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ABSTRACT

Supervised fine-tuning (SFT) adapts pretrained large language models (LLMs)
to downstream tasks, but the required concepts can receive substantially differ-
ent levels of pretrained support. Frequent concepts are more likely to be well
learned, whereas rare concepts may remain weakly represented. We introduce a
novel notion named prior barrier to quantify how strongly the pretrained model
supports competing concepts over the target concept. We observe that prior bar-
riers follow a long-tail distribution, placing head and tail concepts at different
starting points for SFT: head concepts face lower prior barriers, whereas tail con-
cepts require additional instructions to overcome their higher prior barriers. Our
theoretical analysis further derives a predictive risk bound for SFT under long-
tail prior barriers, explicitly characterizing how the prior barrier and accumulated
SFT evidence jointly determine predictive performance. Motivated by this prior
barrier-dependent demand, we propose PASS, an adaptive SFT instruction selec-
tion method that constructs reference-derived concepts and estimates the distin-
guishing evidence provided by each instruction, and adaptively allocates the selec-
tion budget toward concepts that remain insufficiently covered under the current
selection. In this way, PASS jointly considers which instructions can provide use-
ful evidence and where additional supervision is needed under a limited budget.
Experiments show that our method consistently outperforms seven state-of-the-
art instruction selection methods on four backbone-budget settings. An ablation
study further shows that PASS’s adaptive allocation consistently improves over
uniform allocation.

1 INTRODUCTION

Supervised fine-tuning (SFT) is widely used to adapt pretrained large language models (LLMs)
to downstream requirements such as mathematical reasoning, instruction following, factuality, and
domain-specific behaviors (Ouyang et al., 2022; Zhou et al., 2023} |Yue et al., 2023). In practice,
the available instruction pool can be much larger than the amount of data that can be used for fine-
tuning, while candidate instructions can also vary substantially in quality, making data selection an
important part of post-training (Xia et al., 2024). Given a downstream task and a large pool of can-
didate instructions, which examples should be selected under a limited SFT budget? Recent studies
show that carefully selected subsets can match or outperform substantially larger SFT datasets (Zhou
et al.| 2023} (Chen et al., [2024; Xia et al., [2024; Liu et al., 2024a), underscoring the importance of
selecting valuable instructions under a limited SFT budget.

A central difficulty for effective SFT instruction selection is that the concepts required by the down-
stream task can receive substantially different levels of support from the pretrained model. Each
task can involve a collection of concepts, ranging from common reasoning patterns and broadly
observed instructions to rare knowledge and specialized behaviors. Frequently occurring concepts
receive broader exposure during pretraining and are therefore more likely to receive strong support
from the pretrained model, whereas rare concepts may remain weakly supported (Kandpal et al.,
2023 [Razeghi et al.,2022;|Gekhman et al., 2024)). We introduce a novel notion named prior barrier
to quantify how strongly the pretrained model supports competing concepts over the target concept.
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Figure 1: Illustration of the long-tail distribution of prior barriers using the Navier—Stokes existence
and smoothness problem as an example.

Different prior barriers place target concepts at different starting points for SFT: a larger prior bar-
rier indicates that more instructions is needed to achieve comparable performance. As illustrated in
Figure [T} we observe a long-tail distribution in prior barriers, where head concepts face low prior
barriers while tail concepts face high barriers, thus requiring more instructions. Under a limited SFT
budget, effective selection should determine how to allocate instructions across concepts and which
candidate instructions provide useful evidence for each concept (Chen et al., 2023} |Dai et al., [2026).

These observations motivate two fundamental challenges: C1. Theoretical foundation. How does
the SFT evidence overcome the prior barrier, and how does this determine the amount of instructions
required to learn a target concept? C2. Computational framework. How can we develop a method
that identifies which instructions in the candidate pool provide useful evidence for each concept
while adaptively allocating a limited selection budget according to concept-level demand?

To address C1, we first characterize the role of the prior barrier in SFT. In the head case, the tar-
get concept already receives sufficient pretrained support. SFT can move toward the target with
relatively limited evidence. In the fail case, the target concept faces a positive prior barrier, so the
accumulated evidence must additionally overcome this disadvantage from pretraining. This interac-
tion yields different instruction demands across concepts. We further derive a predictive risk bound
that connects the demands to model performance by quantifying predictive risk in terms of the prior
barrier and the distinguishing evidence provided by the selected instructions.

To address C2, we propose Prior-barrier Aware SFT Instruction Selection (PASS), an adaptive SFT
instruction selection framework motivated by the prior barrier-dependent demand. It first constructs
a reference-derived concept space and estimates concept-specific distinguishing evidence for each
candidate instruction. PASS further estimates the prior barrier and existing pretrained support of
each concept to characterize how strongly that concept calls for additional SFT instruction. It then
adaptively allocates the selection budget toward concepts that remain under-represented. As a result,
PASS jointly determines which candidate instructions provide useful evidence and where the limited
SFT budget should be allocated. Our empirical results show that PASS outperforms seven state-of-
the-art instruction selection methods in all four backbone-budget settings. Ablation results further
demonstrate the benefit of adaptively allocating the SFT budget according to prior barrier. The
source code will be released upon publication.

2 PRELIMINARY

In this section, we introduce the background, including a Bayesian concept-space view of SFT, and
give the formal problem definition.

Notations. We consider a concept space ©, where each concept § € © describes a possible input—
response relation through a conditional distribution Py(y | ). Here, x denotes an instruction input
or query and y denotes the corresponding response. For example, for a mathematical reasoning
concept, z may be a mathematical problem and y its correct solution. We denote the target con-
cept required by the downstream task as 6*. Pretraining does not provide equal support for all



concepts. We represent this pretrained support by a distribution 7 () over ©, where a larger 7(6)
indicates stronger pretrained support for concept 6. We interpret 7 as a prior distribution over con-
cepts induced by pretraining. As a result, different target concepts can begin SFT from substantially
different pretrained states.

Supervised fine-tuning. SFT adapts a pretrained language model to the downstream task using
a set of supervised instruction input-response pairs. Given an SFT dataset D,, = {(z;, )},
where z; is the i-th instruction input and y; is its target response, SFT updates the pretrained model
to increase the likelihood of the target responses conditioned on their inputs. For an autoregressive
language model, this conditional probability factorizes as Py(y; | x;) = Hle Po(yit | @i, Yi<t)
where T; is the number of tokens in response y;, y;; is the t-th token of y; and y; <, denotes
its preceding response tokens. Standard SFT therefore trains the model by minimizing the token-
level negative log-likelihood over the SFT dataset. We summarize the evidence provided by the SFT
dataset for concept § through its log-likelihood S, (8) = >""_, log Py(y; | ;). We adopt a Bayesian
concept-space view of SFT, where the pretrained distribution 7 serves as the prior and the supervised
data update this prior through their likelihood. Let ¢ denote a candidate distribution over the concept
space O after observing the SFT dataset D,,. We define J(q) = —Eg~yq [Sn(0)] + Dxwr(q||7),

The posterior distribution is defined as ¢}, = arg min, 7 (g), which takes the Gibbs-posterior form
R ()

qr(0) = TS () M) Here, ¢ (0) represents the updated support for concept 6, obtained by
S}
updating the pretrained prior 7(6) with the likelihood evidence from the SFT data through S,, ().

Problem definition. Given a candidate SFT pool D = {(x;,4;)}¥,, a selection budget n, and
a reference set 7 representing the desired behaviors in the downstream task with a long-tail distri-
bution of prior barriers across concepts, our goal is to find a subset of instructions D,, C D with
|D,,| = n such that fine-tuning the pretrained model on D,, achieves strong overall performance on

the downstream task.

3 THEORETICAL ANALYSIS

In this section, we develop a theoretical analysis of how pretrained support and SFT evidence jointly
shape predictive performance. First, we study posterior concentration around the target concept,
showing how the prior barrier and distinguishing evidence together determine whether SFT can
move the concept distribution toward the target. Second, we derive a predictive risk bound that con-
nects posterior concentration to predictive performance and shows how the head—tail gap translates
into different generalization guarantees.

Prior barrier. A pretrained model does not enter SFT from a neutral state: different concepts
can receive substantially different levels of support from pretraining. This asymmetry is impor-
tant because SFT adapts a pretrained model, where the target concept may compete with alterna-
tives that are more strongly supported before fine-tuning begins. A key challenge is therefore to
characterize this pretrained support relative to the target concept 8* and its competing concepts
6 € ©\ {6*}. To this end, we consider concepts outside an r-neighborhood of the target concept
A, ={0€©:]|0— 0% >r}. If 6* already receives stronger support than all concepts in A,., the
target concept does not face a pretrained disadvantage. Otherwise, some competing concept receives
stronger pretrained support than 6*, placing the target at an initial disadvantage before SFT begins.
We characterize this relative pretrained disadvantage through the prior barrier.

Definition 1 (Prior barrier). The prior barrier at resolution v is B(r) = supg¢ 4, log %ﬁ)).

The prior barrier B(r) compares the pretrained support of the target concept with its strongest com-
peting concept. We observe that prior barriers exhibit a long-tail distribution across concepts, with
many concepts facing relatively small barriers and few concepts facing substantially larger ones. For
the analysis below, we refer to B(r) < 0 as the head case, where the target concept is at least as
well supported as all concepts in A,., and B(r) > 0 as the fail case, where at least one competing
concept receives stronger pretrained support than the target concept.

Overcoming a positive prior barrier requires the SFT instructions to contain information that distin-
guishes the target concept from its competing concepts. The amount of useful information depends



on the instruction distribution Px: some instructions can clearly expose the difference between the
target concept and an alternative concept, whereas others provide little distinguishing evidence. For
a competing concept 0, define the expected evidence under Py as

K(0) = Exnpy [KL (Po- (- [ 2)[| Po(- | 2))] = E P [log Py+(y | x) —log Py(y [ x)]. (1)

Thus, a larger K(6) means that the observed instruction input-response pair drawn from the in-
struction distribution provides stronger expected evidence for separating the target concept from 6.
Because SFT requires distinguishing the target from all concepts outside its neighborhood, we focus
on the hardest competitor.

Definition 2 (Distinguishing Evidence). The distinguishing evidence for the target concept at reso-
lution v is e(r) = infge 4, K(6).

The target concept 6* is identifiable under the SFT instruction distribution Px when €(r) > 0.

Learning the target concept requires the posterior distribution after SFT to place little mass on the
competing concepts in A, that is, to make ¢*(A,) small. The two central quantities governing it
are B(r), which measures how much pretrained disadvantage must be overcome, and ne(r), which
measures how much distinguishing evidence SFT accumulates. As the number of SFT instructions
increases, the accumulated evidence grows with ne(r). Therefore, once this evidence is sufficient to
overcome the pretrained disadvantage, the posterior can concentrate around the target concept.

Theorem 1 (Posterior Concentration). Fixr > 0 such that A, # & and €(r) > 0, and let m(r) > 0
denote the normalized prior mass in a sufficiently small neighborhood of the target concept 0*.
Under the assumptions given in Appendix[A.1} for any n € (0,1), if n > ngep(r,n) where ngep (r, 1)
denotes the sample-size threshold, with probability at least 1 — n) over the SFT dataset D,,,

¢;(A,) < min {1, % exp (B(r) - ”Eér)) } - @)

Proof. The proof is provided in Appendix [A.2] O

Theorem [I|shows that, once the target concept is identifiable under the SFT distribution, sufficiently
many SFT examples drive posterior mass away from competing concepts and toward the target
concept. Since the prior barrier is fixed while the accumulated distinguishing evidence grows with n,
the concentration error decreases exponentially as supervision increases. The amount of supervision
required, however, differs between the head and tail cases.

Corollary 1 (Head-Tail Supervision Gap). Under the conditions of Theoreml|l| let § € (0,1) be a
desired posterior error. The head case B(r) < 0 satisfies ¢ (A,) < 6 whenever

n > max {6(5;) <1og m(lr)5>+ e (T 77)} , 3)

where (a)4+ = max{a,0}. The tail case B(r) > 0 satisfies q},(A,) < 0 whenever

8 1
anax{e(r) <B(r)—|—log m(r)d)Jr’nsep(T’n)} . 4)

Proof. The proof is provided in Appendix O

The posterior concentration result explains when SFT places most of its concept-level support
near the target concept. We now ask whether this concept-level concentration also leads to pre-
dictive performance. Define the posterior predictive distribution as Py« (y | =) = [g Po(y |
x)qr(df), and measure its excess predictive log-loss relative to the target concept by &, =
Esnpy [Dxr (Pos (- | 2)||Pys (- | ©))]. We now establish how posterior concentration around the
target concept translates into predictive performance for SFT.



Supervised Fine-Tuning under Long-Tail Distribution

Distinguishing Evidence e(r)

A 4

p
Maz: Distinguishing Evidence
Estimation

Reference-Derived Concepts

(¢]
Reference o y_ O
Set — °v (D520
o O o o

Desired Competing

Evidence ;.
Candidate Instruction #1 #2 #3
Instructions

S L, ConceptA + + +

ConceptB - - + Negative

Concept A
Positive |

Prior Barrier B(r)
h 4
Mz2: Prior Barrier-Aware Instruction
Allocation

Pretrained
Model

° 0
Concept A (°v. « @ 25
BE 2%
%o

1 Adaptive Allocation

Desired Competing

Low Prior
Barrier
High Prior

°
O .
Concept B (%, 0 i

Selected

Less Evidence Prioritize

Instructions
Budget n @
Needed o Ne’xt
More Evidence
Concept B Needed rrrr

[Selected Evidence Demand

Figure 2: The proposed prior-barrier aware SFT instruction selection (PASS) framework.

Theorem 2 (Predictive Risk Bound). Let a(r) = E,.py [sup|‘979*“<r Dk (P« (- | 2)|| Py (- | x))}

denote the worst local predictive discrepancy within distance r of the target concept, and let
M, < oo be a uniform upper bound on the predictive KL discrepancy for competing concepts in
A,. Under the assumptions stated in Appendix[A.1| SFT dataset D,, satisfies

En < ar) + Mgy (Ay). (&)
Consequently, under the conditions of Theorem|[I| with probability at least 1 — 1),

mir) exp (B(r) - ”ig”) ,1} : (6)

Proof. The proof is provided in Appendix [A-4] O

& < a(r)+ M, min {

Theorem 2] shows that predictive risk depends on two terms: how well concepts near the target con-
cept approximate its predictions, and how much posterior mass remains on competing concepts. As
SFT concentrates the posterior around the target concept, the contribution from competing concepts
decreases, leading to a tighter predictive risk bound. In particular, if SFT achieves ¢ (A4,) < d, then
En < a(r) + M,4. Thus, a target concept in the head case can reach a given predictive risk with
less supervision, while a target concept in the tail case must first accumulate additional evidence to
overcome its positive prior barrier. As a result, the tail case generally requires more SFT instructions
to reach the same level of predictive risk.

4 METHOD

Our theoretical analysis shows that achieving a small predictive risk requires SFT instructions to
provide sufficient evidence for distinguishing the target concept from competing concepts. It further
reveals different instruction requirements in the head and tail cases: a tail target concept requires
additional instructions to overcome its positive prior barrier. These results motivate us to consider
both how much distinguishing evidence each candidate instruction provides and how a fixed instruc-
tion budget should be allocated across target concepts with asymmetric pretrained support. In this
section, we introduce PASS (shown in Figure , which consists of two major modules: M. Dis-
tinguishing evidence estimation and M2. Prior barrier-aware instruction allocation. Accordingly,
M1 constructs reference-derived concepts and estimates evidence for each candidate instruction by
contrasting its support for the desired concept against relevant competing concepts. M2 uses the
pretrained model to estimate the barrier and existing support of each concept, and incrementally
allocates instructions according to both concept-level demand.

4.1 MI1: DISTINGUISHING EVIDENCE ESTIMATION

Given a reference set 7, we first construct a finite empirical discretization of the concept space
© introduced in Section 2] We encode each reference instruction input z together with its target



response y using the pretrained model M to extract a response representation z(z,y) € R?. We
hierarchically cluster these reference representations, recursively splitting clusters that do not satisfy
a coherence criterion. We measure coherence by the concentration of cosine similarity between the
representations in a cluster and their centroid, and stop splitting once each cluster is sufficiently
coherent. The resulting clusters instantiate a finite set of target concepts © = 61,...,6¢, where C
is the number of concepts. Each concept 6 therefore corresponds to a subset 79 C T of reference
instructions that exhibit a coherent representation.

We represent the desired representation of concept 6 by the normalized centroid of the representa-
tions in 7g:

1
bo = Norm m Z Z(xa y) ) (7)
N @yem
where Norm(v) = m To construct competing representations, we keep the same instruction

inputs in Ty but replace their target responses with corresponding wrong responses, using available
incorrect alternatives together with incorrect responses produced by My. These wrong responses
may reflect multiple competing concepts for the same concept. For concept 6, let Wy, denote the
set of wrong response instructions corresponding to its k-th competing concept, withk = 1, ..., Ky,
where Ky denotes the number of competing concepts associated with target concept 6. We represent
each competing representation by the normalized centroid:

1
ngr = Norm | ——— z(x,y) |, k=1,..., Ky, ®)
Wou| Z (=.9)
(@,5)EWor
where § denotes a wrong response. The resulting set Ny = {ng1, ..., ngx, } defines the competing

representations of concept 6.

Our theoretical analysis suggests that a instruction may provide different distinguishing evidence
for different concepts. We therefore evaluate candidate instruction (x;,y;) € D separately against
every concept. Let z; = z(x;,y;) be the representation of the i-th instruction. For concept 6, we
measure its similarity to the desired representation and to the closest competing representation as

sg(zi) = Sim(z;, pg), sy (2:) = 5161% Sim(z;,v), 9)

where Sim denotes cosine similarity. The difference s; (z;) —s, (z;) indicates whether the candidate
favors the desired representation of concept 6 over its strongest competitor. For directly comparable
across concepts, we calibrate this difference using statistics estimated from the reference responses

of each concept. We define the empirical distinguishing evidence as
€;9 = Calibg (Sg(zi), 5 (z,)) , (10)

with Calibg(sT,57) = rp(s™, s‘)st;gsf. Here, rg(s*,s™) € [0,1] is a relevance factor deter-
mined by the candidate’s affinity max{s™*, s~} relative to the affinity observed for the reference
responses of concept 6. It downweights candidates that are far from both the desired and competing
representations while preserving candidates that are strongly aligned with either side. The scale
op > 0 normalizes the similarity difference between s;’ and s, for concept #, making evidence
magnitudes comparable across concepts. Directly estimating the theoretical distinguishing evidence
requires conditional response distributions, which are generally unavailable in practice. We therefore
use the calibrated similarity margin as an empirical surrogate. A positive €;¢ indicates that candidate
1 provides evidence in favor of the desired representation of concept #, whereas a negative value
indicates stronger support for a competing concept. M1 outputs the evidence matrix [¢;g] € RV*C
for the reference-derived concepts rather than collapsing each candidate into a single score.

4.2 M2: PRIOR BARRIER-AWARE INSTRUCTION ALLOCATION

M1 identifies how much distinguishing evidence each candidate can provide for different concepts,
while the remaining question is how to allocate a fixed selection budget across concepts with differ-
ent demands. Our theoretical analysis shows that a tail concept requires additional instructions to
overcome its pretrained disadvantage. M2 therefore estimates concept-level demand from the prior
barrier and incrementally allocates instructions as useful evidence is accumulated.



Since the theoretical prior barrier is not directly observable, we estimate it empirically from the
pretrained model’s responses. We let the pretrained model M, generate a response § ~ Moy(- | x)
and obtain its representation 2 = z(x, §) for each instruction input in 7. The prior barrier of concept
0 is estimated from the normalized difference between competing and desired representations,
— /A + A
sy (2) — s (2
=46, an

B(} = Agg(z,y)eTg |: o

where Agg denotes the aggregation over the reference instructions of concept 6.

Complementary to this relative barrier, we separately estimate the absolute pretrained support for the
target concept by measuring whether the generated response g lies sufficiently close to the desired

representation py:
1 A
o = — § Support, (Sim(Z2, ps)) , (12)

7ol (z,y)ETo

where Supporty(-) € [0, 1] calibrates the similarity to py using the similarities observed from the
target responses of concept . A larger gy indicates stronger pretrained support for the target concept.

A concept should receive more instruction when the pretrained model exhibits a higher prior barrier
and weaker absolute target support. We therefore define its allocation weight as

~_ exp(Bg)/e
Za'ee exp(Be) /ver’

so that 29 co Ay = 1. While Ay characterizes the relative instruction demand of each concept, the

final selected subset should also account for how selected instructions contribute positive and neg-

ative distinguishing evidence, as well as the redundancy among their representations. We therefore
define the selection objective by jointly modeling these three factors:

F(8) =Y AgRS(S) = Mn > _ AgRy (S) — A.D(S), (14)
0cO 0cO

Ag 13)

where R;’ rewards positive distinguishing evidence for concept 6, R, penalizes negative distin-
guishing evidence for concept 8, D penalizes redundant selections, and A\j, and A, denote the weights
of harm penalty and redundancy penalty.

For positive evidence, repeatedly selecting instructions for the same concept should yield diminish-
ing returns. We therefore define Ry (S) = 1 — exp {—8; >_,cs €/p }» where €y = (ej0)4. The
coefficient Bg' > 0 controls how quickly the positive reward for concept 6 saturates. Concepts with
richer available evidence therefore saturate more slowly, while the marginal reward decreases as
more positive evidence has already been selected.

For negative evidence, we define R, (S) = ;.5 [exp {87 €y} — 1], where ¢, = (—€9)4, and
B~ > 0is an evidence scale shared across concepts for negative contributions. This term assigns a
larger penalty to instructions that more strongly favor competing concepts.

Finally, we discourage selecting instructions that provide highly redundant information. We define
D(S) = W > i jes Sim(2;, zj),. This term encourages the selected subset to cover distinct

regions of the response representation space.

We initialize S = @ and greedily select the instruction with the largest marginal gain,
1" € ar max F(SU{(z;,y:)}) — F(S)|. 15)
g max [F(SU{(r0)) - F(S)] (
After each selection, the selection objective is updated. The procedure stops when |S| = n, yielding
the subset used for SFT. Algorithm [I)in Appendix [B]summarizes the complete procedure.

5 EXPERIMENTS

In this section, we evaluate the performance of our method on four backbone-budget settings. PASS
exhibits superior performance compared to various state-of-the-art baselines (Section[5.2). Further,
through the ablation study (Section[5.3), we demonstrate the necessity of each component of PASS.
We also report parameter analysis (Section [5.4), complexity sensitivity (Appendix [C.2), and the
composition of instructions selected by different instruction selection methods (Appendix [C.3).
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Figure 3: Long-tail distribution of prior barrier over the reference-derived concepts.

5.1 EXPERIMENT SETUP

Candidate pool and target tasks. The candidate pool contains 300,932 instruction-response ex-
amples drawn from five open instruction datasets: FLAN V2 (Longpre et al.||2023), OASST1 (Kopf]
et al., 2023)), WizardLM (Xu et al.,|2024), Dolly (Conover et al.,|2023)) and Stanford Alpaca (Taor1
et al., |2023). To evaluate SFT instruction selection across concepts with long-tail prior barrier,
we construct a downstream task spanning five capabilities: broad knowledge, multi-step reasoning,
mathematics, truthfulness, and multilingual extractive QA. We form the reference set from examples
covering these capabilities so that instruction selection is evaluated against the full range of target
concepts. As shown in Figure[3] the prior barrier scores of the concepts in the reference set exhibit a
long-tail distribution, providing a suitable setting for evaluating SFT under the long-tail distribution.

Backbones, budgets, and metrics. The main comparisons use Mistral-7B (Jiang et al.,2023)) and
Qwen2.5-7B (Qwen et al., 2024). We select n € {5,000,10,000} records, corresponding to ap-
proximately 1.66% and 3.32% of the original candidate pool. Within each backbone and budget,
all selectors share the fine-tuning settings, the training recipe uses three epochs of LoRA (Hu et al.}
2021). We report the overall performance on the downstream task (the macro-average of the five
capability benchmark scores).

Baselines. We compare against Base (backbone without fine-tuning) and seven instruction selection
methods, including RANDOM that samples uniformly; representation-based RDS+ (Ivison et al.,
2023)); gradient-based LESS (Xia et al.,[2024)); TSDS that uses optimal transport (Liu et al.,[2024b));
TADS that combines divisity selections by voting (Cheng et al., 2026)); answer-divergence-based
ADG (Li et al.} 2026); and instance-quality filtering by DEITA (Liu et al., 2024a).

5.2 PERFORMANCE ANALYSIS

Table [T shows that PASS consistently achieves the best overall performance across all four settings,
indicating consistent gains across backbone choice and selection budget. In particular, on Mistral-
7B, PASS reaches a score of 51.5 with 5,000 selected instructions, higher than every competing
selector using twice the budget (n = 10,000), where the strongest overall performance is 50.9. This
result indicates that a better composition of the selected subset can compensate for a substantially
smaller SFT budget. In contrast, other selection methods may identify individually relevant or high-
quality instructions, but they fail to adaptively cover all capabilities required for downstream tasks,
resulting in poor overall performance. This is particularly evident on Qwen2.5-7B with n = 10,000,
where RANDOM achieves an average score of 65.6, outperforming all other baselines. Taken to-
gether, these results support the motivation behind PASS: the key challenge is not only to identify
useful individual instructions, but also to adaptively allocate budget based on the prior barrier.

5.3 ABLATION STUDY

We compare our budget-aware instruction allocation strategy with uniform instruction allocation.
Under uniform variant, we allocate an equal budget of n/5 separately to each of the five capabilities
in the downstream task. Table [2] shows that budget-aware allocation consistently outperforms uni-
form allocation across both backbones and both selection budgets. On Mistral-7B, PASS improves



Table 1: Overall downstream performance on Mistral-7B and Qwen2.5-7B at two selection budgets.
The best and second-best results within each model and budget are shown in bold and underlined.

Mistral-7B Qwen2.5-7B
Method n = 5,000 n = 10,000 n = 5,000 n = 10,000
BASE (no SFT) 26.9 26.9 52.8 52.8
RANDOM 493 50.4 61.7 65.6
RDS+ 49.9 50.3 64.3 63.4
LESS 47.7 50.3 60.3 59.9
TSDS 494 49.8 63.1 63.0
TADS 48.7 50.9 64.6 63.2
ADG 50.0 50.9 62.4 64.1
DEITA 50.6 48.9 60.7 62.8
PASS 51.5 51.8 64.8 65.6

Table 2: Budget-aware instruction allocation versus uniform instruction allocation. A;,; = PASS —
UNIFORM. Bold identifies the better results.

n = 5,000 n = 10,000

Backbone PASS UNIFORM Auni PASS UNIFORM Auni
Mistral-7B 51.46 51.14 +0.32 51.81 51.54 +0.26
Qwen2.5-7B 64.77 64.48 +0.29 65.60 65.03 +0.56

Table 3: Parameter sensitivity of PASS. Ager is the difference relative to the default setting.

Setting Ah Ar Mean Adef

Default 1.0 0.10 5146 0.00
Weak harm penalty 05 010 51.56 +0.10
Strong harm penalty 20 0.10 5054 —0.92

Weak redundancy penalty 1.0 005 5096 —0.50
Strong redundancy penalty 1.0 0.20 5221 +40.75

the average score by 0.32 and 0.26 points at n = 5,000 and n = 10,000, respectively. A similar
trend is observed on Qwen2.5-7B, where the gains are 0.29 and 0.56 points. These results indi-
cate that an equal per-capability assignment is suboptimal. In contrast, PASS adaptively allocates
instructions according to the prior barrier, thereby making better use of the limited SFT budget.

5.4 PARAMETER ANALYSIS

We study two hyperparameters of our method: (1) the harm coefficient A, weights the penalty
on negative distinguishing evidence, and (2) the redundancy coefficient A, controls the penalty on
redundant selections. Table[3|reports the overall performance under varying Aj, and A, using Mistral-
7B with n = 5,000 selected instructions. The fluctuation of the performance is less than 2%,
showing PASS is reliable and not sensitive to the hyperparameters over a wide range.

6 RELATED WORK

Instruction selection for supervised fine-tuning (SFT) has been studied from several perspectives,
including instance quality, model-dependent utility, target-aware matching. Early work shows that
small but carefully selected instruction sets can be highly effective (Zhou et al.| 2023} |Chen et al.,
2024). Methods such as DEITA further combine response quality, instruction complexity, and em-
bedding diversity to identify informative and non-redundant examples (Liu et al.| 2024a). Other
approaches make selection dependent on the model itself. For example, ADG measures the diver-
gence among multiple generated answers to estimate instruction utility (L1 et al.,[2026)), while related



methods use model difficulty, uncertainty, or response likelihood as selection signals (Li et al.,[2024;
Liu et al., [2024c}; |Zhang et al.| [2025)).

Recent work uses downstream references to identify instructions that are relevant to the target task.
LESS estimates candidate influence through low-rank gradient similarity to reference examples (Xia
et al.} 2024); RDS+ retrieves candidates using pretrained representations (Ivison et al.,[2025)); TSDS
aligns the selected subset with the target distribution through optimal transport (Liu et al., [2024b));
and TADS uses LLM-inferred proxy labels to improve task-aware distribution matching (Cheng
et al.; 2026). These methods provide strong mechanisms for estimating whether an instruction is
relevant to downstream requirements, but generally summarize candidate utility through similarity,
influence, or distribution matching. Beyond candidate scoring, several methods consider how super-
vision should be distributed across skills or tasks. Skill-It adapts training mixtures according to skill
dependencies (Chen et al.,[2023), while MIG and BIDS dynamically prioritize informative or under-
represented targets (Chen et alJ [2025; [Dai et al.| 2026)). Our work complements these approaches
by connecting instruction allocation to unequal pretrained support through prior barrier. It combines
prior barrier with distinguishing evidence to adaptively allocate the SFT budget.

7 CONCLUSION

This work studies supervised fine-tuning under long-tail distributions, where different target con-
cepts can receive substantially different levels of pretrained support. We introduce the prior barrier
to characterize this difference, and observe that prior barriers exhibit a long-tail distribution. Our the-
oretical analysis shows that the prior barrier and instruction evidence jointly determine the number
of instructions required during SFT: head concepts require relatively limited additional supervision,
whereas tail concepts require more evidence to overcome their prior barriers. Guided by this anal-
ysis, we propose PASS, which estimates concept-specific distinguishing evidence and adaptively
allocates a limited SFT budget according to the prior barrier. PASS achieves the best overall per-
formance compared with seven instruction selection baselines in all four backbone-budget settings,
while its adaptive allocation consistently improves over uniform allocation. These results show
that effective SFT instruction selection should account for both the evidence provided by candidate
instructions and the adaptive allocation based on the prior barrier.
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A DETAILS OF THEORETICAL ANALYSIS

A.1 ASSUMPTIONS

We assume that the concept space © C R? is compact and is equipped with a Borel probability
reference measure A with full support. The prior has a strictly positive continuous density () with
respect to A. The input and output spaces are standard Borel spaces. There exists a common o-finite
measure v on the output space such that each Py(- | «) admits a density, denoted by Py(y | ),
with (0, 2,y) — Py(y | x) jointly measurable. Define P*(dz,dy) = Px(dxz)Pp-(dy | x), and
assume that the SFT examples are i.i.d. from P*. Let {y(z,y) = log Ps(y | =) and S,,(0) =
Dimn Lo(wi i)
Assumption 1. There exists a measurable set Zy of P*-probability one such that, for every (x,y) €
2y,

lo(z,y) €R  foreveryf € ©, suply(z,y) < oco. (16)

0cO

Assumption 2 (Bounded log-likelihood ratios). For a fixed r > 0, there exists M, € (0, 00) such
that, for every (z,y) € Zo and every 6 € A,,

|29 (x,y) — Lox (z,y)| < M,. (17)

Assumption 3. For a fixed r > 0, there exists L, € (0,00) such that, for every (x,y) € 2,
[l (x,y) — Lo (z,y)| < L.J|0 — 6|, 0,0 € A,, (18)
[lo(2,y) — Lo+ (z, y)| < Ly |6 — 67, 16— %[ <7/2. (19)

Assumption 4. The local approximation term «(r) is finite, and the pointwise supremum used to
define it is measurable.

For posterior concentration, define

o) B o pr
prmm{Z,SLr}, U, ={0€0:|0-0" < pr} (20)
and let )
T
m(r) :/w 5 @) 1)

Because p, > 0, A has full support, and 7 is strictly positive and continuous, m(r) > 0.

Let

e(r)
r = N A7’7 e | 22
Ny = (4 G0 1) @)
be the covering number of A,.. Compactness of A, implies N, < co. For 5 € (0, 1), define
8M? N,
nSCP(r3 Tl) = 6(7")2 log (77) . (23)
Finally, let

A.2 PROOF OF THEOREMII]

Proof. We first establish a uniform empirical separation over A,.. For any fixed § € A,., define
Zi(0) = Lo(xs,ys) — Lox (w4, ys).
By Assumption2] Z;(0) € [—M,., M,], while the definition of €(r) gives
EZ;(0) = —K(0) < —¢(r).
Hence,

ne(r)

{An(e) > - } C {Anw) —EA,(0) > "62(7“) }
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Hoeffding’s inequality yields

Pr {An(e) > —”62(7") } < exp (-7‘;;;12) . (25)

Choose a cover C, C A, with |C,.| = N, and radius €(r)/(8L,). By a union bound,

2
Pr {HGC €C 1 Ap(0e) > _n62(r)} < Nrexp (_7186](\232 ) .

When n > ngep(r, 1), the right-hand side is at most 7. On the complementary event, every § € A,
has a center 0. € C, such that, by Assumption EL

- ne(r)
_ < — < —.
|An(8) — An(be)] < ;_1 Leflo = 0cll < —5

Therefore, with probability at least 1 — 7,

sup An(g) < —2n<) o _ner) (26)
Hc A, 8 4

On this event, the posterior mass of A,. can be written as

27

For every 6§ € A,,

m(6)
w(6%) - 4
Since A(A,) < 1, the numerator of [27]satisfies

7(6) ne(r)
/A,‘ exp(A,(0)) W(G*))\(de) < exp <B(r) ——2 ) . (28)

log

For every 0 € U,., Assumption [3|and the definition of p, imply

ne(r)
8

An(0) > =" 1o (i, yi) — Lo (i, i) > —
i=1

Restricting the denominator of 27]to U, gives

7(6) _ ne(r)
/@exp(An(G)) ) A(df) > m(r)exp ( 3 ) . (29)

Combining 28] and 29]

A < e (B0)- ")),

Together with ¢ (A,) < 1, we obtain

7 (Ay) < min {1, % exp (B(T) - ”Eér)) } .

This completes the proof. O
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A.3 PROOF OF COROLLARY[T]

Proof. In the head case, B(r) < 0, so the posterior concentration bound becomes

(A, < min {17 mtr) exp (_ néér)) } .

To guarantee ¢ (A,) < 4, it is sufficient that

gen ()24

In the tail case, B(r) > 0, and it is sufficient that

See (B0 - <6

which gives

Rearranging gives

8

nz s (B(r) +logm(1r)5>+.

This completes the proof. O

A.4 PROOF OF THEOREM[2]

Proof. Fix an SFT dataset D,,. For Px-almost every x, convexity of KL divergence in its second
argument gives

Dxu (Po- (- | )| Py (- | ) (30)
< / D, (Po- (- | 2)|| Py (- | ) ¢7,(d6). G
©

Splitting the integral over © \ A, and A,, the contribution from © \ A, is bounded by the local
approximation term «(r). For 0 € A,, Assumptionimplies

Dy, (Po- (- [ 2)[[Po(- | ) = By pyo (o) [0+ (2, y) = Lo(z, )] < M.
Taking expectation over x therefore gives

En < a(r)+ M,q,(Ar).

Under the conditions of Theorem|I] with probability at least 1 — 1,

q;(4;) < min {1, % exp (B(r) - ”Eé’“)) } .

Substituting this bound yields

£, < o(r) + M, min {1, % exp <B(r) - ”2@) } .

This completes the proof. O
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B

PSEUDO CODE

Algorithm 1 PASS: Prior-barrier Aware SFT Instruction Selection

Require: Candidate pool D, reference set 7, pretrained model Mo, selection budget n
Ensure: Selected subset D,, with |Dy,| =n

M1: Distinguishing Evidence Estimation

: forall (z,y) € T do

Encode (z, y) with My to obtain the response representation z(z, y)

: end for

: Hierarchically cluster the reference representations using the coherence criterion
: Obtain target concepts © = {61, ...,0¢c} and their reference subsets {75 }oco

: forall 6 € © do

Compute the desired representation py from 7o
Collect wrong-response instructions associated with 6
Construct the competing representations Ny = {ng1,. .., nox, }

: end for
: for all (z;,y;) € Ddo

Encode (z;, y;) to obtain z; = z(x;, y;)
for all 0 € © do
Compute s} (2;) and s, (2;) using Eq.E]
Compute distinguishing evidence €;¢ using Eq.
end for

: end for
: Form the evidence matrix [e;o] € RV *¢

M2: Barrier-Aware Instruction Allocation

: forall# € © do

for all (z,y) € 7o do
Generate § ~ My(- | z) and obtain £ = z(x, §)
end for
Compute the prior barrier By using Eq.[I]]
Compute the existing target-concept support v using Eq.

: end for

: Compute the allocation weights { Ag }oco using Eq.
: Initialize S + @

: while [S| < n do

for all 0 € © do
Compute R (S) and R (S)
end for
Compute the redundancy term D(S)
Evaluate the selection objective F'(S) using Eq.
Select i* by the marginal-gain rule in Eq.
S SU{(zir, yi*)}

. end while
:return D, < S

C

C.1

We evaluate the five capabilities in the downstream task using MMLU (Hendrycks et al., 2021},
BBH (Suzgun et al.| [2023), GSMS8K (Cobbe et al [2021), TRUTHFULQA (Lin et al.| [2022), and
TYDIQA (Clark et al., 2020), respectively. Following prior work, each capability benchmark is
partitioned into 20% reference data and 80% evaluation data. The reference partitions from all five
benchmarks are combined into a single reference set 7 representing the desired behaviors of the
downstream task, while the remaining examples are used for evaluation. The resulting evaluation
sets contain 11,250, 1,080, 200, 632, and 885 examples for MMLU, BBH, GSM8K, TRUTH-
FULQA, and TYDIQA, respectively. All experiments are conducted on NVIDIA A100 GPUs with

DETAILS OF EXPERIMENTS

IMPLEMENTATION DETAILS

80GB memory.
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Figure 4: Runtime and memory consumption of all selection methods. (a) Total runtime in minutes.
(b) Peak CPU memory. (c) Peak GPU memory per device.

C.2 RUNTIME AND MEMORY CONSUMPTION

Figure ] summarizes the total runtime and peak memory usage during instruction selection. As
shown, LESS, TSDS, and ADG incur substantially higher running time, while our method requires
considerably less time. Our method has the lowest CPU memory usage among the non-random
selectors and comparable GPU memory usage.

C.3 SELECTION COMPOSITION

Figures [5] and [6] compare the source distributions of the instructions selected under the 5,000 bud-
get. Random selection largely preserves the original pool distribution, whereas PASS substantially
reweights the source mixture. On both Mistral-7B and Qwen2.5-7B, PASS increases the propor-
tions of FLAN V2, OASST1, and Dolly while reducing the proportion of WizardLM relative to the
candidate pool. The selected distributions also vary across the two backbones, reflecting the model-
dependent nature of the prior barrier and instruction evidence used by PASS. In contrast, several
baselines exhibit much stronger concentration on a small number of sources, such as TADS and
TSDS. These results suggest that PASS adapts the composition of the selected subset rather than
simply preserving the source distribution or concentrating on a single source.
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N FLAN v2 Bl OASST1 WizardLM Dolly W Alpaca

Pool 33.2% 33.2% 5.0% 17.3%
ADG 33.8% 33.1% 5.4% 18.0%

Figure 5: Distribution of instructions selected by Mistral-7B under the 5K selection budget.

N FLAN v2 Bl OASST1 WizardLM Dolly W Alpaca

RDS+ 32.8% 7.0% 19.7% 24.5%
LESS 4.6% 26.6% 32.6%

TSDs 66.4% 6.8% 4.7% 14.6%
ADG 33.4% 33.9% 5.5% 15.9%

Figure 6: Distribution of instructions selected by Qwen2.5-7B under the 5K selection budget.

19



	Introduction
	Preliminary
	Theoretical Analysis
	Method
	M1: Distinguishing Evidence Estimation
	M2: Prior Barrier-Aware Instruction Allocation

	Experiments
	Experiment Setup
	Performance Analysis
	Ablation Study
	Parameter Analysis

	Related Work
	Conclusion
	Details of Theoretical Analysis
	Assumptions
	Proof of Theorem 1
	Proof of Corollary 1
	Proof of Theorem 2

	Pseudo Code
	Details of Experiments
	Implementation Details
	Runtime and Memory Consumption
	Selection Composition


