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ABSTRACT

The average-reward setting for reinforcement learning is challenging because its Bellman
operator is known to contract in span only when the underlying Markov chain is mixing.
Whereas existing work typically assurmes a contraction property, e.g., through environment
mixing, we consider the setting where we are given a reward-agnostic m-step mixing policy,
and we control the contraction and exploration properties of the learned policy by regularizing
toward the mixing policy. We provide finite-time analysis of Q-learning algorithms that
can be instantiated with multiple choices of regularization, with guarantees measured with
respect to the regularized fixed point. Our framework exposes novel regularizer-dependent
objects that control contraction, exploration, and operator bias. In the one-step setting, our
rates match the best known rates for Q-iteration and synchronous Q-learning, and for m-step
mixing we derive new rates. We also study Q-planning variants, and show that planning
acts as time-localized learning, where the planning horizon H trades off the bias from
the boundary value against the sample complexity. Finally, we present numerical studies
validating the analysis: (i) knowledge of a strong mixing policy improves convergence and
exploration, and its advantage increases with bottleneck severity and, (ii) our theory predicts
the convergence and bias rankings of regularizers from the a-divergence family.

1 Introduction

The average-reward setting of reinforcement learning is challenging because, without a discount factor,
the contraction of the Bellman operator is solely determined by the closed-loop dynamics, formed by the
transitions and the policy. The classical requirement for learning algorithms is the existence of a policy that
mixes the induced Markov chain, which holds when the Markov decision process (MDP) is communicating
and its transition graph is aperiodic. In that case, every full-support policy mixes, albeit at potentially very
different rates.

However, the design of algorithms that exploit knowledge of a strongly mixing policy to improve the
constants of their own convergence and exploration remains relatively understudied. This setting is natural in
domains like robotics and fine-tuning, where new tasks are learned starting from an existing policy. Although
regularization toward the mixing policy is a natural approach, its effects on average-reward learning are not
understood, raising the question:

How does regularization toward a mixing policy control contraction, exploration, bias and, ultimately, sample
complexity of average-reward Q-learning? How does this analysis inform reqularization design?
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We give the first finite-time analysis of average-reward Q-learning in which regularization toward a mixing
policy provides both the contraction of the Bellman operator and the exploration needed to learn. Specifically,
our main contributions are:

¢ A framework for mixing regularization. Given a reward-agnostic policy p that mixes in m steps with
parameter f,,;, we identify regularizer-dependent quantities that drive contraction, exploration, and bias:
the domination profile yq controls contraction, at rate § = $,,7" !, and exploration, guaranteeing coverage
with probability B, 7™ lmin every m steps where nmin is the smallest mass of the minorizing measure. The

regularization modulus controls the operator bias with a term scaling with 1/, thereby exposing a trade-off
between faster contraction and larger bias. Unlike existing methods, which assume contraction conditions
like uniform mixing or reachability, our assumption exploits knowledge from a single user-chosen policy.
* Sample complexity of regularized Q-learning. We analyze algorithms that isolate, in turn, contrac-
tion, statistical error, exploration and localization. Regularized Q-iteration converges linearly, with
O(ISP|A|m 5‘1 log(1/¢)) model queries; synchronous regularized Q-learning reaches ¢-accuracy with
high probability after O(|S||A| m*@?f~3~2) samples where @ bounds the noise; epoch regularized Q-
learning, which learns from a single trajectory of its own greedy policies, needs (~)(m4izzﬁ‘4(77nmm)‘1 e72)
transitions; regularized Q-planning, which restricts the learning process to the state-action pairs within

H steps of the reset distribution, needs O ((h; + m/f)*®2q~'¢?) transitions where h; is the depth after
which the states reachable from the reset distribution no longer change and g is the minimum visitation
probability across depth. In the last three cases, we match the optimal ¢~2 dependence. Although direct
comparison to state-of-the-art analysis is challenging because there is not a standard setting, we achieve
comparable rates, summarized in Table 2.

¢ Empirical validation. In our first experiment, we empirically demonstrate that knowledge of a strong
mixing policy can improve convergence and exploration properties, and its advantage increases with
bottleneck severity. In our second experiment, we empirically demonstrate that our theory predicts the
convergence and bias rankings of regularizers from the a-divergence family.

2 Background on Regularized Average-Reward MDPs

2.1 Average-Reward MDPs

We consider an infinite-horizon average-reward MDP M := (S, A, p, r), where § is the state space, A the
action space, p : S X A X S — [0, 1] the transition probability and 7 : § X A — R the deterministic reward

function. We assume that both S and A are finite. An action-value function is any Q € RS>,

A policy m maps each state s to an action distribution: 7 : § — A(A), inducing the state-
action kernel K(s’,a’ls,a) = p(s’ls,a)n(a’ls’) and the m-step state-action kernel K (s’,a’ls,a) :=
Y5, p(3ls, a) (@l3) Ky ~'(s’, a’l3, @) with K, := Isxa.

The Bellman (optimality) operator is 7 (Q)(s, a) := (s, a) + Eg -j(js ) [max, Q(s’, a’)]. The gain of a policy
is p™(s) = liminfy_,co %]En[ nN:_()l r(Sy, an) | So = s], and the optimal gain is p*(s) := sup,, p"(s). Without
discounting, 7 is not a contraction, and the relevant notion of fixed point is the optimality equation

7(Q*) = Q" + p'1L: for communicating MDPs, p* is constant and this equation has solutions (Schweitzer and
Federgruen, 1978).

Because the optimality equation is translation invariant, it is standard to use the span seminorm:
Definition 1 (Span seminorms). For a finite set X and U € R¥, the span seminorm is ||U]| X,sp := Maxyex U(x)—
minyex U(x). This is used on RS and R#, and for RS*A we write IQllsp := IQllsxa,sp- We also define the

action-span seminorm ||Q|lasp := maxses [|Q(s, -)||l#,sp- Both vanish on constants, || - [lasp vanishes on every Q
that depends only on the state, and || - [lasp < || - [lsp-

2.2 Regularized MDPs

We use the regularized MDP framework of Geist et al. (2019). Let T > 0 be a temperature and, for each
s €8, let Qg : A(A) = R U {+00} be a strongly convex function. With the shorthands Qs(a) := Q(s,a) and
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nts(a) := 7t(als), the regularized value function Q*(Q) € RS and the greedy policy g g : S — A(A) are

Q(Q)(s) := mAaX (s, Qs) = TQs(m5)}, nQ,Q('|S) ‘= argmax {(ms, Qs) = 1Qs(75)},
T €A(A) T €A(A)

so that QO*(:)(s) is the convex conjugate of 7€), and the regularized Bellman operator is 7o(Q)(s, a) :=
r(s,a) + By p(1s,0)[Q(Q)(s")]. Under Assumption 2 below, the maximizing policy is unique and equals

Var(Q)(s).

Examples include the a-divergences to a policy p, such as the forward and reverse KL.

3 Mixing-Regularized MDPs

We state our assumptions, define the objects that govern mixing regularization, and derive their effect on
contraction, exploration and bias (Lemma 1); proofs are deferred to Appendix G.1.

3.1 Assumptions

Assumption 1 (The reference policy y is m-step Doeblin mixing). There exists a stationary full-support policy
p:S = A(A), an integer m > 1, a parameter B, € (0,1], and a full-support distribution v € A(S) such that,
Y(s,a,s’), Yo K,’f(s’, a’ls,a) > Bnv(s’). Furthermore, let (s, a) := v(s)u(als) and Nmin := min 4) 1(s, a). The
m-step Doeblin condition implies that the MDP is communicating so p* is constant and 7 (Q*) = Q* + p*1
has solutions.

Assumption 2 (Convex regularity of Q). The temperature 7 is positive and, for every s € S, ), is strongly
convex, closed and proper.!

Assumption 3 (Admissibility of the mixing policy). For every s € S we have u; € dom((;), the effective
domain of Q).

3.2 Mixing Properties

Definition 2 (Mixing-regularization objects). Let Q satisfy Assumption 2, let u be the mixing policy of
Assumption 1, and let R > 0.

(i) Radius: for Q, Q" € RS, R[Q, Q'] := max{[|Qllasp, [Q’llasp} is the largest action span on the segment
[Q", Q] (by convexity of || - ||asp)-
(ii) Domination profile: yo(R) := inf {nQIQ(uls)/‘u(als) | (s,a) € SXA, [IQllasp < R} is the largest factor such
that g o > ya(R) u for every Q of action span at most R. It lies in [0, 1] and is non-increasing in R.
(ili) Regularization modulus: Aq(R) := sup {||gQ||S,sp [1Qllasp < R}, where gg(s) := Q*(Q)(s) — max, Q(s, a)
is the regularization gap. It is finite and non-decreasing in R.

Our finite-time results also require that greedy policies are full support. This is equivalent to the following

property:
ya(R) >0, forevery finite R > 0. (P1)

Many regularizers satisfy (P1) by default, including the a-divergences to y with a < 1. For those whose
greedy policies can be sparse, such as a-divergences with a > 1, an e-floor that mixes the greedy policy with
[ restores it?.

Under Assumptions 1 to 3, the regularized optimality equation 7o(Qy,) = Qf, + pg,1 has a solution, pg, is
unique, and under (P1) Q¢, is unique up to an additive constant (Theorem G.1)%.

Lemma 1 (Mixing properties of Q-regularization). Under Assumptions 1 and 2 and for any Q, Q”:

(i) Contraction: with 73‘ the k-th composition of the regularized Bellman operator,

m—1
I75(Q) = T Q@ Mlsp < {1 = B | | 7aRITF(Q), TFQM ] 1IQ = Q'llsp-
k=1
1 Strict convexity suffices for all our results; strong convexity only provides the Lipschitz constant of the greedy map in
Lemma F.1.(i) (Remark F.1). 2 Appendix G.5 3 Existence holds more generally, Appendix G.3
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(ii) Coverage: let (su, a,)n>0 be a trajectory with a, ~ mq o, (:Isx) and su41 ~ p(-su, a,), where Q,, is Fp_1-
measurable for ¥, := 0(Qo, (Sk, Ak )k<n)- If y1,..., ¥m = 0 are Fi-measurable and nq g,,, > yxp almost
surely, then almost surely

P((stem, arrm) = (s,a) | Ft) = P (ﬂ Vk) n(s,a), forevery (s, a).
k=1

(iii) Bias: the one step operator gap is: ||[7a(Q) = 7 (Q)llsp < Aa(l|Qllasp). Moreover, if Assumption 3 and (P1)
hold, then for every solution (Q*, p*) of 7(Q*) = Q* + p*1,

m Aq(R*)
Buya(R)m-1"
and, if |S| > 2 and all the Q; have the same minimum Q, as divergences to  do with Q =0,

_AQ(”Q*”asp) <po—p +1Q<0.

* * * * k *
Q5 — Q'llp < R i= max {[1Qp lesps max [75(Q s}

The key observation behind the proof is that the difference of the operators applied to any two Q-functions
can be written exactly as a single kernel applied to their difference: 7a(Q) — 7a(Q’) = Kz(Q — Q’), where 7
is the average of the greedy policies along the segment [Q’, Q].

Although existing work factorizes differences of hard maxima with a single policy kernel (Chen et al., 2026,
Lemma B.6), ours makes this policy explicit and uses its properties: 7 inherits the domination of y by the
greedy policies, so composing m such kernels transfers the Doeblin condition of Assumption 1, which gives
(i), and the same domination along a trajectory gives (ii). The profile yq thus controls contraction and
exploration at once.

The last item exposes the trade-off between bias and convergence. The greedy policy only depends on Q/t,
50 ya(R) only depends on R/7, and a larger temperature raises it, hence the contraction and coverage rates;
but it weakens the control of the modulus: for regularizers bounded on the simplex, Aq < TAg uniformly in
the radius, with Ag the range of () (Remark G.1), a bound that grows linearly in 7. The gain gap, in contrast,

involves neither the effective horizon Heg := m /(B y&~!) nor yq, only the modulus at the 7-independent
radius [|Q*[[asp: as T — 0, unlike the value bound, it vanishes linearly for bounded regularizers.

4 Algorithms and Finite-Time Analysis

We analyze increasingly realistic algorithms, each isolating one mechanism of Lemma 1: Q-iteration the
contraction, synchronous Q-learning the statistical error, epoch Q-learning the cost of exploration, and Q-
planning the effect of localization. Missing pseudocodes are given in Appendix B and proofs in Appendices H
and J.

Throughout this section, let 6 € (0,1) be the failure probability, T be the budget of the algorithm and
eo := [|Qo — Qg llsp > 0 be the initial error. The iterates stay, with high probability, within span distance

2eq of Q). On that ball, § := B, 7™ with 7 := yo(lQllasp + 2¢0) is the contraction rate of Lemma 1.(i),
w = ||Qg llsp +2e0 +[|€2°(0)|ls,sp bounds the noise, and ¢ := log(6|S||A|(T + 1)/0) is the price of a union bound
over pairs and time.

41 Synchronous ()-Regularized Q-Iteration

Synchronous Q-regularized Q-iteration applies the update:

Qts1(s,a) =I[Ta(Q)](s,a),  forall(s,a),

where IT is the mean-centering projection. This algorithm isolates the core convergence mechanism of
regularization under m-step mixing, on which the model-free analyses below build.

An immediate corollary of Lemma 1.(i) is the following.

Corollary 1 (Synchronous Q-regularized Q-iteration). Let Assumptions 1 to 3 and (P1) hold. Then
(1Q¢ — Qfllsp)t=0 is non-increasing and, for every t > 0,

Q¢ = Qalkp < (1= B va (IQlasp +11Q = Qillp) ™™ 101 = Qi M

4
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Consequently, for ¢ € (0,e0), IQr — Qpllsp < ¢ for every T 2 m[B'1og(eo/€)], i.e. after
O(ISP|A| m p~1 log(eo/€)) model queries, one query being an evaluation of p(s’[s, a).

For m = 1, the domination profile is not needed: f = f; and the rate is 1 — 1 per sweep, i.e.
O(SP|A| ﬁl_l log(eo/¢€)) model queries, which recovers the rate of relative value iteration under a one-
step minorization of the kernel (Puterman, 1994).

Our result in (1) reveals a contraction rate that increases as the error shrinks: from f to B, 7a(|Q% llasp)™ -

Although all of our analysis shares this feature, we present sample complexity results assuming the slowest
convergence rate for simplicity.

4.2 Synchronous ()-Regularized Q-Learning

Synchronous Q-regularized Q-learning applies the update:
Qt+1(sr a) = (1 - Oft)Qt(S, ﬂ) + (Xt(r(s, a) + Q*(Qt)(S;(S, Cl))), for all (S/ ﬂ),

where s/(s, a) is sampled from p(:|s, a) for each (s, a) at each iteration. This algorithm isolates the statistical
cost of learning from data.

Theorem 1 (Synchronous ()-regularized Q-learning). Let Assumptions 1 to 3 and (P1) hold, and set

a(u) = (Bu?)(9m(2 + B)*(1 + 9m)*@?1)~! for u > 0. Run Algorithm 3 for T iterations with a constant step
size a < a(ep). Then, with probability at least 1 — 6, sup, 1 |Q; — Qfllsp < 2¢0 and

(1-B/2)5 32 +B)(1+9m)

- - QGllsp + ————=——wVmait. 2
1 —ﬁ/z ”QO QQ” P ﬁ ( )

Ifl particular, for ¢ € (0, ¢p), the choices a = a(e/2) and T > i—’g log ((1725672)5) give ||Qr — Qfllsp < ¢, ie.

O(IS||A| m*@w?/(B3e?)) sampled transitions.

”QT - QE)”sp <

Because this algorithm updates every state-action pair at every iteration, the effect of yq is limited to
contraction, not exploration. The sample complexity’s dependence on contraction is =2 or, equivalently,
(Bm7™1)73. In the comparable setting where m = 1, the dependence on y disappears, and, for unit rewards,
we match? the rate of Zhang et al. (2021) i.e., é(|S||&Zl|‘81_55_2).

4.3 Epoch Q-Regularized Q-Learning

The pseudocode of epoch Q-regularized Q-learning is given in Algorithm 1. It adds the effect of exploration
because it learns from a single trajectory, rather than querying a generative model at arbitrary (s, a) pairs.

Algorithm 1 Epoch QO-Regularized Q-Learning

1: Input: initial Qo, regularizer Q, step sizes {«;}, batch sizes {B;}, initial state so.
2: Setn <« 0and j « 0.
3: while truedo
Nj < 0and 70Q; < 0on S x A.
while min, 4) Nj(s, a) < Bj do
Sample a, ~ nQ,Q].(-Isn) and sy41 ~ p(|su, an).
if N]-(sn,an) < B]‘ then

%Qj(snr an) +=1(Sn, an) + Q*(Q]’)(snﬂ) and N]'(Sn, ap) +=1.
9: end if

10: nen+l.

11:  end while o

122 Qju <« H[(1-a))Qj + aj70Q;/Bj] and j « j + 1.

13: end while

4 Corollary H.3
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Theorem 2 (Epoch Q-regularized Q-learning with a; = 1). Let Assumptions 1 to 3 and (P1) hold, and set

B(u) := % for u > 0. Run Algorithm 1 with a; = 1 and a constant batch size B > B(eg), and let J(T) be the
number of epochs completed within T transitions. Then, with probability at least 1- 0, sup i<I(T) 1Q;—Qgllsp <
2ey, each epoch completed within the budget lasts at most L := m|-(\/§ +10)?/ (77ﬁr]min)] + 1 transitions, so
that J(T) > |T/L], and

1Qym) — Qéyllsp < (1 = AV ™1Q0 - Qllsp + M%\/% 3)

In particular, for ¢ € (0, eg), the choices B = [B(¢/2)]and T > mL[p~! log(2e0/€)] give [|Qr) — Qpllsp < €, ie.
O (m*@?/(B*71mine?)) sampled transitions.

Compared to synchronous Q-learning, the sample complexity worsens by a factor of (]7ﬁ17min)’1/ |S||A.
This is a natural quantity to pay in the case of exploration because 7f1min controls the per-pair visitation
probability under greedy policy rollout, whereas a generative model can query arbitrary state-action pairs.
The exploration price can be reduced from 71min to B 7min by rolling out u, but the mixing policy u will
not seek to optimize the reward”.

44 Q-Regularized Q-Planning

We present theorems and proof sketches from Appendices I and J. From a reset distribution & € A(S), planning
rolls out trajectories of length H and backpropagates a value boundary condition Qg, similar to Monte Carlo
Tree Search (Grill et al., 2020). Planning isolates the role of localization: instead of targeting Qy, it targets
the planning solution defined by the backwards recursion: Q;Lh = ’/Z),;,(Q;),h 1) and QE),H = Qls,xa
where Qj and 7q j, are the depth-dependent value function and Bellman operator, and S, is the set of h-step
reachable states. In other words, the planning solution is the best update possible with the information
available in the first H steps.

Given this setting, we relax the mixing requirement from Assumption 1 to only consider the reachable states
from &.

Assumption 4 (Localized m-step Doeblin mixing). There exist integers m > 1 and h; > 0, a full-support
policy u, Bm € (0,1] and v € A(S) with support Se such that (i) S, = S for every h > hy, and (ii)
2o K/ (s7,a’ls,a) = Buv(s’) forall (s, 4) € Seo X A and s’ € So.

The first planning algorithm is the single backward sweep: Q; = 7o,,(Qn+1). This case terminates and
returns the planning solution exactly after O(H (maxj, |Sy|)?|A|) model queries. Its root level is e-accurate for
Qg once H > hy +m + Heglog L(Ag/ €)°. If H is too small, there is insufficient backup information, compared
to the boundary mismatch Ag.

The last algorithm we consider estimates each depth operator from rollouts. Whereas the learning algorithms
iterate the stationary update Q;+1 = 70(Q;), the planning algorithm applies, up to sampling noise, the
depth-shifted update Qj.1,, = 7q,1(Qj,n+1): level h atepoch j+1is computed from level & +1 at epoch j, which
is frozen during epoch j. In particular, choosing H > hy +m + Hegt log, (2Ap/€), gives [|Qy,0 — Qg llsp,soxa < €
with high probability, after O (1 + Heg)* @2 /(q €2)) sampled transitions”, where g is the minimum visitation
probability across depth.

The root error is a sum of level residuals damped at rate 5 every m levels, so noise does not accumulate over
the horizon and only the i1 + Heg levels closest to the root contribute. Merging the H tables into a single

table learned from resets removes the extra factor 1/8.

5 Remark H7 © Proposition J.1 7 Theorem 1.1
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5 Instances and Experiments

5.1 Instances of Base Regularizers

We instantiate our regularizers with the a-divergences from Amari (Cichocki and Amari, 2010):

/(a(a =1)).

Da(pllg) = (Z paga -1
a

These include D; = KL(p|lg) and Dy = KL(gl||p) by continuity, which have been used for KL-regularized
reinforcement learning (Vieillard et al., 2020), the x2-divergence underlying advantage-weighted updates
(Belousov and Peters, 2019), and, for a uniform u, the Tsallis entropies up to a rescaling of 7 (Lee et al., 2018).

We define Q, s := D4 (+||us) and we compute the relevant quantities in Table 18. In particular, on the window
0 < a <1, the divergences exhibit two favorable properties: the modulus is bounded uniformly in R and the
greedy policy is full support.

Table 1: The a-divergence regularizers

general a reverse KL forward KL Hellinger X2
a=1 a=0 a = % a=2
Qa,s(m) Da(mllus) KL(nllus) — KL(uslm) 27 = sl 3 x%(llus)
strong convexity yirll;x)* ifa<2 1 Hmin VHmin 1

(a=1)(Qs=Cs) a% Qa/t Gs=Qa\-1 Cs=Qa\—2 2a—Cs
noQls)/u |1+ EHRER T e (14 82T (14 z_g)z 149G
ya(R) = exp,_,(—R/7) e~R/T = (1+£) [1-&],

17_a_1 .

Aq(R) < Tir(n;_l) ifa>0  tlog gl t(l+log, §) 41(1 = viimin) 3(mm —1)
(P1) holds iffa<1 yes yes yes no
Ag bounded in R iffa >0 yes no yes yes

5.2 Experiments

Does knowledge of u improve convergence and exploration? We consider the Two Rooms MDP (Figure 1a): two
5 x 5 gridworld rooms joined by a two-cell doorway, with the four cardinal moves as actions. Moves are
deterministic, except entering the doorway, which succeeds with probability peross and otherwise leaves the
agentin place. The agent starts in the top-left corner and receives a reward of 1 in the bottom-right corner of the
right room. The reference policy u is uniform except at the two doorway entrances, where the entering action
has probability z(DOOR) (0.25 is uniform): the doorway is a bottleneck, and p can increase the flow through
it. We use the e-floored reverse KL (7 = 2, € = 0.05) and sweep u(DOOR) € {0.25,0.4,0.55,0.7,0.85,0.95}
and pPeross € {0.05,0.3, 1}; details and the bias are in Appendix C.1.

Figure 1b measures convergence with synchronous regularized Q-iteration (Algorithm 2), which isolates
contraction from sampling noise, through the number of iterations per e-fold, 1/p, where ||Qx — Qg |lsp o e—rk
once the rate has settled. It grows with the bottleneck severity and decreases with y(DOOR) when the
doorway is a bottleneck (X2.4 at pcross = 0.05), but is flat without one, consistent with the direction predicted
by the contraction mechanism.

Figure 1c measures exploration with epoch regularized Q-learning ( Algorithm 1), through the epoch length
relative to the uniform p: solid, data collected under y; dotted, on-policy; dashed, the coverage constant
min,, 1 /(Bmfmin). Biasing u towards the doorway shortens epochs by up to X5 at peross = 0.05 but triples
them at pcross = 1: knowledge of i helps only when it targets an actual bottleneck. The coverage constant
reproduces the shape of this dependence, though not its scale.

8 Notation and proofs in Appendix K.
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(1a) The Two-Rooms MDP. (1b) u’s effect on convergence. (1c) u’s effect on exploration.
Figure 1: Empirical results on the Two-Rooms MDP. Biasing the reference policy u towards the bottleneck

improves both convergence (b) and exploration (c).

Does theory predict reqularizer ranking? We consider the RiverSwim MDP (Strehl and Littman, 2008), with
the parameterization of Osband et al. (2013) (Figure 2a), where S = {0,...,n — 1} and A = {LEFT, RIGHT}.
LEFT deterministically moves the agent to s — 1, with a small reward (0, LEFT) = 0.005 at the leftmost state.
RIGHT swims against the current: it moves to s + 1 with probability 0.35, stays with probability 0.6 and
moves to s — 1 with probability 0.05, with a large reward r(n — 1, RIGHT) = 1 at the rightmost state. The
reference policy p is uniform and n = 6. We compare regularizers from the a-divergence family D, (rt||u):

x2(ullm) (@ = —1), forward KL (a = 0), Hellinger (a = 0.5), reverse KL (a = 1), D1 5 and x2(rt||p) (a = 2).

Figure 2c plots the bias [|Q¢, — Q"[|sp against 7 (solid: without floor; dashed: the a > 1 regularizers wrapped
by the e-floor, € = 0.05). At a common temperature, the bias decreases as a increases, consistent with the
regularization modulus Aq decreasing in a (Table 1), and all curves merge at large 7, where every regularized
policy approaches u. Comparing convergence at a common t would therefore confound speed with bias.

We thus choose, for each regularizer, the temperature giving the same bias ||Qg, — Q|lsp = 2, and run epoch
regularized Q-learning (B = 64, 20 seeds). Since increasing a lowers the domination profile yq, our theory
predicts that at equal bias convergence slows as « increases. Figure 2b confirms this ranking: it plots the
span error of each method to its own target (Qf, for the regularized methods, Q" for the baselines) against
environment steps, and convergence slows as a increases. At equal bias, the choice of regularizer is thus
not a trade-off but a ranking, in favour of small a. As baselines, the unregularized epoch algorithm never
completes an epoch since the greedy policy does not cover the state-action space, and asynchronous RVI
Q-learning only escapes the local reward trap after ~ 108 steps (for asynchronous RVI Q-learning, we plot
the span distance between the iterates and the hard fixed point).
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0.95 . ~ -
0.65 0.05 0.6 0.05 r=1 °
//’\\ /’\\ /’\\ Xl =1 | a 1001
/, \\~ e / \' Jo— / \" K forward KL (a=0) § *:’ 75
P, R o 2 = — Hellinger (a=0.5) -9 7
¥ 0.35 =), ¥ 0.35 T, S reverse KL (a=1) S
L D:~.(a:1.5] ‘e 5.0 A
~ “~ < Xl (@=2) <3
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(2a) River Swim MDP (n = 3).
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° 107 107 107
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(2b) Q’s effect on convergence.

(2¢) Q)'s effect on bias.

Figure 2: Comparison of regularizers from the a-divergence family on the RiverSwim MDP. As predicted by
the theory, convergence slows as a increases at equal bias level.



Mixing Regularization for Average-Reward Q-Learning and Q-Planning

Table 2: Sample complexity of average-reward methods, in sampled transitions and up to logarithmic factors;
for Q-iteration we count evaluations of p(s’[s, a). Let tnix be the mixing time, K the worst expected hitting
time of a reference state, and 0 < 1 a span-contraction factor. Whereas other methods target Q*, we target
the regularized fixed point Qy,.

Paper Assumptions Sample complexity
Q-iteration (known transitions)
Puterman (1994) one-step minorization p(-[s, a) > pv ISP|A| B log(1/¢)
Ours, Corollary 1 m-step Doeblin policy u; regularizer ISP A| m 1 og(1/ )
satisfying (P1)
Generative model, model-based
Wang et al. (2024) all stationary policies uniformly mixing IS|IA tmix €2
Zurek and Chen (2024)  weakly communicating [SIIA|lmax, Q*[lsp g2
Generative model, model-free
Lee et al. (2025) weakly communicating |S||A] || max, Q"||§p g2
Zhang et al. (2021) unichain; J-step span contraction at rate 6 ISIA|J3(1 - 6)2 2
Chen et al. (2026) reachability, hitting time K |S||A| 26K ¢=2
Ours, Theorem 1 same as for Q-iteration |S||A| m* @2 5—3 2
Single trajectory, model-free
Chen (2025) one-step span contraction with factor 6; fixed |SIPlAP r)r_nzin(l —0) D2
(asynchronous) full-support behavior policy; irreducible aperiodic
behavior chain
Chen et al. (2026) reachability, hitting time K; fixed full-support |S]3|A3 20K r]r_nzin 2
(asynchronous) behavior policy; aperiodic chain
Ours, Theorem 2 same as for Q-iteration m4w2[§_3()7[§nmin)_l &2
(epoch)

Planning (resets to &), model-free

Ours, Theorem 1.1 m-step Doeblin policy u on the states reachable (h1 + Heg)* @% g1 e72
from & (Assumption 4); regularizer satisfying (P1)

6 Related Work

Where the contraction comes from. The average-reward Bellman operator is not a contraction, and
finite-time analyses of Q-learning differ in how they deal with this. Zhang et al. (2021) and Chen (2025)
assume that the Bellman operator itself is a span contraction. Chen et al. (2026) derive a contraction from a
reachability assumption by running Q-learning on lazy dynamics, in which the system stays in its current
state with a fixed probability. Jiao et al. (2026) analyze Q-learning in weakly communicating MDPs without
any contraction, at the price of an ¢~ dependence, and other works rely on discounted approximations
(Jin et al., 2024) or Halpern iterations with a generative model (Lee et al., 2025). With a generative model,
model-based methods are minimax optimal and set the target rates (Wang et al., 2024; Zurek and Chen,
2024). We take a different route: the user supplies a policy that mixes, and regularizing toward it yields a
contraction whose rate is regularizer dependent and leads to an ¢~2 sample complexity, at the price of a bias
that we bound (Table 2). The same policy also provides the coverage that asynchronous analyses usually pay
through a covering or mixing time of the behavior policy (Even-Dar and Mansour, 2003; Li et al., 2020).

Regularization toward a reference policy. Regularizing toward a default policy is widespread: KL
regularization averages errors in approximate value iteration (Vieillard et al., 2020), behavior priors speed up
exploration and transfer (Teh et al., 2017; Tirumala et al., 2022, Ouhamma and Kamgarpour, 2026), and KL
penalties to a reference policy underpin offline RL and RLHF (Wu et al., 2019; Xiong et al., 2024). Closest
to our instances, Labbi et al. (2026) regularize policy gradient toward a reference policy with the same
a-divergences, in the discounted setting. Their convergence constants are driven by the inverse link (f')™! at
large negative arguments, which decays exponentially for the KL and polynomially for & < 1; our domination
profile is bounded below by this same quantity (Table 1). In the average-reward setting, Neu et al. (2017) and
Adamczyk et al. (2025) study entropy-regularized objectives from the viewpoints of policy optimization and
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deep RL. These works use the reference policy for stability, prior knowledge, conservatism or conditioning;
none uses it to make the dynamics mix, which is the mechanism we exploit.

Planning depth. In discounted planning, the depth of the lookahead tree is set by the discount factor
(Kearns et al., 2002). Regularized tree search enjoys fast convergence at the root (Xiao et al., 2019) and
polynomial sample complexity (Grill et al., 2019), but it targets the regularized optimum, whose greedy
actions can be suboptimal for the original objective (Painter et al., 2023). In average-reward problems,
finite-horizon values minus their linear growth converge as the horizon grows (Schweitzer and Federgruen,
1977). We make the depth needed for a given accuracy explicit in the mixing and the regularizer, with

Het = m/p in the role of 1/(1 — y), and control the regularization bias separately.

7 Discussion and Limitations

The Doeblin pair (11, f,,) and the profile yq are uniform over states, so a bottleneck anywhere dictates the
rate everywhere; state-dependent constants, weighted along the paths of u, could yield much faster rates.
Our criterion, uniform accuracy on all pairs, also favors exploring with p and does not credit acting with the
learned policy, which instance-dependent approaches may be able to capture. Future directions include
relaxing Assumption 1 to allow transient states for single-trajectory learning, matching the (1 —y)™*¢~2 rate of
discounted Q-learning (Li et al., 2024) with Heg in place of 1/(1 — ), an asynchronous analysis (Chen, 2025),
function approximation as well as temperature schedules to remove the bias while keeping early contraction.

Al use statement We used generative Al tools to identify relevant literature, polish writing, improve
readability, and help implement the experiments. We have not used generative Al tools to develop the
theoretical framework, to propose hypotheses, or for proving mathematical claims. We have reviewed all
Al-assisted work. We take responsibility for the final content of this work, including text, claims or artifacts
produced with the aid of generative AL
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A Notation Summary

Table 3: Notation used across sections.

MDP and kernels

S, A, p,r

Pr(-|so =), Er[ | s0 = 5]
P

Pr

Kn

Kﬂ] Tl s KZZ

II

finite state and action sets, transition kernel, deterministic reward

law and expectation of the chain started at s, with a; ~ n(:|st) and s¢41 ~ p(-lst, at)
rectangular kernel (s, a) — p(‘|s,a), from S X A to S

state kernel Pr(s’|s) = 3, m(als)p(s’|s, a), acting on RS

state-action kernel K (s’, a’|s, a) = p(s’|s, a)n(a’|s’), acting on RS*A

m-step state-action kernels, (G.2); K[/'(s|s, a) is the state marginal

centering projection I1[Q] = Q — (17Q/IS|IA|)1

Norms and seminorms

I llsp, 11Qllasp span seminorm, action-span seminorm, Definition 1
I llsp,op operator span seminorm, Definition E.3

[l lltv, a(P) total variation distance; Dobrushin coefficient, Definition E.2
Regularization

7, Qg, dom(Qs) temperature; regularizer at s; its effective domain
', a0 conjugate of TQ) and greedy policy, Subsection 2.2
7,70 hard and regularized Bellman operators

Q% p% Qo Po optimal and regularized relative value and gain

Tr regularized reward (ms, r5) — Qs (75)

Q.,Q,Q,Aq min Qg; ming Q; maxs,q Qs(04); Q - Q

7a,0,0'1 RIQ, Q] average-path policy and radius, Definition G.1.(i)—(ii)
ra(R) domination profile, Definition 2.(ii)

pt
gQr AQ (R)/ AQ (R)

regularization gap and moduli, Definition 2.(iii), Definition G.2

Mixing and rates

W, m, By, v mixing policy and its m-step Doeblin constants, Assumption 1

1, Nmin n(s,a) = v(s)u(als) and its minimum

Umin, Vmin mins 4 p(als) and mins v(s)

Bm(A) regularized m-step contraction rate B, yq(A)" !

Learning analysis

0, 7:, eo, L failure probability, budget, initial error [|Qo — Qg llsp, log(6ISI|A|(T +1)/0), Section 4

7, B, @ domination constant y(||Qg, llasp + 2e0), contraction rate 1,y "-1 and noise scale
on the ball of radius 2¢, Section 4

AR, Cgr, B(R), @(R) localized radii and constants, Definition H.2

P, Ko probability of m effective updates per block and sub-block budget, Lemma H.6

OR, €t exit time from the ball of radius R and error at time ¢, Definition H.2

Bi, b, Bres, I(T) blocks, their first indices, last incomplete block, number of completed blocks,
Definition H.1 and Appendix H.2.2

J(T), ¢, Lj("), gr completed epochs, epoch length and its bound, coverage constant, Lemma H.15

Planning analysis

& H,Qp reset distribution, planning horizon, boundary value, Subsection 4.4

S, X, 8, Sy reachable layers, Sy, X A, reachable set | J;, S, maxy <y [Sy|, Appendix I

h1, Seo depth after which the layers no longer change, and their common value, Assumption 4

To,n Q4 depth-dependent operator from RX#+1 to RXH, planning solution, Subsection 4.4

Ag, Dy ’ boundary mismatch ||Qp — QZ)”SP/XH’ initialization error maxj,<g [|Qo,; — Qz),h”sp;
in planning, ep := Do + Ap

Hegt(A), M(h, A) effective horizon m /B (A) and (hy — h)+ + Heg(A), (J.2); Hegr and M denote their
values at A = Ap,, and h = 0, Appendix I

Gu, 9n(A), q coverage constants under y and under a behavior dominating yq(A)y, (1.1); g is the
constant of Theorem 1.1

Ly log(4JHSy|A|/6), Theorem L.1
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B Algorithm Pseudocodes
B.1 Learning

All the learning algorithms apply the centering projection IT[Q] := Q — mlTQl, which only shifts the
iterates by a constant and does not affect the analysis in span seminorm.

Algorithm 2 Synchronous Q)-Regularized Q-Iteration

1: Input: initial Qo, regularizer ), transition kernel p.

: fort=0,1,... do
Ta(Qi)(s,a) «r(s,a) + 2o p(s’ls, a) Q*(Q¢)(s’) for every (s,a) € S X A.
Q41 < H[7a(Q4)].

end for

AN NN

Algorithm 3 Synchronous Q-Regularized Q-Learning

—_

: Input: initial Qo, regularizer Q, step sizes {a}>0, generative model of p.
: fort=0,1,... do

Sample s{(s,a) ~ p(-|s, a) independently for every (s, a) € S x A.
TaQi(s,a) « r(s,a) + Q(Q¢)(s](s, a)) for every (s, a).

Q1 — I[(1—a)Qs + afo@]-
end for

AL~

B.2 Planning

The planning algorithms take the reachable layers Sy, . .., Sy of Appendix I as input; they depend only on &
and on the support of p, and the stopping rules of the model-free algorithms require them.

Algorithm 4 Backward Synchronous Q-Regularized Q-Planning

1: Input: boundary value Qp, regularizer (), transition kernel p, layers S, ..., SH.
Set Qn « QBlxy-
forh=H-1,...,0do
Qu(s,a) «r(s,a) + Xyes,,, P(s’ls,a) Q(Qn+1)(s’) for every (s, a) € Xj,.
end for
Return (Qh)fzo.

Algorithm 6 Epoch QQ-Regularized Q-Learning with Resets

1: Input: initial Qg € RS=XA regularizer Q, step sizes {a;}, batch sizes {B;}, reset distribution &, burn-in
depth k1 and core S, rollout length H > h;.

2: Setj « 0.

3: while true do

4 Nj < 0and 70Q; < 0on Se X A.

5. while MiN(s 4)eS xA Nj(s, a) < B]' do

6: Sample sg ~ &

7 forh=0,...,H-1do

8: Sample ay, ~ u(-|sp) if h < hy and a;, ~ ﬂQ/Q/('lSh) otherwise, and sy41 ~ p(:|sn, an).
9: if h > hy and Nj(sp,, a;) < Bj then
10: TaQj(sn, an) +=r(sp, an) + Q(Q;)(sn+1) and Nj(sy, ap) += 1.
11: end if
12: end for

13:  end while
14 Qi1 < I[(1-a))Q; +a;70Q;/Bj] and j « j +1.
15: end while
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Algorithm 5 Epoch Q-Regularized Q-Planning

1: Input: initial Qo, boundary value Qp, regularizer Q, batch sizes {B;}, reset distribution &, layers
So, ey SH.

2: Set Qo,n < Qolx, for h < H, Qj n = Qslx, for every j,and j « 0.

3: while true do

4 Njjp < 0and 7}27(2]74,1 «— Oon X}, forevery h < H.

5:  while minj,<y ming g)cx, Njn(s,a) < Bj do

6: Sample sg ~ &.

7: forh=0,...,H-1do

8: Sample aj, ~ nQ,Q].lh(‘|Sh) and sp41 ~ p(lsn, an).

9: if Nj u(sn,an) < Bj then
10: TonQjn+1(Sn, an) +=r(sp, an) + Q(Qj,n+1)(Sn+1) and N n(sp, an) += 1.
11: end if
12: end for

13:  end while
14: Qjsin — TonQjne1/Bjforevery h < Hyand j « j +1.
15: end while

C Additional Experiments

C.1 Two Rooms: experimental details and bias

Setting. At the two doorway entrances, u puts mass u(DOOR) on the action entering the doorway and
(1 — u(DOOR))/3 on each of the three others; everywhere else it is uniform. The regularizer is the e-floored
reverse KL with 7 = 2 and € = 0.05 in all panels.

Convergence. Synchronous regularized Q-iteration is exact, so no seeds are involved. The rate is fitted on
the part of the error curve with 107 < [|Qx — Q¢ llsp/I1Qo — Qfllsp < 1073. The convergence accelerates before
settling: early iterates have a larger action-span, hence a sharper policy, a smaller domination profile yq and
a slower contraction. On the slowest configuration (pcross = 0.05, uniform ) the first e-fold takes about 170
iterations against 54.5 once settled, so a rate fitted on a fixed initial window depends on the window; we
report the settled rate, which does not.

Exploration. Epoch lengths are for B; = 1 accepted sample per state-action pair, with a cap of 4 - 10°
transitions per epoch. Under y: median over 12 seeds. On-policy: 4 epochs, median over 5 seeds of the mean
of the last 2 epochs, the first epochs being dominated by the initialization Qo = 0. All curves are normalized
by their value at the uniform p. In absolute terms, one epoch under the uniform p costs 12304, 3096 and
1901 transitions for peross = 0.05,0.3, 1, and the coverage constant sits 69, 52 and 39 times above these values,
which is why only its shape is compared.

40 1 & Do = 0.05
_& 30 1
o
| 20 A
ST
2
O T T T T T 1
0.25 0.4 0.55 0.7 0.85 1

#(DOOR)

Figure 3: Bias [|Qf, — Q|lsp on Two Rooms against u(DOOR), exact. Dotted line: uniform u.

Bias. Figure 3 reports the bias [|Qf, — Q”|lsp, computed exactly. When the doorway is a bottleneck, biasing
y towards it reduces the bias from 36.8 to 4.7, but past 4(DOOR) = 0.7 the bias rises again, likely because
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the same knob also pushes the agent from the goal room back through the doorway. The convergence and
exploration panels reward a large (DOOR); the bias is what prevents pushing it indefinitely.

C.2 Choice of the regularizer

(a) domination profile (b) modulus (c) v against A
) 101 ? =
10-1 \' ; 10-1 A \
E < 1 E
1073 4 < i 1073
1071 E
]_0_5 T T T T 10_5 srrrrrmr o T T
100 102 100 102 10-1 100 101
R/T R/t Ao /T
—_— =1 % () = «=0.5: Hellinger a=15 O last R/7with 7 >0 A R/T=10
a=0: forward KL a=1: reverse KL a=2: x}(r|p) ® end of sweep, R/7=300 W R/7=100

Figure 4: The objects of Definition 2 for the a-divergences to a uniform p over two actions, and the resulting
bias. (a) Domination profile yq and (b) regularization modulus Aq/7, both functions of R/t only. (c) The
pair (Aq/7, ya) as R/t grows.

Figure 4 computes the two objects that govern our rates and bias for the a-divergences to . Since the greedy
policy only depends on Q/1, ya(R) and Aq(R)/7 only depend on R/, so panels (a) and (b) hold for every
temperature.

Panel (a) illustrates Theorem K.1.(iv): for @ > 1, the profile vanishes at a finite radius (open circles), at
R/t = & /(e — 1), thatis 2 for @ = 2 and 22 for a = 1.5, so that (P1) fails; for a < 1, it stays positive, with
an exponential decay for the reverse KL and a polynomial one for a < 1, slower for smaller a. Panel (b)
illustrates Theorem K.1.(v): the modulus saturates for a > 0, at log 2 for the reverse KL and 4(1 - 271/2) for
the Hellinger regularizer, and grows without bound for a < 0, as log(R/7) for the forward KL and (R/ 7)l/2
fora = 1.

Panel (c) traces both objects together as the radius grows: a regularizer is preferable when its curve lies
higher, for a faster contraction and coverage, and further left, for a smaller bias. No value of @ dominates.
Divergences with a < 0 keep a large profile at the price of an unbounded modulus, and those with a > 1
have a small modulus but lose (P1); only the window 0 < a < 1 keeps the modulus bounded and the profile
positive. Within it, the Hellinger regularizer keeps a larger profile at large R/7, whereas the reverse KL has
the smaller modulus for this balanced p, as discussed in Remark K.1.

The value bias on RiverSwim (Figure 2c) follows the ordering of the moduli in panel (b): at a given temperature,
it decreases with @, and as T — 0 it vanishes fastest for the bounded regularizers o > 0, consistently with
Lemma 1.(iii) and Theorem K.1.(v). For large 7, all greedy policies approach u and the biases coincide. The
e-floor restores (P1) for a > 1 at the price of a slightly larger bias at small temperature.

D Discussion on Assumption 1

We characterize the MDPs that satisfy Assumption 1 and its constants. Throughout, u has full support and
Ki(s'ls, a) = X, p(sils, tl)Pﬁ_l(S’|S1) (Appendix E).

Canonical constants. Let ZZ(S') = mingg 4 Kﬁ (s’|s, a). Since the minorization of Assumption 1 is uniform
in the starting pair, a pair (8, ) satisfies it at horizon m if and only if g7 < fo pointwise. The assumption
thus holds at horizon m if and only if KL” > 0, and the canonical pair ,, := ||ZZ1||1, V= ij /Bm, which we
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always use, dominates every other one, both in the contraction constant § and in the coverage profile 7 ® .
. . . . . 1
Averaging Kii(s'[s1, a1) = V{(s”) over a1 ~ u(/s1) and decomposing Kji*! on its first step gives ZT z Vi

the assumption then holds at every horizon n > m, with canonical constants at least as good.

In fact, the contraction and the exploration rely on two different properties of K. The contraction only
requires a bound on its Dobrushin coefficient, which the minorization provides as a(Kj/) <1 — B, possibly
strictly (Lemma E.3), whereas the exploration requires the minorization itself, which bounds below the
probability of reaching each pair. We state both through the Doeblin pair (8,4, v), so that the domination
profile transfers them at once: the greedy policies contract at rate B,,¢; ! and visit every pair with probability
at least () Imin €very m steps (Lemma 1).

Definition D.1 (Union graph). The union graph G is the directed graph on S with an edge s — s’ whenever

p(s’ls,a) > 0 for some a € A. For X C S and k > 0, XGF is the set of states reached from X by a walk of
length exactly k. G is primitive if it is strongly connected and aperiodic, and its exponent ex(G) is then the
smallest k > 1 such that {s}G* = S for every s.

Since p has full support, Pji(s|s) > 0 if and only if s” € {s}G": G is the support graph of P, for every
full-support p.

Proposition D.1 (Which MDPs satisfy Assumption 1). For every full-support y1, Assumption 1 holds for
some m if and only if P, is irreducible and aperiodic, if and only if G is primitive, if and only if the MDP is
communicating and G is aperiodic. In particular, Assumption 1 holds with some full-support policy if and
only if it holds with every full-support policy: whether it holds only depends on the support of p, and u only
affects its constants 8, and v.

Proof. The second equivalence holds because G is the support graph of P, and the third because G is strongly
connected if and only if the MDP is communicating. If ZZI >0, then P! > 0 and Pﬁ”l > 0 entrywise, so P,
is irreducible, with closed walks of lengths m and m + 1 through every state, hence aperiodic. Conversely,
if G is primitive, then {51}G®C) = S for every si, so that, for m := ex(G) + 1 and any s; with p(s1|s,a) > 0,
Kt (s, a) = p(sils, a)P} " (-|s1) > 0, i.e. v >o0. O

Proposition D.2 (The minimal horizon). Under Assumption 1, let e(X) := min{k > 0 | XG* = S} for
nonempty X C S. The smallest horizon at which Assumption 1 holds is

=1+ Is,a)),
m (s’ﬁ%ﬁﬂe(suppp( ls, a))

and ex(G) < m* < ex(G)+1 < (|S|-1)> + 2.

Proof. By the first-step decomposition and the full support of i, K (-|s, a) > 0 if and only if X; 4 Gnl=8§,

with X; , := supp p(‘[s, a). As G is strongly connected, every state has a predecessor, so XG* = S implies
XG*! = S, and {k | XG* = S} = {k 2 e(X)}. Hence V) > 0 if and only if m — 1 > ¢(X;,q) for

every (s, a), which gives the formula. Since e(X) < ex(G) for every nonempty X, m* < ex(G) + 1; since
P (s'ls) = X, u(als)K} (s'ls, a) > 0 for every (s,s’), m* > ex(G); and ex(G) < (|S| = 1)* + 1 by Wielandt
(1950). O

The threshold m" is thus a property of the transition graph alone, and it is small when the dynamics can
idle: if every state stays in place with positive probability under some action, then ex(G) is the diameter of
G, since any path can be lengthened with self-loops, and m* is at most the diameter plus one. The horizon
m of our rates, in contrast, is not a property of the MDP: any m > m" is valid and, since the algorithms do
not use it, our guarantees hold at every such m. Larger horizons can only improve $,, and ,;1min, but they
weaken the transfer factors yg‘l for the contraction and y/) for the exploration, so the best horizon to read
our guarantees balances the mixing of y against the domination of the greedy policies.

Remark D.1 (Comparison with other assumptions). Under Assumption 1, the MDP is communicating
(Corollary G.1) and every full-support policy induces an irreducible aperiodic chain (Proposition D.1). The
assumption is thus equivalent to the standard one on the behavior policy of asynchronous Q-learning, a
full-support policy inducing an irreducible aperiodic chain (Chen, 2025, Assumption 3.1). Chen (2025)
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additionally assumes that the Bellman operator is a span contraction (his Assumption 2.1), whereas we obtain
the contraction from regularization toward p, and the constants of u enter the rates. It is incomparable with
the unichain condition: two states swapped by a single action form a unichain MDP whose G is periodic,
and adding a self-loop action makes G primitive but the MDP not unichain. Unlike the unichain condition,
whose verification is NP-hard (Tsitsiklis, 2007), it is checked in polynomial time on G, and it is preserved by

adding actions or transitions. Periodicity can be removed by laziness, i.e. replacing p([s, a) by 3(6s +p(ls, a)),
which preserves the gain of every stationary policy. Finally, if P, is unichain and aperiodic but has transient
states, then for m large enough f3, is still positive but v vanishes exactly on these states, which a trajectory
following full-support policies visits finitely often: full support of v is what makes single-trajectory learning
possible on every pair.

E Mathematical Background

The following convention will be useful in the proofs.

Convention E.1. Throughout, X, Y and Z denote finite sets, typically S or S X A, and P is a row-stochastic
matrix from X to Y. It maps functions f € RY to P f € RX and distributions ¢ € A(X) to P € A(Y):

PHD = Y PG, @PY)= Y Py
yey xeX
The product of Py from X to Y and P, from Y to Z is (P1P2)(z|x) = X ey P1(ylx)P2(zly), so that (P1P2) f =

P1(P>f) and ¢(P1P;) = (¢P1)P>. Ina product P1P; - - - P, the Markov chain therefore takes its first step with
Py and its last with P, whereas a function is transformed first by P,, and last by P;.

For a policy n, we also write Pr(s’ls) := 2, m(als)p(s’|s,a) for its state kernel, and KJ'(s’|s,a) :=
Yo KIH(s’,a’|s, a) for the law of the state reached after m steps from (s, a); in this notation, Assumption 1
reads KJ'(‘[s, a) > Buv.

E.1 Concentration inequalities

The analysis of the model-free algorithms controls two different random quantities.

The number of visits to a state-action pair is a sum of indicators whose conditional probabilities are only
known to be bounded below, on an event, by a small constant such as gr = B Va(AR)" )min; Lemma E.1
bounds its lower tail multiplicatively, which keeps the cover times of Lemma H.15 linear in 1/4r.

The noise in the Bellman targets is a martingale with bounded increments, whose running maximum is
controlled by Lemma E.2.

Lemma E.1 (Self-bounding lower tail). Let (Zi)?:1 be adapted to a filtration (G;) with Z; € [0, b] almost surely.
Let S := Z?:l Ziand S := Zle E[Z; | Gi-1]. For any deterministic a > 0 and ¢ € (0, a),

P(S<c,S_Za)Sexp(—%(a—c—clog%)) (E.1)

Proof. This is the lower tail of the multiplicative Azuma inequality (Kuszmaul and Qi, 2021, App. A), stated
on the event {S > a} in the manner of Freedman (1975) rather than under an almost-sure lower bound on S;
we recall the argument. Let 6 > 0 and p; := E[Z;/b | Gi-1]. Convexity of y > e % on [0,1]and 1 —x < e~
give E[e 0%/t | G; 1] <1 - pi(1—e70) < e P02, 50 that My := exp ( - Oy Zi+(1-e )Y iqpi)isa
non-negative supermartingale with Mo = 1. On theevent{S < ¢, S > a} we have Mg > exp (- % +(1-¢79)%),
so Markov’s inequality bounds its probability by exp (#(6¢c — (1 —e~%)a)), which is minimized at 6 = log(a/c);
this is (E.1). O

Lemma E.2 (Maximal Azuma-Hoeffding inequality with predictable ranges). Let (Mx)o<k<n be a martingale
with My = 0, adapted to (¥¢), such that for each k the increment My — My_1 lies a.s. in an interval [ L, Li +ck]
with Ly Fr-1-measurable and cx > 0 deterministic. Then for every u > 0,

2u?
Pl max [Mi| > u| <2exp|-——|-
0<k<n 21 Ci
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Proof. Apply Roch (2024, Theorem 3.2.1) to (M) with Ay = Ly and Bx = Lk + ¢k, and to (—Mj) with
Ay = =Ly — ¢, and By = —L, then take a union bound. O

E.2 On span seminorms and the Dobrushin coefficient
This section provides additional definitions and lemmas that are useful when working with the span
seminorm.

Definition E.1 (Total-variation distance). The total-variation distance between two probability distributions
¢, ¢’ € A(X) is defined as:

’ 1 ’
lp = @lirv = 5 D 16(x) = ¢’ (). (E2)
xeX
Definition E.2 (Dobrushin coefficient). The Dobrushin coefficient of a row-stochastic matrix P € R¥*¥ is
defined as: | |
P — ¢'Plity ,
aP)= sup TP S 1) - Py, (E3)

P#P’ EAX) ||¢ - (P’”TV x,x’€X
the equality of the two expressions being due to Dobrushin (1956).

The following lemma turns a Doeblin minorization, such as Assumption 1, into a bound on the Dobrushin
coefficient, hence into a contraction in span seminorm by Lemma E.6.

Lemma E.3 (Doeblin and Dobrushin coefficients). Let X and Y be finite and let P be a row-stochastic matrix
from X to Y. If there exist § € (0, 1] and v € A(Y) with P(y|x) > Bv(y) forall (x,y) € X XY, then a(P) < 1-p.

Proof. This is classical (Seneta, 2006, §4.3); we recall the argument. Since |2 — b| = a + b — 2min{a, b} and
both rows sum to one, ||P(-|x) = P(:|x")llrv =1 = X, min{P(y|x), P(y|x")} for all x, x" € X. Each minimum is

at least fv(y) by the minorization, so the sum is at least § and every row distance is at most 1 — 3. m]

Lemma E.4 (The terminal action does not affect the contraction). Letn > 1, let rty, ..., 7, be policies and
K := Ky, -+ Kg,, the chain taking its first step with K, (Convention E.1). If ity > yyu for k € [1,n — 1] and

Ki(-ls,a) > pv for every (s, a), then a(K) <1-f 12! e

Proof. The rows of K factor as K(s’,a’|x) = A(s’|x) mu(a’|s’), where A(:|x) is the law of the n-th state. The
terminal factor being common to all rows, 1 — a(K) = min, , >, min{A(s’|x), A(s’|y)} = 1 — a(A). Only the
n — 1 intermediate actions enter A, so the transport inequality Py, > P, gives A(|x) > ( ;-] yk)Kﬁ('|x) >
B(T1}Z{ yx)v, and Lemma E.3 concludes. O
Definition E.3 (Operator span seminorm). The operator span seminorm of a linear operator A : R — R7 is
defined as:

”AHsp,op = Ssup ”Astp € R" U {+0o}. (E-4)

lIxllsp<1

Lemma E.5 (Operator span seminorm). Let A : R? — R7 be linear. The following two conditions are
equivalent:

@ ”AHsp,op < +o0;
(ii) A -Ker|l-|lsp € Ker]|- [lsp, i.e. A1 € R1, i.e. A has constant row sums.

When they hold, for every f € R? and every linear map B : R” — R satisfying (ii),
A fllsp < Allsp.opllfllsp, 1ABllsp,0p < [|Allsp,opliBllsp,op- (E.5)

Proof. Assume A1 ¢ R1, ie. ||Alllsp > 0. For every ¢ > 0 the vector c1 satisfies ||c1|ls, = 0 < 1, while
lA(cD)lsp = c[|AT]lsp — +o0 as ¢ — +oo. Hence ||Allsp,op = +00.

Conversely, the span seminorm vanishes exactly on the constant vectors, so it induces a norm, still denoted
I - [lsp, on the quotient spaces E,, := RP/R1 and E; := R7/R1. Under (ii), the factorization theorem gives that

A induces a well-defined linear map A E, — Eg, Al f1=1[Af]. By construction [|Af|lsp = IIA[ flllsp and

22



Mixing Regularization for Average-Reward Q-Learning and Q-Planning

”fH'sp = ||[f1||5p,.so ”A”SP/OP_ ig the operator norm of A between the normed spaces (E,, || - [lsp) and (Eg, || - [lsp),
which is finite since E,, is finite-dimensional.

Finally, the first inequality in (E.5) is the operator-norm inequality JA[f]llsp < [IAIlll[f]llsp. For the second,
AB also satisfies (ii) and induces the map AB, and operator norms are submultiplicative. O

Lemma E.6 (Span seminorm of a row-stochastic matrix). Let P € R7*" be row-stochastic. Then its operator
span seminorm equals its Dobrushin coefficient, ||P||sp,op = a(P), and consequently [P f|lsp < a(P)||f|lsp for
every f € RV.

Proof. Since P is row-stochastic, P1 = 1, so P satisfies condition (ii) of Lemma E.5: ||P||sp,op is finite, and the last
claim follows from (E.5) once the equality is proved. For f € R” we have ||P f||s, = max; ; {(P fi—(Pf) j} =
max;,; Y (Pik — Pjk) fk-

Fix i,j, let ¢k := Pjx — Pjk, and let I (resp. I7) be the set of indices k with cx > 0 (resp. cx < 0). Since
P is row-stochastic, Y, cx = 0, hence C := Y+ Ck = — Dkel- Ck = %Zk |ck|, and with 7 = max fr and
i = ming fk, Dk Ckfk = Dker+ Ckfk + Dker- Ckfk < C7 - Ci = C||fllsp- Maximizing over (i, j) and using
Definitions E.1 and E.2 gives ||P f||sp < %maxi,j 2k |Pik = Pirl | fllsp = a(P)I| fllsp, i-e. [[Pllsp,op < a(P).

If a(P) = 0 there is nothing to prove, so assume a(P) > 0 and let (i*, j*) attain the maximum defining

a(P). The coefficients cx := Ppg — Pj-x are not all zero and sum to zero, so they take both signs, and
the vector f* defined by f; := 1if ¢4 > 0 and f; := 0 otherwise is non-constant, with || f*|ls, = 1. Then

IPfllsp = (Pf*)ir = (Pf)j = Zker- ¢k = 5 L [Pirk = Pjrxl = a(P), hence ||Pllsp,op = a(P). O

E.3 A mean value inequality for the span seminorm

Under Assumption 2, the regularized value function Q" is differentiable with a Lipschitz gradient
(Lemma F.1.(i)), and the regularized Bellman operator 7q is continuously differentiable with Jacobian
Krag (Corollary E.1). This Jacobian is row-stochastic, hence has constant row sums, which allows a mean
value argument in span seminorm.

Proposition E.1 is the classical mean value inequality for curves in a normed space (Dieudonné, 1960, §8.5),
applied in the quotient R7/R1, on which || - ||sp is @ norm; condition (H2) is what makes the Jacobians act
on that quotient, and we include a proof for completeness. For linear Markov operators, the contraction
rate in this seminorm, known as Hopf’s oscillation seminorm, is the Dobrushin coefficient (Lemma E.6); see
Gaubert and Qu (2015) for Markov operators on cones and De Pasquale et al. (2024) for the corresponding
semicontraction theory.

Throughout this section, for Q, Q” € R” we write Q(t) := Q" +t(Q — Q’), t € [0, 1], for the segment [Q’, Q]
from Q’ to Q, as in Definition G.1.

Proposition E.1 (Mean value inequality in span seminorm). Let U C R be open, let ® : U — R, and let
Q,Q’ € U be such that [Q’, Q] C U. Assume:

(H1) @ is differentiable at every point of [Q’, Q];
(H2) foreveryt € [0, 1], the Jacobian D®(Q(t)) has constant row sums, i.e. DO(Q(t))1 € R1.
Then
[P(Q) = P(Q')llsp < sup [IDD(Q(H))llsp,0p 1Q — Qllsp (E.6)

te(0,1)

and in particular with the supremum taken over the closed segment.

Proof. Letm : RT — E; := R7/R1be the quotient map, E; being normed by || - ||sp as in the proof of Lemma E.5,
and let i := Q —Q’. By (H1) the curve g(t) := n(P(Q(t))) is differentiable on [0, 1] with g’ (t) = n(DP(Q(¢))h),
and by (H2) and (E.5), [Ig'(D)llsp = IDP(Q(1)Allsp < [IDD(Q())llsp,0pllillsp- The mean value inequality for
differentiable curves in a normed space (Dieudonné, 1960, §8.5) gives [|g(1) — g(0)llsp < sup;¢(g 1) 8" (V)llsp,

which is (E.6) since [|g(1) = g(0)llsp = IP(Q) = D(Q")llsp- =
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Corollary E.1 (C! case: an exact averaged kernel). If moreover @ is C! on a neighborhood of [Q’, Q], then

1
OQ) - Q) =AQ-Q), A= /O DO(Q() dit.

A is the average of the Jacobians of @ along the segment; it has constant row sums and ||A||Sp,Op <
Sup;¢(o,1) IDL(Q())llsp,0p-

Proof. The identity is the fundamental theorem of calculus applied coordinatewise to t — ®(Q(t)), whose
derivative D®(Q(#))(Q—Q’) is continuousin t. Integrating (H2) gives A1 = fol D®(Q(t))1dt € R1. Finally, for

. . o - 1
every f € R, the triangle inequality gives ||A f|lsp < /0 IDD(Q(t)) fllsp At < sup,cq 1) IDD(Q(E))llsp,op I fllsp-
O

Remark E.1. For ® = 7q, which is continuously differentiable with Jacobian Ky, at Q (Corollary F.1),

Corollary E.1 applies on every segment. The state-action kernel is linear in the policy, so A = /01 Kng o dt 1s
the state-action kernel of the average-path policy 71 [o o/}, and the identity is Lemma G.2.(i).

F Proofs for Section 2

Lemma F.1 (Properties of Q). For each s € S, let Q; : A(A) — R U {+o0} be proper, closed and strongly
convex, and let ¢ > 0 be a common modulus of strong convexity of the Qs with respect to || - ||, which exists

by equivalence of norms on R” and finiteness of S; let T > 0 and Q, Q" € RS*A,

(i) Greedy policy: if T > 0, Q*(-)(s) is differentiable, VQ'(Q)(s) = mq,o(:|s) is the unique maximizer in its
definition, and [|7q,0(ls) — a,0/ CIs)lh < 52 11Qs — Qlla,sp-
(ii) Boundedness: if Lo, < Qs < Ug, on dom(€);), then Q*(Q)(s) < max, Qs(a) — Lq,; if moreover
0a € dom(Q;) for every a € A, then *(Q)(s) > max, Qs(a) — tlq,.
(iii) Translation equivariance: (0*(Q + c1) = Q*(Q) + c1 for every c € R.
(iv) Monotonicity: if Qs < Q;, then Q*(Q)(s) < Q*(Q’)(s).
(v) Non-expansiveness in || - ||eo: [I€2°(Q) — Q*(Q")lls,00 < 1Q = Q’lsx7,c0-
(vi) Non-expansiveness in || - [lsp: [1Q27(Q) — Q*(Q")lls,sp < 1Q = Q’llsp-
(Vii) Sub'aﬁnit]/ in ” : ||sp: ||Q*(Q)”S,Sp < ”Q”sp + ”Q*(O)”S,sp'

Proof of Lemma F.1. (i). Q*(-)(s) is the convex conjugate of the closed, To-strongly convex function 7€), so
it is differentiable, its gradient is the unique maximizer, and this gradient is %—Lipschitz from || - || tO
I - Il (Kakade et al., 2012); see Hiriart-Urruty and Lemaréchal (2001, §E.4) for the Euclidean case and Geist
et al. (2019, Prop. 1) for s finite on A(A). Adding a constant to Q shifts the objective by that constant
and leaves the maximizer unchanged, so the bound holds with ||Qs; — Q/ — 1|« for every ¢ € R, and

mingeg ||Qs — Q; =1l = %HQS - Qg”ﬂ,sp'

(ii). This refines Geist et al. (2019, Prop. 1), where () is finite on the whole simplex. For every m; € dom();),
(15, Qs) < max, Qs(a) and 7Q(m5) > TLq,; taking the supremum gives the upper bound. For the lower
bound, let a* € arg max, Qs(a): since 6, € dom(€),), 2*(Q)(s) = max, Qs(a)—1Qs(6,4+) > max, Qs(a)—tUq,.

(iii)—(iv). For every ms € A(A), (ns, Qs + c1) = (5, Qs) + ¢, and (75, Qs) < (7, QL) when Q, < Q} since
15 > 0; take the supremum over 7.

(v). This is the argument of Crandall and Tartar (1980). With C := [|Q — Q’|lsx#,c0, Wwe have Q"' = C1 < Q <
Q’ + C1, and (iii)—(iv) give Q*(Q") - C1 < O(Q) < Q" (Q") + C1.

(vi). The same argument with ¢ := min; ,(Q — Q’)(s, ) and C := max; ,(Q — Q’)(s, a) gives Q*(Q’) + ¢1 <
Q1(Q) = Q(Q’) + C1, whence [|Q2(Q) — Q(Q)lls,sp < C — ¢ = [|Q — Q’[lsp- Maps that are monotone and
translation equivariant are called topical, and are non-expansive for both norms (Lemmens and Nussbaum,
2012).

(vii). By the triangle inequality and (vi) with Q' = 0, ||Q*(Q)||S,SlD < |Q*(Q) - Q“‘(O)HslSp + ||Q*‘(0)||S/Sp <
1Qllsp + [1€2°(0)lls, sp- O
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Remark F.1 (Strict convexity suffices). We keep strong convexity in Assumption 2, as is standard since
Geist et al. (2019), but our results only use part of it. Uniqueness and continuity of the greedy map, and
continuous differentiability of (2%, i.e. Lemma F.1.(i) without its Lipschitz constant, hold under strict convexity
alone: tQ); is closed with bounded domain, so Q*(-)(s) is finite and convex, its subdifferential, the set of
maximizers, is a singleton (Hiriart-Urruty and Lemaréchal, 2001, §E.4), and a differentiable convex function
is continuously differentiable (Rockafellar, 1970, Cor. 25.5.1). This is all that Lemma G.2, the mean value
inequality (Proposition E.1 and Corollary E.1), the existence of the fixed point (Theorem G.1) and the
finite-time bounds of Section 4 require, so they hold verbatim for strictly convex regularizers; the modulus
only enters the Lipschitz constant of Lemma F.1.(i). For instance, the a-divergences with a > 2 are strictly but
not strongly convex (Theorem K.1.(ii)); they fail (P1), but their e-floored versions satisfy it (Lemma G.10.(iii)
only needs a strictly convex base), and our results apply to them.

Remark F.2 (Span convergence and centering). Adding a constant to Qs shifts the objective defining 2*(Q)(s)
by that constant, so mq,g+c1 = mqQ,Q: as for the unregularized relative Q-function (Puterman, 1994), the
greedy policy depends on Q only modulo constants, which is why the analysis is carried out in || - [|sp. The
centering projection IT turns span convergence into convergence in || - || to the representative IT[Qf, ]: since

[Q] - II[Q’] has zero mean, [[TT[Q] = TI[Q]lles < [TT[Q] = TI[Q"]llsp = IQ = Q"llsp- A centering step plays
the same role for asynchronous average-reward Q-learning in Chen and Nanda (2026), where it upgrades
span-seminorm convergence to pointwise convergence at the same rate.

Corollary F.1 (Properties of 7g). Under the assumptions of Lemma F.1, 7 is monotone, translation
equivariant, and non-expansive in both || - [lc and || - [lsp, and [|[7a(Q)llsp < [IQllsp + [12*O)lls,sp + lI7[lsp for
every Q, where Q(0)(s) = =7 min Qs; in particular [|Q*(0)[|s sp = 0 when min Qs does not depend on s, as
for divergences to u. If T > 0, 7q is continuously differentiable, with Jacobian D7q(Q) = Krgo-

Proof. 70(Q) = r + P Q*(Q), with P the transition kernel, row-stochastic from S X A to S. Since P > 0 and
P1 =1, monotonicity and translation equivariance follow from Lemma F.1.(iii)-(iv), and non-expansiveness
from (v)—(vi), P being non-expansive in || - || and, as @(P) < 1 (Lemma E.6), in || - ||sp. The bound follows from
(vii) and the triangle inequality, and Q*(0)(s) = sup, {-7Qs(75)} = =7 min Qs the minimum being attained
since Qs is closed and A(A) is compact. For a divergence to y, min Qs = Qs(ps) = 0 for every s. Finally,
by Lemma F.1.(i), d70(Q)(s,a)/dQ(s",a’) = p(s’ls, a) ma,q(a’|s’) = Kng o (s”, a’ls, a), which is continuous in

. O

G Proofs for Section 3

G.1 Proofs for Subsection 3.2

We recall Definition 2 together with the average-path policy used in the proofs.

Definition G.1 (Mixing-regularization objects). Let Q satisfy Assumption 2, let u be the mixing policy of
Assumption 1, let Q, Q’ € RS*A, Q(t) :=tQ + (1 - t)Q’ for t € [0,1], and R > 0.

(i) Average-path policy: Tt (Q,01] = /01 T0,0() dt is the mean greedy policy along the segment [Q’, Q].
(ii) Average-path radius: R[Q, Q"] := max,c(o 1] |Q(t)llasp is the largest action span along the segment; by
convexity of || - ||asp, it equals max{||Q|lasp, [1Q’llasp }-
(iii) Domination profile: yqo(R) := inf {nQ,Q(als)/y(als) | (s,a) € SXA, [IQllasp < R} is the largest factor such
that g o > yo(R) u for every Q of action span at most R. It lies in [0, 1], is non-increasing in R, and
governs contraction and exploration (Lemma G.2).

(iv) Regularization modulus: Aq(R) := sup {|| golls,sp : 1Qllasp < R} is the largest variation across states of the

regularization gap go(s) := Q" (Q)(s) — max, Q(s, a) between the regularized and the hard maximum. It
is finite, non-decreasing in R (Lemma G.1), and governs the bias (Proposition G.6).

The following lemma gives some basic properties of the regularization modulus defined in Definition G.1.(iv).

Lemma G.1 (Properties of Ag). Under Assumption 2, the supremum defining Aq(R) is attained and finite
for every R > 0, Aq is non-decreasing, and Aq(0) = T( max; Q. — Q), where Q_ := ming ) Qs(7s) and
Q :=ming Q..
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Proof. Since Q*(Q)(s) depends on Q only through Q;, Lemma F.1.(iii) applied state by state shows that
O (Q)(s) and max, Qs(a) both increase by ¢ when Q; is replaced by Qs +c1: gq is invariant under the addition
of a constant to each Q; separately. We may therefore restrict the supremum to the Q with max, Q,(a) =0

for every s, for which [|Q|lasp < R reads Qs € [-R, 0]": a compact set. On it, Q — ||goll S,sp 18 continuous,
since (0" is non-expansive in || - || (Lemma F.1.(v)) and Q — max, Q(:, a) is 1-Lipschitz; hence the supremum
is attained and finite. It is non-decreasing in R because the feasible set grows with R. Finally, for R = 0 each
Qs is a constant cs1, so Q*(Q)(s) = ¢s + Q(0)(s) = ¢s — 1Q,, the minimum defining Q_ being attained since
() is closed on the compact simplex. Thus go = —7(Q,)ses, whose span is 7(max; Q_ — Q). O

Remark G.1 (Boundedness of the regularization modulus). Let Q:= maxes Maxgea Qs(0,), Q = ming Q

and Ag := Q- Q. If Q < +o, i.e. if every Dirac lies in the effective domain, then Lemma F.1.(ii) applied
state-wise with Lo, = Q and Ug, = max, {2(0,) gives Aq(R) < TAq for every R: the modulus is bounded by
a radius-independent constant and all the bounds below reduce to their constant counterparts.

The a-divergences with a < 0, including the forward KL, and the floor-wrapped regularizers of Definition G.4
exclude every Dirac from their effective domain, so Q = +00, while Ag(R) stays finite (Theorem K.1.(v) and
Lemma G.10.(v)); this is what makes the radius-dependent form necessary.

Lemma G.2 (Mixing properties of Q-regularization). Let Assumptions 1 and 2 hold and let Q, Q" € RS*#.
Then:

(i) Average-path factorization of the conjugate and of the operator: for every s € S, Q*(Q)(s) — Q*(Q’)(s) =
(o 10,071(18), Qs — Qg) and 70 (Q) — Ta(Q') = Kzgp 0 (Q — Q).
(ii) Domination of the average-path policy: 7iqyg,o1(als) > ya(R[Q, Q’]) u(als) for every (s, a) € S x A.
(iii) m-step minorization: if my, ..., m, are policies with my > yrp for k € [1, m], the m-step kernel Ky, .¢,, :=
Ky, -+ Kz, satisfies

m
Kryim, (s”,a’ls, a) > B (l_l yk) n(s’,a’), Y(s,a),(s’,a’) e S x A.
k=1

(iv) Radius-dependent m-step contraction:
m—1
175"(Q) = 73" ("), = (1 ~Bu | 70 (R[‘TQ"(Q),TQ"(Q’)])) IQ - Q'llsp-
k=1

(v) State-action coverage: let (Qy)u>0 be Q-functions and (s, a,)n>0 a trajectory with a, ~ mq,g,(s,) and
Sn+1 ~ P(-sn, an); let F := (Qo, (S0, a0), - - -, (S, an)) and assume that Q, is ¥,—1-measurable for n > 1.
Ift >0and y1,..., ym are non-negative ¥;-measurable random variables with 7 o,,, > yxu almost
surely for k € [1,m], then almost surely

m

P((St4m, arem) = (5,0) | Fi) = Bm (l_[ yk) n(s,a),  V(s,a)e SxA.
k=1

(vi) One-step operator gap: for every Q € RS*A,

”7EZ(Q) - T(Q)”sp < a(P) AQ(”Q”asp) < AQ(“Q”asp)/

where a(P) is the Dobrushin coefficient (Definition E.2) of the rectangular matrix (p(s’ls, 4))(s4),s'- In
particular, under the assumptions of Remark G.1, [[7o(Q) — 7 (Q)llsp < a(P)tAq < 17Ag uniformly in Q.

Proof of Lemma G.2. Throughout the proof we write 71 = 7iq |9 o/], Vk for the domination coefficients of each
item and n(s’, a’) = v(s”)u(a’|s’) for the minorizing measure of Assumption 1. Points (i), (ii), (iv) and (v) use
T > 0 through Lemma F.1.(i), whereas (iii) requires no regularity at all and (vi) only uses Assumption 2
through the finiteness of Aq (Lemma G.1).

(i). Let g(t) := Q*(Q(#))(s) for t € [0, 1]. Since Q*(Q)(s) depends on Q only through Q,, Lemma F.1.(i) and
the chain rule give that g is continuously differentiable, with ¢’(t) = (1t ot)(*|s), Qs — Q). The fundamental
theorem of calculus and the linearity of the inner product then give

1
Q(Q)(s) - (Q)(s) = g(1) — g(0) = /0 (mo,om(ls), Qs — Qo) dt = (7t(ls), Qs — Q). (G.1)
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which is the first equality. Since 7q = r + P QO*, the reward terms cancel and applying (G.1) at each next state
s’ € S gives, for every (s,a) € S X A,

70(Q)(s,a) = Ta(Q')(s, a) = Z p(sls, a)(Q(Q)(s") - Q(Q)("))
= Z p(s’ls, ) (a’ls") (Q = Q')(s",a") = (Kz(Q — Q"))(s, a),

s’,a’
which is the second equality.
(ii). By Definition G.1.(i1), |[Q(t)llasp < R[Q,Q’] for all t € [0,1], and Definition G.1.(iii) applied with

R = R[Q, Q’] then gives mg ow(als) > ya(R[Q,Q'])u(als) for all (s,a) and all ¢t € [0,1], uniformly in
t. Integrating this inequality against the uniform measure on [0, 1] and using Definition G.1.(i) yields

#(als) = [ mo,0(als)dt = ya(RIQ, Q')ulals), which is the claim.
(iti). Set I'iyy = [}, yk. First, for any policy m with m(als) > yu(als) we have the transport inequality
Pr(s'ls) = X, m(als)p(s’ls, a) = y X, ulals)p(s’|s,a) = yPu(s’|s). By definition of K., = Ky, ++ Ky, and

Convention E.1, the first action is the one supplied by the conditioning, the intermediate actions are drawn
from 71, ..., 7,1 and the terminal action from 7,,:

m—1
K8, @'ls,0) = n(@'ls’) D psils, a) [ | Pry(sisalse), (G2)
k=1

S1seees Sm-1

with s, = s’, and since all factors are non-negative, the bounds multiply: applying the transport inequality
to the m — 1 intermediate factors and the domination hypothesis to the terminal factor 7t,,(a’|s”) = ynu(a’ls’)
gives

m—1
Ky (8,15, @) 2 T p(@'ls’) D plsils, a) [ | Pulsrealsi)
k=1

S1yeeey Sm—1

= Tip u(@ls) ) plsals, a) P (s"ls1)

51

= Ty @'15) K2(5'l5, @)
> T'om P V(S,)[J(a’lsl) =T Bm 77(5,/ a’),
the second-to-last line by the definition K/ (s'ls, a) = X, p(s1ls, a)P;f’_1 (s’|s1) and the last by Assumption 1.

(iv). For k € [0, m = 1] write Qk := 75(Q), Q}, := T5(Q), Rk := R[Qx, Q;], 1 = 7tq 10, 01 and vk = ya(Rk).
(i) applied at level k gives the one-step identity Q+1 — Qy,; = Ta(Qx) - %(Q,’() = Kz (Qk — Q;(), where K-
is a row-stochastic state-action kernel. Iterating this identity from k = m — 1 down to k = 0, we obtain

T3 Q) = Tg"Q) = Qu - Qp = KG'h(Q=Q)), KL, = Kz Ky -+ K.

Following Convention E.1, K(Qm)

, is exactly the m-step state-action kernel K:w-1.z0 associated with the
sequence of policies 7"V, ..., 7?0, By (ii), each of them satisfies 7'¥) > yu, so (iii) applies and gives the

Doeblin condition Kg"gg,(s’, a’ls,a) = Bm (]—[2":_01 )/k) n(s’,a’). Lemma E 4, applied with 1 = am=1 o, =

70, gives a(Kggg,) <1-Bn I_[Zfll ya(Rk), and by Lemma E.6, ||Kgf)Q,||Sp,Op = (Kg')Q,) Therefore

178/(@ =T @ )y, = kG @ - Q)

m—1
o < (1 - ,Bm l—l yQ(Rk)) ”Q - Q,“sp-
k=1
(v). Fixt > 0and (s,a) € SXA. Forj € [0,m]], letT; := H’,f:jﬂ ¥k, which is non-negative and ¥;-measurable,
hence ;. ;j-measurable. We prove by backward induction on j that, a.s.,

E [H‘{(Sf+m/’1t+m):(5/”)} | 7:“']] 2 F] K[T_] (S,[l | St+j’at+j)'
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The case j = m is an equality. Assume the claim at j + 1. Conditionally on %+, st+j+1 ~ p('|st+j, aHj) and
Apsjrl ~ TQ,Q14 (lst+j+1), where Q441 is Fr+j-measurable. By the tower property, the induction hypothesis
and the #;.j-measurability of I'j,1, the left-hand side at level j is therefore at least

—i-1
T Z p(s’Ist+j, atvj) Z M0,Qun (@18 Ky ' (s,a s, a’)
s’ a’

. y
= Tinyjin Z K#(s’,a’|st+j,at+j)l<z1 ™ (s,als’,a’) =T; Kzl (s,a | stej, aref),

s’ ,a’

the inequality by the domination hypothesis and the non-negativity of I';4; and of KZ’_j - Taking j = 0 and
using that the m-step state-action kernel of u satisfies Kji(s’, a’ls, a) = K[/(s'ls, a)u(a’ls") = Bmv(s")u(a’ls") =
Bmn(s’,a’) by Assumption 1 gives the claim.

(vi). Definition G.1.(iv) applied with R = [|Q|l.sp immediately gives ||golls,sp < Aa(l|Qllasp)- The two operators
Tq and T share the reward term and differ only through the state-value function, so for all (s, a),

To(Q)(s,a) = T(Q)(s, ) = Y p(s'ls,a) (Q(Q)(E") - max Q(s',a")) = (Pga)(s, o).

Lemma E.6 gives ||[Pgollsp < a(P)l|galls,sp, 50 [[7Ta(Q) = T (Q)llsp < a(P)A(||Qllasp)- The second inequality
follows from a(P) < 1, and the last claim from Remark G.1. |

Lemma 1 (Mixing properties of Q-regularization). Under Assumptions 1 and 2 and for any Q, Q”:

(i) Contraction: with 73( the k-th composition of the regularized Bellman operator,

m—1

I73(Q) = T (Q)lsp < (1 ~Bu || yQ<R[75k<Q),7;§<Q'>J>) 10~ Q'llp-

k=1

(i) Coverage: let (s, a4 )n>0 be a trajectory with a, ~ mq,g,(|sx) and sy+1 ~ p(|sn, a,), where Q, is F—1-
measurable for 7, := 0(Qo, (sk, Ak )k<n)- If y1,...,Ym > 0 are F;-measurable and nq g,,, > yiu almost
surely, then almost surely

P((stem, arem) = (s,a) | Ft) = P (ﬂ Vk) n(s,a), forevery (s, a).
k=1

(iii) Bias: the one step operator gap is: ||[70(Q) = 7 (Q)llsp < Aa(|Qllasp). Moreover, if Assumption 3 and (P1)
hold, then for every solution (Q*, p*) of 7(Q*) = Q" + p'1,

m Aq(R)
,Bm VQ(R*)m_l ’
and, if |S| > 2 and all the Q; have the same minimum Q, as divergences to y do with Q =0,

_AQ(”Q*”asp) <po-p +1Q<0.

* * * * k *
195~ Qlkp < R i= max {[IQplasps max 17:5(Q s}

Proof of Lemma 1. Items (i) and (ii) are Lemma G.2.(iv) and (v). The first claim of (iii) is Lemma G.2.(vi) with
a(P) <1, and the second is Proposition G.6.(i), whose right-hand side is finite under (P1) and the gain
bounds are Proposition G.6.(ii), the last one using |S| > 2 and a common minimum. O

Remark G.2 (Only m regularized steps are needed). Let 7y, ...,y with M > m be given, and assume
that only the last m of them are known to be regularized, say mx > yxu for k € [M —m + 1, M], with
TM—ms1iMm = Hi/i M—m+1 Vk- Then Lemma G.2.(iii) still holds for the full M-step kernel, with the same
parameter I'pi—y+1:MPm and the same minorizing measure 7.

Writing Khead := Krj:my,_,, fOr the kernel of the first M — m steps and Kiail := Kry,_,,,1:m fOr that of the last m
ones, we have, consistently with Convention E.1,

Knlan = KheadKtail, ie. Km:nM(S// a/|sr {1) = Z Khead(gf ﬁlsl a)Ktail(S// a'|§, ﬁ)‘

(5,a)
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Lemma G.2.(iii) applies to K and gives Kiai(s’, a’|3, ) = Tnp—m+1:mBm 1(s”, a’) uniformly in the starting
pair (3, @); the head, which requires no regularization, only contributes a factor 1 by row-stochasticity:

Ky (57,15, 8) 2 TntemstmaBont)(s',8) ) Knead 5,15, @) = TuiesimaBon)(s, @),
(5,4)

The same holds for the coverage bound of Lemma G.2.(v): if its domination hypothesis holds only for
k € [M —m+1, M], then, almost surely,

P((SHM,IZHM) =(s,a)]| 7:1‘) > Im—m+1:MBm 77(5/11)-

Indeed, Lemma G.2.(v) applied at time t + M — m gives this lower bound for the probability conditional on
Ft+M-m, and the tower property transfers it to 7, the bound being deterministic: the conditional expectation
plays the role of the row-stochastic head. Since the proof of (v) only uses the steps after time ¢t + M — m, the
actions of the head may moreover follow any adapted rule.

G.2 Strict domination

Lemma G.3 ((P1) is full support). Under Assumption 2, Q satisfies (P1) if and only if g g(als) > 0 for every
Q and every (s, a).

Proof. If (P1) holds, 10,0 = ya(lQllasp) ¢t > 0. Conversely, mq,o(-|s) = VQ;(Qs) is continuous and invariant
under Qs — Qs + c1, so Yo(R) is the minimum of a positive continuous function over the compact set of Q;
with max,; Qs(a) = 0 and min, Q;(a) > —R,s € S. O

Property (P1) is pointwise in R: for the reverse KL, yo(R) = (tmin + (1 = timin)eX/ T)_1 vanishes as R — oo
(Remark K.1). It makes the contraction rate of Lemma G.2.(iv) positive on bounded sets, guarantees that
epochs terminate (Proposition H.2) and that gg > 0, and is the full-support requirement of Proposition G.4. It
holds for the a-divergences with a < 1 and fails for & > 1 (Theorem K.1.(iv)); the floor-wrapped regularizers

satisfy it with yq, > € (Lemma G.10.(iii)).

G.3 Existence and uniqueness of the fixed point of 7q

Theorem G.1 (Existence of a fixed point for 7g). Under Assumptions 1 to 3, there exist Q(, € RS and
pg, € Rsuch that 70(Qyg)) = Qg + pg,1, with

AmR hax
7
ﬁmvmin

where Viin = ming v(s) > 0 and Rpax = ||7]le + 7 maxs max{|Q_|, |Qs(us)|}, both finite under Assumption 3.
Moreover pg, is unique and is the optimal regularized gain (Propositions G.3 and G.5), and under (P1) Q¢ is
unique up to an additive constant (Proposition G.4).

@2l < lirle + Pl = 2R,

This subsection proves Theorem G.1 as a corollary of a more general statement, Theorem G.2, which rests on
a condition that is both necessary and sufficient and does not presuppose Assumption 1. The argument is
the regularized counterpart of the vanishing discount approach. In the unregularized case, the equivalence it
establishes is classical (Schweitzer, 1984), as is the bound on the span of the relative discounted values under
weak communication, which underlies regret analysis (Jaksch et al., 2010; Bartlett and Tewari, 2009) (see also
Puterman, 1994, §8.4.4; Bertsekas, 2012, §4.1-4.3; Hernandez-Lerma and Lasserre, 1996, §5.5; and the survey
of Arapostathis et al., 1993). We nevertheless give a self-contained argument, since the classical statements
for compact action sets require the reward to be continuous in the action (Schweitzer, 1985), which fails for
7 as soon as dom(€);) & A(A), as for the a-divergences with a < 0. Special cases are known by other routes:
entropy regularization by convex duality (Neu et al., 2017), and the reverse KL as a linearly solvable problem,
whose average-cost equation is a Perron-Frobenius eigenproblem (Todorov, 2007).

Throughout Q) satisfies Assumption 2 and we also assume the following.

Assumption G.1 (Admissible policy). There exists a full-support policy 7 such that 7, € dom(Q;) for every
s € 8 and max,5|Q;(75)| < +o0.
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Notation and constants. Since () is proper and closed and A(A) is compact, Q := ming eza) Qs(7s) is
finite. Under Assumption G.1, the following constants are well-defined and finite:

8o = maxmax {|Q,], [Qu(F} < +00,  Rmax := [Irlleo + 7002 (G3)
S

For an admissible policy 7 (i.e. ;s € dom(€,) for every s) and discount factor A € (0, 1) define the regularized
reward and the discounted evaluation and optimality operators on RS,

Fa(s) = (ms, 1) —TQs(ms),  ERV =7+ APV,  T3V:i= max &V, (GA4)

7t admissible

the maximum in 73 being taken state-wise. By (G.3), 7r(s) < [[7]lc — TQ, < Rmax for every admissible 7, and
|77ﬁ(s)| < Rmax-
Remark G.3 (Sufficient conditions for Assumption G.1). Under Assumption 1, Assumption 3 gives Assump-
tion G.1 with & = u. More generally, if every Dirac lies in the domain, as in Remark G.1, convexity gives
Q,(mt5) < max, Qs(6,) < +00 on A(A), so any full-support 7 works; this covers the negative entropy, the
Tsallis negentropies, the quadratic regularizer and the a-divergences to u with a > 0 (Theorem K.1.(i)). For
a <0, including the forward KL, Qs is unbounded on the relative interior of A(A), but 7@ = u still gives
Qs (ps) = 0; for the floor-wrapped regularizers, Qe s (1s) = (1 —€)Qp s(14s) (Lemma G.10). The assumption says

nothing about the domination profile: regularizers with sparse greedy policies satisfy it while failing (P1)
(Remark G.6).

G.3.1 The discounted regularized problem

Lemma G.4 (Discounted fixed point). Let A € (0,1) and ‘73\(Q) =71+ AP Q*(Q). Then ‘73\ is a A-contraction
for || - ||l with unique fixed point Q*, and V* := Q*(Q*) satisfies

QMs,a) =r(s,a)+ A Z p(s’ls, a) VA(s"), VA = 73V/‘. (G.5)

The operator 7, is monotone and A-translation equivariant, and the maximum defining 7' V* is attained at
A=

the unique " := 1 o1 = VQ*(Q"); in particular V* = 82 VA > 2V for every admissible 7.
Proof. We have 7;2/‘(Q) - %A(Q’) = AP(Q*(Q) — Q*(Q’)) with P row-stochastic and Q* non-expansive for || - ||e

(Lemma FE.1.(v)), so 73 is a A-contraction on the complete space (RS*A || - ||oo) and Banach’s theorem applies;
this is the regularized discounted operator of (Geist et al., 2019, Thm. 1). Substituting the first identity of (G.5)
into the definition of Q)" gives, for every s,

VAs)= max : {F=(s) + A (V) (5)} = (T5VH) (5), (G.6)

ns€dom(Qg

the maximizer being unique and equal to VQ*(Q") by Lemma F.1.(i), since T > 0. Monotonicity and
translation equivariance of 78 are immediate from (G.4), each &} having them and the state-wise maximum
preserving them. m|

Lemma G.5 (Variational representation of the discounted values). For an admissible stationary policy n
define the discounted regularized return J2(s) := E, [tho AfF(st)lso = s] , which is finite since 7 is a finite
vector. Then, for every A € (0,1) and every s € S,

VAs) = max ]ﬁ(s), (G.7)

n admissible stationary

the maximum being attained at 7*.

Proof. Let 7t be an admissible stationary policy. Iterating VA > EAV* (Lemma G.4) K times, the operator &2
being monotone, and using the Markov property we obtain VA(s) > (E4)% VA(s) = By [3<x A'Fn(si)lso = 5]+
AKPEVA||g o < AK[VA 5,00 = 0as K — +o0
at fixed A, so V* > JA. The same computation with 7t = 7!, for which VA = 87};\ V* holds with equality, gives
VA=A O

AKPKVA(s). Since V* is a finite vector and PX is row-stochastic, ’
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Lemma G.6 (Normalized values are uniformly bounded). For every A € (0, 1),

A=DVHg 0 < Rmax, =D [Q"],, < 2Rmax. (G.8)

Proof. By (G.3), every admissible 7t satisfies the one-sided bound 7 < [|7||c — TQ, < Rmax, while the policy 7t
of Assumption G.1 satisfies the two-sided bound |7z(s)| < ||7||co + 7]€2s(7%5)| < Rmax. Bounding the summand

of J} termwise and summing the geometric series therefore gives [} < Ii‘jj\x for every admissible n, and

]3> —%. Since V* is the maximum of ]} over admissible 7 (Lemma G.5), the upper bound propagates

to V* and the lower bound is inherited from the single policy 7t, whence ||VA||S,00 < Iii‘;x The claim on Q"
follows from (G.5): (1 — A)[|Q e < (1 = M|[7lleo + A(1 = A)[VA]ls 00 < 2Rpmax- O

G.3.2 A necessary and sufficient condition for the existence of the regularized fixed point

Assumption G.2 (Uniformly bounded relative values). There exist Ag € (0,1) and Cy < +oo such that
HV/‘”S o < Cy for every A € [Ag, 1).
Theorem G.2 (Existence of a fixed point for 7g). Let Assumptions 2, G.1 and G.2 hold. Then there exist
Q;, € RS and pf, € R such that

70 (Qn) = Qo + Pol, (G.9)

with [|Q} o < lIrllsp + Cv and [pf)] < 2Rmax.

Proof. Fix (so, a0) € S x A and set, for A € [Ag, 1), Q" := Q* — Q(s0, a0)1 and p* := (1 — A)Q*(s0, ao).

By translation equivariance of Q* (Lemma F.1.(iii)) and P1 = 1, substituting Q* = Q" + Q*(so, o)1 into (G.5)
and subtracting AQ(so, ag) gives

Qs,a)+pt =7r(s,a)+ A z p(s’ls,a) Q*(QY) (s). (G.10)

By Lemma G.6, [p"| < (1-A)[|Q"||co < 2Rmax. By (G.5) and Lemma E.6, [|Q*[|sp < [I7llsp+AlIV |ls,sp < lIrllsp+Cv
under Assumption G.2, hence [|Q*[leo = max; 4|Q"(s,a) — Q*(so, a0)| < |Q|lsp < IIllsp + Cv. Both bounds
are uniform in A € [Ag, 1).

Let A, T 1with A, > A¢. The pairs (QM, pA") lie in a compact subset of RS*A xR, so by Bolzano-Weierstrass
some subsequence Ay, T 1 satisfies Qtew — Qg and plem — pg- Since €)' is non-expansive hence
continuous, letting n — +c0 in (G.10) gives Qg, + p;,1 =1 + P Q*(Qp,) = Ta(Qg,)- The bounds are preserved
in the limit. O

Proposition G.1 (Assumption G.2 is also necessary). Conversely, if (G.9) admits a solution (QE), pz)), then,
with V* := Q*(Qg,),
||VA||S’Sp < 2|[V7lssp for every A € (0,1),

so Assumption G.2 holds. It therefore characterizes exactly the solvability of the regularized average-reward
optimality equation, as in the unregularized case (Schweitzer and Federgruen, 1978; Puterman, 1994, §8.10).

Proof. Replacing Qf, by Q, + c1 changes V* by ¢ (Lemma F.1.(iii)) and leaves (G.9) unchanged, so we may
center V* so that ||[V"||s e = %”V*Hs,sp =: k. Taking the conjugate in (G.9) as in (G.6) gives the regularized
average-reward optimality equation

Vi+pol= max {7 +PV'}. (G.11)

m admissible
SetV :=V*+ %1. Using (G.11) and P V* > —«1 termwise,
Apg

1
1-A

T4V = max {Fx + PrV* = (1 - )P, V*} +

* * /\pzl (7
<V +p01+(1—/\)1<1+1 /\1=V+(1—)\)1<1.
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Hence 78(\7 +x1) <V + (1 = A)k1 + Ax1 = V + «1 by A-translation equivariance, and monotonicity of 75‘
(Lemma G.4) makes the iterates from V + «1 non-increasing, so their limit V* satisfies V* < V + «1. The
symmetric argument gives V4 > V —x1, whence ||VA—V||3,<X, < xand ||VA||3,SP < |Volls,spt2x = 2[V|ls,ep- O

G.3.3 Sufficient structural conditions

We now record the classical setting in which Assumption G.2 holds, and show that Assumption 1 is a special
case of it with explicit constants.

Assumption G.3 (Weakly communicating MDP). The state space splits as S = C U S, where

(i) Cisclosed: s € C,a € Aand p(s’|s,a) > 0imply s’ € C;
(ii) C is communicating: for all s, s’ € C there exist a stationary policy 7 and k > 0 with PX(s’[s) > 0;
(iii) every state of Sy, is transient under every stationary policy.

This is the standard definition (Puterman, 1994, §8.3.1); Sy may be empty, in which case the MDP is
communicating.
Lemma G.7 (Stopped evaluation). Let A € (0,1), B € S, 0 :=inf{t > 0|s; € B} € NU {+0o0}, and let 7 be an
admissible stationary policy. For every K > 0and s € S,
oAK-1
VA(s) > Ex Z AFr(s) + AYKVA (s00k) | 50 = 5|, (G.12)
t=0

with equality when 7 = 7!, If moreover ¢ < +co Pr(-|sp = s)-almost surely, the same holds with ¢ A K
replaced by o.

Proof. Let G(s) denote the right-hand side of (G.12), empty sums being 0. We show V* > Gk pointwise by
induction on K, simultaneously over all states.

For K = 0 we have 6 A0 = 0, so Gy = V* for every m. Assume VA > Gg. If s € B then ¢ = 0 and
Gk+1(s) = VA(s). If s ¢ B then ¢ > 1, so splitting off the first step and applying the Markov property at s1
gives Gi+1(s) = 7r(s) + A (PrGk) (s); the induction hypothesis, P, being non-negative, and Lemma G.4 then
give

Gi+1(8) < Fr(s) + A (PrV?) (s) = (EpVHY) (s) < VA(s).
Both inequalities are equalities at !, which attains the state-wise maximum of Lemma G.4, whence the
equality case.

For the last claim, S is finite and 7t is admissible, so max;|7-(s)| and ||V*||s « are finite and the integrand
max; |7 (s

of (G.12) is bounded, uniformly in K, by T)l + ||VA||S,00' On {0 < +o0} we have 0 A K = ¢ for K large
enough, so the integrand converges almost surely to its value at ¢; conclude by dominated convergence. O

Lemma G.8 (Uniformly bounded absorption time). Under Assumption G.3 there is L < 400 with Ex[oc¢lso =
s] < L for every stationary policy = and every s € S, where o¢ := inf{t > 0[s; € C}.

Proof. This is the uniform-transience estimate underlying stochastic shortest path problems (Bertsekas, 2012,
§3.1); we give the short argument. Let n := Sy, and fix a stationary mand s € Sg. It Pr(Vt, s € Splso =5) > 0,
then with positive probability some state of the finite set Sy, is visited infinitely often, hence is recurrent for
P, contradicting Assumption G.3.(iii). So o¢ < +o0 a.s., and deleting cycles from a path reaching C gives
Pr(oc > nlsg = s) < 1. The map n — Pr(oc > n|sp = s) is polynomial, hence continuous on the compact
[1s A(A), so 6 := maxges, maxy Pr(oc > n|sg = s) < 1; the Markov property gives Pr(c¢ > knlsg = s) < ok
and E,[o¢l|so = s] = ijo Pr(oc > jlso = 5) < n YysoPrloc > knlso = s) < 15 =: L. If s € C then o¢ = 0, so
the bound holds for every s € S. m]

Proposition G.2 (Weakly communicating implies Assumption G.2). Let Assumptions G.1 and G.3 hold.
Let K* > 1 and p* > 0 be such that for every ordered pair (s, s”) of states of C there is k(s,s") < K* with
P:;(S’S )(s’|s) > p*. Such constants exist, with K* < max{1,|C| -1} < |S|, and they depend only on p and 7,
not on A. For any such pair, Assumption G.2 holds with

1  4K*Rpax

/\()121—— V- *

2K*’ + 4LRmax- (G13)
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Proof. Lets,s’ € C. By Assumption G.3.(ii) there are 7t and k with P,’i(s’ls) > 0,henceapaths =sg,...,sr =5’
with p(sit1lsi, a;) > 0 for some actions a;; it stays in C, which is closed, and deleting its cycles leaves a simple
path, so k(s,s”) < max{1,|C| — 1}. Since 7t has full support, Px(si+1lsi) = 7t(ailsi)p(si+1lsi, a;) > 0 along that
path, so P:;(S’S/)(sﬂs) > 0; taking for K* the largest of these lengths and for p* the smallest of these finitely
many positive numbers proves that admissible constants exist, and they involve only p and 7. Note also that
7t is admissible by Assumption G.1 and 7! = VQ*(Q*) is admissible as a maximizer, so Lemma G.7 applies
to both, with |7%| < Rmax and 7 < Rmax for every admissible 7 by (G.3).

We first bound the span on C. Fix A € [Ag,1) and let smax and smin Mmaximize and minimize V4 over
C; if Smax = Smin that span vanishes and there is nothing to prove, so assume Smax # Smin and set
K := k(Smin, Smax) = 1 and p := Pg(smaxlsmm) > p*. Applying Lemma G.7 at Smin with 8 = 0, so that
o AK =K,withm = ftand ), g A! < K, gives VA (Smin) = —KRmax + AXE2[VA(sk) | 50 = Smin]- As C is closed,
sk € C almost surely, so VA(sk) = VMSmin) pointwise and, isolating the event {sx = smax} of probability p,
Ez[VA(sk) | 50 = Smin] = PV (Smax) + (1 = p)V*(Smin). Rearranging, the coefficient of V*(simin) being 1 — AX,
and using 1 — AX < K(1 — A) with Lemma G.6,

p AKX (VA (Smax) = VA (Smin)) < KRmax + (1 =A%) VA (smin) < 2KRpnax-

Since K < K* and AKX > /\g* =(1- %)K* > 1, we get ||V/\|C||C,sp < 4K*Rpmax/p* =: Cc.

It remains to pass from C to S. Write ¢ := o¢ and fix s € S. By Lemma G.8, Ex[o | 59 = 5] < L for every
stationary 71, so 0 < +o0 almost surely and Lemma G.7 applies with 8 = C and the stopping time o itself. Its
two terms are each bounded by LRmax: the reward term because ;. At < ¢, and the boundary term, once
written as E[V(s,) | so = s]+Ex[(A7 —1)V(ss) | so = 5], because 0 < 1-A% < a(1-A) and (1-A)[[VA]s,c0 <
Rmax by Lemma G.6. Since s, € C, the previous paragraph gives 0 < VA(s4) = VM(smin) < Ce. Taking 7t = mt,
for which Lemma G.7 holds with equality, and 7,1 < Rmax, yields VA(s) < VA(Smin)+Ce +2LR max; takingm = 7t
and 7z > —Rpmax yields VA(s) > VA ($min) —2LRmax. Both hold for every s, so HV)\”S,Sp < Ce+4LRyax =Cy. O
Corollary G.1 (Assumption 1 implies Assumption G.2, hence Theorem G.1). Let Assumptions 1 to 3 hold.
Then the MDP is communicating (C = S, Sy = 0, L = 0), Proposition G.2 applies with 7t = y, K* = m and
P* = BmVmin, Where vpin := min; v(s) > 0, so Assumption G.2 holds with
1 4mR max

Ao=1-—, Cy=
0 2m v ﬁmvmin

7

and Theorem G.2 gives Theorem G.1.

Proof. Assumption 3 makes Assumption G.1 hold with = = p, which has full support, so that
60 = maxs max{|Q [, [Qs(us)]} and Rmax are the constants of Theorem G.1. For all s,s’, P[T(5’|5) =
2aq (als)K(s'ls, a) 2 Buv(s’) = PmVmin > 0, so every ordered pair of states is joined by a path of length m
under u: Assumption G.3 holds with C = S, which is closed and communicating, and Sy = 0, so o¢c =0
and L = 0 in Lemma G.8. Proposition G.2 then applies with K* = m and p* = B, Vmin, its last paragraph
being vacuous, and gives Assumption G.2 with the stated constants. Finally Theorem G.2 yields (G.9) with
1Q5/lsp < lIrllsp + Cv and |p},| < 2Rmax. The gain p}, is unique and optimal by Propositions G.3 and G.5, and
under (P1) Qg is unique up to an additive constant by Proposition G.4, whose Assumption G.4 holds since
the MDP is communicating (Remark G.5). O

Remark G.4 (On the structural hypothesis). Among the classical ergodic classes of finite MDPs (Puterman,
1994, §8.3.1), weak communication is the weakest: both unichain models — in which every stationary policy
induces a chain with a single recurrent class plus a possibly empty set of transient states — and communicating
models are weakly communicating, while unichain and communicating are incomparable, neither class
containing the other. Proposition G.2 therefore covers all these models at once.

Assumption G.2 is nonetheless strictly weaker, being stated for the reward at hand rather than for p alone:

two isolated states carrying the same reward do not form a weakly communicating MDP, yet V4 is constant,
its span vanishes and the fixed point exists. It is moreover necessary as well as sufficient (Proposition G.1),
stated directly for the regularized model.
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G.3.4 Uniqueness and interpretation of the gain

Proposition G.3 (Uniqueness of the gain). Let Assumption 2 hold. If 7o(Q;) = Q; + pil fori = 1,2,
then p1 = p>. No structural assumption on the MDP is needed here, unlike for the uniqueness of QE}
(Proposition G.4).

Proof. Let ¢ := max, 4(Q1 — Q2)(s,a), so Q1 < Q2 + c1. By monotonicity and translation equivariance of 7o
(Corollary E.1), 7a(Q1) < 7a(Q2) + c1, i.e. Q1 — Q2 < (p2 — p1 + ¢)1. Evaluating at a maximizer of Q1 — Q>
gives ¢ < pp — p1 + ¢, i.e. p1 < po; exchanging the roles of Q1 and Q> gives the reverse inequality. m]

Assumption G.4 (Unique terminal class). The union graph G of Definition D.1 has a unique terminal strongly
connected component, i.e. a unique strongly connected component C with no outgoing edge.

Remark G.5. Assumption G.3 implies Assumption G.4: its set C is terminal by closedness and connectedness,
and a second terminal component C’ C Sy would be closed, so every stationary policy then has a recurrent
state inside, contradicting (iii). The converse fails: with S = {1, 2,3}, a self-loop and an edge 1 — 2 at state 1,
and 2 — 3,3 — 3, the terminal component {3} is unique, yet state 1 is recurrent under the self-loop policy, so
the MDP is not weakly communicating.

Proposition G.4 (Uniqueness of Q¢, up to an additive constant). Let Assumption G.4 hold and assume (P1),
i.e. that the greedy policies have full support (Lemma G.3). If 76(Q;) = Qi +pilfori =1,2,then Q1 —Q» € R1.
Conversely Q¢, + c1 solves (G.9) with the same p(,, for every ¢ € R.

Proof. The converse is translation equivariance (Corollary F.1). Directly, p1 = p2 by Proposition G.3, so
h := Q1 — Qg satisfies h = 70(Q1) — 7a(Q2) = Kzh by Lemma G.2.(i), where 7T := 71 [0,,0,]: the function / is
harmonic for the state-action kernel K.

By Definition G.1.(i), 7t is a mixture of greedy policies, hence has full support, so Pz(s’|s) > 0 exactly when
s — s”in G. The recurrent classes of the state chain are therefore the terminal strongly connected components
of G, and there is only one, C, by Assumption G.4; since 7t(a|s) > 0 for every a, the state-action chain has
C x A as its unique recurrent class. A bounded harmonic function of a finite Markov chain is constant on each
recurrent class (Puterman, 1994, App. A.4), and on a transient s we have h(s,a) = E[h(s,, a,)|so = s, a9 = a]
for every n, which converges by absorption to the value of / on that unique class. Hence  is constant. O

Remark G.6 (Where the full-support requirement bites). The full-support requirement of Proposition G.4
is exactly (P1) (Lemma G.3). It holds for the a-divergences with @ < 1 (Theorem K.1.(iv)), hence for both
KL divergences and for the Hellinger regularizer, for the negative entropy, and for every e-floor-wrapped
regularizer, where g, o > ey > 0 by Lemma G.10.(ii). It fails for regularizers whose greedy policy may be
sparse, that is for a > 1 and in particular for the x*: there p, is still unique by Proposition G.3, but Qf, need
not be, exactly as at T = 0 (Puterman, 1994, §9.1).

Proposition G.5 (p(, is the optimal regularized gain). Let (Q¢,, pf,) solve (G.9) and set 7" := no,qQ;,- For
an admissible stationary policy 7t define the regularized gain fir(s) := liminf, e 1Ex [ ?;01 Fr(se)lso = s].
Then pr(s) < p;, = pr+(s) for every s and every admissible stationary 7: the gain is constant in s, p(, is
optimal, and 7" is gain-optimal.

Proof. Equation (G.11) holds with V* = Q*(Qg,), the maximum being attained state-wise at 7. For
any admissible 7 it gives 7 < V* + p,1 — P,V*; applying P} and summing over ¢ < n telescopes to
Er [Xi<n Fr(st)lso = s] < npg, + V*(s) — (P V*)(s). Divide by n and let n — +co, V* being bounded. Equality
holds throughout for = = =*. This is the standard verification argument (Puterman, 1994, §8.4; Bertsekas,
2012, 84.2). m]

G.4 Control of the bias

We compare the regularized solution with the solutions (Q*, p*) of the average-reward optimality equation
7(Q") = Q" + p*1. Since Assumption 1 makes the MDP communicating, such solutions exist (Schweitzer
and Federgruen, 1978, Theorem 3.1(b)) and p* is the optimal gain, but Q* need not be unique up to an
additive constant (Wan et al., 2024). The comparison uses two tools: a pointwise version of the regularization
modulus, and the classical bounds on the gain given by an approximate fixed point.
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Definition G.2 (Pointwise regularization modulus). For a radius R > 0, with gg the regularization gap of
Definition G.1.(iv),

pt —
Ap(R)= | max lgalls o -

The maximum is attained and finite by the argument of the proof of Lemma G.1, and Aq(R) < ZAS(R).

Lemma G.9 (Gain bounds from an approximate fixed point). Assume that 76(Qg,) = Qf, +p;1. If Q € RS*A
and c_, c+ € Rsatisfy Q + ¢c-1<70(Q) < Q +c4+1, then c_ < pf, < c..

Proof. This is the regularized form of the classical value-iteration bounds on the gain (Puterman, 1994, §8.5.5),
(Bertsekas, 2012, §4.3). By monotonicity and translation equivariance of 7 (Corollary F.1), 77%1(Q) <
To(Q + c41) = T3H(Q) + c41, s0 75(Q) < Q + ncy1 by induction. Since 7 is non-expansive for || - [|e
(Corollary F.1), with d := [|Q — Qp, [l we get Qf, + np;y1 = 75(Qp) < 75(Q) +d1 < Q + nc, 1+ d1. Reading
any coordinate, dividing by 7 and letting n — +oo gives p(, < c4; the other inequality is symmetric. m]

Proposition G.6 (Cost of Q-regularization). Let Assumptions 1 to 3 hold, and let (Q*, p*) solve 7 (Q*) =
Q"+ p1.
(i) Value gap: with R* := max {||Q;2||asp, maxo<k<m ||7E2k (Q")llasp} and a(P) < 1 the Dobrushin coefficient of
the transition kernel P (Definition E.2),
ma(P) Ao(R") . m Ao(R")
,Bm)/Q(R*)m_l B ﬁmVQ(R*)m_ll

the right-hand sides being +c0 if yo(R*) = 0.
(i) Gain gap: with Q := mines ming ea(a) Qs(7s),

1Qa — Qllsp <

min go-(s) < py—p" < maxgo-(s) < -1Q, (G.14)
seS seS -
and consequently
e =l < lserllse < ARUIQ llasp) (G.15)

If moreover |S| > 2 and min Qs = Q for every s, then —Aq([|Q"|lasp) < pg, — p* + 7Q < 0.
Proof. The regularized fixed point (Qg,, pg,) exists by Theorem G.1, and both 7~ and 7q, are translation
equivariant (Corollary F.1), so that THQ) =0+ kp1 and ‘73‘(QE2) = Qg *+ kp;1 for every k > 0.
(i) The span seminorm being invariant under constants,
1Qa — Q'llsp = 175" (Qq) = T™(Q)lsp < 175" (Qg) = To (Q)lsp + 175" (Q7) = T ™ (Q")lsp - (G.16)

(a) (b)

Term (a). Since || - ||asp is invariant under constants, ||’73‘(Q;2)||asp = [|Q¢llasp, so that for every k € [1,m — 1],

R[TE(Q5), T5(Q")] = max {||Q% lasp. 17 (Q")lasp } < R*.

As yq is non-increasing (Definition G.1.(iii)), every factor of the product in Lemma G.2.(iv), applied with
Q =Qgand Q" = Q7 is at least yo(R"), hence (a) < (1~ B ya(R)")IQ7 — Qllsp-

Term (b). Let Ax = TX(7" Q")) for k € [0,m]], so that Ay = 7™(Q") and A, = TJ*(Q"). Since
Tk =Q + (m -k — 1)p*1, translation equivariance makes the constants cancel, and k applications
of the non-expansiveness of 7g in || - [|sp give

1Akt = Axllsp = |75 (Ta(Q1) = T (T(Q)|y, < 170(Q7) = T(Q")lsp
< a(P)Aa(l1Q7lsp) < a(P)Aa(R"),
by Lemma G.2.(vi), ||Q*|lasp < R* and the monotonicity of Aq (Lemma G.1). Summing over k, (b) <
m a(P)Aq(R*).
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Injecting both bounds into (G.16) yields B, ya(R*)" !|QF, — Q*llsp < m a(P)Aq(R*), which is the claim when
ya(R*) > 0; otherwise the bound is trivial.

(if) By Lemma G.2.(vi) and its proof, 7a(Q) -7 (Q) = Pgq for every Q, so that 7o(Q") = Q"+ p*1+Pgo-. Each
entry of Pgo- is a convex combination of the entries of go+, and Lemma G.9 with c_ := p* + mins go-(s) and
¢4 = p*+max, go-(s) gives the first two inequalities of (G.14). The last one is the upper part of Lemma F.1.(ii),
which needs no assumption on the Diracs: go-(s) < —1Q, < —7Q. Finally, (G.15) follows from (G.14) and
Definition G.2. For the last claim, fix s and sg # s, and let Q equal Q" except at sp, where it is constant in the
action. Then [|Q|lasp < [|Q”[lasp, and since go(s) only depends on Q(s, -) and equals —7 min Q) at a constant,
20(5) = g0+(s) and g (s0) = —1Q; hence ~7Q - g0-(5) < lIgglls.sp < AQ(IQllup). Together with go- < —7Q
and (G.14), this gives the claim. O

Item (i) bounds the gap by the regularization modulus times the effective horizon m /(8 ya(R*)™1), the
average-reward counterpart of the discounted bias bound 7(Q — Q)/(1 — y) of Geist et al. (2019), where
Q := max;, , Q;(0,). It exhibits the trade-off that runs through the paper: alarger temperature raises yq, hence
the contraction rates of Section 4, but also inflates Ag. Unlike 1/(1 — ), this effective horizon depends on 7,
so (i) is informative only when yq(R*) is not too small; for the reverse KL the bound grows as eM=DR/T when
7 — 0. Item (ii) has no such limitation, as the next corollary shows. Regularization also removes a degeneracy
of the unregularized problem: under (P1), Q¢ is unique up to an additive constant (Proposition G.4), and (i)
bounds its distance to every solution Q.

Corollary G.2 (The gain gap vanishes with 7). Under the assumptions of Remark G.1, —1Q < po— P < —1Q,
so0 p;, — p” linearly as T — 0, with constants that are free of B4, of yq and of the radius.

Proof. When every Dirac lies in the effective domain, Lemma F.1.(ii) gives go-(s) > —7Q for every s, and (G.14)
concludes. O

Example G.1. For the reverse KL (Corollary K.1,« = 1), Q_ = 0and Q = log(1/ timin) With timin := ming , p(als),

so Corollary G.2 reads —7log(1/pimin) < pg, — p* < 0. For the forward KL (Corollary K.1, a = 0), the Diracs
lie outside the effective domain, but Q, = 0 still gives py, < p*, and (G.15) and Theorem K.1.(v) give

lpy, — Pl < (1 +log, (1Q"[lasp/7)) = O(tlog(1/7)) as T — 0.

The gain gap also controls the performance of the policies returned by our algorithms: the greedy policy of
any Q close to Q¢, in span is near-optimal.

Corollary G.3 (Performance of the greedy policy). Let Assumptions 1 to 3 hold, let Q € RS*? and 7 := nq o.
Then, for every s € S, the regularized gain of Proposition G.5 satisfies pf, - |Q — Qy llsp < p=(s) < pg,, and
the gain of Subsection 2.1 satisfies p™(s) > pr(s) + TQ. In particular, under the assumptions of Remark G.1,

pr—p"(s) <11Q - Qz)llsp + tAq.

Proof. The upper bound is Proposition G.5. For the lower bound, let 77(U)(s,a) := r(s,a) +
D p(s’ls, a)((ns/, Uy ) — TQS/(TKS/)) be the regularized evaluation operator of 7; it is monotone and trans-
lation equivariant, and 77(Q) = 7a(Q) since 7 is greedy for Q. With u = Q - Qf,, Lemma G.2.(i)
gives 70(Q) — Q — ppl = Kzu —u > —llullsp1, the entries of Kzu lying in [minu, maxu]. Hence
T™Q) =2 Q + (p, — llullsp)1 and, as in the proof of Lemma G.9, (77)"(Q) = Q + n(py, — llullsp)1. Since
(T)™(Q)(s,a)is r(s, a) plus the expected sum of 7(s¢), 1 <t < n, along 7 from (s, a), up to a bounded term,
dividing by n gives pr(s) > pg, — ||ullsp- Next, (1ts, 75) = Fr(s) + 1Qs(1s) > Fr(s) + 1Q, whence p™ > pr + 7Q.
Finally, Corollary G.2 gives p* — pg, < 7Q, and p* — p™ < (p* — pgy) +llullsp — 1Q < [lullsp + TAQ- O

G.5 e-Floor-Wrapped Regularization

Regularizers with sparse greedy policies, such as the a-divergences with & > 1, violate (P1), and even
when (P1) holds the domination profile yo(R) may go to zero as R grows, making contraction and exploration
results local. We wrap the base regularization in a hard policy floor. This restores (P1) with yq, > €
uniformly in R, which makes the results global (Lemma G.11), at the price of an additional bias of order eR*
(Remark G.7). The resulting greedy policy eu + (1 — €)mq,,o (Lemma G.10.(ii)) is, for a uniform u and the
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negative entropy as (), the e-softmax learning policy of Nanda and Chen (2026), where the mixing weight €
plays the same role: a uniform lower bound on the action probabilities.

Definition G.3 (e-floored simplex). Let € € [0, 1) and let u be the full-support mixing policy of Assumption 1.
For s € § define Ac(s) := {ns € A(A) : m; > eus} and the affine bijection @¢ s : A(A) = Ac(s), Pes(p) =
eus + (1 — €)p, whose inverse is O L (15) = (15 — eps) /(1 — €).

Definition G.4 (e-floor-wrapped regularization). Let {)y be a base regularization satisfying Assumption 2
and let € € [0, 1). The e-floor-wrapped regularization Q). is defined state-wise by

(1-e)Qos (BE)  if rg € Ac(s),

Qe s (n5) =
+00 otherwise.

Equivalently, Qc s = (1 — €) (Qo,s o ;%) + ta_(s), where (¢ denotes the convex indicator of the set C, equal to
0 on C and +oo elsewhere. For € = 0 we recover ().

Lemma G.10 (Properties of Q;). Let () satisfy Assumption 2 with strong convexity modulus o, and let
€ € [0,1). Then Q. s is proper, closed, and 7%--strongly convex, with effective domain @, s(dom(£gs)); in
particular Q. satisfies Assumption 2, and it satisfies Assumption 3 whenever )y does. Moreover:

(i) Conjugate: Qp(Q)(s) = €{us, Qs) + (1 — €)Q;(Q)(s); in particular €O} is differentiable with Lipschitz
gradient.
(ii) Greedy policy: mq, o(als) = eu(als) + (1 — €)ng,,o(als).
(iii) Domination profile: yq,(R) = € + (1 — €)yq,(R) = € for every R > 0.
(iv) Span of the conjugate at the origin: ||Qz(0)||s sp = (1 — €)lIQG(0)lls sp-
(v) Regularization modulus: Aq.(R) < €R + (1 — €)Aq,(R) for every R > 0. In particular, if Qg satisfies the
assumptions of Remark G.1, then Ag_(R) < €R + (1 — €)7tAq,.

Proof of Lemma G.10. Fix s € S and write u; = u(:|s), @ = @, s for the affine bijection of Definition G.3.
Effective domain and properness. Since Qe s(P(p)) = (1 — €)Qos(p) for p € A(A) and Qs = +oo outside
Ac(s) = D(A(A)), the effective domain of Qs is P(dom(Qq)). It is non-empty since Qs is proper,
and Qs never takes the value —co since Qg s does not; hence Q. is proper. Moreover ®(us) = s, SO
Qe s(us) = (1 — €)Qo,6(us), which gives Assumption 3 for Q. whenever it holds for Q.

Closedness. A¢(s) is the intersection of the simplex with the closed half-spaces {7, : 75(a) > eu(als)}, hence
closed and convex. The map Qq s o ! is proper, convex and lower semicontinuous as the composition of a
proper, closed convex function with a continuous affine map, hence closed, a proper convex function being
closed if and only if it is lower semicontinuous (Rockafellar, 1970, Theorem 7.1); and 1, s) is closed since
Ae(s) is closed. A sum of closed functions is closed.

Strong convexity. Let mts, 1% € dom(Qcs), t € [0,1], and set p = (i), p’ = @~ !(n}), so that w5 — 1}, =
(1-¢€)(p — p’). Since @7 ! is affine, ®~!(tns + (1 — £)w}) = tp + (1 — t)p’, and the o-strong convexity of Qs
gives

Qe s(tns + (1 —t)ml) = (1 —€)Qos(tp + (1 = t)p’)

< (=€) [1Q0s(p) + (1 =) Qos(p) - St(1 = Dllp - 1P
o
2(1-¢)

= th,s(T(s) + (1 - t) Qe,s(ng) - t(l - f)”’l‘(s - 7T§||2,

using |lp — p’|I* = |Ins — 74?2/ (1 - €)? in the last line. Hence Q¢ s is 72=-strongly convex, and together with
T > 0 this shows that () satisfies Assumption 2.

(i). The constraint 7t € Ac(s) is exactly the range of @, so the change of variable 1; = @(p) = eus +(1—€)pisa
bijection from A(A) onto Ac(s). Since Q¢ s(D(p)) = (1 — €)Qp,s(p) and (D(p), Qs) = €{us, Qs) + (L —€){p, Qs),
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we get
Qe(Q)(s) = mAaX {15, Qs) — Qe s (115)}
s €A(A)
= max {(1ts, Qs) — 1Qe s(715)}
Ts€Ae(S)
= r;la;[) {":(,Us/ Qs)+ (1 —e)Xp,Qs)— (1 —€)Q s(P)}

= e(.”S/ Qs)+(1—¢) max {<pr Qs) - TQO,S(F)}

= e(us, Qs) + (1 - 6)Q (Q)(S)
where the second equality holds because Q. s = +o0 outside A¢(s), the third is the change of variable, the
fourth uses 1 — € > 0, and the last is the definition of (. The map Q; €{ls, Qs) is linear with constant
gradient ey, so Q) is differentiable as soon as () is (which is the case by Lemma F.1.(i) since 7 > 0), with
VO = eus + (1 - €)VQy; if VO is Lo-Lipschitz then VO is (1 — €)Lo-Lipschitz.
(ii). The maximum over p in the third line above is attained at p* = arg maxpeA(ﬂ){@, Qs) —1Qos(p)} =

110,,0(+s), which is unique by Lemma F.1.(i) applied to Q. Since @ is a bijection, the maximizer of the
original problem is tq_ o (|s) = ®(p*) = eus + (1 — €)mq,,0(-|s). This is consistent with (i) and Lemma F.1.(i),
which identify the greedy policy with VQ(Q)(s).

(iti). Let (s,a) € S X A and Q with [|Q|lasp < R. Dividing (ii) by u(als) > 0 gives
ma.0(als) _ 0y, Q(als)
p(als) p(als)

Taking the infimum over (s, a) and over {Q : [|Qllasp < R}, we obtain yq.(R) = € + (1 — €)yq,(R) from
Definition G.1.(iii). Since yq,(R) = 0 and € < 1, we get yq.(R) = € for every R > 0.

+(l-e)————

(iv). Trivial from (i).

(v). Let Q satisfy [|Qllasp < R and write g, and gg for the regularization gaps of Q. and (. Subtracting
max, Qs(a) from (i) gives, for every s € S,

86(5) =ehg(s)+(1-e)gy(s),  hg(s) = (us, Qs) — max Qs(a).

Since ps € A(A), we have hg(s) € [—||Q5||ﬂ/5p,0] C [-R, 0] for every s, hence ||hgllssp < R. The triangle
inequality and Definition G.1.(iv) applied to Q) give
g6 lls sp < €lligllssp + (1 = €)lIgRlls sp < €R + (1 = €)Agy(R).

Taking the maximum over {Q : ||Q|lasp < R} yields A (R) < €R + (1 - €)Aq,(R). The last claim follows from
Remark G.1 applied to Q. |

Lemma G.11 (Global properties of QO¢). Let Assumption 1 hold, let Q) satisfy Assumption 2, lete € (0,1),
and let Q, Q’ be two Q-value functions. Then:

(i) Global m-step contraction:

m—1

I1787(Q) = T3 (Q)llsp < ( — B ﬂm [T (Q), T (Q )]))IIQ Q'llsp
= (1 _ﬁmem 1) Q- Q’”sp-

(ii) Global coverage: let (Q;)n>0 be Q-functions and let (s,,, a,)u>0 be a trajectory with a, ~ mq_ g, (-sx) and
Sn+1 ~ P(-sn, an); let Fn := 0(Qo, (S0, a0), - - ., (Sn, an)) and assume that Q, is ¥,—1-measurable for n > 1.
Then for all t > 0 and all (s, a):

P ((Stxm, arem) = (s, a) | Fr) > ,Bmemn(sfa) 2 ﬁmemnmin- (G.17)

(iii) Fixed point up to a constant: there exists Q, € RS*A, unique up to an additive constant, and a unique
pg,. € R, such that %E(QE)E) =Q, + pbel
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Proof of Lemma G.11. By Lemma G.10, ), satisfies Assumption 2, so Lemma G.2 applies to Q.

(i). The first inequality is Lemma G.2.(iv) applied to Q.. By Lemma G.10.(iii), yq.(R) > € for every R > 0, so
]—Ikm:_l1 Ya, (R[‘7z)k€(Q), 73‘5((2’)]) > €™~ regardless of the radii, and the second inequality follows.

(ii). By Lemma G.10.(ii), mq,,g, > €u for every n, so Lemma G.2.(v) applies to Q). with the deterministic
constants Y1 =--- = Yy = €.

(iii). By translation equivariance (Corollary F.1), 75, induces a well-defined map 7 on the quotient space
RS*A /R1, which is complete for the norm induced by || - [|sp, and (i) makes 7™ a contraction with constant
1- Bme™ ! < 1. Banach’s theorem gives a unique fixed point Q" of 7™; since 7 commutes with 7™,
7(Q") is also a fixed point of 7", hence equals Q*. Any representative Q;)E of Q* therefore satisfies
70.(Qg,) = Qg + py 1 for some pp, € R, unique by Proposition G.3, and uniqueness of Qf, up to an
additive constant is that of Q*. |

Remark G.7 (Bias of the floor). Applying Proposition G.6 to (), which satisfies its assumptions by
Lemma G.10, and using Lemma G.10.(iii) and (v) gives

m (eR* + (1 - €)Ag,(RY))
Bm(e + (1 —€)yq,(R*))m1’

where R* is the radius of Proposition G.6 associated with Q.. The floor therefore trades a global contraction

rate ;™! against a bias term of order eR* which does not vanish as 7 — 0: small € keeps the fixed point
close to Q" but degrades the rate, large € does the opposite.

”Qég - Q*”sp <

H Proofs for the learning algorithms of Section 4

Proof techniques. Three ingredients drive the analysis. First, since V()" is the greedy policy, differences of
regularized Bellman operators are kernels of average-path policies (Lemma G.2); unlike the single randomized
policy that represents differences of hard maxima (Chen et al., 2026, Lemma B.6), this policy inherits the
domination of the greedy policies, which turns the Doeblin condition on i into a Doeblin condition on every
product of m such kernels, much as lower bounds on learning policies transfer irreducibility in discounted
on-policy Q-learning (Nanda and Chen, 2026). Second, we analyze the unmodified one-step update although
7q only contracts over m steps: expanding the Jacobian of a block of relaxed updates as an expectation over
Bernoulli selections shows that the step size acts as a lazy transformation of the state-action kernels, the
counterpart of the aperiodicity transformation of Puterman (1994, §8.5.4), so that blocks with at least m
selected updates inherit the m-step contraction. This avoids both the multi-step estimators of Zhang et al.
(2021) and the lazy transformation of the dynamics of Chen et al. (2026). Third, since the contraction rate
degrades with the radius, a stopping-time argument keeps the iterates, with high probability, in a ball on
which the rate holds, with a self-consistent choice of the radius.

Throughout this section, Assumptions 1 to 3 and (P1) hold, and Qf, denotes a solution of (G.9), unique up to
an additive constant (Theorem G.1); every quantity below is invariant under the choice of that constant. The
Q-iteration bound is the regularized counterpart of the span-contraction analysis of relative value iteration
(Puterman, 1994, §8.5). For Q-learning, we first analyze the noiseless relaxed flow, which contracts over
blocks of updates (Appendix H.2.1), then track the stochastic iterates along this flow up to their exit time
from a span ball (Appendix H.2.2); the epoch algorithm follows the same scheme, with batch averaging and
a cover-time bound (Appendix H.3).

The results for general step-size schedules use the following assumption.

Assumption H.1 (Step sizes). The sequence of step sizes (a;);»0 is non-increasing, satisfies 0 < a; < 1 for all
t >0,and ;59 ar = +o0.

H.1 Proof of Corollary 1

Corollary 1 (Synchronous Q-regularized Q-iteration). Let Assumptions 1 to 3 and (P1) hold. Then
(1Q¢ — Qg llsp)i=0 is non-increasing and, for every t > 0,

Q¢ = Qalkp < (1= B va (IQlasp +11Q: = Qillp) ™™ 101 = Qi M
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Consequently, for ¢ € (0,e0), IQr — Qpllsp < ¢ for every T 2 m[B'1og(eo/€)], i.e. after
O(ISP|A| m p~1 log(eo/€)) model queries, one query being an evaluation of p(s’[s, a).

Proof. Let Q, be given by Theorem G.1. By translation equivariance (Corollary F.1), ‘73‘(@;2) = Qg +kp1
for every k > 0 and, since the projection Il subtracts a constant, Q;+x = ‘73‘(Qj) — c1 for some ¢ € R. Since
|| llsp annihilates constants, e = ||‘73‘(Q]-) - ‘7E)"(QZ))||SP for every j, k > 0. With k = 1, the non-expansiveness
of To in || - ||sp (Corollary F.1) shows that (e;j); is non-increasing.

With k = m, Lemma G.2.(iv) applied to (Qj,Qf) gives (1), since yq is non-increasing and
R[?bk(Qj),rizzk(Qb)] < QG llasp + ¢j for k € [0,m —1]. Indeed, || - [lasp is invariant under constants, so
175(Q¢llasp = IQ¢,llasp, and the triangle inequality together with || - [lasp < I| - llsp gives [T (Qj)llasp <
”Q;)“asp +ejrk < “QE)”asp +¢j.

Finally, e; < eo for every j and yq is non-increasing, so each factor in (1) is at most 1 — B, ya(|lQg, llasp + eo)" ! <

1- ﬁ Hence ey, < (1 - B)keo < e Pkey, which is at most ¢ for k > 5‘1 log(eo/€), and monotonicity extends
the bound to every j > km. Each sweep evaluates p(s’|s, a) for all (s, a, s’), i.e. uses |S[*|A| queries, which
gives the announced count. o

H.2 Proofs for Subsection 4.2 (Synchronous Q-regularized Q-learning)
H.2.1 Synchronous full-knowledge updates

We let (Q;)i=0 denote the sequence produced from an arbitrary initialization Qg by the full-knowledge
synchronous update

Qi1 = F1(Q1), where F;(Q) := (1 - a;)Q + a:70(Q), (H.1)

and we measure the error in span seminorm, e; := [|Q; — Qg |lsp-

Without noise, (H.1) is a damped value iteration, whose linearization (1 — a;)I + a;Ky, is a lazy version of the
greedy state-action kernel: the step size plays the role of the aperiodicity transformation of Puterman (1994,
§8.5.4), which acts on the state kernel and which Chen et al. (2026) impose on the dynamics through lazy
sampling. The analysis below exploits this laziness at the level of the Jacobians (Lemma H.7): it turns the
m-step minorization of Assumption 1 into a contraction over blocks, and it is this deterministic flow that the
stochastic analysis of Appendix H.2.2 tracks.

The fixed point is stationary only up to a constant, so it is not a fixed point of F;; the next lemma records that
it nonetheless generates a trajectory of (H.1) along which the error is exactly e;. This is what allows us to
dispense with a second sequence.

Lemma H.1 (Reference trajectory). Let Q; := Q¢, + c:1 with ¢t := pg, Xk« ax- Then Q; , = Fi(Qj) for every
t>0,and [|Q — Q:Hsp = 6t.

Proof. By translation equivariance of 7 (Corollary F.1) and the fixed-point equation, 7o(Qg, + c1) =
Qg * (¢ + p;y)1, hence FH(Qg, + c1) = Qg + (¢ + atpg,)1, which is the announced recursion. The second claim
follows since the span seminorm annihilates constants. m]

Lemma H.2 (Monotonicity of the error). For any Qo, the sequence (e;);»0 is non-increasing.
Proof. Using To(Q5,) = Qf, + p1, we have Qr 1 — Qf) = (1 — a)(Qr — QFy) + o (Ta(Qr) — Ta(Qy)) + arpiy1,
and the constant term vanishes in the span seminorm. The triangle inequality and the non-expansiveness of

Tain || - |lsp (Corollary E.1) then give er41 < (1 — ar)er + arer = e;. O

Definition H.1 (Sub-blocks and global blocks). Let k¢ > 0 be a fixed sub-block budget. We define recursively
the sub-blocks [, = {ty, ..., tus1 — 1} by to =0and

t-1
ty+1 = Min {t >ty Z ag > KQ} , (H.2)

k=t,
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and the i-th global block as the chronological concatenation of m consecutive sub-blocks,
m—1
B = U Jim+t, bi :=min B; = t;y,. (H.3)
=0

Note that these definitions are valid under Assumption H.1.
We write @) := Fy,,,-10...0F,sothat Qp,,, = CD(i)(le.) and, by Lemma H.1, QZ,H = (D(i)(QZ_).

Lemma H.3. Under Assumption H.1, for any sub-block J, we have > ;¢;, @k < %o + ao, and consequently, for
any global block B, Y e, ar < m(xo + ap).

Proof. This follows from the minimality in the definition of a sub-block (H.2) and Assumption H.1 on the
step sizes. A global block is the chronological concatenation of m consecutive sub-blocks, which gives the
second result. O
Lemma H.4 (Boundedness along the frozen flow). Let R; := 1QG llasp + ep;- The sequence (R;)io is non-
increasing, and for every Q € [Qy,, QZ[] and every k € B, the frozen-flow iterate Qy := Fx_1 o... o F;,(Q)
(with Qy, := Q) satisfies ||Qk||asp <R;.

Proof. The monotonicity of (R;); is that of (e;); (Lemma H.2).

Let now Q = (1 — u)Qy, + qui for some u € [0,1]. Since sz = Qp, + ¢y, 1, we get 0 - Qp = (1 —=u)Qp, -
Qg,) + ucp,1, and the constant is annihilated by the span seminorm, so 0 - Qpllsp = (1 = u)ey; < ep,. The
sequence (Qx)k=p; follows the update (H.1) started at Q, so Lemma H.2 applied to it, whose proof holds for
any starting time, gives |Qx — Qg llsp < IO — Qf,llsp < en;, whence [|Qkllasp < 1Q5llasp + 10k = Qgsllsp < Ri. B
Lemma H.5 (Contraction of products of at least m regularized greedy kernels). Let R > 0, let (Uk)kex
be a finite family of Q-functions with ||Ukllasp < R for every k, and let Ky := Krgu,, i-e. Ki(s’,a’ls,a) =

p(s’ls,a) mo,u,(a’|s”). For asubset C = {k1 < ... < kn} €K, let K¢ := K, - - - Ki, be the associated ordered
product. Then K¢ is row-stochastic and:

(i) if n = m, then |[Kcllsp,op < 1 = Bm(R), where B (R) := B ya(R)"Y;
(ii) if n < m, then [|Kcllsp,op < 1.

Proof. Each Kj is row-stochastic, hence so is K¢, and (ii) follows from Lemma E.6.

Assume n > m. With Convention E.1, the Markov chain associated with K¢ = K, - - - K, applies the factors in
the order Ky, , K,_,, . . ., Ki,. We therefore split off its last m steps in chain order, i.e. the m oldest algorithmic
indices: K¢ = HB with H := Ky, -+ Ky,,, and B := K, --- Ky, and H = I when n = m. Since [[Uj,|lasp < R
for each ¢, Definition G.1.(iii) gives QU 2 ya(R)u, so Lemma E.4, applied to B, whose m — 1 intermediate
policies are o u,, , - - -, QU , gives a(B) <1 - BnyaR)" ' =1~ Bm(R). Finally, H is row-stochastic, so
Lemma E.6 and the submultiplicativity (E.5) give [|[K¢|lsp,op < [1H|lsp,op IBllsp,op < @(B). O

It remains to count the effective updates within a global block. This is where the sub-block structure is used,
and a plain independence argument suffices: no concentration inequality is required (a Chernoff bound
gives a sharper estimate for large m, see Remark H.2).

Lemma H.6 (Effective updates within a global block). Let 8B; be the i-th global block of Definition H.1,
let (X )res; be auxiliary independent Bernoulli random variables with X; ~ B(ay) and let N; := } ;g Xi.
Under Assumption H.1,

P(N; > m) > pp = (1—e )", (H.4)

Proof. For each of the m sub-blocks J, € B;, let U, := | ken {Xk = 1} be the event that at least one effective

update occurs in J,. By independence of the Xy and 1 —u <e7%,

P(ﬂn)zl—l—[(l—ak)Zl—eXp —Zak >1—e7%,
kely kel
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the last inequality by the definition (H.2) of the sub-block. The sub-blocks of $B; have disjoint index
sets, so the events Uiy, ..., Uim+m-1 are independent, and ﬂ;":_ol Uip+e € {N; > m}. Hence P(N; > m) >
[T B(Uimre) 2 (1= e )™, 0

Lemma H.7 (Jacobian bound over a global block). Under Assumption H.1, for every global block 8B; and
every Q € [Qp;, Q; 1,

”Dq)(i)(Q)Hsp,op <1-pm ﬁm(f{l)

Proof. By the chain rule and Corollary F.1, the Jacobian of ®@ at Q is

D(D(i)(Q) = l_l ((1 - ak)I + (XkKk) ’ Ky := KﬂQ,Qk’ Qk :=Ff_10...0 Fbi(Q)/
keB;

the product being written in decreasing order of k. By Lemma H .4, ||Qk||aSlD < R, for every k € 8B;, so the

family (K )kes; satisfies the hypotheses of Lemma H.5 with Uy = Orand R = R;.
We introduce a probabilistic argument to bound the Jacobian. Let (Xi)kes, be the auxiliary Bernoulli
variables of Lemma H.6, realized as the coordinate maps of the finite product space {0, 1}* endowed with
®keB,- B(ak), which is well defined since a € (0, 1] by Assumption H.1. The flow (H.1) being deterministic,
this finite space carries all the randomness of the argument. We define Y; = (1 — Xi)I + XKk, so that
(1 = ap)l + axKy = E[Yx]. By independence of the Yi, we have [[;cg E[Yk] = E []_[kegi Yk], and the triangle
inequality gives

E <E

1%

kEBi

”Dq)(i)(Q)”sp,op =

1%

kEB,‘

Sp.op Sp,op

Let C := {k € B; | Xk = 1}, so that N; = |C|. Since the factors equal to I can be removed from the product, we
have the pathwise identity [[;eg, Y = K¢ with the notation of Lemma H.5.

On the event {N; > m}, point (i) of Lemma H.5 gives [[K¢/|lsp,op < 1~ Bm(R;), and on the event {N; < m},
point (ii) gives |[|Kc|lsp,op < 1; hence ||[K¢|lsp,op < 1= ﬁm (Ri)“‘{NiZm} pointwise. Taking expectations,

IDDD(Q)llsp.op < T =P(N: 2 1) B(Ri) < 1 = prufm(Ry),
the last inequality by Lemma H.6. O
Lemma H.8 (Per-block contraction). Under Assumption H.1, for every global block $5;,
ey < (1= pm Pu(R1)) ep,.
Proof. By Lemma H.1, ep,,, = [|®V(Qy,) — cD(i)(QZ.)”Sp' The map @ is continuously differentiable (Corol-
lary F.1) and all its Jacobians D®(Q), Q € [Qy,, Qj, 1, are products of row-stochastic matrices, hence

row-stochastic, so the mean value inequality in the span seminorm (Proposition E.1) applies and gives
Chia S SUPGE, 0 | ||Dq)(’)(Q)||sp,op 1Qp; — Q; llsp- Lemma H.7 bounds the supremum by 1—p,, 81 (R;), while

1Qsp; — Q;i”sp = €p;- o

Corollary H.1 (Full-knowledge updates for m = 1). Assume m = 1 and a; € (0,1] for every t. For any
initialization Q, the iterates of (H.1) satisfy

T-1
er < 1—[(1 — axP1) eo.
k=0

In particular, Q-iteration (a; = 1) contracts at rate 1 — 81 per sweep, and reaches er < ¢ after
O(ISP1A| 7' log(eo/ €)) model queries.
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Proof. Let Wy := Fr_y0...0Fyand Q € [Qo, Q;]. Asin Lemma H.7, DWr(Q) = [1;Zy (1 — ax)I + axPy). By
Lemma E.4 with n = 1, each factor satisfies

(1= a) + axKy) (s”,a’ls,a) > axKi(s",a’ls, a) 2 axprv(s') mg g, (@’ls’),

which is a Doeblin condition with parameter axf1. Lemmas E.3 and E.6 give [|(1 — ax)I + akPkHSp op < <l-axfs,

and the submultiplicativity of the operator span seminorm together with Proposition E.1 and Lemma H.1
conclude. For a; = 1, the update (H.1) is Q-iteration without the centering projection, which is invisible to

I - llsp, soer < (1 - B1)leg < e for T > ,81‘1 log(eo/¢), each sweep using [S|2|A| queries. O

Lemma H.9 (Number of completed blocks). Under Assumption H.1, let I(T) := max{i | b; < T} be the
T-1

number of global blocks completed within the first T updates. Then I(T) > l Ziso O J

m(xo+ag)

Proof. By definition of I(T) we have byr) < T < byr)41, and by Lemma H.3 each global block consumes at
most m(kg + ag). The step sizes being non-negative,

T-1 byry+1-1 Z
< .
Yar<s D ar<UM+Dmko+ag), e I(T)> o p. (KO " ao)
k=0 k=0
and I(T) being an integer gives the claim. o

Remark H.1 (Radius-adaptive rate). Chaining Lemma H.8 over the completed blocks gives the radius-
adaptive bound €y < ITi< I(T) (1 — PmPm yQ(I_{i)m‘l) eo, in which the per-block rate improves as the error
decreases, since R; = 1QG llasp + ep; is non-increasing. The uniform constant Bm(Ro) is its worst case, attained
at the first block. Asymptotically, R; | [|Qfllasp, so the rate approaches 1 — py B ya(lQllasp)™ '+ the local
geometry of the fixed point, not the initialization, governs the asymptotic speed. The bounds of Theorems H.1
and H.2 use instead the worst-case constant 3(R) of Definition H.2 on the whole ball of radius R; making
them radius-adaptive would require shrinking the radius along the run.

Remark H.2 (An alternative bound on P(N; > m) through a Chernoff inequality). Each global block has
a total budget @; := Yyeg, ax = mxo, so for ko > 1 the multiplicative Chernoff inequality for the lower tail
(Mitzenmacher and Upfal 2005, Theorem 4.5) gives

IP)(Ni<m)ﬁexp( (@ 12_& )2) ep(—(KO_l)zm),

2KQ
the last inequality because u +— M has derivative 1 (1 - —) > 0 on (m, o) and is therefore minimized at
u = mxo. This variant requires ko > 1 but is much better for large m, since it tends to 1 whereas (1 — e ™)™

decays exponentially in m. Both bounds being valid, Lemma H.6 holds with

Pm = max {(1 —e )" 1—exp (—Wm)u‘{xo > 1}} .
0

The proof of Theorem 1 uses k¢ = 4, for which p,, > 1 — e 98 > %

H.2.2 Setting and localized constants
We now study Algorithm 3, the synchronous Q-regularized Q-learning algorithm, and write ¢; := ||Q; — QE}”Sp

for its error. We define the filtration #; := ¢ {Qo, (s]’c(s, a))( oSkt 1k < t} and write the stochastic update
5,0)ESX

as
Q1 = Qr + ar (Ta(Qr) — Qt + Wii1), (H.5)

where for every pair (s, a) the next state s;(s, a) ~ p(:|s, a) is sampled independently and
Wisa(s,a) = Q(Q1) (s7(s, ) Z p(s’ls, a) Q" (QN(s"). (H.6)

By construction Wiy is Fii1-measurable and E[W;y1 | ;] = 0. By translation equivariance of ()*
(Lemma F.1.(iii)), the centering projection of Algorithm 3 only shifts the iterates by a constant, which
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Il - llsp and || - ||lasp annihilate, so we omit it; its only role is to upgrade span convergence to || - || convergence
(Remark E.2). We reuse the sub-blocks J, and global blocks B; of Definition H.1; the step sizes being

deterministic, the block boundaries b;, the number I(T) of completed blocks, the bound Imax := [#0 D<T atJ
and the last incomplete block Byes := [by(r), T — 1] are all deterministic.
Definition H.2 (Localized radii, exit time and localized constants). For a radius R > ¢y, define the exit time

or :=inf{t e N|e; > R} e NU {+o0}, (H.7)
the domination radius and the noise radius

AR = HQZ)”aSp +R, Cr = ||Q;)”Sp +R,

and the localized constants
ﬁm(AR) = ,Bm yQ(AR)m_ll B(R) = Pm Bm(AR) € (0, 1)/ ZD(R) =Cgr + ”Q*(O)“S,Sp ’ (HS)

where p,, is the constant of Lemma H.6 (see also Remark H.2).

Remark H.3. (i) or is an (#¢)-stopping time and or > 1 since ¢y < R. (ii) By minimality, t < or implies
et < R, hence ”Qt”sp < Cr and, since || - ”asp <|I- Hsp/ also HQt”asp < ”QZ)Hasp +11Q¢ = sznasp < Ag. (iil) ya
is non-increasing (Definition G.1.(iii)), so R — B(R) is non-increasing and any contraction estimate valid
at a radius A < Ag holds a fortiori with B(R); moreover (R) > 0 by (P1). (iv) The localization serves two
purposes: it bounds the noise scale by @w(R), which grows linearly in R through the sub-affinity of QO
(Lemma F.1.(vii)), and, since yq may vanish at infinity, it keeps the contraction rate at least (R).

H.2.3 The noiseless flow before the exit time

For each global block B; we define the virtual sequence (Qk)i=p; by

Qu=Qb,  Qis1 = Ok + ok (Ta(Qr) — Q) (H.9)
i.e. the full-knowledge synchronous update (H.1) started at Q;,; for i = I(T), itis defined on the last incomplete
block Bres. It is a deterministic function of Qy,, hence #3,-measurable.

Lemma H.10 (Contraction of the virtual flow at radius R). Let i € N with e;, < R. Then, pathwise:

(i) IQk — Qpllsp < ew, for every k > b;

(ii) 11Qps,, — Qpllsp < (1= B(R)) e,

Proof. The virtual sequence is exactly the full-knowledge update (H.1) started at Qp,, so (i) is Lemma H.2
applied to that sequence, and (ii) is Lemma H.8 applied within the single block $;, which gives the factor

1= pmPm(R;) where R; = 1Q5,llasp + ep; is the block radius of Lemma H.4. It remains to check R; < Ag, which
follows from ey, < R; yq being non-increasing, ﬁm (R;) > ﬁm(AR), ie.1- pmﬁm (R)<1- B(R). O

H.2.4 Localized noise control

Lemma H.11 (Stopped noise). Define WHl = ¥(t<or)Wi+1. Then WHl is F;11-measurable, E [WHl | ﬁ] =0,

and each entry Wt+1(s, a) lies in an ¥;-measurable interval containing 0 and of length at most @(R); in

particular ‘|Wt+1‘| < @w(R). Moreover Wtﬂ = W1 on {t < or}.

Proof. Since oy is a stopping time, {t < or} = {or < t}° € ¥4, so E[Wt+1 | il = ¥i<or) B[Wiia | Ft] = 0.
Conditionally on 7%, Q*(Q;) is fixed, and W;,1(s, a) is a value of Q*(Q;) minus the ¥;-measurable convex
combination . p(s’|s, a) Q*(Q;)(s”); it therefore lies in an F;-measurable interval containing 0 and of length

1€2°(Q4)lls sp, and so does Wi1(s, a), with length ¥ ;1 1Q°(Q1)lls,sp- On {t < or} we have ||Q¢llsp < Cr by
Remark H.3.(ii), and Lemma F.1.(vii) gives [|Q"(Q¢)lls,sp < [|Qtllsp + [1Q2°(0)lls,sp < Cr + [|QQ°(0)lls,sp = @W(R).

Off the event, Wt+1 =0. m|
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(K) .

~ % —~
a1 = U](( ) 4 ax Wi, for

For an interval K = [f,, t;]] we define the stopped noise martingale ﬁfﬂ“) =0,U
k € K, we write vy 1= X rexc a%, and we set

Ug (&) = ZT)(R)\/%UK log (2|S;!ﬂ|), (H.10)
exc(8') =2 (1 +2 Z ay | Ugc(8') < 2(1+ 2m(xo + ag)) Ugc(8”), (H.11)
kek
the last inequality by Lemma H.3 when K is contained in a global block.
Lemma H.12 (Good event). Let 6 € (0,1) and ¢’ := ﬁ The event
I(T)-1 R R
G = () [, 2B} o J0 <o} onrm

satisfies P(Gr(0)) =1 - 6.

Proof. Fix an interval K among By, . .., Bj1)-1, Bres and a pair (s, a). By Lemma H.11, the scalar process

(l:\ll((q()(s, a)) . is an fx-martingale whose increment a ka+1 (s, a) lies in an Fr-measurable interval of length

at most a,@(R), s0 X rex (aku"J(R))2 = @(R)?*vg and the maximal Azuma-Hoeffding inequality (Lemma E.2)
bounds the failure probability of each brace, for each pair, by %. A union bound over the |S||A| pairs and
the I(T) + 1 < Iyax + 1 intervals concludes. O

H.2.5 Tracking before the exit time

Lemma H.13 (Tracking up to the exit time). Work on the event Gr(6). Leti < I(T), let K := B;ifi < I(T) and
K := Bres if i = I(T), write t; := b; and t + 1 := bi1q (resp. T), and let Q be the virtual sequence started at Qy,.

Then, for every k with t, < k < min{t; + 1, or}, the tracking error Ex := Qx — Q satisfies ||[Ex[lsp < ex(0").

Proof. If or < t, the range reduces to k = t,, where E;, = 0. Otherwise, for {, < k < min{t; + 1, or} the
true update (H.5) occurs and Wi,1 = Wiy by Lemma H.11. Subtracting (H.9) f_rom (H.5)_and using the
average-path identity of Lemma G.2.(i) at the pair (Qg, Qk), i.e. Ta(Qx) — Ta(Qx) = KxEr with K := K

0,10k, 01"
Ex1 = (1= ap)Ex + axKeEx + axWis1r = MiEg + axWis, (H.13)
where My := (1 —ap)l +« Ky is row-stochastic as a convex combination of row-stochastic matrices.

Decompose E; = R k+ ﬁIEK) with ﬁta = 0. The noise terms in (H.13) cancel with the definition of El}fl) , so that
R k1 = Mg R k+ag (Kk -1 ) fl,((m Since K} is row-stochastic, every entry of Ky a]((q() is a convex combination

of entries of ljll(j(), hence lies in [min ITI,(:(), max ljll(j()] , and so does every entry of fl;(m ; therefore every entry

of (K¢ —1) l,j,(j() lies in [—||CI,((7()|ISP, ||a,(c7()||5p] and Hak (Kx - 1) ﬁff‘)

< 2010

< 4day ”ﬁ;{mH . By
sp sp o0
Lemma E.6 the row-stochastic matrix My, is span non-expansive, so ||[Ri+1llsp < [|R|lsp +4c k||u,£7°||oo. Summing
from f, and using the definition of Ggr(0), for every k € [f,, min{t, + 1, or}], ||1/€k||sp <4 (Ypex ax) Ugc(d)
and

Ugc(6) = e5c(0”).

IEkllsp < IRllsp + 2..&,‘]‘)“00 <2 (1 +2 ) ap
k'eK
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H.2.6 No escape before the horizon
Proposition H.1 (No escape). Let 6 € (0,1),R = ep, ¢’ = +1 and

gr(0) == max{ max &g, (0"), egm(é')} .
0<i<I(T)
Assume the radius admissibility condition

B(R)
B(R) +1

Then, on the event Ggr(0), we have og > T, in particular supy;<r e < R, and forevery 0 <i <[ (T),

Er(0) < (R = ep). (H.14)

i—1
en, < (1= B(R))eo + ) (1= B(R) g, (6). (H.15)
=0

Proof. Work on Gr(6). We first record that (H.15) implies, bounding the geometric sum and using (H.14),

B(R) +1
&©) hence ep, + Er(6) < ep + PR)

+ =
B(R)’ B(R)

We prove by induction on i € [0, I(T)] that or > b; and (H.15) holds at rank i.
Base case. by = 0 and or > 1 by Remark H.3.(i); (H.15) at i = 0 reads ¢y < eo.

ep; < e Er(0) < R. (H.16)

Inductive step. Assume the claim at rank i < I(T) and let O be the virtual sequence started at Qp,;
by (H.16), ep;, < R, so Lemma H.10 applies to B;. Suppose or < bis1; since ogr > b;, we would have

t* := or € [bi +1,bi11], and as t* < min{b;+1, or}, Lemma H.13 gives [|Q;+ — Qt*“sp < eg.(0") < Er(D)
while Lemma H.10.(i) gives ||Q — Qgpllsp < ep;. Hence, by (H.16), es, < ey, + Er(0) < R, contradicting the
definition (H.7) of og. Therefore og > b;41; in particular b;41 < min{b;11, or}, so Lemma H.13 at k = b;4
combined with Lemma H.10.(ii) yields ep,,, < [|Qp,,, — Qollsp + 1Qp,,, — QbM”sp < (1= B(R))ey, + €g,(8),
which, injected into (H.15) at rank i, gives it at rank i + 1.

Residual interval. The last step gives ogr > byr). If or < T, the same argument on 8B, — Lemma H.13 with
K = Bres and Lemma H.10.(i) — gives ey, < €y + €r(6) < R, again a contradiction. Hence or > T and the
containment follows from the definition of og. O

H.2.7 Main result

Theorem H.1 (Finite-time bound for Q-regularized synchronous Q-learning). Let 6 € (0,1) and T > 1.
Under Assumption H.1, let the sub-block budget k¢ > 0 be arbitrary and let the radius R > e satisfy the
admissibility condition (H.14). Then, with probability at least 1 — 6, sup,_, . e; < R and

0

er < (1= B(R)' Peg +2 (1 +2m(xo + ag)) w(R)\/% log (Z'S”ﬂl(lmax ¥ 1))

I(T)-1

Zu BRY T [N a2+ |3 a2

keB; k€Bres

where B(R) and @(R) are the localized constants of Definition H.2, I(T) > [%J is the number of
completed blocks and Imax = I(T).

Proof. Work on Ggr(6), which holds with probability at least 1 — 6 by Lemma H.12. Proposition H.1 gives
or > T, so the ranges of Lemma H.13 cover every block entirely, as well as the residual block. Applying
Lemma H.13 with K = B, at k = T, and Lemma H.10.(i) to the virtual sequence started at Q;, /iy, the triangle

inequality gives er < ey, + €8, (0"). Injecting (H.15) at i = I(T) and the explicit form (H.11) of the eg(0")
yields the announced bound; the lower bound on I(T) is Lemma H.9. m|
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Corollary H.2 (Constant step size). Under the assumptions of Theorem H.1, let the step size be constant,
ar = a €(0,1), and set Cy := V2 (1 + 2m(xo + a)). If the radius R > ey satisfies

A1 (5 1)) g

Crw(R) |m(ko+ ) a log 5 SR +1 (R - ep), (H.17)
then (H.14) holds and, with probability at least 1 — 9,
]_ _ aT
< _ 1- R m(kg+a)
er 1—ﬁ(R)( B(R)) ™07 eq
(B(R) + 1)C,@(R) 2SI (45 +1)

m(xo + a) a log

B(R) 6

Proof. With a constant step size, every sub block has exactly [xg/a] indices, so |B;| = m[«ko/a] and, using
[Ko/a] < K°+“ and x| > x -1, I(T) > m(K0+a) - 1; moreover vg, = |Bj|a? < m(xo + a)a for every i, and the
same bound holds for vg,, since Bres € By(r). Hence, for every interval K among the B; and Bies,

2SI (4L +1)
s :

exc(6) <2(1 +2m(xo + a)) @(R) %m(KO +a)alog

which is the left-hand side of (H.17), so (H.17) implies (H.14). Theorem H.1 then applies, and the noise
term is summed using ZI(T) 'a- ﬁ(R))I(T) =i < ﬁL so that the bracket is at most (ﬁ(R) + 1) Vm(xo + a)a.

(R)’
Finally 1 — B(R) € (0,1) and I(T) > — 1 give the prefactor —— on the contraction term. O

1~ ﬁ(R)

m(1<0+a)

H.2.8 Proof of Theorem 1

Theorem 1 (Synchronous Q-regularized Q-learning). Let Assumptions 1 to 3 and (P1) hold, and set
a(u) := (B2u?)(9m(2 + B)*(1 + 9m)?®w?1)~! for u > 0. Run Algorithm 3 for T iterations with a constant step
size a < a(ep). Then, with probability at least 1 — 6, sup, 1 [|Qr — QF llsp < 2e0 and

2aT

< WP 10, - gy + 22O

“QT - Qz)”sp = 1- ﬁ/z B.

@

2eq

In particular, for ¢ € (0, ¢), the choices a = a(¢/2) and T > i—’g log ((1—5/2)5) give [|Qr — Qfllsp < ¢, ie.
O (IS|A| m*®? /(3e?)) sampled transitions.

Proof of Theorem 1. Take ko = 4 and the Chernoff bound of Remark H.2, so that p,, > 1—¢™/8 > L fora < 1,
we also have m(xg + a) < %m and C < V2(1+9m), and a(ep) < % since @ > eg. We apply Corollary H.2 with
R = 2¢p: then AR = ||Q5||asp +2ey, so that B(R) = pufBm(AR) > /2 and @(R) = @, and the logarithm in (H.17)

is at mosttsmce +1 <T+1.

Admissibility. The left-hand side of (H.17) is at most V2(1 +9m)w / %mm =3(1+ 9m)LT)\/ mat, which is at
(R — ep), which

most zﬁ 70 when a < a(eg). Since x — 35
is (H.17).

Bound. With probability at least 1 — 6, Theorem H.1 thus gives sup,_; e; < 2¢y. Since B(R) = B/2,1(T) > 0,and
I(T) > —1> 2T _ 1 its contraction term satisfies (1 — B(R))Teg < (1 - f/2)!Dey < (1 — f/2) 5 eg

= 9m

— is increasing and B(R) > /2, this is at most

+ 1+ﬁ(R

m(K +a)
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Since x — (1 + x)/x is non-increasing, the noise term of Corollary H.2 is at most % 3(1 + 9m)wmat. This
is (2).

Sample complexity. For ¢ € (0, ep), the choice @ = a(e/2) < a(eg) makes the noise term equal to ¢/2, and
2eq
on a-p/2e) " §
since ¢ depends on T only logarithmically. With a(e/2) = ©(f%e?/(m3@?)), this gives O (m*w?/(B>e?))
iterations, each drawing |S||A| transitions. Since the radius is 2ey, the constants 5 and @ do not depend on
€. m|

1- E /2)* < ¢~P*/2 makes the contraction term at most ¢ /2 assoonas T > Z—'E log ( ), which is possible

Corollary H.3 (Synchronous Q-regularized Q-learning for m = 1). Let m = 1. Then ﬁ = B1, and Theorem 1
holds even without (P1). Moreover 7 is a (1 — 1)-contraction for || -||sp and [|Qg,llsp < (II7lsp +11Q7(0)lls,sp)/B1;
in particular, for Qo = 0 and a regularizer whose minimal value does not depend on the state, @ < 3||r|lsp/f1,

and the sample complexity of Theorem 1 is O (|S||A| ||r||§p/(ﬁ?e2)).

Proof. For m = 1, B1(R) = 1 for every R, so the localized constants of Definition H.2 do not depend on
the radius and are positive without (P1), which the proof of Theorem 1 only uses to ensure § > 0; that
proof then applies verbatim. For the second claim, Lemma G.2.(iv) with m = 1, whose product is empty,
gives [17a(Q) — Ta(Q')llsp < (1= p1)IIQ — Q’[lsp- Since || - [|sp annihilates constants, [|Qgllsp = [T (Q)llsp <
(1 = BDIIQgllsp + 17(0)llsp, and [[Ta(O)llsp = [Ir + PQ*O)llsp < llrllsp + 12°(O)lls,sp-  Finally, for Qo = 0,
¢0 = Q4 llsp, and for such a regularizer [*(0)]ls sp = 0 (Corollary 1), s0 @ = 3[Qpllp < 3lrllp/fr. O

H.3 Proofs for Subsection 4.3 (Epoch Q-regularized Q-learning)

Every constant below is a function of the domination profile yq (Definition G.1.(iii)) evaluated at the radius
actually reached by the iterates, which drives both the contraction rate and the exploration rate.

Algorithm 1 has two noise handling mechanisms: the step sizes aj, which averages across epochs, and the
batch size Bj, which averages within an epoch. We therefore control the noise in two ways, both valid at all
parameters:

e a batch bound (Lemma H.21.(i)), which bounds the per-epoch noise by O(@(R)/ \/B—]) and sums it over a
block by the triangle inequality;

* a block-martingale bound (Lemma H.21.(ii)), which concatenates all the transition-level increments of a block
into a single martingale, as in Appendix H.2.

Neither dominates: for constant parameters their ratio is (1 + 2Na)/ VN, with N the number of epochs
of a block, so the batch bound is tighter at &; = 1 (Corollary H.4), the setting of Theorem 2, where the

block-martingale bound loses a factor ®(v/m) on the noise term, while the block-martingale bound wins for
small step sizes and handles small batches, down to B; = 1, where it recovers Theorem H.1 (Remark H.6).

H.3.1 Setting, terminology and the epoch update

We write e; := [|Q;j — Qg lsp for the error after j epochs and, for a radius R > ¢, we use the localized constants

AR, Cr, Bu(AR), B(R) and @(R) of Definition H.2; under (P1), §,,(Ar) and B(R) are positive. We reserve
the index j and the notation E; for algorithmic epochs, and the index i for the blocks 8; introduced by the
analysis; B; is always the batch size. Three time scales coexist: transitions (1), epochs (j) and blocks (i).

The j-thepochis E; := {nj,...,nj;1 — 1} with ng := 0 and
n—1

fj41 = ming > ;| min D Fisean=.a) = Bj
! k:nj

We reuse the sub-blocks and blocks B; of Definition H.1 on the epoch scale, i.e. with the iteration index

replaced by the epoch index, so that mxg < ), jes; @j < m(xg + ag) (Definition H.1 and Lemma H.3), and we
write b; := min B;. The step sizes and batch sizes being deterministic, so are the blocks and the b;.
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We write {; := nj11 — nj € NU {+oo} for the (random) length of epoch j, with the convention
Q]‘+1 = Q]' on {fj = 40o}. (H.18)
LetGj =0 (Qo, (so,a0), .-, (sn]._l, an]._l), sn].); then Q; is Gj-measurable and, by construction of Algorithm 1,

the behavior policy 7t := 11q,q; is frozen throughout epoch j. Set 7_17(11') =0 (Qj, (sn],, an],), ceey (snﬁn, an],m)).
As in Appendix H.2.2, the centering projection IT only shifts Q.1 by a constant, which leaves the greedy

policies, hence the law of the trajectory, as well as || - [lsp and || - [lsp unchanged (Corollary F.1 and
Lemma F.1.(i),(iii)), so we omit it; its only role is to upgrade span convergence to || - || convergence
(Remark E.2).

Convention H.1 (Extended trajectory). Within epoch j we let the trajectory be defined for all n > 0 under

udh 5(()j) = S, ﬁ(nj) ~ n]-(-|§£,j)), §,(1]J)r1 ~ p(-|§,(1j),ﬁqu)), coupled with the algorithm for n < ¢;. All visit times

below refer to this extended trajectory, which conditionally on G; is a time-homogeneous Markov chain with
kernel Ky;; its filtration 77(,5] ) coincides with ‘H,i] ) on {n < {;}. The extension is a definition and requires no
probabilistic input; Proposition H.2 shows a posteriori that it is almost surely never used.

Lemma H.14 (Exact form of the epoch update). (i) On {{; < +oco} we have Nj(s,a) = B; for every pair at

exit, and

Qj+1=Fj(Qj) +ajWjr1,  Fi(Q):=(1-a;)Q +a;70(Q), (H.19)
where, with t1(s,a) < --- < tp; (s, a) the first B; visit times to (s, a) in the extended trajectory of epoch j,
counted from the beginning 1; of the epoch,

BV
1 X006
W; 1(S,ﬂ) =5 Z] (S,IZ),
o Bf; ! (H.20)

2(s,0) = Q' QD gys1) = Broptiom [ Q6]

(ii) Every Q; is a well-defined G;-measurable random vector of RS with IQjlle < +00 everywhere.
Consequently 7t; is a well-defined policy and the extended trajectory of Convention H.1 is a well-defined
Markov chain, for every j and on every path.

Proof. (i). The inner loop takes into account a transition at (s, ) only while Nj(s, a) < B}, so it accumulates
exactly the first B; visits and exits when the last pair reaches B;; hence N; = B; at exit and (s, a) < {; for
I < Bj, so the extended trajectory coincides with the algorithm at every visit time used and at the next

state. After normalization the estimate is 70Qj(s,a) = (s, a) + Bl]_ 2 Q*(Qj)(§§{()s 1

deterministic; subtracting 70 (Q;)(s, a) gives (H.20), and injecting into the update gives (H.19).

), the reward being

(ii). By induction on j; the argument is deterministic. The initialization Qo is a fixed finite vector. Assume
Qj finite. On {f; = +oo}, (H.18) gives Qj41 = Qj. On {{; < +o0}, (i) gives Q11 = F;(Q;) + @jW;11, and each
coordinate of W, is a difference between a value of O(Q j) and a convex combination of such values, so
Wisillo < 1Q°(Q))Is,sp < 1Q;llsp + 127 (0)lls,sp < +00 by Lemma F.1.(vii); hence Q41 is finite. Measurability
is that of the update, and 7; = VQ'(Q;) is well defined for any finite argument by Lemma F.1.(i). o

The length ¢; is random, but because of the cap the number of terms in (H.20) is deterministic, equal to B;.
The martingale arguments of Lemmas H.19 and H.20 rely on this, the second one through the deterministic
length e, Bj of the concatenated martingale.

H.3.2 Exit time, well-posedness and epoch length
We define the exit time of the iterates in the epoch time scale, at fixed radius R > ey, by

or ==1inf{j > 0]ej > R} € NU {+oo}. (H.21)

Remark H.4 (Exit time). The iterates are frozen within an epoch, so oy is a stopping time for (G,);>0 and
{j <or} €G,. Since eg < R, or > 1. Asin Remark H.3.(ii), j < or implies [|Qjllsp < Cr and [|Qjllasp < Ar. As
in Remark H.3.(iv), the localization bounds the noise and, since yq may vanish at infinity, keeps both the
contraction and the coverage rates at least at their values at radius Ag.
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Lemma H.15 (Conditional cover time at a deterministic rate). Letj > 0, let u > 0 be a radius and let ¢’ € (0, 1).

Set
Z)]'(M) = {”Qj”asp < u} € gjr q(u) = Bm Vﬂ(u)m Nmin, (H.22)
2
(VB + Vi) S|
K(u,d") := T , L(u,8"):=mK(u,o)+1, 1(6") :=1og (T) . (H.23)

Under (P1), g(1) > 0 and, almost surely,
P ({6 > L(u,8")} nDj(u) | Gj) < & ¥, (H.24)

Moreover L(u, 6’) 2 m|S||A|B;. In particular, for R > e, the coverage constant and the localized length

2
y \/B_ +4/1(0")
qr := 4(AR) = YQ(AR) Pm(AR) Nmin,  Lj(0") := L(Ar, 6") =m (]q—R) +1 (H.25)

satisfy P ({Fj > L]'((S/)} N{j < or} | Gj) < O'¥{j<oyy almost surely.

Proof. Since Dj(u) € Gj, it suffices to prove P(¢; > L(u, 6’) | G;) < ¢’ almost surely on D;(u); we work under a
regular conditional probability given G; and fix an outcome in D;(u). All the constants g(u) > 0, K := K(u, 6")
and L(u, 0’) are deterministic, u being deterministic; positivity of q(u) is (P1) at the deterministic radius u.

By Lemma H.14.(ii), the extended trajectory of epoch j is well defined and, conditionally on G, is a time-

homogeneous Markov chain with kernel Kr;; the conditioning is legitimate because D;(u) € G; C 77,(1] ). On
Dj(u), Definition G.1.(iii) applied at radius u gives 7tj(als) > ya(u)u(als) for all (s, a), so Lemma G.2.(iii)

applied with 7ty = - -+ = 7;;, = 7; gives, for every n > 0 and every (s, a) € S X A,
P ((55{1,”,&;2”1) =(s,a) |7-(,§])) =K% (s,a |§,(1]),ﬁ,(1])) > Bmya)" n(s,a) > gq(u). (H.26)

(69 3 =(s, ) € [0,1] for I € [1,K], adapted to le“b = 77(1(;1) Consecutive sub-
sampling instants being exactly m steps apart, (H.26) gives E[Z; | g;f}’ ] > g(u), so the predictable mean
satisfies S > Kq(u) deterministically. The exact multiplicative-Chernoff form (E.1) of Lemma E.1, applied
with increment bound b = 1, 2 = Kq(u) and ¢ = Bj, all deterministic, gives

K
P (Z 71 < B
I=1
the hypothesis ¢ < a holding since Kgq(u) > (\/B—] ++/1(6"))* > B;.

Now #1(0) > (VO — 1)? for 0 > 1: both sides vanish at 0 = 1 and 1/(6) = 1 — 071 > 1 — 071/2 there, the
right-hand side being the derivative of 6 + (VO — 1)2. By the choice of K, 0 > (1 + +/t(6")/B;)?, hence
B;jh(0) > Bj(\/é —1)? > 1(6’) and the right-hand side of (H.27) is at most &’/(|S||A).

A union bound over the |S||A| pairs shows that, with conditional probability at least 1 — ¢, every pair is
visited at least B; times among the instants {m,2m,...,Km} C [0, mK], so {; < mK +1 = L(u, 0"). This
is (H.24).

Finally q(#) < fmin < (SIAN, so K(u,6’) > |SIA|B;j and L(u,6’) > m|S||A|B;. For the last claim,
Remark H.4 gives {j < or} € D;(Ar), both events belonging to G;; apply (H.24) with the deterministic radius
u = Ag and intersect with {j < or}. O

Fix (s,a) and set Z; := ¥

_ Kqw)

5 h(0):=0-1-log, (H.27)
]

Qj) <exp (-Bjh(0)), 0 :

Proposition H.2 (Well-posedness). For every j > 0, {; < +co almost surely. Consequently convention (H.18)
is vacuous, the extension of Convention H.1 is almost surely never used, and Algorithm 1 produces the
update (H.19) at every epoch almost surely.
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Proof. Fix j. For every deterministic # > 0 and every ¢’ € (0, 1), integrating (H.24) gives
P (6 =+c0) < P({; > L(u,8)} N Dj(u)) +P (Dj(u)) < & +P (|1Qjllasp > 1) -
Letting 0" | 0 at fixed u gives P({; = +o0) < P(||Qjllasp > u) for every u, and letting u T +oo gives

P(¢j = +00) = 0, since [|Qjllasp < 2/|Qjlleo < +00 everywhere by Lemma H.14.(ii). o

Given a transition budget T > 0 we write
J(T) := max{j | n; < T}, I(T) := max{i | b; < J(T)}, (H.28)

and Bres := [byr), J(T) — 1] € By(r) for the last incomplete block.
Lemma H.16 (Epoch and block counts). Let T > 0, B := min; B; > 1. Then:

(i) Deterministic upper bounds: {; > |S||A|B;, hence [(T) < Jmax(T) := L SH.ﬂlBJ and I(T) < Imax(T) := Vmax(T)J_

(ii) From epochs to blocks: I(T) > Zigm 1,ie I(T) > [Z]- =k J If aj = a, every block contains exactly

m(ko+ag) m(xo+ao)

m[xo/a] epochs and I(T) = [%J
(iii) From transitions to epochs: set J~(T) := max {] | X< Li(6') ST}. If {; < Lj(0') for every j <

min{oR, max(T)} and og > J(T), then J(T) > J7(T). In particular for a@; = a, B; = B, writing L(5")
for the common value,
I(T) { aT 3 a

m(xo + a)L(0)  m(kog+ a)

J(T) > { (H.29)

T
L(f)’)J '

Proof. (i). Epoch j terminates only when each of the |S||A| pairs has been visited at least B; times, and each
transition visits one pair, so ¢; > |S||A|B;; summing, J(T)|S||A|B < njr) < T. Each sub-block is non-empty,
so each block has at least m epochs.

(ii). By definition of I(T), by)+1 > J(T), and each block consumes at most m(xo + @) (Lemma H.3), so
Zj<r) @j < Zf<hl(T)+1 a;j < (I(T) + 1)m(xo + ao); the floor form follows since I(T) is an integer. For a; = a the
stopping rule fires after exactly [xo/a] epochs.

(iii). If J(T) = Jmax(T) there is nothing to prove, since J7(T) < Jmax(T) by the bound L;(6") > m|S||A|B; of
Lemma H.15. Otherwise suppose J(T) < J7(T). Every j < J(T) satisfies j < or and j < Jmax(T), hence
6 < Lj(0'), so nyry41 = Z]<](T) i < Z]-<](T)+1 Lij(0') £ T, the last inequality because J(T) + 1 < J7(T); this
contradicts the maximality of J(T). The constant case follows by injecting J(T) > |T/L(0’)] into the exact
identity of (ii) and using |x] > x — 1 along with [k¢/a] < (ko + a)/a. |

Remark H.5. Only (i) is used for the union bounds, and it is deterministic: this is what lets 0’ be fixed in
advance although J(T) and I(T) are random. There is no circularity in (iii): Proposition H.3 establishes
or > J(T) using only the almost sure finiteness of Proposition H.2, and only then are the length bounds
available.

H.3.3 The noiseless flow before the exit time

For each block B; define the virtual sequence by Qp, := Qp, and Qj1 = F;(Qj) for j > b;, i.e. the full-knowledge
synchronous update (H.1) started at Qy,; it is Gj,-measurable.

Lemma H.17 (Contraction of the virtual flow at radius R). Let i be such that ¢;; < R. Then, pathwise:

(i) 1Q; — Qpllsp < e, for every j > by;

(i) Qb = Qgllsp < (1= B(R)) ey,

Proof. This is Lemma H.10 with the step index replaced by the epoch index: the statement concerns the
full-knowledge update (H.1) only, and B; is a concatenation of m sub-blocks in the sense of Definition H.1. O
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H.3.4 Localized noise control

The noise increments below lie in intervals whose endpoints are known one step ahead, which is the
setting of the maximal Azuma-Hoeffding inequality of Lemma E.2. We write Wj,1 = ¥(j<5;}Wj+1 and
Z;J) = JF{]-«,R}Z?) for the stopped noise, so that I;\\/]q_l = Bl]_ 2 Z;J).

Lemma H.18 (Epoch noise: martingale structure and range). Fix x = (s, ) and let V(I(j L (ﬁt(lj&), 52 ()x) +1)
forl e |[1,Bj]],7(é]) := G;. Then:

(i) ‘Kéj ) c..-C ‘Ké]] ) CGjn < Wéj +1), so the concatenation over j is a filtration at fixed x; in particular Wj4
is Gj+1-measurable;
(i1) E[Z;J)(x) |‘Kl(i)1] = 0; consequently E[IXGH 1Gi1=0;
(iii) Z;j)(x) lies in a Gj-measurable interval of length ¥ ;1 |Q*(Q))lls,sp < @(R).

Proof. (i). The t;(x) are stopping times for (771,5] ))n, a.s. finite by Proposition H.2, and #;_1(x) + 1 < #(x), so
‘Kl(i )1 c Wt(lj&) c 7(1(] : and tp,(x) +1 < ¢}, the extended trajectory coinciding with the algorithm before ¢}, gives

7(15]],) CGj-

(ii)). On {t;(x) = n} we have (E,Sj),ﬁ(j)) = x and the conditional law of §g}rl given 7-(,Ej) is p(- | x), so
E[Z;J )(x) | 7—2%)] = 0. Since ¥{j<q;) is Gj-, hence ‘Kl(i )1-measurable and 7(l(i )1 c ﬁt(l]()x), the tower property gives
the claim.

(iii). Conditionally on G;, Q(Q;) is fixed, so Z;j )(x) lies in the G;-measurable interval of length exactly
1€2°(Q))lls sp, translated by —(PQ*(Q;))(x). On {j < or}, Lemma F.1.(vii) and Remark H.4 give [|QQ*(Q))lls,sp <

1Q;llsp + 12Ol 5p < Cr + 120l 5,p = W(R); Off the event ZV = 0. O

Batch bound.
Lemma H.19 (Per-epoch noise). For every j and 6’ € (0, 1), with probability at least 1 — ¢’,

2|S|A]

_ o 1 .
||W]-+1wsuj(é):zw(R)\/z—leog( - ) hence ”W]-+1

< 20;("). (HL.30)
sp

Proof. Fix x and apply Lemma E.2 to My := X Z;J )(x) with n = B; deterministic (Lemma H.14) and
c; = W(R), legitimate by Lemma H.18. With u = B jl:Ij((S’) and a union bound over the pairs this is (H.30); the
last inequality is || - ||sp < 2| - [|co- O

Block-martingale bound.

Lemma H.20 (Block martingale). Fix i and define l’j;)’) =0, l’:l](i)l = ﬁ;i) +a jo+1. Then for every ¢’ € (0, 1),

+

with probability at least 1 — ¢’,

a?
GO <7 = a1 S 2L | 1og (2SIMI
ol Hoo < Vi(6) = 2(R), 5 Z B, IOg( 5 ) (H31)
]EBZ‘
The same holds with B; replaced by any prefix, in particular by Byes.
Proof. Fix x and concatenate chronologically the increments (%Z;J )(x)) s 1B adapted to the filtration
J€Bi, I<B;

of Lemma H.18.(i). They are martingale differences by (ii), and by (iii) the I-th increment of epoch j has
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predictable range of deterministic length g—;w(R). The total number of increments };;cg, B; is deterministic
(Lemma H.14) and
Bj 2 012
aj _ — RV j
>3 (gew) —awe Y 3
jeB; =1 V7 jesi )
The partial sums at epoch boundaries are exactly a;i)(x), so Lemma E.2 with u = V;(8”) and a union bound
over the pairs give (H.31). O

The tracking lemma.

Lemma H.21 (Tracking within a block). Let i be such that e, < R, let Q be the virtual sequence started at Q,
and E; := Q; — Q;. Then for every j € 8; U {bis1} with j < og:

(i) on Nees, {IWisllo < Tx(6)}: [1Ejllsp < 8(5) 1= 2 Zess, axi(8");
(i) on {maxy IUlleo < Vi(6")}: IEjllsp < €8(8) := 2 (1 + 2 Tyes, ) Vi)

Both hold verbatim on any prefix, in particular on 8.

Proof. For k € B; with k < og, Wk+1 = Wi41 and § < +oo (Proposition H.2), so (H.19) applies. Subtracting
the virtual recursion and using the average-path identity of Lemma G.2.(i), i.e. 7a(Qk) — Ta(Qk) = KyEj with
Ky = Kﬁor[Qka], ~ )

Ex+1 = MikEx + axWii1, Mg = (1 — ag)l + agKy, (H.32)
with My row-stochastic, hence span non-expansive (Lemma E.6).

(). IEx+1llsp < lIEkllsp + 2k Uk (8’) by (H.30), and an immediate induction from E;, = 0 concludes.

(ii). The recursion (H.32) has the same form as (H.13), so the decomposition E; = ﬁk + I:\I]((i) in the proof of
Lemma H.13, with U® and Vi(&’) in place of U and Ux(5'), gives IEjllsp < ejng(é’). O

H.3.5 No escape before the horizon

Let6€(0,1), T >0and ¢ := We set

__ 6
3Umax(T)+1)"

£i(6’) := min {e?at(é'), e?g(é')} , Er(0) := o maX(T) (6", (H.33)

<i< max

and write ¢&r5(8’) for the same quantity with 8B; replaced by Bres. Both bounds of Lemma H.21 are
non-decreasing when a prefix is extended, so eres(0”) < ep(1)(6”) < €r(0).

Lemma H.22 (Good event). The event

Er(0) := ﬂ {”Wjﬂ

j<]max(T) 1<Imax(T
n () Wzoryu{l <L) (H.34)
j<Jmax(T)

satisfies P(Eg(6)) > 1 — 6.

Proof. The three families contain at most Jmax(T), Imax(T) + 1 < Jmax(T) + 1 and Jmax(T) events, hence at most
3(Jmax(T) + 1) in total, each of failure probability at most 6" by Lemmas H.19 and H.20 and Lemma H.15, the
latter applied conditionally on G; and integrated. m|

Proposition H.3 (No escape). Let R > ¢ satisfy the radius admissibility condition
B(R)

Er(0) < ‘m

(R —ep). (H.35)
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Then, on Er(6), or > J(T); in particular SUpo<i<yr) ¢ < R and ¢; < L;j(0’) for every j < J(T), and for every
0<i<IT),

i-1
en, < (1= B(R))eg + ) (1= BR) ' er(®). (H.36)
=0

Proof. Work on Er(6). The proof of Proposition H.1 applies verbatim on the epoch scale, with the exit
time (H.21), Remark H.4 for og > 1, Lemmas H.17 and H.21 in place of Lemmas H.10 and H.13, and ¢;(5’)
and ¢re5(6”) < Er(0) in place of £g,(6”) and eg, (6'); it gives or > J(T) and (H.36). The length bound is then
the third family of (H.34), since every j < J(T) satisfies j < og and j < Jmax(T). O

H.3.6 Main result

Theorem H.2 (Finite-time bound for Algorithm 1). Let § € (0,1) and T > 0. Under Assumption H.1, let
ko > 0 be arbitrary and let R > ¢ satisfy the admissibility condition (H.35). Then, with probability at least
1-90, SUPg<jcy(T) €j <R and
I(T)-1
em) < (1= BR) Meg + D" (1= BR)' T e,(8) + eres(6), (H.37)
i=0

7

where J(T) and I(T) are bounded below in Lemma H.16.(iii). Explicitly, with ¢ := log (W)

() = oRY20 min{ Y L, (142 a;
jEBi \/B_] jEBi

Proof. Work on Er(0), of probability at least 1 — 6 (Lemma H.22). As in the proof of Theorem H.1, Proposi-
tion H.3, Lemma H.21 on Bes and Lemma H.17.(i) give the containment and ej(r) < ey, ;) + €res(6”), and (H.36)

at rank I(T) yields (H.37). For (H.38), 2U;(¢’) = w(R)B]._l/ ?V2u1 and 2V;(8') = D(R)[211 ¥jes, a?/B;. O

(H.38)

Remark H.6 (Recovering Theorem H.1). At B; = 1, the block-martingale bound in (H.38) is exactly the
quantity eg,(6”) of (H.11), with a different value of 6’. Theorems H.1 and H.2 are then the same statement
up to this value; the only difference is the cost model, |S||A| sampled transitions per iteration there against
L;(6") per epoch here.

H.3.7 The case a; =1 and proof of Theorem 2

Corollary H.4 (a; = 1: empirical Q-regularized value iteration). Take a; = 1, B; = B, and define the

blocks directly as B; := [im, (i + 1)m — 1], so that I(T) = |J(T)/m]. Then F; = 7q, the block map is 7",

and Lemma H.17 holds with E(R) replaced by ﬁm(A R) = ﬁmyQ(AR)m‘l, with no sub-block budget x¢ and

no probability p,,. With U := @(R)+/t1/(2B), the batch bound gives ¢;(6’) < 2mU and ées(6’) < 2mU,
condition (H.35) becomes y

_ A
omil < —PmAR)_ (R - eo), (H.39)
1+ ﬁm(AR)

and with probability at least 1 — 0,

< T (1 + Bm(AR))2mU
sup ¢; <R, ey < (1-PBu(Ar)) D+ i :
0<j<J(T) Bm(AR)

(H.40)

Proof. With a; =1, Qj = 7g‘hf(Qbi). By Corollary F.1, 7X(Qg) = Q;) + kpjy1, of action-span ||Q} llasp- If
ey, < R, span non-expansiveness gives||Q;— Q% llsp < e, < R, whichis Lemma H.17.(i), hence ||Qjllasp < A, i.e.
R.[rlg)k(Qbi), 73‘(Q;2)] < Ag for k € [0, m — 1] (Definition G.1.(ii)). Since yq is non-increasing, Lemma G.2.(iv)
gives

I 72(Qer) = T (Qy)

|SP < (1 - ﬁmVQ(AR)m_l) eh,‘/
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which is Lemma H.17.(ii) with f,,(Ar) in place of B(R); neither Lemma H.6 nor the probabilistic argument of
Lemma H.7 is needed. Proposition H.3 and Theorem H.2 then apply verbatim with §,,(Ag) in place of B(R),
the geometric sum being bounded by 1/8,,(Ar) and the residual block adding one copy of 2mU. ]

Theorem 2 (Epoch Q-regularized Q-learning with a; = 1). Let Assumptions 1 to 3 and (P1) hold, and set

B(u) := 8”; “)’2‘ for u > 0. Run Algorithm 1 with a; = 1 and a constant batch size B > B(ep), and let J(T) be the

number of epochs completed within T transitions. Then, with probability at least 1-6, sup;; 1 [1Qj = Qgllsp <
2¢, each epoch completed within the budget lasts at most L := m[(VB + v1)?/(7B1min)] + 1 transitions, so
that J(T) > |T/L], and

~ 2V2m w
1Qr) ~ Qillp < (1 HUTIMIQ = Qg lp + 221D [L ®
B B

In particular, for ¢ € (0, eg), the choices B = [B(¢/2)]and T > mL[p~! log(2e0/€)] give [|Qyr) — Qpllsp < €, ie.
O (m*@?/(B*71mine?)) sampled transitions.

Proof of Theorem 2. We apply Corollary H.4 with R = 2¢y. Then Ag = [|Q%llasp + 2¢0, so that B, (Ar) = B,
@(R) = @ and gr = 7BNmin; moreover ((8’) < 11 < ¢ since Jmax(T) < T.

Admissibility. We have 2mU < V2m@+/t/B and 1+ § < 2, so (H.39) holds as soon as V2 m@+/t/B < feo/2, i.e.
B > B(EQ).

Bound. With probability at least 1 — 6, Corollary H.4 gives sup;;r) €j < 2eo, and its residual term is at most

NZ”;M, which gives (3). On the same event, Proposition H.3 gives {; < L;(6") < L for every j < J(T),
since 1(6”) < 1, so Lemma H.16.(iii) gives J(T) > |T/L], and I(T) = |J(T)/m].

Sample complexity. For ¢ € (0,ep), the choice B = [B(¢/2)] > B(ep) makes the residual term at most
¢/2. For T > mL[B'log(2ep/¢)], which is possible since ¢ depends on T only logarithmically, we get
I(T) > p~'log(2ep/¢), and 1 — u < e~ makes the contraction term at most ¢/2. Since L = C:)(mB/(?ﬁT]min))
and B = @ (m?@?/(Be)?), this gives O (m*@? /(8> - 7fnmin - €2)) sampled transitions. o

Corollary H.5 (Epoch Q-regularized Q-learning for m = 1). Let m = 1. Then f§ = 1, so that in Theorem 2 the
domination profile only enters through the coverage factor yf11min of the epoch length L, and the sample

complexity is O (@?/(2 - 7B17min - €2)).-

Proof. For m =1, ,f;’l(AR) = 1 for every R (Definition H.2), so the contraction constants of the proof
of Theorem 2 do not depend on the radius, whereas the coverage constant gr = Yq(ARr) B1(AR) Nmin Of
Lemma H.15 does. At R = 2¢y, it equals 1Mmin, and the claim is Theorem 2 with m = 1. a

Remark H.7 (Acting with 1 or with the greedy policies). The update of Algorithm 1 is off-policy: its target
r(s,a)+€(Q;)(s") is an expectation under the greedy policy and does not sample the next action, so the noise
analysis only uses that the successor of a visited pair (s, 2) is distributed as p(:|s, a) (Lemma H.18.(ii)), whatever
the law of the action. Running the algorithm with actions a, ~ u(-|s,) is therefore covered by the same

analysis, with yq replaced by 1 in Lemma H.15: gr becomes f;min, L becomes mf(‘/ﬁ +0)?/ (BmMmin)] + 1

in Theorem 2, and the sample complexity becomes O (m*@? /(8> - B Nmin - €2)), the factor 53 of the contraction
being unchanged. Acting with the greedy policies thus costs at most a factor y” in coverage.

Our criterion, uniform accuracy on all pairs of a tabular MDP, favors a fixed well-mixing behavior, and cannot
credit what acting with the learned policy brings: the reward collected during learning, data concentrated
where a good policy goes and, beyond the tabular setting, the stability of on-policy data distributions under
function approximation (Sutton and Barto, 2018, §11.3). What the analysis does show is that regularization
makes this choice safe: with a hard maximum, the greedy policy is deterministic and needs an added
exploration mechanism, whereas under (P1) it explores by itself, at a quantified rate.
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I Planning: Setting and Main Results

This section sets up the objects of Subsection 4.4 and states the planning results, which are proved in
Appendix J. From a reset distribution & € A(S), planning computes the regularized H-step solution
bootstrapped at depth H by a boundary value Qp € RS*7, e.g. a value estimate or a heuristic, and uses its
root level to approximate Q. It is learning localized in space, since only the states reachable from ¢ are
visited, and in time, since only the levels closest to the root matter.

Depth-dependent objects. Let F(X) := {s’ € S | A(s,a) € X X A, p(s’ls,a) > 0} for X € S. The
reachable layers are Sy := supp(&) and Spi1 = F(Sy); we write X, :== Sy X A, 8" := Upso Sy for the
reachable set, which satisfies F (8’) € &, so that the MDP restricted to S’ is well defined and 7¢ acts on
RS> and Sy := max,<y [Sn|. A profile is a family (Qh)f;zo of depth-dependent Q-functions Q; € R¥,
Since the successors of Sy, lie in Sy, the depth-dependent operator 7o 1 : RXm1 — RXn, Ton(Q)(s,a) =
r(s,a) + Xyres,,, P(s’ls,a) Q(Q)(s’), is well defined, and the planning solution is the unique profile defined
backward by Q;),H := Qplx, and Qg ;, := To,n(Qg, ;,,;)- It solves this triangular system exactly, whereas Qg
only solves 70(Qg,) = Qg, + py1, so the planners need no centering projection.

Mixing and target. Throughout the planning appendices, Assumptions 2 to 4 and (P1) hold, Assumption 1
is not assumed, and u, m, B, v denote the objects of Assumption 4, with respect to which Assumption 3
and (P1) are understood; we write (s, a) := v(s)u(als) and nmin := mings_x# 1.

Remark I.1 (Reading Assumption 4).

(i) The core S is closed: by (i), Seo = Shy+1 = F(Si;) = F(Sw). On the MDP restricted to Se, (ii) is
Assumption 1 with a full-support v, so Theorem G.1 gives (Qg,, p;,) on Se X A, with Q7 unique up to
an additive constant under (P1).

(ii) Global case: if Assumption 1 holds, then Kj/(s’|s,a) > 0 for all (s,a,s’), so Sy = S for h > m and
Assumption 4 holds with Sec = S and h1 = m. The spatial localization is then vacuous, and only the
temporal one remains.

(iii) Transient layers: nothing is assumed on Sy, . . ., Sy, -1, which enter the analysis only through Sy and the
coverage of the shallow levels (Lemma J.9).

(iv) When (i) holds: Sy, is the set of states reachable in exactly & steps from supp(&) in the union graph G
(Definition D.1), so (Sy,)y, is eventually periodic, and (i) holds for some finite /1 as soon as every strongly
connected component of G that contains a cycle and is reachable from supp(&) is aperiodic, e.g. contains
a state s with p(s|s, a) > 0 for some a: closed walks in such a component have all large enough lengths,
so a state reached at arbitrarily large depths is reached at every large enough depth.

By (i), Q¢ is defined on S X A; it extends uniquely to S’ X A through the fixed-point equation (Lemma J.2),
and the norms of Qy, are taken over S’ x A.

Errors and constants. We measure the quality of the boundary by Ap := [|Qp — Qf, llsp,x;; and that of the
initial profile by Do := maxy<p [|Qo,n — Qp, h”SP' and use E, w and Heg of Section 4 with ¢g := Dy + Ag. We
assume H > hy +m. With n*(s,a) := (éPﬁ)(s) u(als), the probability that a rollout started from & and

following u visits (s, a) at depth /1, which is positive exactly on X} (Lemma J.1), the coverage constants under
p and under a behavior dominating yq(A)u are

Gu = min{ min min nffs(s,a), ﬁmnmin}, gn(A) := yQ(A)h1+m qu (A20), (L.1)

h<hi+m (s,a)eX;

both positive, g-(A) by (P1).

Algorithms and results. With a model, the backward sweep Qj < 7q,1(Qn+1) (Algorithm 4) returns
the planning solution exactly, and Proposition J.1 bounds its horizon bias and its cost. Without a model,
Algorithm 5 estimates each depth operator from rollouts started from £. Whereas the learning algorithms
iterate the stationary update Q;4+1 = 70(Qj), it applies, up to sampling noise, the depth-shifted update
Qj+1,h = Ta,n(Qj,n+1): level h at epoch j + 1 is computed from level 1 + 1 at epoch j, which is frozen during
epoch j. Without noise, this recursion reaches the planning solution after H — h epochs at level /1 (Lemma J.10),
so the initialization is forgotten exactly rather than geometrically. As in Algorithm 1, a cap makes the number
of samples per pair and per level deterministic.
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Theorem I.1 (Epoch Q-regularized Q-planning). Let g := g(/|Qfllasp + 2€0), or q := g, if the actions are
drawn from p instead of the greedy policies (Remark J.1). Let ] > H, 1y := log(4JHSH|A|/0), M := h1 + Hegt
and B(u) := 2M?@? 1 /u?. Run Algorithm 5 for | epochs with a batch size B > B(ep). Then, with probability
atleast 1 — 6, each epoch lasts at most H [(VB + Vtr)?/q] transitions and

1070 = Qillp x, < (1 = B MAg + 2M [2. (12)

In particular, for ¢ € (0, ep), the choices H > hy + m + Heglog, (2Ag/¢), ] = H and B = [B(e/2)] give
1070 = Qg llsp.xy < €, ie. O((h1 + Hegt)* @2/(q €2)) sampled transitions.

The bound (1.2) has the structure of (3), with the horizon bias in place of the initialization term. Finally,

Algorithm 6 merges the H tables into a single table learned from resets, which removes the extra factor 1/
(Theorem ].2).

J Analysis of the Planning Algorithms

This section proves the results of Appendix I and analyses Algorithm 6, which merges the depth-indexed
tables of the epoch planner into a single one.

The analysis rests on three facts. First, the planning solution solves its equations exactly (Appendix I), so the
planners forget their initialization after H epochs. Second, a single lemma (Lemma J.8) bounds the error at
depth h by the Bellman residuals of the deeper levels, damped at the rate of Lemma G.2.(iv) every m levels: it
gives the planning depth and shows that noise does not accumulate across the horizon. Third, resets provide
the exploration of the shallow levels, and the mixing of Assumption 4 that of the deep ones (Lemma J.9). The
model-based sweep is treated in Appendix J.5, epoch planning in Appendix J.6 and epoch learning with
resets in Appendix J.7.

J.1 Reachability and the extended target

Lemma J.1 (Reachability under p). Forevery h > 0and s € S, (EPS)(S) > 0if and only if s € Sp,.

Proof. Induction on , the case i = 0 being the definition of Sy. Since u has full support, P,(s’|s) > 0 if and
only if p(s’ls, a) > 0 for some a, so (EP/*1)(s") = X, (EP})(s)Py(s’ls) > 0 if and only if s” € F(Sy) = Sps1. O

Lemma J.2 (Extension of the target to the transient states). Let V := S8’ \ Swo. The accessibility relation
restricted to V has no directed cycle, and Q, has a unique extension to S” x A such that

Ta(Qg) = Qg +ppl onS’ X A. J.1n
Shifting Q¢, by a constant on S shifts its extension by the same constant.
Proof. If s € 'V N S; lay on a cycle of length £ > 1 within V, then s € S;,; for every i > 0, hence s € S, = Se
for some h > hy, a contradiction. The subgraph induced on V is therefore acyclic, and its vertices admit a

topological order in which every successor of s € V lies either in S, or later in the order. Defining, along the
reverse of that order,

Qn(s,a):=7r(s,a) — p5y + Z p(s’ls, a) X (QH)(s), sevV,

each right-hand side only involves values already defined, which gives existence and uniqueness. The last
claim follows from the translation equivariance of Q2" (Lemma F.1.(iii)). O

We keep the notation Qp, for the extension. By (J.1) and Corollary F.1, 73‘((2;)) =Q, tkpiylon 8" X A for
every k > 0; this is the only property of the extension used below, and it allows us to compare a profile to Qg,
at the depths 1 < hy.
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J.2 Depth-dependent objects

Lemma J.3 (Depth-indexed average-path representation). Let Q, Q’ € R¥+ and let 71 := 7iq g,/ be the
average-path policy of Definition G.1.(i). Then

Ton(Q) - Ton@Q) =K (Q-Q), KW', a'ls,a) = p(s'ls, a) a(a’ls"),

where K;h), the restriction of the state-action kernel K5 to X, X Xj,41, is row-stochastic from X}, to X, 41, and
7 2 ya(R[Q, Q']) u on Xp41.

Proof. This is the computation of Lemma G.2.(i) restricted to (s,a) € X}, all successors lying in Spi1;
domination is Lemma G.2.(ii), the greedy policy at s” depending on Q only through Q. m|

.., k=) () gh+1) | pelh+k=1)

For policies (", . , we write Ky = K K- K, with Ky, 2= 1, for the product of
depth kernels from X, to Xj,4 in the sense of Convention E.1; it is row-stochastic.

Lemma J.4 (The planning solution is a restriction). For every Q € RS> and h € [[0,H], (%H‘hQH X, =
Ton o+ o To,a-1(Qlx, ). In particular, Q4 = (%H—hQBHXh and (777"Q;)) x, = Qulx, + (H = h)p 1.

Proof. Backward induction on /: at (s, a) € Xy, 7o only involves the values of Q at the states s” € Sy, which
coincide with the depth-(h + 1) restriction by the induction hypothesis. The last identity is (J.1) iterated. O

Constants. For a radius R > 0, we use the localized constants Ag = ||Q;)||asp +R, ﬁm(AR) = ,BmyQ(AR)m‘l
and @(R) = [|Q7,llsp + R +[1€2*(0)||s,sp of Definition H.2; here R bounds the span distance to Q7, at every depth.

With eg = Dy + Ap as in Appendix I, the constants of the main text are E = ﬁm(AZEO) and @ = @ (2eq). We also
write

Hegt(A) := M(h, A) := (h1 = h)+ + Heg(A),  M(A) := M(0,A) = hy + Heg(A),  (J.2)

_m_
Bu(A)’
so that Hegr = Heft(A2e,)- By (P1), ﬁm (A) > 0 for every finite A.

Lemma J.5 (Distance between the planning solution and the target). For every h € [0, H], [|Qg, , — Qg llsp,x, <
Ap. Consequently [|Q7, ,llasp < Aay and [1Q7, , llsp < 1QFllsp + Ap, uniformly in & and H.

Proof. By Lemma J.4, Qf,, = %,I(QZ) l+1) and V; := Qg lx, + (H — )pg,1 satisfies V) = 7 1(V)41) for every
. * . * ) % . _

I < H, with Vi = Qf)|x,. Lemma J.3 gives QQ,I -V = Kiz()l)(QQ,Hl — Vi) with 7@ = TOIQ 1107 the

greedy policies being invariant under constants. Unrolling from [ = htol = H,

Qo — Qalx, — (H = h)p1 = Kiwr (Qp — Qpy)

K. is row-stochastic, hence non-expansive in span (Lemma E.6), and the span annihilates constants, whence
the first claim. The other two follow from || - |lasp < || - |lsp, the invariance of || - ||lasp under constants and the
triangle inequality. m]

Xu’

J.3 The master lemma
For 0 < h < h + k < H, the contracting block count

(h + k —max{h, h1}),
m

n(h, k) := J.3)

is the number of disjoint blocks of m consecutive depths inside [max{h, h1}, h + k — 1]; when h > Iy,
n(h, k) = k/m].

Lemma J.6 (Contraction of a product of depth kernels). Let A > 0,0 < h < h+k < H, and let nh, ..., plhrk-1)
be policies with nl) > ya(A) u for every I. Then ||Kp:p+kllsp,op < (1 — ﬁm(A))”(h'k).
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Proof. Group the factors of depths I > max{h, 1} into n(h, k) consecutive blocks of exactly m factors, leaving
ungrouped the factors of depths I < k1 and the fewer than m remaining ones. A block starting at depth [ > i
is the product of m depth kernels from X; = Seo X A t0 Xjy = Seo X A, whose policies dominate yq(A)y; as
S is closed, these kernels coincide with the unrestricted ones on Se X A. The proof of Lemma E.4 only uses
the minorization Ki'(‘[s, a) > B, v at the starting pairs, which Assumption 4.(ii) provides on S X A, so it

bounds the Dobrushin coefficient of each block by 1 — 8, )/Q(A)”"1 =1- Em(A), and Lemma E.6 bounds its
operator span seminorm by the same quantity. The ungrouped factors are row-stochastic, hence of operator
span seminorm at most 1, and we conclude by submultiplicativity (E.5). m]

Lemma J.7 (Geometric sum). For every & > 0and A > 0, 3js0(1 — B (A)" "0 < M(h, A).

Proof. Fork < (h1—h)s,n(h, k) = 0, and these terms contribute (h1—h),. Fork > (h1—h)s, n(h, k) = [ (k—(h1—
h).)/m | takes each value q > 0 exactly m times, and these terms contribute m 3’ ;~o(1 - Bm(A)T = Her(A). O

The next lemma drives every planning bound. It compares a partial profile to the planning solution through
its Bellman residuals: the model-based sweep has no residual, and the epoch planner is a profile whose
residuals are the noise of successive epochs (Appendix J.6).

Lemma J.8 (Master lemma). Let 0 < hy < h, < H, let Q; € R¥ for I € [hy, h. ], with residuals
r = Ql - r]EI,I((21+1)/ le [[hOI he - 1]]/ (]4)
and assume ||Qlasp < A for I € [ho +1, k], with A > An,. Then, writingﬁ = ﬁm(A),

he—1

a\n(ho,l-h
o lzh(l — Byt |
=ho

<(1- B‘)n(ho,he—ho)”Qm - QEMHSP +2M(hgy, A) ,max [171]]co-
0= e

1Qno = Qis i Is ,<(1- pyreh o, —qp
(J.5)

Proof. Lete; := Qi — Qg ;- By (J.4), the definition of the planning solution and Lemma J.3,

* l -
er =11+ T01(Qu1) = Tou(Q5 ) = i+ Ko, = 00,051

Unrolling from hyg to h, gives ey, = Kygn,€n, + Z;ZZ; Ky 71. By Lemma J.5, R[Qi+1, QF 1,11 < max{A, Ap,} =

A, so every nl)) dominates yq(A)u (Lemma J.3) and Lemma J.6 applies to each product. The triangle
inequality gives the first bound, and || - [|sp < 2|| - [| together with Lemma ].7 gives the second. O

Corollary J.1 (Horizon bias and planning depth). For every & € [0, H],

102, = Qéllp x, < (1= Bn(As)" """ A, (:6)

and the right-hand side is at most ¢ as soon as

H > max{h, h1} + m + Heg(Ap,)log, (%) . J.7)

Proof. By Lemma ] .4, the profile V; := Qf |x, + (H — I)pg,1 satisfies V) = 7 1(Vi41) for | < H, and ||Vi||asp =
1QG |lasp < Any- Lemma J.8 with hg = h, he = H, zero residuals and A = A, gives (J.6), since [[Vy — Qg 4llsp =

Ap and the span annihilates constants. Finally, (1 - )" < eP1 and n(h,H - h) > (H —max{h, h1})/m —1
give (J.7). O

Lemma J.8 has two consequences. First, noise does not accumulate across the horizon. Without contraction,
the errors of the H levels of a backward induction add up. Here, the residual at depth [ is damped by
1- ﬁ)”(ho’l‘h()) before it reaches depth kg, so only the M(hg, A) levels closest to hy matter. Second, He(A)
plays the role of the discounted horizon 1/(1 - y) of discounted planning, but it is set by the regularizer
through yq. The boundary value enters the required depth (J.7) only through log(Ag/¢): a better bootstrap
allows a shallower lookahead.
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J4 Coverage

Two mechanisms explore in planning: resets cover the shallow levels, and the mixing of Assumption 4.(ii)
covers the deep ones. The following lemma gives the coverage constants (I.1).

Lemma J.9 (Level coverage). Let G be a o-algebra and let (sy, a5,),<H be a trajectory with s ~ &, ay, ~ 715,(-|sp)
and sp41 ~ p(-|sy, an), where the policies 71, are G-measurable and the trajectory is otherwise independent
of G. Let E € G be an event on which 7y, > y,u for every h, with deterministic y € [0, 1], and write
Fn :=0(G, 50,40, --.,51,4,). Then, almost surely on E, for every h < H and (s, a) € Xj;:

(i) if h > hy+m,P((sp, an) = (5,0) | From) = (TT)opopsr 1) B (S, a);
(i) if b < by +m, P((sp,an) = (s,a) | G) = (T}, YE(s, a).

In particular, almost surely on E, P((sy, an) = (s,a) | G) = g, if yn =1, and 2> g-(A) if y, = ya(A).

Proof. (i). Since h —m = h1, Sp—m € Sp—m = Seo, SO KZ‘(-lsh_m, Ap—m) = Pmv by Assumption 4.(ii). The proof
of Lemma G.2.(v) only uses this minorization at the conditioning pair and the domination of the m following
policies, and applies verbatim.

(ii). Conditionally on G, (sy,) is a Markov chain with kernels Py, and the transport inequality P, > y,Py
of the proof of Lemma G.2.(iii) holds entrywise on E. Hence P(s; = s | G) > (1< yl)(éplf)(s), and
ntp(als) = ynu(als) concludes.

For the last claim, integrate (i) and use yo(A)"*! > yo(A)""*" in (ii) and yo(A)" > ya(A)"*™ in (i). m|

Remark J.1 (Which behavior to use). The sample r(s, a) + Q*(Q)(s’) is unbiased for 7q (Q)(s, ) whatever
the law of the action a, so the behavior policy only affects which pairs are visited. The factor yg‘l of the
contraction rate comes from the average-path policy of Lemma ].3, internal to the operator, whereas the factor

ya(A)"*™ of .(A) is the price of exploring with the greedy policies, and disappears under the behavior
U, exactly as on a single trajectory (Remark H.7). The shallow levels may however be covered slowly, since

(éPZ})(s) is small for states reachable only through a narrow path; if £ and p are bounded below by &min and
Pmin on their supports, then ;% > Emin(}lminpmm)h#min on Xj,.
J.5 Model-based planning
Proposition J.1 (Horizon bias and model-based planning). For every & < H,
198, = Q4

In particular, Algorithm 4 returns (Qérh)’;f:0 exactly after ), .y |Sy|[Al|Sh+1| < H §12{|ﬂ| model queries, one
query being an evaluation of p(s’|s,a), and Qf, , is e-accurate for Qf, on Xp as soon as H > hy +m +
Hegrlog, (Ag/e).

<(1- ‘[;")L(H—max{h,hl})/mJ Ag. (.8)

sp,Xn

Proof. With a model, Dy = 0, so ¢g = Ap and ﬁ = ﬁm (A2p,) < Em (Aag), Yo being non-increasing. Since
n(h,H — h) = [(H — max{h, h1})/m], (J.8) follows from Corollary J.1. The sweep computes Qy = To,n(Qn+1)
from Qp = QBlx,, which is the definition of the planning solution, and each value 7q »(Q#+1)(s, a) uses the
|Sh+1| probabilities p(s’ls, a), s’ € Sy+1, whence the count. Finally, Hegs > Hei(An;), so the condition on H
implies (J.7) at h = 0. O

Compared with Corollary 1, model-based planning is Q-iteration restricted to the reachable set, with the

boundary mismatch Ag in place of the initial error: it saves a factor (Si/|S])? in model queries, which is
non-trivial only when 8. € S (Remark [.1.(ii)).

The same exactness holds for the depth-shifted recursion Q;+1,n = 70,,(Qj,n+1), which is the noiseless version
of epoch planning (Algorithm 5): each level is computed from the previous iterate of the level below, and the
initialization is forgotten after exactly H iterations.

Lemma J.10 (Exact forgetting of the initialization). Let (Q; 1);>0, n<n satisfy Qj+1,n = Ta,n(Qjn+1) for h < H
and Qj i = Qslx, for every j. Then Q;, = Q) , forevery h <Hand j > H - h.
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Proof. Backward induction on h. The case h = H holds by assumption. If Q;u+1 = Q. for every
j=H-h-1,then Qji1,n = %,h(QE) thl) = Qg , forevery suchj,ie. Qjn = Qg , foreveryj>H—-h. O

J.6 Epoch planning

Algorithm 5 is the depth-indexed analogue of Corollary H.4: its step size is &; = 1, which makes the recursion
over epochs nilpotent (Lemma J.10), and its batch sizes B; are deterministic. Let G; be the o-algebra generated
by Qo and the rollouts of epochs 0, . .., j — 1; the analysis covers Algorithm 5 as written, with actions drawn
from mq g, , atlevel h, and its variant with actions drawn from p (Remark J.1); in both cases the behavior of

epoch j is Gj-measurable. As in Lemma H.14, on the event that epoch j terminates, for 1 < H,
Qj+1,n = Tan(Qjn+1) + Wj,n,
B.
1 X0 (e , . ) 7.9
wjn(s,a) = 3 Z (Q (Qj141)(5)) = Byrepiis, o) [Q7(Qj pa1)(s )])
11=1
where s/ is the successor of the I-th level-h visit of (s, a) during epoch j,and Q; u = Qslx,- Weset Qj11, := Qj,.
if epoch j does not terminate, which happens with probability zero (Proposition J.2).

Remark J.2 (The outer loop is sample splitting). Level i at epoch j + 1 is computed from level /1 + 1 at epoch
j, which is G;-measurable, hence independent of the data of epoch j. A single backward sweep over stored

transitions would instead evaluate Q*(@ n+1) at the level-(h + 1) states of the very rollouts on which @ hal
depends, and lose the martingale structure of the noise. Restoring independence would require H disjoint
groups of rollouts, one per level, which costs the same factor H as the H epochs of Lemma J.10.

Proposition J.2 (Well-posedness). Every epoch terminates almost surely, and every Q; ; is a finite, G-
measurable random vector.

Proof. Finiteness and measurability follow by induction on j as in Lemma H.14.(ii), each coordinate of w; j,
being bounded by [|Q; n+1llsp +11€2°(0)|s sp (Lemma F.1.(vii)). For termination, fix j and a deterministic u > 0.
Conditionally on G}, the rollouts of epoch j are i.i.d. and, on {max,<g [|Q;,nllasp < u} € Gj, each of them visits
a given (h, x), x € Xj, with probability at least min{g,, (#)} > 0 by Lemma J.9. Each pair is thus visited B
times after finitely many rollouts, almost surely on that event, and letting u T co concludes. m]

For R > ¢, let
ox = inf {1 2 0| max[IQ;,1 - Qplkp.t, > R},

a (Gj)-stopping time with or > 1, since [|Qo,n — Qfllsp,x, < Do + Ap = ep by Lemma ].5, and write
Wik = ¥(j<onyWjh- On{j < or}, 1Q)nllasp < Ar and [[Q°(Qjn)lls sp < 1Qjnllsp +11€2°(0)lls sp < @(R) for every
h < H, the level H being covered by Ap < ep < R. We write g := gr(AR), or q := q, for the variant with
actions drawn from g, and, for | > 1and 6 € (0,1), 1y := log(4]JHSy|A|/).

Lemma J.11 (Noise). With probability at least 1 - 6/2, [|w; |l < #;(R) := @(R)/tr/(2B;) for all j < | and
h < H.

Proof. Fix (j, h, x) with x € X}, and order the B terms of w; ,(x) by the successive level-h visits of x during
epoch j, the rollouts being taken in chronological order. Given G; and the past of these visits, the successor
of a visit is distributed as p(-[x), while Q*(Q; n+1) is Gj-measurable. The terms are therefore martingale
differences, lying in G;-measurable intervals of length at most @(R)/B; on {j < or} and vanishing off it, and
their number is B; by the cap (Lemma H.14). Lemma E.2 with u = ii;(R) gives a failure probability 2e~*7,
and a union bound over the at most JHS ;| A| triples concludes. O

Lemma J.12 (Epoch length). With probability at least 1 — 6/4, every epoch j < | with j < or lasts at most
NjH transitions, where N; := [(y/B; + vr)?/q].

Proof. Conditionally on G}, the rollouts of epoch j, extended beyond its end if needed, are i.i.d., and on
{j < or} € Gj, Lemma ].9 with G = G, shows that each of them visits a given (%, x), x € X}, with probability
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at least 4. As in the proof of Lemma H.15, the exact Chernoff bound (E.1) withb = 1,2 = N;q and ¢ = B;
bounds by e™" the conditional probability that fewer than B; of the first N; rollouts visit (%, x), and a

union bound over the at most JHSy|A| triples concludes. Independence across resets replaces the m-step
sub-sampling of Lemma H.15. m]

Theorem ].1 (Finite-time bound for epoch planning). Let R > eg satisfy the radius admissibility condition

eg + 2M(AR) ma]x ij(R) < R. (J.10)
j<

Then, with probability at least 1—6, every epoch j < | lasts at most N;H transitions, max<y O ih— QZ)”Sp, X
R foreveryj <], and, foreveryj<Jand h < H,

1911 = Qi allyy = #(j<rmy (1= Butar)""” Do
min{j,H-h}-1 ) wk) (J.11)
2 Y (1= BuAR)"" i (R).

k=0

In particular, the initialization has vanished exactly for j > H — h.

Proof. Work on the intersection of the events of Lemmas J.11 and ].12, of probability at least 1 — 6, on which
all epochs terminate (Proposition J.2). We prove by induction on j < | that og > j and that (J.11) holds at
rank j; the length bound then follows from Lemma J.12. At j = 0, both claims were checked above. Assume
or > j—1,fixh < H,let{:=min{j, H — h} and consider the diagonal profile P; := Q;_q_n)1, | € [h, h +{].
Forl < h+ ¢, the epoch i := j — (I — h) — 1 satisfies 0 < i < j < og, so (J.9) gives P; = 70,1(Pi+1) + W; ;: the
residuals of the diagonal are the stopped noises, and Lemma J.11 and || - [lsp < 2|| - [|ec bound their span by
2ii;(R). For I > h, P; is either computed at epoch j — (I — k) < j < or or equal to Qplx;;, whose action span
is at most Ap, by Lemma ].5, so [|Pillasp < Ar, and Ar > Ajp,. The last element is Py = QBlx, = QE)/H
if { = H—h, and Pyy¢ = Qo,n+j, within Dy of QE),h+j’ if ¢ = j < H — h. The first inequality of Lemma J.8
with hg = h and h, = h + ¢ gives (J.11) at rank j, since n(h,{) = n(h,j) when ¢ = j. Finally, Lemma J.7
and M(h, Ar) < M(AR) bound the sum in (J.11) by 2M(Agr) max;«; i; (R) so Lemma J.5 and (J.10) give
1Qj,n — QG llsp,x, < Do +2M(AR) max;<; ii;(R) + Ap < R for every h < H, i.e. og > j. O

Unlike (H.14) and (H.35), condition (J.10) has no factor f(R)/(B(R) + 1): the profile at epoch j is an explicit
function of the data of epochs i < j along finite diagonals, and the initialization is forgotten exactly, not
geometrically.

Proof of Theorem 1.1. We apply Theorem J.1 with B; = B and R = 2ey, for which (J.11) and Lemma ].7 give
2M(h, AR)ii(R). Then B,,(Ar) = B, @W(R) = w, M(AR) = M and g-(Ag) is the constant g of the greedy
behavior, so that 2Mii(R) = 2Mw+/ty/(2B), which is at most ey if and only if B > B(ep): condition (J.10) holds.
With probability at least 1 — 6, every epoch lasts at most NH = H [(VB+ \tr)?/q] transitions and, since | > H,

(J.11) at h = 0 gives [|Q),0 — Qg yllsp < 2M@+/t11/(2B). Corollary J.1at h = 0, with n(0, H) = [(H — h1)/m] and
ﬁ < Bm (Aa,), bounds ||QZ)/0 = Qg llsp,x, by (1= E)L(H_hl)/"”AB, and the triangle inequality gives (1.2).

For ¢ € (0, eg), the choice B = [B(¢e/2)] = B(ep) makes the noise term at most ¢/2, and the choice of H gives
L(H = hy)/m] > p~'log(2Ag/¢), so that 1 — u < e™* makes the bias term at most ¢/2. The ] = H epochs
use at most H - NH transitions, with N = ©(B/q), B = @(M?@?/e?) and H = ©(hy + Heg), which gives
O((h1 + Hegr)*®@?/(q€?)); the dependence of 1y on | = H is logarithmic. i

Remark J.3 (Planning and learning). For h; = 0, Theorem L1 costs O(m*@?/(f*q¢?)) transitions, against
O(m*@?/(B>qre?)) for Theorem 2: at equal coverage constant, epoch planning is a factor 1/§ more expensive.
Propagation is paid twice, once in depth, since a rollout gives one sample per level to H distinct tables, and
once in epochs, since | = H iterations are needed to propagate the boundary to the root. Per table, planning is
m times more efficient, the independence across resets removing the sub-sampling of Lemma H.15. Merging
the tables removes the extra factor (Appendix J.7).
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J.7 Merging the tables: epoch Q-learning with resets

The factor 1/f of Remark J.3 is the price of maintaining H depth-indexed tables. By Corollary J.1, the planning
solution is within ¢ of Q(,, up to constants, at every depth /iy < h < H —m — Hegt(Ap)log, (Ap/¢), so these
tables are redundant on most of the horizon. Merging them gives Algorithm 6, which is Algorithm 1 run
on a reset process: the transient prefix of each rollout is played with y and discarded, and the transitions
retained at depths 1 > h; are transitions of the MDP restricted to S, since sy, Sp+1 € Seo. This MDP satisfies
Assumption 1 (Remark I.1.(i)). We keep the notation of Appendix H.3, every constant being computed on
Swo: €0 = [|Qo — Qpllsp, the localized constants of Definition H.2, the exit time (H.21), the blocks B; and the
o-algebras G;. Only the coverage constant and the epoch length change.

Lemma J.13 (Cover time with resets). Assume H > h; + m + 1 and let K := [(H —1 - h1)/m] > 1. For
j =0, a deterministic radius u > 0 and ¢’ € (0, 1), let D;(u) := {||Qjllasp < u}, let g"(u) := B Y1) imin, OF
q"°*() := BmNmin if the actions at depths /1 > hy are drawn from  instead of g g, let 1(6”) := log(|S||A|/6")

and T H

L;es(u, (S’) =H res(u) (].12)

K0

Then, almost surely, P({¢; > L;es(u,é’)} NDju) | Gj) < O’ ¥p,(u)- If moreover H > 2(h1 + m + 1), then
Lr(u, 6') < 2m[(y/Bj + /u(&))? /g™ ()] + H.

Proof. Conditionally on G;, the rollouts of epoch j, extended beyond its end if needed, are i.i.d. Consider the
instants of depths hy + km, k € [1, Ko]l, of the successive rollouts, in chronological order, fix (s, 4) € Seo X A,
and let Z; indicate that the I-th instant visits (s, 2). On D;(u) € Gj, the actions at depths i > h; are drawn
from p or from a policy dominating yq(u)u, and the m steps before each instant start at a depth /1 > 11, hence
in Se. Lemma J.9.(i) with G = G, conditional on the previous instant of the same rollout or integrated over
a fresh reset, therefore gives E[Z, | Z1, ..., Z;-1,G;] = q"°(u). The rest is the proof of Lemma H.15: the exact
Chernoff bound (E.1) with b = 1, 2 = Kq"*(u) and ¢ = Bj, where K := [(\/B—j + W)z/qres(uﬂ, and a union
bound over S, X A show that, with conditional probability at least 1 — ', every pair is visited B; times

within K instants, which [K/Ky] rollouts of H transitions provide. Finally, Ko > (H—-1-hy—m)/m > H/ (Zm)
when H > 2(hy + m + 1).

Theorem J.2 (Epoch Q-learning with resets). Let H > hy + m + 1. Theorem H.2, under Assumption H.1,
and Corollary H.4 hold for Algorithm 6, with every constant computed on the MDP restricted to S
and the epoch length L;(6") of Lemma H.15 replaced by L;GS(A R, 0’). In particular, Theorem 2 holds with

L:= H[KLOI_(\/E +v1)?/g™7], where g™ := 7B1min, OF §°° := By Nmin if the actions at depths & > hy are drawn
from u. For H > 2(h1 + m + 1), this gives the sample complexity
4.2
o) ﬂ ,
ﬁ3 qres 62 ﬁ
whose first term is O (m*®? /(B> - BiMmin - €%)) under the behavior y and O (m*@? /(% - 7B1min - €2)) under
the greedy behavior.

(J.13)

Proof. The proofs of Appendix H.3 use the trajectory through three properties only: the behavior during
epoch j is Gj-measurable; given the past, the successor of a retained visit of (s, ) is distributed as p(:|s, a)
(Lemma H.18.(ii)); and the cap makes the number of retained samples deterministic (Lemma H.14). The reset
process satisfies all three, by the Markov property within each rollout and the independence of the rollouts
given G;. The virtual flow, tracking and no-escape arguments (Lemmas H.17 and H.21, Proposition H.3) only
concern the update (H.19), and the trajectory structure only enters through Lemma H.15, which Lemma J.13
replaces, and Proposition H.2, whose proof applies verbatim with it. The count follows as in the proof of

Theorem 2, with L < 2m[(VB + V1)?/q™1 + H by Lemma J.13. O
Remark J.4 (What the merge buys and what it loses).

(i) What the resets bring. Relative to Theorem 2, (J.13) takes fmin Over Seo X A, with the minorizing measure
of Assumption 4, which can be much larger when 8o, C S. The factor y/] removed under the behavior
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 is not due to the resets: it is removed on a single trajectory as well (Remark H.7). Relative to epoch
planning, merging the tables saves the factor 1/f of Remark J.3, and the rollout length only enters
through H > 2(h; + m + 1) and the second term of (J.13).

(ii) The boundary becomes the initialization. There is no horizon bias: the target is Qg itself, and the boundary

value Qg of the planners plays the role of Qg. The horizon bias (1 — f)lH=")/mIAL of Theorem 1.1 and
the initialization term (1 — E)U (M/mley of Theorem 2 are the same term under two names.

(iii) The exact fixed point is lost. The single table only solves 70(Qg,) = Qg + p,1, which is why Algorithm 6
needs the centering projection I, and the depth profile of Theorem J.1 has no counterpart.

(iv) A single parameterized algorithm. Without resets, Algorithm 6 is Algorithm 1, and Theorems 2 and ].2 are
one statement in which (H, &) only enters through the coverage constant and the epoch length.

K The a-divergence regularizers

Table 1 summarizes Theorem K.1 and Corollary K.1 for Qg s := Du(-||ts). Init, Qq := Q(s, a), ya := ulals),

equ(x) =[1+(1- q)x]}r/(lfq) with exp; = exp, and (; is the normalizer making mg o(-|s) sum to one; strong

convexity is with respect to || - ||; and fails for a > 2, and the profile bounds are tight as imin — 0 (Remark K.1).

On the simplex D, (pllq) = D1-o(qllp) (Cichocki and Amari, 2010), so divergences to u in either argument
belong to the family. For a general reference u;, the greedy map of Q, ; is the f-softargmax of Roulet
et al. (2025) with reference measure (5, and Belousov and Peters (2019) give its closed form in MDPs. For
p uniform, Q, s is the Tsallis negentropy of index a up to the factor |A|*"! on 7 and an additive constant,
and for @ > 1 its greedy map is the a-entmax of Peters et al. (2019). Tsallis-KL regularization toward a
reference policy, which is this family up to a reparametrization of the index and a rescaling of 7, is used
in reinforcement learning by Zhu et al. (2023), and Labbi et al. (2026) use the same divergences for policy
gradient. Parts (i)—(iii) of Theorem K.1 collect known facts in our notation; our contribution is the domination
profile (iv) and the regularization modulus (v). Since Q. s > 0 vanishes at i, Lemma F.1.(ii) gives go <0,

while gg > —Aga (R) for [|Q|lasp < R by definition; hence Aq, < Aga, and we bound the latter.

Theorem K.1 (The a-divergence regularizer). Let a € R, 7 > 0 and p have full support.

(i) Domain. dom(Qgs) = A(A) for &« > 0 and {n; > 0} for @ < 0; Q, s is proper and closed, and
Assumption G.1 holds with 7t = p.

(if) Strong convexity (Pinsker’s inequality at a = 1). Q¢ is yirlﬁ_na)

a <2, and strictly but not strongly convex for a > 2.
(iii) Greedy policy and conjugate (Roulet et al., 2025, Proposition 1). For a # 1,

na, olals) = p(als) |1+ (- 1)(Q(S’T”) sl C) N ) (K.1)
(CY - 1)<7-(Qa,Q ('ls)r Qs) + Cs(Qs) (Ck + 0), (KZ)

[04

*-strongly convex with respect to || - ||1 for

Q,(Q)(s) =

where (;(Q5) is the unique normalizer making (K.1) sum to one; the truncation is active only for a > 1.
For any a* € argmax, Q(s, a),

pu(als)=* -1

maxQ(s,a)—t
a -1

< GQ) < maxQs,a),
so that C, is computable by bisection.

(iv) Domination profile. yo,(R) > exp,_,(-R/7). If & > 1 and |A| > 2, then yq, (R) = 0 for R > tuld /(a — 1),
with imax := maxs 4 p(als). Hence (P1) holds if and only if @ < 1.

_ Fpinl 1

(v) Regularization modulus. For a > 0, Agﬂ (R) < tA, with A, = = and A, < ] for0 < a < 1. For
a <0,

AR (R) < inf {eR+1

o 1 —a
1-¢ } _ {@(Tl—aRl-ﬂ) a <0, (K3)
<e<1

a(l—a) O(tlog(R/1)) a=0,

the fraction read as log(1/¢) at a = 0, and these rates are attained. Hence the modulus is bounded in R
if and only if & > 0.
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Proof. Fix s and write m,, pa, Q for ms(a), u(als), Q(s, a).

(i) The term n,‘}y;‘“ is finite for every m, > 0 when « > 0, and infinite at 7, = 0 when a < 0, as is log(ys/7,)
at a = 0. Qg is convex and continuous on its domain and tends to +co at the boundary when a < 0, hence
proper and closed; D, (us||ps) = 0 gives Assumption G.1 with 7 = p.

(i) On the relative interior V2Q, (r) = diag(n¢~2ul=%), and Cauchy-Schwarz gives (V2Q, s(n)h, h) >
||h||%/ Y. 2 %us"1 For 1 < a < 2, Holder bounds the sum by (3, 71,)*"* (X, ta)* ' = Lifora < 1, 2% < m,
bounds it by u?:!. Integrating along segments and closing by lower semicontinuity gives the modulus. For
a > 2 the Hessian is positive definite on the interior but its entries vanish as 7, — 0.

(iii) The form (K.1) of the maximizer, with a unique normalizer, is Roulet et al. (2025, Proposition 1) with

reference measure p; and logits Q, /7. For the bracket, S(C) := 3, pa[1+ (a0 =1)(Qa— C)/T]}r/(“_l) is continuous
and non-increasing on its domain, R if @ > 1 and (max, Q, — t/(1 — a), +o0) if a < 1; S(max, Q,) < 1,
every ratio 7./, being then at most 1; and S > 1 at C = max, Q, — ”L’([Ll;:a —1)/(a — 1), which lies in the
domain and where the term of a* alone equals 1. Finally, for o # 0, with u, := 1+ (o = 1)(Q, — C5)/7,
we have n¢ul= = mu, and Y, maus = 1+ (@ — 1)((m, Qs) — C5)/7, hence tQq (1) = ({11, Qs) — Cs)/a, and
Q5(Q)(s) = (1, Qs) — TQa,s(m) is (K.2).

(iv) If ||Qllasp < R then Q; — Cs 2 Q, — max, Qp > —R by (iii), and x +— [1 + (a — 1)x/T]}r/(a_1) is non-
decreasing for every a # 1, which gives the bound; a = 1 is the limit. For a > 1, take a* with ps+ = ptmax,
Qs = 0 and Qp = —R otherwise. The candidate 7 = &, has normalizer ¢ = 7(1 - pl7%)/(a — 1) and
up = pld — (@ —1)R/7 < 0forb # a* as soon as R > tul % /(a — 1); by uniqueness it is the greedy policy, so
70, (R) = 0. That the greedy map can be sparse for a > 1 is known (Peters et al., 2019; Roulet et al., 2025);
what (P1) requires, and what (iv) provides, is the uniform lower bound and the explicit threshold.

(v) Let a* € argmax, Q,. For a > 0, Q,, is bounded on A(A) by 0 < Qus < max, Qus(64) = Ag,
the maximum of a convex function on the simplex being attained at a vertex, and the boundedness
property of the conjugate (Geist et al., 2019, Proposition 1(ii)) gives max, Q, — 1Ay < Q5(Q)(s) < max, Qq;

testing the maximum defining Q7 (Q)(s) against 6, gives the same bound with p,- in place of imin. For

1-a

O<a<1 A, = ﬁ < ﬁ For o <0, Qs is unbounded and we test instead 7° := (1 — €)8,+ + €us:
(%, Qs) = max, Q, — €R, and n° > eys with x — x® non-increasing gives Q, s(1°) < ;('azll), with limit

log(1/¢) at @ = 0. Minimizing over ¢, at ¢ = min{1, (t/((1 — a)R))"/(1=¥)}, gives (K.3). The rates are attained
with Q- = R and Q) = 0: writing 715, = 9, the gap is mins{R6 + 1Qq s(71)} with Qg s(7) ~ [ullj_“éa/(oc(a -1))
for @ < 0and ~ uplog(1/d) for & = 0, whose minimizer gives the same powers of R. o

Corollary K.1 (Four landmarks). Theorem K.1 at o € {1,0, %,2} gives the columns of Table 1, and the
conjugates:

a  Q(Q)(s) Cs €

1 tlogy, use’ -

0 Cs—TX,uUalog (1 + @) (max, Qg — 7, max, Qq]
% 2Cs — <7TQ,Q('|S)1 Qs) (max, Q, — 21, max, Q]
2 %((nQ,Q (), Qs) + Cs) [min, Q,, max, Qq]

Proof. At @ =1 the normalizer factors out of the exponential. At @ =0, (K.1) reads 7, = T /(T + Cs — Qa),
S0 2, Ta(T + Cs — Q) = T gives (1, Qs) = (s, and Q*(Q)(s) = (1, Qs) — TKL(us||m) gives the conjugate; the
modulus bound is (K.3) at ¢ = min{1, 7/R}. Ata = % and a = 2 the conjugates are those of Theorem K.1.(iii),
and Q;(6,) = 4(1 — /tiz) and %(1/[1‘z — 1) give the modulus bounds. The brackets at a € {0, %} follow from
Theorem K.1.(iii); at &« = 2, the sum in (K.1) is at least 1 at { = min, Q, and at most 1 at { = max, Q,. O
Remark K.1 (Sharpness). For a fixed p, Cs is non-decreasing in each Q, while 713 /i is non-increasing in
Cs — Qp, so the infimum defining yq(R) is attained with the least likely action at the bottom and every

other one at +R; symmetrically, Ag(R) is attained with the least likely action alone at the top and every
other one at —R. Both depend on p only through pmin, and the explicit normalizers give, for instance,
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Ya(R) = (tmin + (1 - ymin)eR/T)_l for the reverse KL and yo(R) = [1 — (1 — gmin)R/7]+ for the x2, whose
limits as tmin — 0 are the bounds of Table 1. Inside the window 0 < a < 1 the comparison is quantitative
and depends on how 7 is matched across a. At fixed 7, the profile decays as (R/7)~"/(1=%), more slowly for
smaller a, while the modulus constant A, = (1 — yrln_ig‘)/(a(l — a)) tends, as pmin — 0, to 1/(a(1 — a)) for
a < 1, minimal at the Hellinger value 4, and to +co at a = 1: the Hellinger regularizer is the most robust
to a small umin, whereas for a balanced u the reverse KL can have the smaller constant: for a uniform g,
log |A| < 4(1 — |A[7'/?) as long as |A| < 24. The lower bound of Theorem K.1.(iv) equals (f’)"'(-R/7) for
the generator f(u) = (u* — au + a —1)/(a(a — 1)) of D,, the inverse link that also drives the policy-gradient
analysis of Labbi et al. (2026): their probability floor (Labbi et al., 2026, Theorem 3.5) is proportional to
(f')7! evaluated at an argument of order —1/A, where A is their temperature, up to factors depending on the
discount and the initial distribution, and their exponential-versus-polynomial dichotomy between the KL
and a < 11is the one displayed by our profile bounds. They also find that the best « lies strictly inside (0, 1)
(Labbi et al., 2026, Corollary 4.8), for a different criterion.
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