
ment. Under the Markov setting, segment age should not
matter once the current state is known.

* Prefix buy ratio: This is the fraction of past events that are
buy orders, which measures buy-side order-flow intensity.

* Prefix take ratio: This is the fraction of past events that
are market orders or crossing-limit orders, which (partially)
execute immediately and consume liquidity from the opposite
side of the LOB. It measures the order-flow aggressiveness.

* Prefix cancel ratio: This is the fraction of past events that are
cancellations. It measures liquidity withdrawal and reflects
active quote management.

* Prefix rest-order depletion:

||

Z 1 {Dtotal(st) < Dtotal(st_l)} ,

t=1
where s;_1 is the state before event a;, and s; is the state
after event a;. This counts how often events in the prefix

reduce the total depth of the LOB, which captures liquidity
removal through active trades or cancellations.

* Prefix event entropy: This measures the diversity of event
types in the prefix. Low entropy corresponds to a concen-
trated, repetitive order-flow history, while high entropy cor-
responds to more varied flow.

Figure [3] shows results for the RW-S model. Each column cor-
responds to a separate regression for a given event category and
forecasting horizon. The first four rows are state features, and the
remaining six rows are prefix-history features. Red cells indicate
positive coefficients, while blue cells indicate negative coefficients.
A star marks coefficients that are statistically significant at the 5%
leveﬂ, and darker cells in either color indicate smaller p-values.

From the upper-left corner, we see that the LLM systematically
overestimates the probability of a buy order in states with larger
depth imbalance, and market orders in states with larger spreads,
while it underestimates market orders in states with greater depth
for H = 2, 3. These suggest that the model has state-dependent
miscalibrations, that its forecast bias are wrongly related to cur-
rent liquidity conditions. More importantly, in eight out of the
twelve regressions, one or more prefix-history features appear to
be statistically significant. For example, a higher historical buy
ratio predicts a lower future buy probability, resembling a reversal
signal in order flow; while greater rest-order depletion shifts the
model’s forecasts away from buy orders and toward cancellations,
resembling a liquidity-withdrawal signal. Yet under the Markov
property, these history features should be irrelevant to future events
conditional on the current state. In other words, the predictability
found by the LLM is spurious.

The results for RW-L in Figure f] are broadly similar.

Spurious Predictability Regression Heatmap: RW-S
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Figure 3: Regression results for RW-S

Spurious Predictability Regression Heatmap: RW-L
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Figure 4: Regression results for RW-L

3We use the 5% significance level as a standard threshold and to provide a clear
visual illustration. The results should be interpreted with the usual caution regarding
multiple testing. Even under more conservative thresholds, like the Bonferroni
correction, many features remain statistically significant.



8. Scaling to Larger LOB Settings

As introduced in Section {4] the base setting uses (P, V1, V2) =
(3,5, 2), which gives a finite LOB space with 756 states. To check
whether the main findings are specific to small environments, we
repeat the same pipeline on two larger settings: (P, V1, V2) =
(3,12,3) and (P, V1, V2) = (8,2,2). These settings substantially
expand the number of reachable LOB states, to 8281 and 41553
states respectively.

Table [] shows that the qualitative conclusions are stable across
these larger environments. The LLMs maintain high valid traversal
rates and also tend to generate short sequence. However, the
compression scores decline as the LOB environment becomes
larger, especially for the RW models. The multi-step TV results
point in the same direction, as kernel-level and history-level TV
distances both increase in the larger settings. However, the baseline
performs stably well. This suggests that the LLM’s ability to
represent the correct Markov state abstraction weakens as the LOB
becomes more complex. Thus, the scaling experiments provide
direct support for our claim that the issues we document would
likely be more severe in larger settings, especially when LLMs are
applied to real-market LOB data with larger price levels and size
limits, and richer order-flow patterns.

9. Conclusion

Our investigation contributes to the study of world models implicit
in LLMs, with a specific focus on understanding the operation
of a financial market — a limit order book. We have shown that
an LLM trained on LOB event sequences may perform well in
generating valid sequences yet fail to understand the dynamics of
the LOB. This deficiency leads to biased forecasts and spurious
predictability in LOB events. We introduce new tests to measure
these effects.

To train an LLM from scratch, we keep our LOB settings small. A
larger LOB would likely require vastly more training data to per-
form well on our tests, consistent with our scaling-up experiments.
By using synthetic data, we are able to evaluate LLM forecasts in
a setting without predictability. Events in an actual LOB may ex-
hibit some predictability, but an LLM’s ability to provide reliable
forecasts is suspect if it finds predictability where none exists.
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A. Supporting Information
A.1. Shortest Paths Datasets Construction

To generate a shortest-path training sequence (I), we first draw the
goal state s, from the stationary distribution 7, and we then run
a "reverse breadth-first search (BFS)" on the LOB state transition
graph. Firstly, we calculate the distance d;, (s) from every state
5 to s4 using normal BFS. Then, starting from d, (sq) = 0, we
work backwards from the endpoint using the fact that if there
exists a valid event a such that T'(s,a) = ', then d,,(s") =
ds,(s) — 1. We repeatedly choose an incoming event-labeled
predecessor whose distance is exactly one larger than the current
distance. After each reverse step, we stop with probability pstop.
Reversing the sampled event sequence gives a forward shortest
path from sg¢ars to sg. When multiple event-labeled edges satisfy
the distance condition, uniform sampling is done at the event level.



Table 6: Diagnostic and multi-step forecast results for larger LOB settings

LOB # of Valid SpP Compress. Kernel-level TV History-level TV
Setting States Model Traversal Rate Score
H=1 H=2 H=3 H=1 H=2 H =3
SP 99.4% 99.4% (100%) 47.0% 0.64 0.86 0.93 0.34 0.45 0.57
(P, V1, V) 3281 RW-S 97.8% 88.6% (11.5%) 29.0% 0.14 0.22 0.35 0.10 0.13 0.26
= (3,12,3) RW-L 94.1% 81.2% (4.0%) 34.0% 0.13 0.19 0.32 0.08 0.14 0.18
Baseline 0.3% 0.3% (4.0%) 99.8% 0.00 0.02 0.01 0.01 0.00 0.01
SP 97.1% 96.8% (100%) 53.6% 0.61 0.79 0.92 0.39 0.56 0.62
(P, V1, V) 41553 RW-S 98.6% 90.2% (10.1%) 23.0% 0.17 0.24 0.38 0.12 0.16 0.27
=(8,2,2) RW-L 99.3% 83.3% (6.0%) 24.0% 0.16 0.20 0.31 0.11 0.18 0.23
Baseline 0.4% 0.4% (6.0%) 99.9% 0.00 0.01 0.02 0.00 0.01 0.01

A.2. Two Prefixes in History-Level TV Example

We show the two histories used in Section [Z.4]in Table [7}

Table 7: Two prefixes in history-level TV

Prefix  Start State Event Sequence

h1 (2,3,2,2,1) ask_pl_2, w_bid_p3_1, ask_p2_2,
ask_pl_1, bid_p3_2, bid_p2_1,
m_ask_1, bid p3_1, w_bid_p3_2,
ask_p2_1, ask_p3_2, bid_pl_1,
bid_p3_2, m_ask_1, m_bid_2,
m_bid_1, m_bid_2, bid_pl_1,
ask_pl_2,bid_p3_2

ha (1,2,3,1,2) bid_p3_2, bid_p2_1, bid_p2_2,
m_bid_2, ask_pl_1, w_bid_p3_1,
w_bid_p3_1, ask_pl_2, w_bid_p3_2,
ask_p3_1, m_ask_2, bid_p3_1,
ask_p3_1, w_ask_pl_1, ask_p2_2,
ask_pl_1, m_ask_1, ask_pl_1,

m_bid_2,bid_p3_2
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