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Abstract

Bayesian physics-informed neural networks
(B-PINNs) are a popular framework for pa-
rameter and state inference from sparse or
noisy observations. They are commonly for-
mulated via a collider structure, in which
physical and trajectory parameters are as-
sumed to be a priori independent and be-
come coupled through virtual likelihoods on
differential-equation residuals that enforce
physical consistency. We show that this mod-
eling choice can induce severe systematic bias
in the posterior over physical parameters:
even when the prior is favorably centered on
the ground-truth parameters, the resulting
posterior can drift away and concentrate far
from them. As a remedy, we advocate a hier-
archical chain model in which physics gener-
ates trajectories, which in turn generate ob-
servations. The chain model does not suffer
from this posterior bias, but it poses a harder,
so-called doubly intractable, inference prob-
lem due to a physics-dependent normaliza-
tion constant. This challenge can be resolved
by discretizing the underlying stochastic dy-
namics, after which the chain posterior can
be sampled exactly with particle MCMC. We
identify two distinct mechanisms characteriz-
ing the collider bias, derive analytical approx-
imations of their magnitudes, and establish
diagnostic criteria for predicting when stan-
dard B-PINNs remain reliable. Experiments
confirm the predicted bias and show that the
chain formulation successfully avoids it.

1 INTRODUCTION

Inferring unknown physical parameters from dynami-
cal systems is a fundamental challenge across science
and engineering. Physics-informed neural networks
(PINNs) [22] tackle this inverse problem by training
neural trajectory surrogates to jointly minimize data

(a) Collider (B-PINN) (b) Chain (ours)

Figure 1: Modeling choices for physics-informed
Bayesian inference. (a) Collider (B-PINN):
Physics parameters λ and trajectory parameters θ are
a priori independent, interacting only when condi-
tioned on equation residuals r. (b) Chain (ours):
Physics λ directly generates trajectories θ, which in
turn generate data y.

mismatch and physical law violations. Under limited
and noisy data, a Bayesian treatment naturally quanti-
fies uncertainty over trajectories and parameters. Yet,
their assumed dependency structure requires careful
consideration, which is the focus of this paper.

Bayesian PINNs (B-PINNs) [29] assume the factoriza-
tion

pcollider(λ, θ, r, y) = p(λ)︸︷︷︸
Physics
Prior

p(θ)︸︷︷︸
Traj.
Prior

p(r |λ, θ)︸ ︷︷ ︸
Residual

Likelihood

p(y | θ)︸ ︷︷ ︸
Observ.

Likelihood

. (1)

Here p(λ) and p(θ) are the priors over physics and
trajectory parameters, respectively, and p(y | θ) is the
observation likelihood. Residuals r serve as “virtual
observations” of zero measuring physics violations at
collocation points, typically under a narrow zero-mean
Gaussian likelihood p(r |λ, θ). Thus, λ and θ are a
priori independent and coupled only upon conditioning
on r = 0. In graphical-model terms [13], this forms a
collider at r (Fig. 1a), a structure widely adopted in
the literature [14, 20, 25, 26].

Alternatively, one might use a hierarchical model, in
which physics λ is equipped with a prior, trajectories
θ depend on λ and observations y depend on θ:

pchain(λ, θ, y) ∝ p(λ)︸︷︷︸
Physics
Prior

p(θ |λ)︸ ︷︷ ︸
Trajectory
Likelihood

p(y | θ)︸ ︷︷ ︸
Observation
Likelihood

. (2)
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Figure 2: Posterior marginals for the damped linear oscillator. System governed by ẍ = − c
m ẋ − k

mx +
σrξ(t) with white noise ξ(t), mass m, damping c and spring constant k, ground-truth parameters {m, c, k} =
{1.0, 1.2, 4.0}, residual scale fixed at σr = 0.3, and 40 noisy observations (σobs = 0.02). Posteriors are sampled via
NUTS (24,000 samples) for B-PINN and PMMH [2] (14,000 samples) for our proposed chain model. Although all
three physical parameters are inferred jointly, only the ratios c/m and k/m are identifiable; we therefore display
their corresponding marginal posteriors. Despite initialization at the ground truth and identical priors centered
at the ground truth, only the chain model accurately recovers the true values. In contrast, B-PINN exhibits a
systematic collider bias, underestimating dissipation (c/m) and stiffness (k/m). The bias is reproducible over
resampled datasets. Full experimental details are provided in Section 5.

Here the dependency structure between λ and θ forms
a chain (head-to-tail node) [13], as illustrated in
Fig. 1b. Unlike the collider (1), θ depends directly
on λ through the trajectory likelihood p(θ |λ) rather
than indirectly through residual likelihood p(r |λ, θ).

Which of the two formulations is preferable?
The collider offers practical convenience: its factors are
straightforward Gaussian priors and likelihoods. By
contrast, specifying p(θ |λ) in the chain is less straight-
forward; it requires describing a distribution over tra-
jectory parameters θ that may vary substantially with
the physics λ. An intuitive construction is to start
from the prior p(θ), similar as in the collider formu-
lation, reweight it according to the exponential of the
negative squared residual error, and renormalize the
result. As detailed in Section 2, this renders the chain
model (2) nearly identical to the collider model (1),
up to a physics-dependent normalization constant Zλ

whose calculation requires an intractable marginaliza-
tion over θ.

Despite the computational simplicity of the col-
lider, the chain should be preferred. Concep-
tually, the residuals r in the collider formulation act
merely as auxiliary variables to couple physics λ and
trajectories θ, rather than quantities of substantive in-
terest. The chain avoids this artificial construction by
modeling trajectory dependence directly via p(θ |λ).
Furthermore, forward-sampling the collider yields an
implausible generative process—typically generating
incompatible pairs of λ and θ that demand unlikely
residuals. By contrast, the chain follows the natural

hierarchy in which physics λ generates trajectories θ,
which in turn generate observations y.

Crucially, the collider systematically biases the
posterior over physical parameters. To demon-
strate this, we sample synthetic data from a damped
linear oscillator with known ground truth, center prior
modes at the true values, and sample the collider pos-
terior with NUTS [12], using Fourier features to pre-
vent spectral bias [27]. Despite these favorable condi-
tions, the collider marginals drift substantially from the
ground truth (Fig. 2), by about two posterior standard
deviations in c/m. This is alarming, as the collider
model can return confidently wrong estimates of the
underlying physics. By contrast, our proposed chain
inference exhibits the expected behavior: its posterior
concentrates at the ground truth.

As shown in Section 2, this bias stems directly from the
physics-dependent normalization constant Zλ, which
systematically favors less restrictive physics in the col-
lider setting. While the chain formulation eliminates
this bias, it yields a challenging, doubly-intractable
problem [17]. Despite the prevalence of collider-based
approaches in physics-informed neural inference, this
structural bias remains largely unaddressed. To our
knowledge, the only exceptions are Alberts, Hao, and
Bilionis [1, 10, 11], who employ a similar chain struc-
ture and trace the posterior bias to Zλ; however, they
address the doubly-intractable problem via computa-
tionally demanding nested inference without further
analyzing the bias. Still, their formulation has gained



Michael Obermayr, Robert Peharz

little traction in the community and the collider formu-
lation remains the default in B-PINN practice [16, 24].

2 PROBLEM FORMULATION AND
PROBABILISTIC MODELING

We consider parameterized second-order ordinary dif-
ferential equations (ODEs) governing a trajectory
x(t) ∈ Rd:

Mλ(x, ẋ) ẍ = Fλ(x, ẋ, t), (3)

where ẋ and ẍ denote the first and second time deriva-
tives, Mλ(x, ẋ) ∈ Rd×d is an invertible generalized
mass matrix, and Fλ(x, ẋ, t) ∈ Rd is a force field driv-
ing the system, both parameterized by unknown phys-
ical parameters λ ∈ Rp. Equation (3) is the general
form of a broad class of second-order dynamical sys-
tems arising in classical mechanics, structural dynam-
ics, and robotics [8, 18].

In practice, the trajectory x(t) is rarely observed di-
rectly and is therefore treated as latent. Instead, we
only have access to sparse, noisy observations y =
{yk}Kk=1 at times tk, governed by a Gaussian measure-
ment model

yk = x(tk) + ϵk, ϵk ∼ N (0,Σobs), (4)

with known observation covariance Σobs.

Beyond the measurement, the dynamics themselves
are typically uncertain: simplifications and unmodeled
degrees of freedom inevitably perturb the ideal dynam-
ics (3). We account for these discrepancies by intro-
ducing process noise on the velocity v := ẋ. With this,
the phase-space state z := (x⊤, v⊤)⊤ ∈ R2d evolves ac-
cording to an Itô stochastic differential equation (SDE)

dzt =

[
vt

aλ(zt, t)

]
︸ ︷︷ ︸
=: fλ(zt,t)

dt+

[
0

Aλ(zt)
−1Σ

1/2
r

]
dWt, (5)

driven by standard Brownian motion Wt ∈ Rd. Here,
aλ(z, t) := Mλ(x, v)

−1Fλ(x, v, t) is the acceleration
field and fλ the drift. The physical disturbances
are modeled as constant white noise with covariance
Σr, and the invertible, possibly state- and parameter-
dependent matrix Aλ(z) ∈ Rd×d maps them into ve-
locity increments.

The choice of Aλ determines how process noise enters
the dynamics: setting Aλ = Id injects white noise di-
rectly into the accelerations, whereas setting Aλ = Mλ

models the perturbations as stochastic forces. The
latter is more realistic for many mechanical systems,
where physical disturbances act as fluctuating general-
ized forces or torques. As we show in Section 3, param-
eter dependence in Aλ is one of the factors contributing
to collider bias in the inferred physical parameters.

With process noise present (Σr ≻ 0), particular
physics parameters λ induce a distribution p(x |λ) over
trajectories rather than a single deterministic trajec-
tory. Our primary goal is to infer the marginal pos-
terior distribution over the physical parameters given
sparse observations of the trajectory:

p(λ | y) ∝ p(λ)

∫
p(y |x) p(x |λ) dx. (6)

Following standard B-PINN practice, we fix the resid-
ual scale Σr as a hyperparameter rather than inferring
it alongside λ [14, 29].

2.1 Physics-Informed Residuals and Energy

To connect the trajectory distribution induced by the
stochastic dynamics (5) with physics-informed infer-
ence, we express deviations from the governing dynam-
ics through a residual energy. In physics-informed ma-
chine learning, the continuous trajectory is represented
by a differentiable surrogate xθ(t) parameterized by θ
(e.g., neural network weights). At a set of collocation
points t1 < · · · < tN , we define the physics residual

rn(θ, λ) := Aλ(zθ(tn)) (ẍθ(tn)− aλ(zθ(tn), tn)) , (7)

where zθ := (x⊤
θ , ẋ

⊤
θ )

⊤. To relate these pointwise
residuals to the process-noise model, suppose the col-
location points are uniformly spaced with step size h.
Over an interval of width h, the Brownian increment
driving (5) has covariance hΣr. Equivalently, the cor-
responding average stochastic forcing over that inter-
val has covariance Σr/h. This motivates modeling the
residuals at the collocation points as Gaussian devi-
ations with covariance Σr/h, yielding the quadratic
residual energy

E[θ, λ] =
h

2

N∑
n=1

rn(θ, λ)
⊤Σ−1

r rn(θ, λ). (8)

Thus, the stochastic dynamics induce a natural
quadratic energy measuring the compatibility between
a trajectory xθ and physical parameters λ. This resid-
ual energy is the common ingredient underlying the
probabilistic formulations considered next.

2.2 Probabilistic Models: Collider vs. Chain

We can now define the two probabilistic models—
collider (1) and chain (2)—in a parallel manner and
using similar components. Both factorizations share
the same prior p(λ) over physical parameters and the
same observational likelihood,

p(y | θ) =
K∏

k=1

N (yk |xθ(tk),Σobs) . (9)
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The key difference between them is how the residual
energy (8) is used to couple the trajectory parameters
θ and the physical parameters λ.

Collider formulation. Standard Bayesian
PINNs [14, 25, 26, 29] place an independent prior p(θ)
on the trajectory parameters and enforce the physical
law through auxiliary residuals treated as pseudo-
observations equipped with a narrow zero-mean
Gaussian:

p(r = 0 |λ, θ) =
N∏

n=1

N
(
0
∣∣rn(θ, λ), 1

hΣr

)
=

1

Zr
exp (−E[θ, λ]) ,

(10)

where the Gaussian normalization constant Zr =
det(2πΣr/h)

N/2 depends on Σr, but is invariant to
λ and θ. Because λ and θ are assumed a priori inde-
pendent and interact only via conditioning on r = 0,
the residual acts as a collider node in the underlying
directed acyclic graph (Fig. 1a).

Chain formulation. In contrast, the hierarchical
chain formulation follows the generative direction λ →
θ → y (Fig. 1b) by defining a conditional distribution
over trajectories,

p(θ |λ) = 1

Zλ
exp (−E[θ, λ]) p(θ). (11)

Here, p(θ) is interpreted as a reference density over the
trajectory parametrization, which can encode prefer-
ences for certain trajectories. Unlike in the collider
formulation, it is not a prior over θ; instead, the ex-
ponential factor tilts this reference density toward tra-
jectories that are compatible with the λ. Normalizing
the resulting conditional distribution requires the nor-
malization constant

Zλ =

∫
exp (−E[θ, λ]) p(θ) dθ, (12)

which generally depends on the physical parameters λ.

Model Difference and The Collider Bias. The
two formulations differ only through their normaliza-
tion factors and we can write:

pcollider(λ, θ, r = 0, y) =
Zλ

Zr
pchain(λ, θ, y). (13)

Since Zr is constant with respect to λ, this difference
carries directly to the posterior over the physical pa-
rameters:

∆(λ) := log
pcollider(λ | y, r = 0)

pchain(λ | y)
= logZλ + C, (14)

where we call the model difference ∆(λ) the collider
bias. It is the mechanism underlying the posterior
drift observed in Fig. 2. The term bias is deliberate:
∆ displaces the posterior from the data-generating
parameters, so that the collider’s credible intervals
miss the ground truth, not merely the chain posterior
(Section 5). The partition function Zλ measures the
amount of trajectory space, weighted by the reference
density p(θ), that is compatible with the dynamics un-
der λ. The collider formulation therefore reweights the
desired posterior by Zλ, favoring λ that admit a larger
volume of low-residual trajectories, that is, less restric-
tive physics.

3 ANALYSIS OF THE COLLIDER
BIAS

For B-PINNs with a neural trajectory surrogate, the
collider bias ∆(λ) decomposes into two distinct mecha-
nisms. In Section 4.2, we show that adopting a Marko-
vian state-space latent model eliminates one mecha-
nism and renders the other analytically tractable.

Laplace approximation of the collider bias. Be-
cause the partition function (12) is analytically in-
tractable for neural surrogates, we place a Gaussian
prior p(θ) = N (0, P−1) on the weights and apply a
Laplace expansion around the data-free mode θ∗(λ).
The collider bias (14) evaluates to

∆(λ) ≈ −1

2
log det (Gλ + P ) + C, (15)

where Gλ is the Gauss–Newton curvature of the resid-
ual energy (8) at θ∗. The residual constrains neff :=
tr
[
Gλ(Gλ + P )−1

]
≤ rankGλ ≤ min(Nd,dim θ) di-

rections. Evaluating this curvature along the nomi-
nal trajectory z(t) := zθ∗(t) over t ∈ [0, T ] decom-
poses (15) into:

∆(λ) ≈−neff

Nd

N∑
n=1

log|detAλ(z(tn))|︸ ︷︷ ︸
(1) Residual metric bias

−1

2

∫ T

0

∑
k

∣∣Re sk(t)∣∣ dt︸ ︷︷ ︸
(2) Dissipation bias

+ C,

(16)

where {sk(t)} are the eigenvalues of the drift Jaco-
bian Dfλ along z(t) (full derivation in Appendix A.1).
Eq. (16) explains the origin and direction of the bias.

Derivation Assumptions. This decomposition re-
lies on four simplifying assumptions (Appendix A.1):
(i) the surrogate closely satisfies the ODE at θ∗, with
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the prior penalty depending only weakly on λ; (ii) Gλ

is evaluated along a single nominal trajectory; (iii) the
residual loss dominates the prior along constrained di-
rections (neff ≈ rankGλ locally constant); and (iv) the
residual metric and drift decouple additively. We also
treat Aλ and Dfλ as piecewise constant in time, and
assume the surrogate bandwidth Ω exceeds the sys-
tem’s characteristic dynamical rates.

Mechanism 1: Residual metric bias. Because Zr

normalizes over residual space, it omits the Jacobian
determinant |detAλ| of the acceleration-to-residual
mapping, whereas Zλ accounts for it along all neff con-
strained directions. Consequently, acceleration resid-
uals (Aλ = Id) avoid this bias, whereas force resid-

uals (Aλ = Mλ) add −neff

Nd

∑N
n=1 log|detMλ(z(tn))|,

shifting posterior mass toward vanishing mass deter-
minants. The residual metric is dictated by where
the noise enters the dynamics (Section 2.1); switch-
ing to acceleration residuals for convenience changes
the noise model and is therefore not a free choice.

This pathology worsens along drift-invariant parame-
ter directions where jointly scaling masses and forces
preserves drift. Because the bias grows with neff while
the data only constrain scale via finite observations,
the artifact can overwhelm the likelihood and collapse
the posterior toward vanishing masses (Appendix A.2).

Mechanism 2: Dissipation bias. Lacking Marko-
vian temporal structure, the neural surrogate couples
perturbations through the operator d

dt − Dfλ nonlo-
cally over [0, T ], generating the second term in (16).

When all perturbations decay (Re sk ≤ 0), the spectral
sum reduces to phase-space divergence:

∑
k|Re sk| =

−∇·fλ = − tr(∂aλ/∂v). The dissipation bias simplifies
to

∆diss(λ) =
1

2

∫ T

0

∇·fλ(z(t), t) dt+O(T /Ω)+C, (17)

whose leading term matches the Onsager–Machlup
path-action correction [19]. In dissipative systems
(∇ · fλ < 0), e∆diss spuriously penalizes dissipation,
underestimating friction, damping, or drag. Crucially,
this penalty scales as Θ(T ), so that the B-PINN’s er-
ror grows with the record length relative to its own
posterior width (Section 5.2). In the presence of grow-
ing modes, it analogously penalizes stronger instability
(Appendix A.1).

4 TRACTABLE INFERENCE IN
THE CHAIN MODEL

With a global surrogate, the chain model yields a dou-
bly intractable posterior [17], usually requiring expen-

sive inner-loop re-estimation of Zλ via variational in-
ference or Langevin dynamics that often diverges (Ap-
pendix A.4). Instead of attempting global integration,
we discretize the generative SDE [23]. This factorizes
Zλ into analytic per-step normalizers (21), enabling
asymptotically exact inference via particle MCMC.

4.1 The Chain Model as a State-Space Model

Discretizing [0, T ] into T intervals of width h defines
states zi = (x⊤

i , v
⊤
i )

⊤ at ti = ih and applying a semi-
implicit Euler–Maruyama scheme to (5) yields:

vi = vi−1 + h aλ(zi−1, ti−1) +
√
hAλ(zi−1)

−1Σ1/2
r ξi,

xi = xi−1 + h vi,

(18)

with independent increments ξi ∼ N (0, Id). This dis-
cretization induces a Markovian trajectory prior over
θ = z0:T :

p(z0:T |λ) = p(z0)

T∏
i=1

Kλ(zi | zi−1),

Kλ(zi | zi−1) = δ(xi − xi−1 − hvi)

· N
(
vi
∣∣ v̄i, hA−1

λ ΣrA
−⊤
λ

)
,

(19)

where v̄i := vi−1 + h aλ(zi−1, ti−1) and Aλ is evalu-
ated at zi−1. Unlike (11), this prior admits analytic,
per-step normalization. Combined with the prior p(λ)
and observations at {tk} ⊆ {ti}Ti=1, this completes
the chain model (2) over (λ, z0:T ) to target the exact
marginal posterior p(λ | y).

4.2 Exact Collider Bias on the State-Space
Latent

On the Markovian latent state θ = z0:T , the collider
bias can be evaluated in closed form. The velocity
update in (18) corresponds to the discrete residual

ri = Aλ(zi−1)

(
vi − vi−1

h
− aλ(zi−1, ti−1)

)
, (20)

making the transition kernel (19) proportional to
exp(−h

2 r
⊤
i Σ

−1
r ri), which matches the summand of (8)

for N = T . Because ri is affine in vi, each one-step
transition normalizes analytically:

Zλ(zi−1) :=

∫
exp

(
−h

2
r⊤i Σ

−1
r ri

)
dvi

=
(2πh)d/2 det(Σr)

1/2

|detAλ(zi−1)|
.

(21)

The drift aλ acts merely as a mean shift and drops out
of the integral, causing the dissipation bias to vanish.
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Substituting
∏T

i=1 Zλ(zi−1) for Zλ in (13) and sub-
tracting logZr = T

2 log det(2πΣr/h) gives the exact
collider bias:

∆Markov(λ, z0:T−1) = −
T∑

i=1

log|detAλ(zi−1)|+ C.

(22)
Only the residual metric bias remains: under accel-
eration residuals (Aλ = Id), ∆Markov is independent
of λ and both posteriors coincide; under force residu-
als (Aλ = Mλ), ∆Markov biases the collider posterior
toward vanishing mass determinants.

4.3 Exact Parameter Inference via Particle
MCMC

For nonlinear dynamics, the marginal likelihood
p(y |λ) =

∫
p(z0:T |λ) p(y | z0:T ) dz0:T lacks an ana-

lytic form. Rather than approximating it variation-
ally [3], we exploit its Markovian structure, which ad-
mits sequential Monte Carlo estimation via a boot-
strap particle filter [9]. We propagate P particles for-
ward under (18), reweight by N (yk |xtk ,Σobs) at ob-
servation times tk, and adaptively resample [15]. The
resulting estimator p̂(y |λ) costs O(PT ) and is strictly
unbiased. By the pseudo-marginal property [2], sub-
stituting p̂(y |λ) into the Metropolis–Hastings accep-
tance ratio guarantees Particle Marginal Metropolis–
Hastings (PMMH) targets the exact posterior p(λ | y)
for any P ≥ 1, where P governs only chain mixing.
Sampling a trajectory alongside each accepted λ′ ad-
ditionally yields exact joint samples from p(λ, z0:T | y).

5 EXPERIMENTS

We test the analysis of Section 3 on three systems that
isolate its bias mechanisms, and compare our inference
scheme with nested inference.

5.1 Systems and Setup

Data are generated from the SDE (5) with isotropic
process noise Σr = σ2

rId fixed at ground truth; physics
priors are log-normal with medians at the truth.
Jointly scaling masses and forces by α leaves the drift
invariant; this drift-invariant direction is only weakly
identifiable via process noise.

Damped oscillator (d = 1): mass m, stiffness
k, linear damping c, drift mẍ = −cẋ − kx, truth
(m, c, k) = (1, 1.2, 4), and σr = 0.3. Because only
c/m and k/m enter the drift, the invariant direction
is (m, c, k) → α(m, c, k). We observe position K = 40
times over T = 24 (σobs = 0.02). Dissipation bias is
active (∇·fλ = −c/m < 0).

Double pendulum (d = 2): masses m1,m2 on
massless rods of lengths ℓ1, ℓ2, with vertical angles
x = (ϑ1, ϑ2). The drift is Mλ(x) ẍ = Fλ(x, ẋ) with
state-dependent mass matrix Mλ and forces Fλ:

Mλ =

[
(m1+m2)ℓ

2
1 µ cos δ

µ cos δ m2ℓ
2
2

]
,

Fλ = −
[
µϑ̇2

2 sin δ + (m1+m2)gℓ1 sinϑ1

−µϑ̇2
1 sin δ +m2gℓ2 sinϑ2

]
,

with δ := ϑ1 − ϑ2, µ := m2ℓ1ℓ2, and g = 9.81. Truth:
(m1,m2, ℓ1, ℓ2) = (1, 0.5, 1, 0.8), σr = 0.02. Linearity
in masses yields the invariant direction (m1,m2) →
α(m1,m2). Both angles are observed K = 20 times
over T = 12 (σobs = 0.02 rad). The conservative di-
vergence integrates to a bounded boundary term (38),
but chaos yields a Θ(T ) surrogate determinant term
(Appendix A.3.6).

Relativistic particle (d = 1): rest mass m0, charge
q, accelerated by E(t) = 1.81 cos(πt) up to 0.5c.
Drift: m0γ

3ẍ = qE(t) with Lorentz factor γ = (1 −
ẋ2/c2)−1/2; truth: (m0, q, c) = (1, 1, 1), σr = 0.02. As
only q/m0 governs the drift, the invariant direction is
(m0, q) → α(m0, q). Position is observedK = 20 times
over T = 12 (σobs = 0.005). The divergence integrates
to a bounded boundary term but alternates sign, so∑

k |Re sk| = |∇·fλ| grows with T (Appendix A.3.6).

Evaluation grid. We evaluate two residual met-
rics—acceleration (Aλ = Id, metric bias off) and
force/torque (Aλ = Mλ, metric bias on)—across
four inference schemes: Chain (state space): our
method (Section 4; PMMH, 1,000–2,000 particles,
24,000 iterations). Collider (state space): differs
from Chain solely by omitting the normalizer. Col-
lider B-PINN: standard model (Section 2.2) with
a Fourier-feature MLP (dim θ ≈ 1.4k, Nd ≤ 720),
jointly sampled over (θ, λ) via NUTS (4 chains, 9,000
steps). Chain (Fourier MLP): augments the B-
PINN with the closed-form correction −∆ (16) to re-
store Zλ. We run this only on the oscillator, where
state-independent Aλ and ∇·fλ allow closed-form eval-
uation at each NUTS step; in the other systems, state
dependence makes it prohibitive (Appendix A.4). De-
tails and code: Appendix A.3 and https://github.

com/obermm/ColliderBias.

5.2 Collider Bias and Its Removal

In Table 1, the chain model recovers the truth through-
out: | logα| ≤ 0.18 (≤ 1.1 posterior SDs) and identi-
fied parameters within 1.3 SDs (Appendix A.3.3). The
collider fails as predicted.

Null condition. With acceleration residuals (Aλ =
Id) on the Markovian state-space latent, both biases
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Table 1: The chain model recovers the truth in every system; the collider fails where Section 3
predicts. logα: posterior mean of the log scale factor along the weakly identified drift-invariant direction
(Eq. (37); correct: ≈ 0). Other columns: posterior mean of an identified quantity divided by its true value
(correct: 1.00). Bold: off by more than a factor of two. †: chains did not converge or stalled; median of the
draws, for both columns of the system. ‡: exact Kalman likelihood, since PMMH cannot reach this posterior.
All parameters in Appendix A.3.3.

Oscillator Double Pendulum Relativistic Particle

Model (latent) logα c/m logα m2/m1 logα c

Acceleration residuals (Aλ = Id): metric bias inactive

Chain (state space) −0.01 0.99 −0.03 0.99 −0.02 0.89
Collider (state space) −0.01 0.99 −0.03 0.99 −0.02 0.89
Chain (Fourier MLP) −0.00 1.00 — — — —
Collider B-PINN (Fourier MLP) −0.00 0.61 −0.03† 0.94 +0.00 1.78

Force / torque residuals (Aλ = Mλ): metric bias active

Chain (state space) −0.01 1.01 +0.04 1.00 −0.18 0.89
Collider (state space) −42.42‡ 27 −2.37† 0.30 −8.17† 4.1·103

Chain (Fourier MLP) +0.29 0.74 — — — —
Collider B-PINN (Fourier MLP) −0.93 2.05 −2.79 0.54 −1.88 1.61

12 24 48
observation length 
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Figure 3: Longer records amplify the dissipa-
tion bias (oscillator, acceleration residuals). Poste-
rior mean of log(c/m) minus its true value, with ±1
posterior standard deviation. The chain stays near the
truth on both latents, and its posterior contracts as T
grows; on the state-space latent the collider coincides
with it (open rings). The B-PINN drifts further from
the truth while its posterior width stays constant, so
its error grows from 1.55 to 2.67 standard deviations.

are inactive: ∆(λ) in Eq. (22) is constant, yielding
bit-identical chain and collider draws.

Mechanism 1: residual metric bias. Under force
residuals, the metric term in Eq. (16) rewards small
masses by adding −Td logα to the state-space log-
density and ≈ −neff logα to the B-PINN, opposed
along the invariant ray only by process noise (Ap-
pendix A.2). On state-space latents (T = 1,248 for the

oscillator), this reward dominates: the Kalman pos-
terior collapses to logα = −42.4, and PMMH drifts
toward zero mass until Euler integration fails. Mea-
sured ∆(λ) values match Eq. (22) to machine preci-
sion (Appendix A.3.8). On the B-PINN, a weaker re-
ward (neff ≈ 110) is checked by noise, yet mass scales
are still underestimated by factors of 2.5 to 16. The
damage is not confined to the drift-invariant direction:
since detMλ ∝ ℓ21ℓ

2
2 also rewards short rods, the pen-

dulum B-PINN shrinks ℓ1 and ℓ2 to 0.14 and 0.27 of
their true values, so removing the scale ambiguity by
reparameterization would not remove the bias.

Mechanism 2: dissipation bias. Omitting diver-
gence (17) biases B-PINNs toward underestimating
dissipation. On the oscillator with acceleration resid-
uals, B-PINN underestimates damping (c/m = 0.73
vs. true 1.20; Fig. 2). This is systematic: across ten
dataset resamples, B-PINN underestimates log(c/m)
by 0.42±0.03 and lies below the truth on every dataset,
with 90% credible intervals that cover the truth in
only 4 of 10 cases, whereas our chain’s intervals always
do (Appendix A.3.4). With σr matched to the data,
the bias persists for four tested σr ∈ [0.05, 1] (Ap-
pendix A.3.5). For the relativistic particle, B-PINN
overestimates the speed of light (c = 1.78 vs. 1.00):
although the divergence integral vanishes, its abso-
lute path integral does not, penalizing smaller c by
9.5 nats per e-fold (Appendix A.3.6). The pendulum
is unassessed, as its B-PINN does not converge.

Longer records amplify dissipation bias. As
the penalty scales as Θ(T ), longer horizons (T =
12 → 48) push B-PINN damping estimates further
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from the truth without posterior contraction (Fig. 3).
Reweighting the chain posterior by e∆diss predicts the
bias’s direction, growth, and 60–75% of its size (Ap-
pendix A.3.8).

Restoring the normalizer on the surrogate.
Chain (Fourier MLP) adds −∆ to an otherwise iden-
tical B-PINN. Under acceleration residuals on the os-
cillator, it removes 97.5% of the log(c/m) bias. Under
force residuals, where metric correction uses approx-
imate neff , it eliminates two-thirds of the mass bias
(overshooting slightly; Appendix A.3.7). Thus, the
missing normalizer, not the neural surrogate, causes
the pathology.

Comparison with nested inference. PMMH is
up to 13× faster than the B-PINN, depending on
the system state size (Appendix A.3.1). We further
benchmark PMMH against unmodified public reim-
plementations of NSVI [10] and NPSGLD [11] on
Euler–Maruyama latents with closed-form Zλ (Ap-
pendix A.4). PMMH converges across all settings
(0.51–6.71 s/ESS). NPSGLD fails to converge, requir-
ing 21×–2,900× more compute per ESS while underes-
timating posterior SDs by up to 30×. NSVI converges
to a biased damping ratio on the oscillator (c/m ≈ 0.80
vs. 1.20) and raising its compute by a factor of 100 does
not remove this bias.

6 CONCLUSIONS

B-PINNs suffer from an overlooked structural de-
fect: conditioning on virtual residual observations
turns physical parameters λ and trajectory surrogates
into colliders. This implicitly neglects the parameter-
dependent normalizing constant Zλ, systematically bi-
asing posterior inference. Even when initialized at
the ground truth, standard B-PINNs underestimate
damping and mass, and grow increasingly overconfi-
dent with longer observation records.

We approximated two bias mechanisms in closed form,
confirmed them across three systems, yet showed that
analytical corrections can remain insufficient. To elim-
inate collider bias entirely, we reformulate the tra-
jectory as a Markovian state-space model. This en-
ables an asymptotically exact particle MCMC scheme
that avoids both the computational overhead of nested
Langevin dynamics [11] and the variational gap of
nested VI [10].

When are B-PINNs safe? Collider B-PINNs yield
unbiased posteriors if two null conditions hold simulta-
neously (Section 3; Appendix Table 2): (i) the residual
metric Aλ is parameter-independent (e.g., measuring
acceleration rather than force); and (ii) the dissipation

bias (17) is negligible, with ∆diss remaining roughly
constant across posterior support. Otherwise, practi-
tioners must adopt a Markovian chain formulation or,
when Aλ and ∇·fλ are state-independent, apply the
closed-form correction −∆ directly.

Limitations and Future Work. Our particle
MCMC scheme targets only stochastic ODEs (Σr ≻ 0)
in low-to-moderate dimensions; particle filters degen-
erate as σr → 0 and face weight collapse on finely
discretized PDEs. Because collider bias persists in
PDE systems, extending our framework to spatial do-
mains will require scalable alternatives such as ensem-
ble Kalman or score-based filtering. Furthermore, se-
lecting Σr to prevent residual misspecification remains
open. Ideally Σr would be inferred jointly with λ, but
this introduces a third collider-bias mechanism that
we leave to future work.

Implications. Although standard B-PINNs rely on
collider structures, the resulting bias has gone largely
unnoticed, as they appear well-behaved when the
null conditions approximately hold. When violated,
MCMC still converges cleanly to confidently wrong
posteriors whose error is undetectable without ground
truth. Crucially, this distortion peaks in weakly
identified regimes and long horizons with sparse
data—precisely when Bayesian rigor matters most.
Practitioners should therefore check these null condi-
tions and prefer a chain formulation.
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gren Zou, George Em Karniadakis, and Ellen
Kuhl. Bayesian physics-informed neural networks
for real-world nonlinear dynamical systems. Com-
puter Methods in Applied Mechanics and Engi-
neering, 402:115346, 2022. doi: 10.1016/j.cma.
2022.115346.

[15] Jun S. Liu and Rong Chen. Sequential Monte
Carlo methods for dynamic systems. Journal
of the American Statistical Association, 93(443):
1032–1044, 1998. URL http://www.jstor.org/

stable/2669847.

[16] Hyeonbin Moon, Hanbin Cho, Wabi Demeke,
Byungki Ryu, and Seunghwa Ryu. Ther-
mal conductivity estimation of thermoelectric
materials with uncertainty quantification using
Bayesian physics-informed neural networks, 2025.
arXiv:2510.16723.

[17] Iain Murray, Zoubin Ghahramani, and David
J. C. MacKay. MCMC for doubly-intractable dis-
tributions. In Proceedings of the Twenty-Second
Conference on Uncertainty in Artificial Intelli-
gence, pages 359–366. AUAI Press, 2006.

[18] Richard M. Murray, Zexiang Li, and S. Shankar
Sastry. A Mathematical Introduction to Robotic
Manipulation. CRC Press, 1994.

[19] Lars Onsager and Stefan Machlup. Fluctuations
and irreversible processes. Physical Review, 91(6):
1505–1512, 1953. doi: 10.1103/PhysRev.91.1505.

[20] Andrew Pensoneault and Xueyu Zhu. Efficient
Bayesian physics informed neural networks for in-
verse problems via ensemble Kalman inversion.
Journal of Computational Physics, 508:113006,
2024. doi: 10.1016/j.jcp.2024.113006.



Uncovering and Fixing Collider Bias in Bayesian PINNs

[21] Du Phan, Neeraj Pradhan, and Martin
Jankowiak. Composable effects for flexible
and accelerated probabilistic programming in
NumPyro, 2019. arXiv:1912.11554.

[22] Maziar Raissi, Paris Perdikaris, and George Em
Karniadakis. Physics-informed neural networks:
A deep learning framework for solving forward
and inverse problems involving nonlinear partial
differential equations. Journal of Computational
Physics, 378:686–707, 2019. doi: 10.1016/j.jcp.
2018.10.045.
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A SUPPLEMENTARY MATERIAL

A.1 Laplace Approximation of the Collider Bias for Global Surrogates

This appendix derives the two-term decomposition (16) for a global surrogate such as a neural network. Step 1
approximates Zλ by Laplace’s method, Step 2 identifies the two factors through which λ enters the resulting
curvature, Steps 3 and 4 differentiate with respect to these factors, and Step 5 collects the terms; a worked
example for the oscillator follows. Along drift-invariant directions, the metric bias admits exact statements,
derived in Appendix A.2.

Setup. We write the residual (7) in continuous time,

rθ(t, λ) := Aλ(zθ(t)) (v̇θ(t)− aλ(zθ(t), t)) , vθ := ẋθ, (23)

so that rn(θ, λ) = rθ(tn, λ); since vθ is the derivative of xθ, only the acceleration equation can be violated. The
surrogate carries the weight prior p(θ) = N (0, P−1) of Section 3, where P → 0 corresponds to a flat reference
measure. Chain and collider share this prior and the energy (8) and differ only in their normalizers, Zλ in (12)
and Zr in (10), so that ∆ = logZλ − logZr + const by (14). Only Zλ depends on λ; since Σr is fixed, logZr is a
constant.

Step 1: Laplace approximation. Let θ∗(λ) minimize E[θ, λ]− log p(θ), the negative logarithm of the data-
free integrand of Zλ. A second-order expansion around θ∗ gives

logZλ ≈ −E[θ∗, λ]− 1

2
θ∗⊤Pθ∗ − 1

2
log detHλ + const, Hλ := ∇2

θE
∣∣
θ∗ + P, (24)

where the constant ( 12 log detP ) does not depend on λ. We drop the first two terms, assuming that the surrogate
(nearly) solves the ODE, E[θ∗, λ] ≈ 0, and that θ∗ follows an ODE solution rather than the prior mode, so that
1
2θ

∗⊤Pθ∗ depends only weakly on λ. This is exact for linear, unforced dynamics and a surrogate with xθ ≡ 0 at
θ = 0, where θ∗ = 0 for every λ. Since the residuals vanish at θ∗, so does the part of ∇2

θE that is proportional
to them, which leaves Hλ ≈ Gλ + P with the Gauss–Newton curvature

Gλ := h

N∑
n=1

(
∂rθ(tn, λ)

∂θ

)⊤

Σ−1
r

∂rθ(tn, λ)

∂θ
, logZλ ≈ −1

2
log det(Gλ + P ) + const. (25)

Since logZr is constant, this gives Eq. (15); the remaining steps evaluate its first term.

Step 2: Two factors of the curvature. Let B(t) := ∂zθ(t)/∂θ be the tangent map of the surrogate at θ∗,
and Dfλ(t) := ∂fλ/∂z the drift Jacobian along the fitted trajectory z(t) := zθ∗(t). By the chain rule,

∂rθ(t, λ)

∂θ
≈ Aλ(z(t)) (LλB)v(t), Lλ :=

d

dt
−Dfλ(t), (26)

where (·)v denotes the velocity block. The position block of LλB vanishes because vθ = ẋθ, and the term
containing the derivative of Aλ multiplies the residual, which vanishes at θ∗. Stacking over the collocation points
gives

Gλ = B⊤L⊤
λA

⊤
λ S−1 AλLλB, Aλ = diag

(
Aλ(z(t1)), . . . , Aλ(z(tN ))

)
, S = h−1 diag(Σr, . . . ,Σr). (27)

The stacked tangent map B depends on λ only through θ∗(λ), which we hold fixed. Since S is fixed, λ enters
Gλ through two factors: the residual metric Aλ and the drift operator Lλ. Since these factors are rectangular,
log det(Gλ + P ) does not split into a sum over them; we therefore differentiate it with respect to each factor in
turn, holding the other fixed.

Step 3: Residual metric (Mechanism 1). Let Aλ(z) = κλĀ(z) with a scalar κλ > 0 and a λ-independent
Ā, e.g., Aλ = m for the oscillator. Then the metric scale factors out of (27),

Gλ = κ2
λ G̃, G̃ := B⊤L⊤

λ Ā
⊤S−1ĀLλB, (28)
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where Ā := diag
(
Ā(z(t1)), . . . , Ā(z(tN ))

)
, and G̃ does not depend on κλ. Since ∂Gλ/∂ log κλ = 2Gλ, Jacobi’s

formula gives
∂

∂ log κλ

(
−1

2
log det(Gλ + P )

)
= − tr

[
(Gλ + P )−1Gλ

]
= −neff . (29)

When is neff constant? For P ≻ 0, let {gk} be the eigenvalues of P−1/2G̃P−1/2 ⪰ 0. Then det(Gλ + P ) =
det(P )

∏
k(1 + gkκ

2
λ), so that

−1

2
log det(Gλ + P ) = −1

2

∑
k

log
(
1 + gkκ

2
λ

)
+ const, neff =

∑
k

gkκ
2
λ

1 + gkκ2
λ

. (30)

Each summand lies in [0, 1) and is nonzero only for gk > 0, so neff < rankGλ ≤ min(Nd, dim θ) whenever
Gλ ̸= 0. Once the physics dominates the prior on every direction it constrains (gkκ

2
λ ≫ 1), neff saturates at

rankGλ and no longer depends on κλ; we call this the saturated regime. For P = 0 and full-rank Gλ (which
requires dim θ ≤ Nd), neff = dim θ for every κλ.

Mechanism 1 (residual metric). Since Zr does not depend on κλ, Eq. (29) gives ∂∆/∂ log κλ = −neff .
With

∑
n log |detAλ(z(tn))| = Nd log κλ + const, this integrates, for constant neff , to the metric term

−neff

Nd

∑
n log |detAλ(z(tn))| of (16). For a state-dependent Aλ(z(t)), the term holds locally: on time windows

that are short compared with the variation of Aλ(z(t)) but long compared with the resolution of the surro-
gate, Aλ is nearly constant, and if the constrained directions are spread uniformly over time and components,
each window contributes its share neff/Nd of the local sum of log | detAλ|. This neglects the coupling between
windows and the anisotropy of Aλ relative to Σr, both absent in the scalar case.

State-space latent. On the Markovian latent of Section 4, θ consists of the Td velocities under a flat prior (P = 0),
and ∂r/∂v is block lower-triangular with invertible diagonal blocks Aλ(zi−1)/h. Hence neff = Td = Nd exactly,
and the metric term becomes the exact collider bias (22).

Step 4: Drift operator (Mechanism 2). We set Aλ = Id, so that λ enters (27) only through Lλ. We
assume that the span of the surrogate’s tangent map is approximately invariant under Lλ, with a λ-independent
Gram determinant, and that the physics dominates P on the resolved modes. Then 1

2 log det(Gλ + P ) equals
log |detLλ| restricted to the resolved modes, up to λ-independent terms. On the position component, Lλ acts

as d2

dt2 −
∂aλ

∂v
d
dt −

∂aλ

∂x , whose matrix symbol at frequency ω has, by the Schur complement, the same determinant

as L̂λ(ω) := iωI2d −Dfλ. For constant Dfλ (relaxed below), a surrogate with effective bandwidth Ω on [0, T ]
resolves real Fourier modes at density T /π, so that

1

2
log det(Gλ + P ) ≈ T

π

∫ Ω

0

log
∣∣∣det L̂λ(ω)

∣∣∣dω. (31)

The eigenvalue integral. Let {sk}2dk=1 be the eigenvalues of Dfλ, so that log |det L̂λ(ω)| =
∑

k log |iω − sk|. The
integral (31) diverges as Ω → ∞, but at a rate independent of λ; differentiating with respect to the eigenvalues
isolates the λ-dependent part. For a complex pair s = −ρ ± iβ with β > 0 (ρ > 0 damped, ρ < 0 growing),

I(ρ, β) :=
∫ Ω

0
log |(iω − s)(iω − s̄)| dω satisfies

∂I

∂ρ
=

∫ Ω

0

(
ρ

(ω − β)2 + ρ2
+

ρ

(ω + β)2 + ρ2

)
dω = arctan Ω−β

ρ + arctan Ω+β
ρ = π sign(ρ) +O(1/Ω), (32)

∂I

∂β
=

1

2
log

(Ω + β)2 + ρ2

(Ω− β)2 + ρ2
= O(β/Ω), (33)

where the boundary terms at ω = 0 cancel. Up to O(1/Ω), the damping rate thus enters with weight π and

the frequency β not at all, so each pair contributes π|ρ|. A real eigenvalue s = −ρ gives ∂ρ
∫ Ω

0
log |iω + ρ|dω =

arctan(Ω/ρ) = π
2 sign(ρ) + O(1/Ω), i.e., a contribution π

2 |ρ|. Every eigenvalue therefore contributes π
2 |Re sk|,

and multiplying by the mode density T /π gives

1

2
log det(Gλ + P ) =

T
2

2d∑
k=1

|Re sk|+ const +R, R = O(T /Ω). (34)
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Without growing modes (Re sk ≤ 0 for all k),
∑

k |Re sk| = − tr(Dfλ) = −∇·fλ, and inserting (34) into (15)
gives

∆diss(λ) =
T
2
∇·fλ + const +R. (35)

Otherwise, ∆(λ) is not determined by the divergence alone: growing modes are penalized like damped ones, and
a divergence that changes sign along the orbit enters through its absolute value. Appendix A.3.6 discusses both
cases for conservative systems.

Nonlinear drift. For nonlinear dynamics, we treat Dfλ(z(t)) as constant on windows that are short compared
with T but long compared with the correlation time Ω−1 of the surrogate and the relaxation times |Re sk|−1.

Summing over windows replaces T ∇·fλ by
∫ T
0

∇·fλ(z(t), t) dt and gives Eq. (17). Its leading term is the
Onsager–Machlup correction to the path action [7, 19], obtained here as the fluctuation determinant of a band-
limited surrogate. The remainder R collects the O(1/Ω) tails of (32) and (33), the residual floor E[θ∗, λ] of a
finite-capacity fit, and the windowing. Since all of these grow with T at the same rate as the leading term, their
relative size is set by Ω compared with the time scales of the system, not by the length of the record.

State-space latent. Under the Euler–Maruyama transition (18), vi depends only on the noise increments ∆Wj :=√
h ξj up to step i, so the Jacobian of (∆W1, . . . ,∆WT ) 7→ (v1, . . . , vT ) is block lower-triangular with diagonal

blocks Aλ(zi−1)
−1Σ

1/2
r , which do not involve the drift. This is why the exact collider bias (22) has no dissipation

term: the Markovian latent normalizes the path density step by step (the Itô pre-point form), whereas a global
surrogate, which imposes no ordering, yields the midpoint (Onsager–Machlup) form, consistent with the Wong–
Zakai limit of smooth approximations to Brownian paths [28].

Step 5: Collecting the terms. Adding the metric term of Step 3 and the dissipation term of Step 4 gives
Eq. (16); without growing modes, its dissipation term is the divergence integral (17). Of the four simplifications
listed in Section 3, three need a caveat in practice. Simplification (i) fails when the data-free integrand of Zλ is
dominated by the prior rather than the physics; the terms dropped from (24) then depend on λ. For (ii), when
x ≡ 0 solves the ODE, θ∗ = 0, where the tangent map of a neural surrogate degenerates; we therefore evaluate
the curvature at a representative state on the solution manifold (Appendix A.3.7). Since the factors in (27) are
rectangular, the additivity (iv) holds only to first order. Eq. (16) thus captures the dominant dependence of
∆ on λ and shows where the collider bias is large, but adding −∆ to the log-posterior of a B-PINN need not
recover the chain posterior exactly. Table 2 summarizes both mechanisms.

Table 2: Taxonomy of structural biases in collider B-PINNs. Scaling denotes the asymptotic rate of the collider
bias ∆ = log(pcollider/pchain). Null conditions indicate when ∆ is invariant to inferred parameters; {sk} are
eigenvalues of Dfλ.

Mechanism Physical Origin Scaling Null Condition

Residual
Metric

State-space map Aλ depends on λ Θ(neff) or
Θ(T )

Aλ invariant to λ

Dissipation Phase-space volume contraction Θ(T ) Markovian latent, or
∑

k|Re sk|
invariant to λ

Worked example: the damped linear oscillator. For mẍ+ cẋ+ kx = σrξ with force residuals (Aλ = m,
d = 1), the drift fλ(x, v) = (v, − k

mx − c
mv)⊤ has the constant Jacobian Dfλ =

[
0 1

−k/m −c/m

]
with divergence

∇·fλ = −c/m. Its eigenvalues are −ρ ± iβ with ρ = c/(2m) and β =
√
k/m− c2/(4m2) if underdamped, and

real and negative if overdamped; in both cases
∑

k |Re sk| = c/m. No windowing is needed, and (16) reads

∆(λ) ≈ −neff logm︸ ︷︷ ︸
metric

− c T
2m︸ ︷︷ ︸

dissipation

+ const. (36)

The dissipation term penalizes large c/m in proportion to T , so the collider underestimates damping. The stiffness
enters only through β, which by (33) contributes no leading-order term; the O(β/Ω) remainder, however, still
grows with T and rewards smaller k/m, so restoring only the leading-order terms leaves part of the stiffness
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bias (Appendix A.3.7). Along the drift-invariant rescaling (m, c, k) → α(m, c, k), only the metric term varies,
∂∆/∂ logα = −neff : the collider is rewarded without bound for shrinking the mass scale, opposed only by the
prior and by the process-noise level, which identifies σr/m. On the state-space latent, the same holds exactly
with neff = N = T , since (22) gives ∆Markov = −T logm+const; Appendix A.2 discusses its effect on the collider
posterior.

A.2 Exact Collider Bias along Drift-Invariant Directions

While the decomposition derived in Appendix A.1 is generally approximate, the metric bias (Mechanism 1)
admits exact statements along drift-invariant directions.

Consider a drift-invariant direction parameterized by jointly scaling masses and forces by a factor α. Suppose
the scaled components follow independent log-normal priors with log-scale standard deviations sj . Measuring

logα relative to the prior medians λ̃j via the precision-weighted mean

logα =

∑
j s

−2
j log(λj/λ̃j)∑

j s
−2
j

, (37)

the prior factorizes into independent components along logα and the identified directions, with a Gaussian
marginal of standard deviation (

∑
j s

−2
j )−1/2 along logα.

Under acceleration residuals, the residuals themselves remain invariant under this scaling. Consequently, neither
the residual energy (8) nor the observational likelihood depends on α, and Zλ is independent of α. Both the
chain and the collider joint then depend on α solely through the prior, so both posteriors leave the distribution
of logα exactly at its prior, for any latent representation.

Under force residuals, Aλ = Mλ scales with α while Σr is fixed, so the process noise on the velocities scales with
α−1: the data constrain α through the noise level, and the chain posterior of logα differs from its prior. On
top of this, the collider joint acquires an additional explicit α-dependence: on the state-space latent, ∆Markov =
−Td logα+ const exactly by Eq. (22), and on a global surrogate, ∆ ≈ −neff logα+ const by the metric term of
Eq. (16). The collider posterior of logα is therefore the chain posterior reweighted by α−Td (respectively α−neff ).
This reward grows with the number of time steps (respectively constrained directions), whereas the constraint
from the noise level is set by the finitely many observations; on the oscillator, where the exact Kalman likelihood
is available, it places the state-space collider at logα = −42.4 (Table 1).

A.3 Experimental Details and Full Results

This appendix supports Section 5 and follows its order. Appendix A.3.1 specifies the setup, and Appendix A.3.2
verifies that our method samples the chain posterior correctly, since every bias in this paper is measured against
it. Appendix A.3.3 reports all parameters of the runs summarized in Table 1, and Appendix A.3.4 shows that
the bias on the oscillator is reproducible across datasets, and Appendix A.3.5 how it depends on the residual
scale. The next two subsections support the discussion of individual mechanisms in Section 5.2: the dissipation
term on the two conservative systems (Appendix A.3.6) and the closed-form correction of the neural surrogate
(Appendix A.3.7). Appendix A.3.8 details the scaling-law experiments of Figs. 3 and 4.

A.3.1 Setup

Evaluation grid. Each of the three systems is combined with two residual metrics (acceleration and
force/torque residuals) and with the inference variants listed below. In every configuration, the process noise is
isotropic, Σr = σ2

rId, with σr fixed at its true value. Within a system, all runs share the dataset, ground truth
and prior, the time discretization, number of particles, sampler budget and random seed, and the network and
collocation grid of the surrogate. Two runs that differ in a single factor of the grid therefore isolate the effect of
that factor, for instance of the residual metric.

Systems and data. Table 3 lists the settings that differ between systems. The data are simulated with the
same semi-implicit Euler–Maruyama scheme (18) that the inference uses, but on a finer time grid: 2× finer for
the oscillator and about 50× finer for the pendulum and the relativistic particle (Appendix A.3.2 shows that the
results do not rely on this match). The number of Euler–Maruyama steps T used for inference and the number
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of particles were chosen per system by a convergence study, and are identical across all state-space runs of that
system, so that chain and collider remain comparable.

Table 3: Per-system settings. The MLP surrogate maps a Fourier-feature embedding of dimension 33 through
two hidden layers of width 24 to the d output coordinates. Nd is the number of residual components, i.e.,
collocation points times dimension.

Oscillator Double pendulum Relativistic particle

ground truth λ (m, c, k) = (1, 1.2, 4) (m1,m2, ℓ1, ℓ2) = (1, 0.5, 1, 0.8) (m0, q, c) = (1, 1, 1)
residual scale σr (fixed) 0.30 0.02 0.02
horizon T 24 12 12
observations K 40 20 20
observation noise σobs 0.02 0.02 rad 0.005
Euler–Maruyama steps T 1248 1235 12160
particles 1000 1000 2000

MLP layer widths 33-24-24-1 33-24-24-2 33-24-24-1
dim θ 1441 1466 1441
residual components Nd 128 720 300

Inference variants.

• Chain (state space) is our method (Section 4). Its latent is the Euler–Maruyama path z0:T with the
normalized transition kernel (19); a bootstrap particle filter estimates the marginal likelihood p̂(y |λ), and
PMMH samples λ.

• Collider (state space) uses the same latent, particle filter and sampler, but omits Zλ. It is a control that
differs from our method only in the normalizer.

• Collider B-PINN is the standard formulation of Section 2.2: a Fourier-feature MLP surrogate xθ with a
Gaussian weight prior, sampled with NUTS jointly over (θ, λ).

• Chain (Fourier MLP) is the Collider B-PINN with the closed-form correction −∆ for the missing nor-
malizer added to its log-density (Appendix A.3.7). It is run on the oscillator only (Section 5.1).

Because the oscillator is linear, the marginal likelihood of its state-space latent is also available exactly from a
Kalman filter. We use this in one place. Under force residuals, PMMH cannot reach the posterior of the state-
space collider (see below), so on the oscillator we sample it with an adaptive random-walk Metropolis sampler
instead, targeting the exact chain likelihood multiplied by e∆(λ) = m−T from Eq. (22) (4 chains, R̂ ≤ 1.001).
These entries are marked with ‡. Applied to the chain model, the same sampler reproduces the PMMH posterior
(e.g., logm: 0.014± 0.139 against 0.006± 0.138).

Priors. All physical parameters have log-normal priors with median at the ground truth. The standard devi-
ations of the log-parameters are 0.4 for masses, charges and the damping coefficient c of the oscillator, and 0.25
for lengths, stiffnesses and the light speed c of the relativistic particle. The Gaussian weight prior of the B-PINN
follows LeCun scaling at unit gain: each weight of a layer with nin inputs has variance 1/nin, and each bias has
variance 1.

Samplers. PMMH runs for 24,000 iterations. The first 4,000 adapt the proposal, and the first 30% of the
remaining 20,000 are discarded as burn-in, which leaves 14,000 draws. NUTS runs 4 chains, each with 3,000
warm-up iterations and 6,000 draws at a maximum tree depth of 11, which gives 24,000 draws in total. All
samplers use random seed 0. Each run uses a single GPU (NVIDIA Quadro RTX 8000 or NVIDIA L40) on an
internal compute cluster. On the oscillator, for instance, PMMH takes 442 s and the B-PINN 5,834 s (NUTS)
for these budgets.
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Software and licenses. All methods are implemented in JAX [6]; NUTS and the autocorrelation-based
effective sample sizes use NumPyro [4, 21]. The nested baselines of Appendix A.4 use the public reimplementation
of Bolt [5], which additionally depends on Optax. JAX, NumPyro and Optax are released under the Apache
License 2.0; the reimplementation does not state a license. We release our code under the MIT license.

Reporting conventions. Unless stated otherwise, tables report the posterior mean divided by the ground
truth, so that 1.00 means no error. There are two exceptions. Table 1 reports the drift-invariant direction as the
precision-weighted log scale factor logα of Eq. (37). Tables 7 and 9 report displacements in log space, i.e., the
posterior mean of the log parameter minus the log of its true value. Since the mean of a logarithm is not the
logarithm of the mean, these displacements are not exactly the logarithms of the ratios reported elsewhere; for
instance, the damping ratio of the Collider B-PINN under acceleration residuals has a displacement of −0.526
(Table 9), and exp(−0.526) = 0.59, whereas Table 1 reports the ratio 0.61.

Runs without valid posterior samples (†). Two kinds of runs do not yield valid posterior samples. The
first is the state-space collider under force residuals. Along the drift-invariant direction, its log-density gains
−Td logα, which rewards small masses. Together with the log-normal prior, this still defines a proper posterior,
but its mode lies far outside the range the sampler can represent; for the oscillator, where the exact Kalman
likelihood locates it, at logα ≈ −42. PMMH moves toward it until the Euler–Maruyama recursion becomes
numerically unstable; from then on, the particle filter returns non-finite likelihoods for a large fraction of the
proposals, and only a handful of the 20,000 post-adaptation proposals are accepted. The second kind are B-
PINN runs whose chains have not mixed (R̂ > 1.05). For both kinds, we report the median of the draws, which
describes where the sampler stopped rather than the posterior. Marginal plots show such runs as an arrow at
the edge of the axis, labelled with the value reached.

A.3.2 Validation of the Reference Posterior

All biases in this paper are measured against the chain posterior that our method samples. Three checks confirm
that this reference is correct: the first tests the likelihood estimator, the second the simulation of the data, and
the third the sampler.

Particle filter against the exact likelihood. For the linear oscillator, the Kalman filter gives the exact
log-likelihood log p(y |λ). At three points along the drift-invariant direction, the particle-filter estimate deviates
from it by +0.14, −0.10 and +0.27 nats, against Monte Carlo standard deviations of 0.27, 0.38 and 0.38 across
five independent filter runs. The likelihood estimator underlying PMMH thus shows no bias at the resolution
relevant for our comparisons.

Simulation step. Because the data are simulated with the same scheme that the inference uses, the chain
model could benefit from a matched discretization. To rule this out, we regenerated ten datasets of the oscillator
configuration at a 32× finer step and computed the exact (Kalman) chain posterior on each. Its displacement
from the truth is −0.01± 0.07 in log(c/m) and +0.04± 0.02 in log(k/m) (mean ± standard error over datasets),
and its 90% credible intervals contain the truth in 8 or 9 of the 10 datasets for every identified parameter.

A different sampler. On the double pendulum and the relativistic particle, we also sampled both models on
the state-space latent with NUTS instead of PMMH. NUTS runs jointly over (z0, ξ, λ), where ξ = (ξ1, . . . , ξT )
are the standardized noise increments of Eq. (18). The path z0:T is a deterministic function of these variables,
and the standard normal prior on ξ does not depend on λ. In this non-centred parameterization, the chain model
therefore needs no explicit normalizer, while the collider differs from it by ∆(λ) in (22). The resulting posteriors
agree with those obtained with PMMH, and the collapse of the collider under torque residuals is reproduced;
neither result is therefore an artefact of the particle filter. NUTS is thus a valid alternative to PMMH for the
chain model, but a more expensive one on fine time grids: per effective sample of the drift-invariant scale, it takes
4.9 s against 2.7 s for PMMH on the pendulum (1,235 steps), and about 1,800 s against 6 s on the relativistic
particle (12,160 steps; 51 h of NUTS in total).
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Table 4: Oscillator. The three inference legs under both residual metrics, on one dataset and one prior, with
σr held at its true value. Posterior mean ± standard deviation over 14000 draws (state space) and 24000 draws
(B-PINN). †: a walk at the Euler map’s stability boundary, not a posterior; its median is quoted; ‡: chains that
have not merged (R̂ > 1.05), likewise a median rather than a posterior.

residual leg m (1.00) c (1.20) k (4.00) c/m (1.20) k/m (4.00)

force residual Chain (state space) 1.015± 0.14 1.209± 0.20 3.981± 0.51 1.209± 0.24 3.948± 0.43
Collider (state space) 9.3·10−6 ‡ 3.7·10−4 ‡ 0.03387 ‡ 39.74 ‡ 3656 ‡
Collider (B-PINN) 0.2391± 0.050 0.5663± 0.13 1.832± 0.25 2.462± 0.73 7.935± 1.7

acceleration residual Chain (state space) 1.035± 0.22 1.219± 0.28 4.030± 0.79 1.191± 0.20 3.927± 0.41
Collider (state space) 1.035± 0.22 1.219± 0.28 4.030± 0.79 1.191± 0.20 3.927± 0.41
Collider (B-PINN) 1.314± 0.28 0.9419± 0.24 4.115± 0.81 0.7311± 0.18 3.162± 0.35

Table 5: Double pendulum. The three inference legs under both residual metrics, on one dataset and one
prior, with σr held at its true value. Posterior mean ± standard deviation over 14000 draws (state space) and
24000 draws (B-PINN). †: a walk at the Euler map’s stability boundary, not a posterior; its median is quoted;
‡: chains that have not merged (R̂ > 1.05), likewise a median rather than a posterior.

residual leg m1 (1.00) m2 (0.500) ℓ1 (1.00) ℓ2 (0.800) m1+m2 (1.50) m2/m1 (0.500)

force residual Chain (state space) 1.078± 0.26 0.5367± 0.13 1.011± 0.011 0.7890± 0.010 1.615± 0.39 0.4976± 0.012
Collider (state space) 0.1713 ‡ 0.02538 ‡ 1.386 ‡ 0.07589 ‡ 0.1967 ‡ 0.1481 ‡
Collider (B-PINN) 0.08769± 0.020 0.02269± 0.0054 0.1441± 0.019 0.2137± 0.034 0.1104± 0.022 0.2709± 0.085

acceleration residual Chain (state space) 1.021± 0.30 0.5062± 0.15 1.011± 0.012 0.7926± 0.011 1.527± 0.45 0.4958± 0.011
Collider (state space) 1.021± 0.30 0.5062± 0.15 1.011± 0.012 0.7926± 0.011 1.527± 0.45 0.4958± 0.011
Collider (B-PINN) 1.004 ‡ 0.4715 ‡ 1.023 ‡ 0.7808 ‡ 1.476 ‡ 0.4699 ‡

A.3.3 Full Posterior Results

Tables 4–6 report the posterior of every parameter for every inference variant, including the parameters and
parameter combinations that Table 1 omits. They show the same pattern as Table 1. The chain model keeps
the drift-invariant scale near the truth and recovers every identified quantity to within 1.3 posterior standard
deviations. The errors of the collider, in contrast, concentrate where Eq. (16) predicts: under force residuals
on the parameters that enter the residual metric, and on the parameters that enter the dissipation term (the
damping of the oscillator, the light speed of the relativistic particle).

A.3.4 Replication over Datasets

All runs above use a single dataset per system. On one dataset, a posterior can lie away from the truth by
chance; a bias means that it does so systematically, on average over datasets. To distinguish the two, we repeat
the oscillator configuration of Fig. 2 (acceleration residuals) on independent datasets, each with a new SDE path
and new observation noise. We do this in two complementary ways.

Sampled posteriors. We rerun the B-PINN (NUTS) and our chain model (state space, PMMH) with the
settings of Appendix A.3.1 on ten datasets, including the one of Fig. 2. All B-PINN runs reach R̂ ≤ 1.001.

Exact posteriors. To remove sampling error and convergence issues altogether, we use ten further datasets
and replace the neural network by a surrogate on which all posteriors can be computed exactly. The collider
is a B-PINN on a linear cosine basis (65 coefficients with prior standard deviation 0.3, Nd = 128 collocation
residuals). Because the residual is linear in the coefficients, they can be integrated out in closed form, and Zλ can
be restored exactly on the same basis, which gives a chain model on the surrogate. The exact Kalman likelihood
of the Euler–Maruyama latent gives the state-space chain. We evaluate all three posteriors on a grid over the
identified coordinates (log(c/m), log(k/m)), with the log-normal prior of Appendix A.3.1; less than 10−3 of each
posterior’s mass lies at the boundary of the grid.
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Table 6: Relativistic particle. The three inference legs under both residual metrics, on one dataset and one
prior, with σr held at its true value. Posterior mean ± standard deviation over 14000 draws (state space) and
24000 draws (B-PINN). †: a walk at the Euler map’s stability boundary, not a posterior; its median is quoted;
‡: chains that have not merged (R̂ > 1.05), likewise a median rather than a posterior.

residual leg m0 (1.00) q (1.00) c (1.00) q/m0 (1.00)

force residual Chain (state space) 0.8233± 0.15 0.8681± 0.15 0.8939± 0.12 1.057± 0.055
Collider (state space) 2.1·10−5 ‡ 0.00383 ‡ 4133 ‡ 182.8 ‡
Collider (B-PINN) 0.1630± 0.036 0.1485± 0.032 1.608± 0.27 0.9127± 0.036

acceleration residual Chain (state space) 0.9941± 0.29 1.049± 0.31 0.8881± 0.087 1.056± 0.046
Collider (state space) 0.9941± 0.29 1.049± 0.31 0.8881± 0.087 1.056± 0.046
Collider (B-PINN) 1.101± 0.33 0.9872± 0.29 1.783± 0.25 0.8969± 0.015

Table 7: Replication of the oscillator configuration over datasets (acceleration residuals). Top: the
neural B-PINN and our chain model, sampled as in the main text, on ten datasets. Bottom: exactly computed
posteriors on a linear surrogate, on ten further datasets. displ.: mean over datasets of the posterior mean of
the log parameter minus the log truth, ± its standard error. sd : mean posterior standard deviation. 90% cov.:
number of datasets whose central 90% credible interval contains the truth.

log(c/m) log(k/m)

Model (latent) displ. sd 90% cov. displ. sd 90% cov.

Sampled posteriors, ten datasets

Chain (state space) +0.02± 0.05 0.17 10/10 +0.02± 0.02 0.11 10/10
Collider B-PINN (MLP) −0.42± 0.03 0.24 4/10 −0.12± 0.03 0.11 7/10

Exact posteriors on a linear surrogate, ten datasets

Chain (state space) −0.03± 0.05 0.17 8/10 +0.02± 0.04 0.11 9/10
Chain (linear surrogate) −0.05± 0.05 0.18 9/10 +0.02± 0.03 0.09 9/10
Collider (linear surrogate) −0.46± 0.04 0.23 1/10 −0.08± 0.03 0.10 7/10

Results. Table 7 confirms that the displacements reported in the main text are a systematic bias. Over ten
datasets, the B-PINN underestimates c/m by 0.42± 0.03 log units and k/m by 0.12± 0.03, and it lies below the
truth on every dataset in both coordinates. Measured relative to the chain model on the same dataset, which
removes the variation between datasets, the displacements are −0.45 ± 0.02 and −0.14 ± 0.02. The B-PINN
posterior is not narrower than the chain’s (mean standard deviation 0.24 against 0.17 in log(c/m)), but it is
displaced by almost two of its own standard deviations, so its 90% credible intervals contain the truth in only 4
and 7 of the ten datasets, whereas those of the chain model contain it in all ten. The dataset of Fig. 2 lies at
the upper end: its displacement in log(c/m) (−0.53) is the third largest of the ten, against a median of −0.39.

The exact posteriors on the linear surrogate show the same picture, with displacements of −0.46 ± 0.04 and
−0.08± 0.03 and coverage in 1 and 7 of ten datasets. Restoring Zλ exactly on the same surrogate removes the
bias in both coordinates and restores nominal coverage, as does the state-space chain. The bias is therefore
reproducible across datasets, and it is caused by the missing normalizer rather than by the particular dataset or
by the limited expressiveness of the surrogate.

A.3.5 Sensitivity to the Residual Scale

All experiments above fix σr at the value that generated the data. To test how the bias depends on this value,
we repeat the exact-posterior comparison of Appendix A.3.4 on the same ten oscillator datasets (acceleration
residuals), varying σr in the data and in the models. For σr ≤ 0.1, we evaluate the posteriors on a finer grid,
since they are narrower than its original spacing.
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Table 8: Sensitivity to the residual scale (oscillator, acceleration residuals, exact posteriors, ten datasets).
Displacement of log(c/m) from the truth (mean over datasets ± standard error) and number of datasets whose
central 90% credible interval contains the truth. Top: σr matched to the data. Bottom: σr misspecified.

σr Chain (state space) Chain (linear surrogate) Collider (linear surrogate)

data model displ. 90% cov. displ. 90% cov. displ. 90% cov.

0.05 0.05 −0.01± 0.02 9/10 −0.03± 0.02 9/10 −0.07± 0.02 7/10
0.1 0.1 −0.01± 0.03 9/10 −0.02± 0.03 9/10 −0.12± 0.03 7/10
0.3 0.3 −0.03± 0.05 8/10 −0.05± 0.05 9/10 −0.46± 0.04 1/10
1.0 1.0 −0.04± 0.07 8/10 −0.16± 0.07 9/10 −0.74± 0.03 0/10

0 0.3 +0.40± 0.01 0/10 +0.37± 0.01 1/10 −0.15± 0.01 10/10
0.3 0.9 +0.97± 0.05 0/10 +0.96± 0.05 0/10 −0.30± 0.02 10/10

With σr matched to the data, the collider bias is present at every scale and grows with it, from −0.07 to −0.74
in log(c/m), while both chain models remain close to the truth (Table 8, top). At small σr, the displacement is
small in absolute terms but still about one posterior standard deviation, and coverage remains below nominal.

A misspecified residual scale introduces a different bias, which affects the chain model as well. For noise-free
data, or for a residual scale three times too large, the chain overestimates the damping, and its intervals miss the
truth (Table 8, bottom). The downward collider bias then partly offsets this error, so that the collider’s wider
intervals cover the truth; this reflects two biases of opposite sign cancelling, not a correct model.

Ideally, the residual scale is therefore matched to the data. When it is unknown, a natural remedy is to infer
σr jointly with λ, as noted in Section 6. For the chain model, this is a direct extension of PMMH, since the
per-step normalizers (21) remain analytic in σr. For the collider, however, the bias ∆ then also depends on σr,
which gives rise to a further bias mechanism; we leave its analysis to future work.

A.3.6 The Dissipation Term on the Conservative Systems

The double pendulum and the relativistic particle are both conservative, yet the dissipation term of a global
surrogate need not vanish for them. We first explain why, and then evaluate the term for each system.

Why conservative systems can retain a dissipation term. Suppose that the forces derive from a (possibly
time-dependent) potential and that Mλ = ∂2L/∂v ∂v⊤ is the velocity Hessian of the Lagrangian L. Then the
flow is Hamiltonian in the canonical coordinates (x, p) with p = ∂L/∂v, and divergence-free in these coordinates
(Liouville’s theorem). Since the change of variables (x, v) 7→ (x, p) has Jacobian determinant detMλ,

∇·fλ(z(t), t) = − d

dt
log detMλ(z(t)),

∫ T

0

∇·fλ dt = log
detMλ(z(0))

detMλ(z(T ))
, (38)

a boundary term that does not grow with T . On a global surrogate, however, ∆(λ) depends on
∑

k |Re sk|
(Eq. (34)) rather than on the divergence, and the two can differ in two ways. First, the eigenvalues of a
Hamiltonian linearization come in pairs ±s: oscillatory pairs (Re s = 0) contribute nothing, but hyperbolic pairs
(real ±s) contribute T |s| although their divergence vanishes, so a chaotic system can retain a λ-dependent term
that grows with T . Second, if Dfλ has a single eigenvalue with nonzero real part, as for a one-dimensional system
with velocity-dependent inertia, then

∑
k |Re sk| = |∇·fλ| pointwise, and the windowed dissipation term becomes

− 1
2

∫ T
0

|∇ ·fλ| dt. This grows linearly in T whenever the divergence changes sign along the orbit, although∫ T
0

∇·fλ dt stays bounded. The pendulum is an instance of the first case and the relativistic particle of the
second. We evaluate both quantities along the noise-free trajectory at the ground truth; this explains why the
dissipation term leaves the pendulum results in Table 1 unaffected but biases the relativistic particle.

Double pendulum. The time average of
∑

k |Re sk| over [0, T ] is 0.508, so the surrogate retains a term of
T
2 ⟨

∑
k |Re sk|⟩ = 3.05 nats at T = 12, although the mean divergence is only 1.2 · 10−2. This term does not

affect the shift logα along the drift-invariant direction reported in Table 1: scaling (m1,m2) → α(m1,m2) leaves
the acceleration aλ = M−1

λ Fλ, and hence Dfλ, unchanged, and indeed the time average agrees to six digits at
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α = 0.5, 1 and 2. Off the direction, it is negligible as well: it varies by less than 2 · 10−3 over ±0.05 in log ℓ1,
i.e., |∂∆/∂ log ℓ1| ≈ 0.04 nats per unit of log ℓ1, which is small against a prior with log-standard deviation 0.25.

Relativistic particle. The drive returns the particle to rest at both ends of the record (γ(0) = γ(T ) = 1),

so
∫ T
0

∇·fλ dt = 0 to machine precision: the divergence term is not merely bounded but absent. The drift

Jacobian Dfλ =
[
0 1
0 ∇·fλ

]
, however, has the eigenvalues 0 and ∇·fλ = −3qE(t)v/(m0c

2γ), which changes sign

twice per drive period. Hence
∑

k |Re sk| = |∇·fλ|, and
∫ T
0

|∇·fλ| dt = 10.36, so that ∆diss = −5.18 nats at
the truth, a term that grows linearly in T . Differentiating with respect to the light speed at a fixed trajectory
gives ∂∆diss/∂ log c = +9.5 nats per unit of log c. The collider is thus rewarded for a larger c, because a larger c
keeps γ closer to one and thereby flattens the divergence. This reward has the sign and the order of magnitude
of the observed error, and it is too strong for a prior with log-standard deviation 0.25 to counteract. The B-
PINN reports c = 1.78 (log c displaced by +0.569), against 0.89 for the chain. We do not derive a quantitative
prediction from these numbers, because ∆diss is strongly nonlinear in c (roughly ∝ −c−2) over the range that
the posterior covers.

A.3.7 Restoring the Normalizer on the Neural Surrogate

In principle, the bias could stem from the probabilistic model (collider or chain), the latent (state space or neural
surrogate), or the estimator (PMMH or NUTS). On the state-space latent, the model alone decides: chain and
collider share latent and estimator and coincide exactly whenever ∆(λ) is constant (Section 5.2), and NUTS
reproduces the PMMH results (Appendix A.3.2). Here, we hold the neural surrogate fixed and change only the
model.

Construction. Chain (Fourier MLP) adds the term −∆ = logZr − logZλ to the log-density of the oscillator
B-PINN. By Eq. (13), this turns the collider into the chain, up to the approximations of Appendix A.1. For the
oscillator, Eq. (16) at d = 1, with detAλ = m under force residuals and detAλ = 1 under acceleration residuals,
gives

logZr − logZλ =
c T
2m︸︷︷︸

dissipation

+ neff logm︸ ︷︷ ︸
metric, force residuals only

+const. (39)

Everything else (architecture, weight prior, data, collocation grid, sampler and seed) is identical to the B-PINN.

Effective number of constraints. The correction requires neff = tr[Gλ(Gλ + P )−1]. We compute it once,
from the Gauss–Newton curvature at λ = λtrue, and keep it fixed during sampling. This is the idealization under
which the closed forms are derived (assumption (iii) in Appendix A.1): by Eq. (30), neff depends on λ only
through κλ and is constant in the saturated regime. We evaluate the curvature at the final network weights of
the corresponding B-PINN run rather than at the data-free mode θ∗ = 0, where xθ ≡ 0 solves the ODE but the
network Jacobian is degenerate (assumption (ii)). With Nd = 128 and dim θ = 1441, this gives neff = 110.2 for
force residuals. For acceleration residuals, only the dissipation term is active and no neff is needed.

This value depends only moderately on λ but strongly on the network weights. Evaluating the curvature at the
chain’s posterior mean instead of λtrue changes it by less than 0.5%, and over draws from the chain posterior
it varies by about ±10% (98–116 around 110.2). At the final state of the acceleration-residual B-PINN, by
contrast, it is 99.9, and at a MAP fit of the network it drops to 44. Moreover, neff is not constant along the
B-PINN’s own posterior (55–78, where the B-PINN has collapsed the mass scale), so the saturated regime of
assumption (iii) holds only approximately. This sensitivity to the expansion point is the main source of the
overcorrection discussed below.

Results. Table 9 reports two configurations, each of which activates a different subset of the terms in (39). All
runs converge (R̂ = 1.000 over 24,000 draws), so these are valid posteriors. How much of the bias the correction
removes follows how accurate the closed forms are in each configuration:

• With acceleration residuals, only the dissipation term is active and no neff enters. The correction removes
97.5% of the displacement of log(c/m).
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Table 9: Restoring the normalizer on the neural surrogate (oscillator). Displacements from the truth
in log space (posterior mean of the log parameter minus the log truth) for the Collider B-PINN and for Chain
(Fourier MLP), and the fraction of the displacement removed by the correction, 1−|chain|/|collider|. Active terms
are the terms of Eq. (39) that depend on the inferred parameters in that configuration. The last configuration
is the T = 24 run of the horizon study in Fig. 3.

Configuration Active terms Direction Collider Chain (MLP) Removed

force residuals metric, dissipation logm −1.453 +0.497 65.8%

acceleration residuals dissipation log(c/m) −0.526 −0.013 97.5%
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−Tlogα (closed form)
T = 312 steps
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Figure 4: Exact closed form of the residual metric bias against measurements on the oscillator
(Eq. (22)). Closed form in grey, the collider on the Markovian state-space latent in dark red, the chain in blue.
On the state-space latent, ∆(λ) along the drift-invariant direction matches −T logα to within 2.8 ·10−12 nats for
each number of time steps shown (T = 312, 1,248, 2,496; T = 624, omitted for clarity, agrees equally), whereas
the chain’s profile stays flat.

• With force residuals, the approximate neff matters, and the correction can overshoot. The collider’s logm =
−1.45 becomes +0.50 (m ≈ 1.64 against a truth of 1.00): the correction crosses the truth and leaves a
displacement of about one third of the original on the other side. A term linear in logm with a fixed
coefficient neff replaces a function of κλ and can therefore overcorrect.

As cautioned at the end of Appendix A.1, the closed forms thus locate the bias and remove most of it, but they
do not calibrate it exactly.

Remaining stiffness bias. The correction also leaves part of the stiffness bias: with acceleration residuals,
Chain (Fourier MLP) reports k/m = 3.48, against 3.16 for the B-PINN and 3.93 for the chain on the state-space
latent (truth 4.00). This remainder is still collider bias rather than a representation error of the surrogate. On
the linear cosine surrogate of Appendix A.3.4, where Zλ can be restored exactly, the collider displaces log(k/m)
from the truth by −0.08 ± 0.03 (mean ± standard error over ten datasets), whereas the exactly restored chain
(+0.02 ± 0.03) and the state-space chain (+0.02 ± 0.04) are unbiased. The leading-order correction misses this
part because k enters logZλ only through the O(β/Ω) remainder of Eq. (33).

A.3.8 Details on the Scaling-Law Experiments

Figs. 3 and 4 use the oscillator configuration of Appendix A.3.1, in each case with the mechanism that is not
under test switched off. Fig. 4 checks the metric term of ∆(λ) in a setting where its closed form is exact; Fig. 3
tests the approximate dissipation term on the neural surrogate.
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Residual metric bias (Fig. 4). The figure shows ∆(λ) along the drift-invariant direction (m, c, k) →
α(m, c, k) on the state-space latent, for force residuals; the Markovian latent switches off the dissipation
term. We use four discretizations, T ∈ {312, 624, 1248, 2496}. The measured ∆(λ) matches −T logα to within
2.8 · 10−12 nats, i.e., to machine precision, as expected since Eq. (22) is exact on this latent. Over the swept
range of α, ∆(λ) varies by 225, 449, 899 and 1797 nats, doubling with the number of steps, whereas the chain’s
log-posterior varies by only 6.0 nats over the same range.

Dissipation bias (Fig. 3). Unlike the metric term, the dissipation term is not a property of the latent alone,
so we measure its effect on the posterior rather than ∆(λ) itself. We use acceleration residuals, which switch
off the metric bias, and vary the horizon over T ∈ {12, 24, 48}; the run at T = 24 is the standard oscillator
configuration. Across horizons, we keep the surrogate’s bandwidth per unit time and the Euler step fixed and
scale K, N and T with T , so that only the amount of data changes. The panel shows the posterior mean of
log(c/m) minus its true value for Chain (state space), Chain (Fourier MLP) and the Collider B-PINN, each
with a bar of ±1 posterior standard deviation. The state-space collider is not plotted separately, since under
acceleration residuals ∆(λ) is constant and its draws are identical to the chain’s.

The B-PINN lies at −0.377, −0.526 and −0.669, i.e., at 1.55, 2.08 and 2.67 of its own posterior standard
deviations, which barely change (0.243, 0.253, 0.251). The chain stays near the truth, both on the state-space
latent (−0.086, −0.022, +0.041, with standard deviations 0.198, 0.176, 0.143) and on the surrogate with the
correction (−0.095, −0.013, +0.141). The chain’s posterior thus contracts as the record grows, whereas the
B-PINN’s does not, so the B-PINN’s error grows relative to its own stated uncertainty.

To compare with the closed form (36), we reweight the chain posterior of log(c/m), approximated as Gaussian,
by e∆diss = e−(c/m)T /2. This predicts shifts relative to the chain of −0.21, −0.32 and −0.41, whereas the B-PINN
is shifted by −0.29, −0.50 and −0.71. The leading-order term thus predicts the direction of the bias and its
growth with the record, but only between three quarters and three fifths of its size; it also predicts a posterior
that contracts with T , which the B-PINN’s does not.

A.4 Comparison with Nested Inference

To our knowledge, the only prior work that adopts the chain model, by Alberts, Hao, and Bilionis [1, 10, 11],
handles the unknown normalizer Zλ by nested inference: an inner loop estimates the gradient ∂λ logZλ anew
at every step of an outer loop over the joint state. We compare our method, the particle filter with PMMH
(Section 4.3), against the two nested schemes that target the same chain posterior.

• NSVI [10] (nested stochastic variational inference) fits an outer Gaussian guide over path coefficients,
physical parameters and initial state by maximizing an ELBO. The normalizer gradient in this ELBO is
supplied by a second, persistent inner guide, which is re-fitted at every outer step.

• NPSGLD [11] (nested preconditioned stochastic-gradient Langevin dynamics) replaces both guides by
preconditioned Langevin chains: a persistent auxiliary chain over the path supplies the normalizer gradient
to a main chain over the joint state.

We use the public JAX reimplementation of both methods by Bolt [5] (commit dab4403), which is not by the
original authors; we run it unmodified and supply only the problem definition and the evaluation. To isolate
the inference algorithm, all methods use the Euler–Maruyama path as latent, on which Zλ is in fact available
in closed form. The comparison therefore measures how expensive and how accurate nested estimation of Zλ is
where it could be avoided. The baselines were designed for latents without a closed-form normalizer, a setting
we do not test.

Setup. We use two systems in the configurations of Section 5.1: the damped oscillator under both residual
metrics, and the double pendulum under torque residuals. All methods share the model, the latent (T = 1248
Euler–Maruyama steps for the oscillator and T = 1235 for the pendulum), the observations, and the log-normal
priors with median at the truth. As in all experiments, σr is fixed at its true value. Instead of tuning a single run
per baseline, we sweep their hyperparameters. For NSVI, we vary the outer learning rate in [5 · 10−5, 10−3] and
the number of inner iterations from 8 to 256, with budgets of up to 1.2 · 106 iterations. For NPSGLD, we vary
the step size in [10−8, 10−3], use 4 or 16 chains and both of its preconditioners (rmsprop and dense fisher),
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and switch step-size annealing on or off, with budgets of up to 107 iterations. This amounts to 23 runs on the
oscillator and 21 on the pendulum. All runs, including those of our method, use the same Quadro RTX 8000
GPU, so that run times are directly comparable.

Evaluation metrics. Wall-clock time alone favours samplers that have not mixed, since they produce many
draws that carry little information. We therefore measure cost in seconds per effective sample, i.e., wall-clock
time divided by the effective sample size (ESS), and report the split-R̂ alongside it. As in Table 1, runs with
R̂ > 1.05 do not yield a valid posterior; we report their median and mark them with a dagger. For our method,
the ESS is the smallest over the components of λ; for NPSGLD, it is the ESS of the drift-invariant scale. This
choice favours the baseline: on the drift-invariant scale alone, the ESS of our method on the pendulum is about
870 rather than 343, which would lower its cost from 6.71 to 2.6 s per effective sample. The cost and R̂ of
our method refer to a single PMMH chain. To check its mixing, we additionally ran four independent chains
(sampler seeds 0–3) per configuration; they give split-R̂ ≤ 1.001 for all parameters, and their posterior means
of the drift-invariant scale agree to within 0.02 (oscillator) and 0.003 (pendulum). NSVI draws independent
samples from a fitted guide, so R̂ and ESS do not apply to it; we assess it by its bias instead. Finally, the width
of a run is the ratio of its posterior standard deviation to that of our method. It measures what matters for
uncertainty quantification: a method can locate the posterior correctly and still misrepresent its uncertainty.

Table 10: Nested inference compared with our particle filter with PMMH. Ranges are over the hy-
perparameter sweep of each method. Location is the drift-invariant scale (m for the oscillator, m1+m2 for the
pendulum), reported as posterior mean ± standard deviation where R̂ ≤ 1.05 and as a daggered median other-
wise. Width is the posterior standard deviation divided by that of our method; 1.00 is correct, and 0.03 means
thirty-fold overconfidence. Cost is in seconds per effective sample. A run counts as diverged if its location is off
by more than a factor of 100 or its spread exceeds 100 reference standard deviations.

System Method Runs Location R̂ ESS Width Cost

Oscillator PF+PMMH (ours) 1 1.015± 0.140 1.00 604 1.00 0.81
force residuals NSVI 8 0.78–1.43 — — 0.15–0.28 —

NPSGLD 10 1.00–1.12 † 1.3–3.0 3–32 0.03–1.25 56–2385

Oscillator PF+PMMH (ours) 1 1.035± 0.220 1.00 875 1.00 0.51
accel. residuals NSVI 2 1.28 — — 1.36–1.38 —

NPSGLD 3 1.00–1.12 † 1.1–1.5 6–86 1.09–1.90 21–190

Double pendulum PF+PMMH (ours) 1 1.615± 0.394 1.00 343 1.00 6.71
torque residuals NSVI 16 0.17–1.58 — — 0.03–0.10 —

NPSGLD 5 1.50–1.92 †, 2 diverged 2.5–277 3–4 0.07–0.94 141–495

Cost. Our method produces one effective sample every 0.5–6.7 s. NPSGLD, the only baseline that produces
MCMC samples, needs 21 to 2,385 s per effective sample, i.e., 21× to 2,900× more, depending on the configura-
tion. Its cheapest pendulum run finishes about five times sooner than our method, but it is 21× more expensive
per effective sample, since its 423 s yield only three effective samples. A larger budget does not improve its
mixing either: the longest NPSGLD run, with 107 iterations over 11,444 s, yields five effective samples.

NSVI converges to a biased posterior. On the oscillator, NSVI is fast, and most of its settings agree on
the drift-invariant scale; but the posterior they agree on is the wrong one. In six of its eight force-residual runs,
the damping ratio lies at c/m = 0.78–0.81, whereas the truth is 1.20 and our method gives 1.209 ± 0.236, an
underestimate of about 1.8 reference standard deviations. The other two runs, both with 105 outer iterations,
end at c/m = 0.69 and 0.94. More computation does not reduce the bias: raising the outer iterations from 3 ·104
to 3 · 105 and the inner iterations from 32 to 256 increases the run time 113-fold, from 128 s to 14,474 s, but
moves c/m only from 0.790 to 0.800. The bias is therefore a property of the converged approximation, not of
insufficient computation. On the chaotic pendulum, NSVI does not converge at all: across 16 settings, the mass
scale ranges from 0.17 to 1.58, so its final estimate reflects where the budget ran out rather than the posterior.
It is also strongly overconfident there: its posterior standard deviations are only 0.03–0.10 times that of our
method (Table 10), i.e., ten to thirty times too small, so that its scattered estimates come with misleadingly
narrow uncertainty.
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NPSGLD misrepresents the uncertainty. None of the 18 NPSGLD runs, on either system and in any
configuration, reaches R̂ ≤ 1.05. Because its chains do not mix, its narrow posteriors reflect insufficient explo-
ration rather than precision. On the pendulum, NPSGLD reports m1+m2 = 1.495 with a standard deviation
fourteen times too small; on the oscillator with force residuals, it reports m = 1.000 with a standard deviation
thirty times too small. At the same time, its posteriors over the identified ratios are up to 2.5× too wide. The
NPSGLD posterior is therefore not only mislocated but also misshapen. Our method, in contrast, converges in
every configuration (R̂ ≤ 1.001 over four independent chains) and is asymptotically exact.

Why the two systems differ. Both baselines perform considerably better on the oscillator than on the
pendulum, for structural reasons. The oscillator is linear, so its path posterior is close to Gaussian, and the
Gaussian outer guide of NSVI is nearly well specified. Moreover, with force residuals, the comparatively large
process noise (σr = 0.30) determines the drift-invariant scale, which is the direction that nested schemes find
most difficult. The pendulum, in contrast, is chaotic, its mass matrix depends on the state, and its path posterior
over 1,235 steps and two degrees of freedom is strongly non-Gaussian. Nested inference therefore does not fail
everywhere, but it succeeds only where the problem is close to what its approximations assume, and even there
NPSGLD costs more than 40× as much per effective sample as our method.


