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Abstract:

Forward uncertainty propagation in complex physical systems can induce structured covariance across field-valued out-
puts. For a probabilistic surrogate, the total predictive covariance comprises the covariance of conditional means across input
realizations and the average conditional predictive covariance. Probabilistic DeepONet (Prob-DeepONet) provides lightweight
uncertainty quantification by predicting pointwise Gaussian means and variances in a single forward pass, but its conditional
predictive covariance is restricted to a diagonal form. To represent cross-location conditional dependence without explicitly
parameterizing a full high-dimensional covariance matrix, we develop a two-step mean—variance DeepONet (two-step MV-
DeepONet) through two principal modifications. First, two-step training is used to decouple output-basis learning from the
input-to-coefficient mapping, together with basis orthogonalization and subspace rotation. Second, Gaussian probabilistic mod-
eling is transferred from the high-dimensional physical output space to the low-dimensional rotated coefficient space. Mapping
these probabilistic coefficients through the shared basis induces a generally non-diagonal conditional predictive covariance
in the physical output space while retaining single-pass inference. A Frobenius-norm error decomposition and correspond-
ing upper bound identify low-rank covariance compressibility, trunk-subspace approximation, finite-sample statistical error,
and coefficient-space covariance estimation as the principal factors governing covariance recovery. Numerical experiments on
three representative problems governed by partial differential equations (PDEs) and a hypersonic blunt-body aerothermal
problem show improved generalization, more structured uncertainty bands, and accurate recovery of off-diagonal correlation
patterns compared with Prob-DeepONet. Conformal calibration further improves empirical interval coverage, while two-step
MV-DeepONet maintains sharper prediction intervals.
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1 Introduction

Uncertainty quantification is essential for credible modeling and reliable design of complex engineering systems.
A standard workflow generally includes uncertainty identification and characterization, uncertainty propagation, and
uncertainty analysis [1]. Among these steps, input uncertainty propagation characterizes the variability of model
outputs induced by random inputs and is therefore central to engineering design under uncertainty. In complex
physical systems, uncertain inputs may arise from material properties, boundary conditions, external loads, and other
sources of variability, and can be represented as random variables, stochastic processes, or random fields [2]. For a
probabilistic surrogate under random inputs, the total predictive covariance consists of the covariance of the predicted
means across input realizations and the average conditional predictive covariance over inputs. The former captures
cross-location dependence induced by random inputs [3], while the latter may also contain structured dependence
that is not explicitly represented under a diagonal covariance assumption [4].

Classical methods for input uncertainty propagation can be broadly classified into simulation methods, local
approximation methods, most probable point methods, functional expansion methods, and numerical integration
methods [5]. Among these approaches, polynomial chaos expansion and generalized polynomial chaos are widely
used functional expansion methods for uncertainty propagation [6]. These methods can provide efficient approxima-
tions for smooth problems with moderate stochastic dimensions. However, their computational cost may increase
rapidly with the number of uncertain inputs and the approximation order [7-9]. With the development of data-driven
modeling, machine-learning approaches have increasingly been adopted for uncertainty propagation, including ana-
lytical approximations through trained neural networks [10, 11], interval-based propagation [12], and offline sampling
combined with deterministic surrogates [13-15]. In addition to input-induced uncertainty, surrogate predictions may
also be affected by limited or noisy training data, model inadequacy, and variability in the training procedure [16].
Representative approaches for quantifying such predictive uncertainty include Bayesian neural networks [17], Monte
Carlo dropout [18], and deep ensembles [19]. Other approaches directly parameterize predictive distributions, in-
cluding evidential deep learning [20] and mean-variance estimation (MVE) [21]. Among these, MVE provides a
lightweight formulation that assumes an input-dependent Gaussian target distribution and jointly predicts its condi-
tional mean and variance by minimizing the Gaussian negative log-likelihood (NLL) [21]. This formulation enables
input-dependent predictive variance to be estimated in a single forward pass. However, joint mean—variance optimiza-
tion may be unstable [22]; a mean-only warm-up with fixed variance can therefore be used to improve optimization
stability [23].

Both classical input-uncertainty propagation methods and conventional machine-learning approaches to pre-
dictive uncertainty are commonly formulated in finite-dimensional spaces. For physical systems driven by random
input fields, however, both the inputs and the corresponding responses are naturally function-valued, motivating
operator-learning methods that directly approximate mappings between function spaces [24, 25]. Among represen-
tative neural operator architectures, Deep Operator Network (DeepONet) provides a flexible framework grounded
in the universal approximation theory of nonlinear operators [26, 27]. DeepONet represents an operator through
a branch network and a trunk network. The branch network maps sensor observations of the input function to
input-dependent coefficients, whereas the trunk network maps output coordinates to output-domain basis functions.
Their inner product reconstructs the operator output, thereby separating input-function encoding from output-space
representation. DeepONet has demonstrated strong capability in a variety of scientific and engineering problems
involving high-dimensional field prediction [28-32]. Nevertheless, standard deterministic DeepONet provides only
point predictions and does not explicitly quantify predictive uncertainty [33], motivating extensions of DeepONet
that incorporate uncertainty quantification for more reliable predictions.

Uncertainty quantification for DeepONet has been explored through Bayesian methods, randomized-prior en-
sembles, and calibration-based approaches. Bayesian methods provide a principled probabilistic framework but
often require iterative inference and remain sensitive to prior specification and posterior approximation [34-36].
Randomized-prior ensembles provide an effective means of quantifying epistemic uncertainty, while their computa-
tional cost grows with ensemble size and their performance depends on careful tuning [37]. Calibration-based methods
can improve empirical interval coverage, whereas they primarily operate as post-processing procedures and do not
directly modify the underlying uncertainty representation [38, 39]. Recent extensions further broaden the scope to
conditional field generation, stochastic operators, and bounded uncertainty [40-42]. Among lightweight alternatives,
Probabilistic DeepONet (Prob-DeepONet) directly parameterizes the predictive distribution using a formulation anal-
ogous to MVE, jointly predicting the output mean and variance through a Gaussian NLL [21, 43]. Representative
studies have employed Prob-DeepONet for post-fault trajectory prediction, uncertainty-guided sample selection, and
active learning [43, 44]. Unlike Bayesian posterior sampling and model ensembles, Prob-DeepONet estimates predic-
tive means and variances in a single forward pass, providing an efficient approach to uncertainty quantification in
operator learning [43]. However, its commonly adopted pointwise Gaussian formulation models marginal means and
variances independently at individual output locations, resulting in a diagonal conditional covariance structure. Ex-
tending Prob-DeepONet to represent cross-location conditional dependence while retaining its lightweight formulation
would therefore provide a more expressive probabilistic operator-learning framework for engineering applications.



Accordingly, this study considers probabilistic operator learning under random input fields and focuses on re-
covering the total predictive covariance of high-dimensional output fields. The principal methodological target is the
conditional predictive component of this covariance, for which the pointwise conditional-independence assumption
in Prob-DeepONet limits the representation of cross-location dependence. To address this limitation, we develop a
two-step MV-DeepONet framework through two principal modifications. First, the two-step training strategy of Lee
and Shin [45] is incorporated to decouple the learning of output-space basis functions from the input-to-coefficient
mapping. Second, probabilistic modeling is transferred from the high-dimensional physical output space to the low-
dimensional modal coefficient space. Although a diagonal Gaussian model is retained in the coefficient space, the
probabilistic modal coefficients are jointly mapped to multiple output locations through the shared basis functions,
allowing a generally non-diagonal conditional predictive covariance to be represented in the physical output space.
The resulting formulation avoids explicit learning or storage of the full high-dimensional covariance matrix while
retaining the lightweight structure and single-pass inference of Prob-DeepONet, thereby providing a structured rep-
resentation of the conditional component of the total predictive covariance. The decoupled training strategy follows
the two-step DeepONet formulation of Lee and Shin [45], in which the output-space basis is first learned and orthogo-
nalized, followed by the learning of the input-to-coefficient mapping. This separation facilitates the construction of a
linearly independent and numerically stable output basis and provides a low-dimensional representation for the sub-
sequent coefficient-space probabilistic regression. The two-step formulation has subsequently been applied to a range
of physical and engineering problems, including brittle fracture, three-dimensional electromagnetic field prediction,
stochastic mechanical metamaterials, poroelasticity, Riemann problems, and hypersonic aerothermal analysis [46-51].
In this study, this decoupling provides a methodological foundation for probabilistic modeling in the coefficient space
and structured output covariance recovery.

This study proposes a two-step MV-DeepONet framework for forward uncertainty propagation driven by random
input fields and focuses on structured predictive uncertainty characterized by the total predictive covariance of high-
dimensional output fields. The main contributions are summarized as follows:

(1) A two-step MV-DeepONet framework is developed for forward uncertainty propagation driven by random in-
put fields. By decoupling output-space basis learning from the input-to-coefficient mapping and performing proba-
bilistic regression in the low-dimensional coefficient space, the proposed method relaxes the pointwise conditional-
independence assumption of Prob-DeepONet. Through the shared basis functions, each probabilistic modal coefficient
simultaneously affects multiple output locations, allowing a generally non-diagonal conditional predictive covariance
to be represented in the physical output space. As a supplementary extension, deep ensembles and post-hoc calibra-
tion are used to account for epistemic uncertainty and improve empirical interval coverage.

(2) A theoretical analysis of output covariance recovery is established through an error decomposition and a corre-
sponding upper bound. The analysis identifies the low-rank compressibility of the target covariance, the approxima-
tion quality of the learned trunk subspace, finite-sample statistical error, and coefficient-space covariance estimation
as the principal factors governing recovery accuracy. The resulting low-rank formulation avoids explicit learning or
storage of the full high-dimensional covariance matrix while preserving lightweight, single-pass inference.

(3) The proposed framework is validated on the reaction—diffusion, Burgers, and Darcy equations, together with a
hypersonic aerothermal prediction problem. Compared with Prob-DeepONet, the proposed method exhibits improved
generalization to unseen inputs, produces tighter and more structured uncertainty bands, and recovers correlation
patterns consistent with the underlying physical mechanisms. These results highlight the complementary roles of
the two methodological components: the two-step strategy helps reduce the mutual compensation between basis
functions and coefficients, while coefficient-space probabilistic modeling propagates uncertainty jointly to multiple
output locations through the shared basis functions.

The remainder of this paper is organized as follows. Section 2 reviews the relevant DeepONet formulations
and develops the two-step MV-DeepONet framework. Section 3 evaluates the proposed method in terms of mean
prediction, predictive uncertainty, and output covariance recovery using several representative examples. Section 4
summarizes the paper and discusses directions for future work.

2 Method

This section first reviews the standard DeepONet architecture and its two-step training strategy, followed by the
pointwise probabilistic formulation of Prob-DeepONet. Building on these foundations, we develop a two-step MV-
DeepONet that performs Gaussian modeling in a rotated low-dimensional coefficient space and represents structured
conditional predictive covariance in the physical output space through a shared basis representation. Finally, a
Frobenius-norm error decomposition and the corresponding upper bound are derived to characterize the principal
factors governing total predictive covariance recovery.

2.1 Deep Operator Network

DeepONet [27] is a neural operator architecture that learns a mapping between infinite-dimensional function
spaces, i.e., an operator G : Y — S that maps u € U to s = G(u) € S, where u and s denote the input and output



functions, respectively. It approximates G through two subnetworks. Given the sampled input
w = [u(z1), w(z2), .., u(wm)] T € R, (1)
the branch network produces an input-dependent coefficient vector

bo(u) = [b1(n), ..., by(u)]" € R”. (2)

For the discrete output coordinates {y; M, the trunk network generates the basis matrix

Dy, = [05(yi)]i=1,...,M; j=1,...p € RM>*P, (3)
The discretized output prediction is then expressed as
$(u) = d by (u) € RY. (4)

Thus, the trunk network learns basis functions over the output domain, while the branch network predicts their
input-dependent coefficients; 8 and w denote their respective trainable parameters.
For K training samples, the standard DeepONet is trained end-to-end by minimizing

0,w

1 (k) ®]|*
in— > ||®uby(u™) — ’“H 5
min - kZIH o(u™) —s ) (5)

2.2 Two-Step Training of DeepONet

For high-dimensional output fields, end-to-end DeepONet training requires the joint optimization of the branch
and trunk networks in a large coupled problem. The two-step strategy decomposes this problem into two sequential
subproblems, decoupling output-basis learning from input-dependent coefficient learning [45], thereby simplifying
optimization and providing a stable coordinate system for subsequent probabilistic modeling in the coefficient space.

Step 1: Trunk Basis Learning. The first step learns the trunk network alone. To isolate basis learning from the
nonlinear branch mapping, the branch output is temporarily replaced by a trainable coefficient matrix A € RP*X
and the trunk is trained by

(", A") = argmin |[2,A — S|% (6)

where ®* := ®,« and S = [s(l),...,s(K)] € RM*K collects the K output snapshots columnwise. This yields the
low-rank approximation S* = ®*A* ~ S, in which the columns of ®* span the learned low-dimensional subspace of
the output field.
Intermediate Step: Basis Orthogonalization. The optimized trunk basis matrix is orthogonalized through the
QR factorization
* * 1y * *\ T vk

" =Q'R", Q) Q =1, (7)

where Q* € RM*? is column-orthonormal and R* € RP*? is upper triangular. The corresponding coefficient targets

are defined as
C*=R"A" =|[c},...,ci] e RP*K, (8)

Accordingly, the first-step reconstruction can be written as $*A* = Q*C™.

Step 2: Branch Coefficient Regression. With Q* fixed, the branch network is trained to predict the coefficient
vector associated with each input function. Denoting its prediction by ¢¢(u) € RP, the training objective is

1 &
0 :argmeln?z

2
¢o(u™) — ¢
2

(9)

The resulting output prediction is reconstructed as
$(u) = Q" ¢y (). (10)
The original operator-learning problem is thereby reduced to a finite-dimensional supervised regression problem in
coefficient space.
2.3 Probabilistic Deep Operator Network

To further quantify predictive uncertainty, Prob-DeepONet [43] extends the deterministic DeepONet by imposing
pointwise Gaussian distributions at each physical output location. For a discrete input representation u, the Prob-



DeepONet prediction is modeled as

~ ~ . A2

8(u) ~ N (fin(w), diag (6, (n))) , (11)
where 7 = {0,w} denotes all trainable parameters, with § = {0,,0,} and w = {w,,w,}. Prob-DeepONet adopts
separate branch—trunk paths for the mean and log-variance of the output field:

fin(0) = b, (@) €RYM, £,(0) = By boo, (1) eRY, &7(n) = exp (én(u)) eRY. (12)

Here, the exponential is applied elementwise, ensuring strictly positive predictive variances. For K training samples,
the model is trained by minimizing the pointwise Gaussian NLL:

2
| (s = iy 0))

log 42 ,(u*)] . 13
52 (u®) +logdy,i(u™) (13)

This formulation learns an input-dependent marginal distribution at each output location and provides pointwise
prediction intervals for assessing marginal predictive reliability [43].

2.4 Two-Step MV-DeepONet for Covariance Recovery

To model the total predictive covariance of a probabilistic operator surrogate under random input functions, the
proposed framework combines two-step basis learning [45] with Gaussian probabilistic modeling in a low-dimensional
coefficient space. The proposed extension focuses on relaxing the pointwise conditional-independence assumption in
Prob-DeepONet while retaining a computationally tractable covariance representation.

2.4.1 Structured Output Covariance under Random Inputs

Let U denote a random input function and let § denote the field-valued prediction of a probabilistic operator
surrogate. By the law of total covariance, the predictive covariance can be decomposed as

Cov(3) = Covy (E[§ | U]) + Ey [Cov( | U)]. (14)

The first term characterizes the variation of the predicted mean across random input realizations, and the second
term represents the average conditional predictive covariance of the surrogate.

To illustrate why the first term in Eq. (14) may exhibit cross-location dependence, consider a random perturbation
du applied to the input function u. The corresponding output field is s = G(u + du). A first-order expansion around
u gives

s~ G(u) + VG (u) du, (15)

where VG (u) denotes the linearized sensitivity of the operator. The resulting output covariance can therefore be
approximated as
Cov(s) ~ VG(u) Cov(6u)VG(u) . (16)

Equation (16) shows that the covariance of the input perturbation is transformed by the sensitivity of the physical
operator. For operators defined by partial differential equations or complex engineering systems, the same input
perturbation can affect multiple output locations through differential operators, boundary conditions, or global
physical constraints. Consequently, the sensitivities at different output locations generally share common components
of the input perturbation, resulting in a generally non-diagonal Cov(s). Regarding the second term, the pointwise
Gaussian assumption in Prob-DeepONet yields a diagonal covariance:

Srron (1) = diag (62, (w), ..., 52 1 (w)) [Epmb(u)] =0, i#]. (17)
ij
which estimates the marginal uncertainty at each output location but does not represent covariance between distinct
locations for a fixed input. Consequently, the conditional predictive covariance, corresponding to the second term in
Eq. (14), is restricted to a diagonal form and therefore does not explicitly represent cross-location dependence within
this component, motivating the two-step MV-DeepONet developed below.

2.4.2 Probabilistic Extension Based on the Two-Step Strategy

Step 1: Trunk Basis Learning. The trunk training follows the original two-step DeepONet strategy [45] without
structural modification. This step provides a stable low-dimensional output subspace for the subsequent probabilistic
extension.

Intermediate Step: Orthogonalization and Subspace Rotation. The branch network models the coefficients
with a diagonal Gaussian covariance, which implicitly assumes uncorrelated coefficients. Since basis orthogonalization



does not generally diagonalize the empirical coefficient covariance, an additional orthogonal rotation is introduced
within the learned subspace.
After first-step trunk training and QR orthogonalization, the orthonormal basis Q" yields the reconstruction

-~

S =3"A" = Q" (R*A*) ~ S, (18)

where Q* € RM*P ig column-orthonormal and R* € RP*? is upper triangular.
The training outputs are then centered as

K
1
s= ?;s(m, x® = g® -5, X = [x(l),...,x(m] e RM*K, (19)

Their coefficients under the orthonormal basis Q* are

Co=(Q) X= [cgn,,_,cgq c RP*K (20)
with empirical covariance
B, = %CQCZ2 € RP*P, (21)

Because ﬁQ is generally non-diagonal, an eigendecomposition is performed to rotate the coefficient coordinates
and diagonalize their empirical covariance, thereby providing a representation better aligned with the subsequent
diagonal Gaussian approximation:

]§Q = VQvagv i\]C»TQVQ =1, (22)

where KQ = diag (XQ,l, .. ,XQ,p) contains the eigenvalues of ﬁQ, and the rotated basis is defined as Q* = Q*\A/Q.

Since \A’Q is orthogonal, Q* and Q* span the same subspace and differ only in the orientation of the coordinate axes.
The corresponding coefficient matrix is

AT o~
Co = (Q ) X =V, Co, (23)
and its empirical covariance satisfies
~ 1 o ~
B; = Ec@cg =V5BoVo = Ag. (24)

The rotation preserves the learned output subspace while diagonalizing the empirical coefficient covariance,
thereby providing coefficient coordinates better suited to the subsequent diagonal Gaussian modeling.

Step 2: Probabilistic Regression for Branch Coefficients. The second stage extends deterministic coefficient
regression to probabilistic modeling. For a given input u, the branch network predicts the coefficient mean and
log-variance:

freo(w) = [fie1(0), .. fiep()]T ER?, Leg(u) = [éc,l(u), . ,éc,,,(u)]T € R”. (25)

The predicted coefficient variances are defined by
OA-SV,] (u) = eXp (écmj (u)) ) j = 17 et 7p7 (26)

which ensures their strict positivity. The corresponding coefficient covariance matrix Kc,e(u) is diagonal, with its jth
diagonal entry given by &f,j (u). The modal coefficient vector is therefore modeled as

eo(u) ~ N (ﬂc,g(u), KC,Q(u)) . (27)

The independence assumption in Eq. (27) is imposed on the modal coefficients in the rotated coefficient space rather
than on the physical output variables.

For the k-th training sample, let cg) denote the empirical coefficient target under Q*. The branch network is

trained using the Gaussian NLL to predict the input-dependent coefficient means and variances:

K o [ (e® _ o (u®))
1 (C~ . He,j (1
Lcoef = 37 Z Z Q. ( + 10g 637] (u(k)) . (28)

- .
2K P G2 (u(®)



2.4.3 Output-Space Covariance Recovery

For a given input u, the centered output field is reconstructed from the rotated orthonormal basis and the
probabilistic modal coefficients as

%0(u) = Q" ¢o(n). (29)
By the covariance propagation rule for linear transformations, the corresponding conditional predictive covariance
in the physical output space is

S () = Cov (%9(u) | w) = @"Aes(w) (Q°) (30)

Although A, g(u) is diagonal, the output covariance in Eq. (30) is generally non-diagonal. Each probabilistic
modal coefficient affects multiple output locations through the shared basis, thereby inducing structured output
covariance without directly predicting a full covariance matrix. For two output locations y; and y;, the corresponding
covariance is

RACIIED A LA (31)

where G5, (y;) is the value of the m-th rotated basis function at y;, and &7,,(u) is the predicted variance of the
corresponding modal coefficient. For a given pair of distinct output locations, this sum may vanish under special
configurations, including: (i) all basis functions vanish simultaneously at y; or y;, i.e., gn,(ye) =0 forallm =1,...,p
and some £ € {i,j}, a strong coincidence condition uncommon for neural-network bases on general output ﬁelds7 (ii)
the signed modal contributions cancel exactly, >* _, g, (yz)ac m (W) g (y;) = 0, which requires the branch-predicted
variances and the basis values to satisfy a strict algebraic relation that is generally unstable across inputs and
locations; or (iii) 6g’m(u) = 0 for all m, corresponding to a deterministic limiting case. This exact degeneracy is
excluded by the adopted log-variance parameterization. Excluding the aforementioned cases, there exists at least one
mode m with Eﬁn(yi)?ﬁn(yj)éim(u) # 0. Thus the fluctuation of a probabilistic modal coefficient propagates through
its associated shared basis function to multiple output locations, so random fluctuations at different locations are not
independent but jointly driven by the same low-dimensional random coefficients.

Accordingly, the conditional mean and variance of the centered output at each output location are given by the
following expressions, with the resulting network architecture shown in Fig. 1.

/4
~ _ ~% 2 .2
E[Zo(u)(y:) [ u] = E qm (Y)Aem(w),  VarZe()(yi) [u] = D (@n(y:)* 62m(w). (32)
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Fig. 1. Schematic of the two-step MV- DeepONet framework. Step 1 learns the output-space basis and applies QR orthogonal-
ization and the subspace rotation Q* Q*VQ Step 2 predicts the coefficient mean fi. g(u) and diagonal coefficient covariance

Kgg(u)A Finally, the resulting coefficient distribution is mapped back to the physical output space through the shared rotated
basis, producing the output mean and structured conditional predictive covariance.



By contrast, Prob-DeepONet represents predictive randomness independently at the physical output locations:

ii.d.

3i(n) = fin,i(0) + Gpi(w)ei, e ~ N(O,1). (33)

Consequently,
Cov (8:(u), 8;(u) [u) =0, i (34)

The principal distinction between the two models therefore lies in the space where randomness is represented. Prob-
DeepONet models conditionally independent randomness at individual output locations, whereas the proposed frame-
work models low-dimensional random coefficients whose fluctuations are shared across the output domain through
the basis functions.

At the dataset level, the law of total covariance decomposes the coefficient covariance into the covariance of the
predicted coefficient means across inputs and the average conditional coefficient covariance. For K input samples,
let ﬁc,e = % Zszl fic.o (u(k>) denote the sample average of the predicted coefficient mean vectors. The covariance
induced by the branch mean head is

B 3 [ (o) ] o (4°) =] (3

whereas the average covariance predicted by the branch variance head is
1 X
_ —~ *)
B, = % ,;,1 Acyo (u ) . (36)

The total predictive covariance in the coefficient space is therefore ﬁgstep = ﬁu + ﬁa, and the corresponding
covariance in the physical output space is

Shuer = QB (@) =@ (B, +8,) (@) (37)

Thus, dataset-level covariance recovery depends jointly on the predicted coefficient means and variances.

From a computational perspective, the proposed method does not require direct parameterization of the full
M x M covariance matrix. Instead, it predicts p conditional modal variances and constructs a low-dimensional
coefficient-space covariance, which is mapped to the physical output space through the shared basis. When p < M,
this yields a low-rank covariance representation at reduced cost. Its diagonal entries provide pointwise uncertainty
bands, while the factorized form supports cross-location correlation analysis.
2.4.4 Error Decomposition and Upper Bound for Output Covariance Recovery

To characterize the covariance recovery capability of the proposed model, this subsection derives a Frobenius-
norm decomposition and a corresponding upper bound for the output covariance recovery error.
2.4.4.1 Basic Notation and Covariance Estimator

Let U denote the random input function and u a generic realization of U, with corresponding discretized output
field s(u) € R™, mean field us = Ey[s(U)], and centered field x(u) = s(u) — ps. The true input-induced output
covariance is

> =Ty [x(U)x(U)T] € RMXM, (38)

Let the rotated trunk basis form the column-orthonormal matrix Q* = [af,...,q;] € RM*? with (6*)T€2* =1, and

p K M, and let P = Q*(Q*)T be the associated orthogonal projector. In this learned subspace, the true modal
coefficients and their covariance are

~NT A NT  ~
c(u) = (Q) x(u) €R?, B = Cov(c) = (Q) »Q" € RP?. (39)
The dataset-level total predictive covariance follows from the law of total covariance:
Cov (%9) = Covy (E [%¢ | U]) + Ey [Cov (%9 | U)]. (40)

With the trained basis (5* fixed, linearity of conditional expectation and the covariance propagation rule for linear
transformations give

Ef%o | u™] = Q" o), Cov(ze |u™) = Q" Aco(™)(@Q")", (41)

from the coefficient distribution & (u®) ~ A (fte,o(u™), Ao g(u™)), with predicted mean fico(u®) € R? and diag-



onal covariance A, g(u®) = diag(62,(u™), ..., 62 ,(u®)).
Taking the sample covariance of the conditional means and the sample average of the conditional covariances
over the K input samples gives, as established in the preceding subsection, the dataset-level estimators

~ ~ ~ ~ ~ o~ ~ T
B2step = BH + B07 Z2step = Q*B2step (Q*) 3 (42)

where ]A3u and B, are the mean-head and variance-head coefficient covariances defined in Egs. (35)—(36). Their sum
defines the dataset-level coefficient covariance analyzed below.

2.4.4.2 Basic Error Decomposition

The recovery error is measured in the Frobenius norm as |2 — f]gstepHF. Introducing the projected covariance
PXP = Q'B(Q") " as an intermediate term gives

~ ~ ~ A NT
% - Saiep = (S - PEP) + Q" (B~ Bouiep) (Q7) - (43)
Because Q* has orthonormal columns, the triangle inequality yields

HE - EZStep

< ||z - PSP||, + HB — Bostep
F F

(44)

Here, |3 — PXP||» denotes the subspace projection error, while HB — Bastep||  denotes the total coefficient covariance
F

estimation error.
Consider the eigendecomposition

S=WAW',  A=diagA1,...,A\m), A1 >---> Ay >0. (45)

Let W, € RM*P collect the leading p eigenvectors, and P* = WPW;,r be the projector onto the optimal rank-p
principal subspace. By the Eckart—Young—Mirsky theorem [52],

IS - PSP ||, = > A2 (46)
i>p

Introducing P*XP* as an intermediate term, the projection error can be decomposed as

|Z-PSP|, < > A2+|P*EZP" — PP, (47)
i>p

Applying the mixed-norm inequality to the second term, we obtain
[P*SP" — PPl < [[P" =P, 2]l [[P™]l, + [[Plly 1 Z]| 7 [P™ = Plly < 2[1Z[| [P = P7|| . (48)

Substituting this estimate into the preceding bound gives

I= PP, < [ 02+ 2|8l [P~ P, (49)
i>p
< /;A§+2||E||F|\P—P*|\F+HB—BMP ;

For convenience, let T1, T, and T3 represent the first, second, and third terms on the right-hand side, respectively.
Specifically, T3 is the low-rank truncation error of the true covariance, 75> denotes the discrepancy between the trunk-
learned subspace and the optimal rank-p principal subspace, and T3 quantifies the error in the dataset-level total
coefficient covariance.

2.4.4.3 Trunk Subspace Error Term
We next analyze T>, which is governed by the subspace discrepancy |P —P*||r, with || X||r serving as a problem-

dependent scale factor. Let X = [xV), ..., x5)] € R™*¥ be the centered training-output matrix, and let ¥ = LXX"
be the empirical covariance, with eigendecomposition

Consequently,

H - E2step

. (50)

o~~~ ~

S—WAW', A =diag (Xl,...,XM), M > > 0. (51)



Let /VVP € RM*P collect the leading p eigenvectors of f], and define P* = WPW; as the projector onto the empirically
optimal p-dimensional principal subspace. Then

[P =P < [P —P|r + [IP" —P7r, (52)

where the two terms represent trunk learning error and finite-sample statistical error, respectively.

Trunk Learning Error Define the reconstruction risk of a rank-p projector P as
1 ~
Rr(P) = - X — PX||}- = tr [(IM —P)E]. (53)

The reconstruction risk of the empirically optimal principal subspace is similarly expressed through its orthogonal
projector P* as

Rr (ﬁ*) =tr [(I]V[ — ﬁ*) f:] . (54)
Define the excess reconstruction risk of the trunk-learned subspace relative to the empirical optimum as

Ar =Rp(P) = Rp(P*) = tr (ﬁ*i) —tr (Pi) > 0. (55)

To relate Ar to the discrepancy between the trunk-learned and empirical principal subspaces, express P in the
eigenbasis of s by defining P = W' PW. Using the cyclic property of the trace gives

M
tr (Pf]) =tr (PWKVV\T) =tr (WTPWK) =tr (Kf’) = ZXjﬁjj. (56)

j=1

Let 7, = Xp — Xp.;_l > 0 denote the empirical spectral gap at the selected dimension.
The empirically optimal projector can then be represented in the eigenbasis of X as P* = WEPWT, with

E, = [15’ 0] e RM*M  Consequently,

~ A~ —~ —~ ~ ~ P o~

tr (P*E) = tr (WEPWTWAWT) — tr (EpA) =35 (57)
j=1

It follows that Ar =>77_, Xj(]. —Djj) — Z].Nip_‘_l Xjﬁjj. Using the eigenvalue ordering of 3 yields

M P
Ar > >\ Z — Pjj) p+1 Z pij = (Ap - )\p+1) Z( — Djj) Z (1 —pjs)- (58)

j=p+1 Jj=1

Since P and P* are rank-p orthogonal projectors,

o7l = [-#) (p-#)] =2fp-er (P, o

Moreover, tr(PP*) = tr(PWE,W ') = tr(W'PWE,) = tr(PE,) = > —1 Pjj- Therefore,

|2 P 2A
PP =2> (-5 < 25 (60)
F = T
Equivalently,
HP P < 241
F Ap

This inequality shows that a small excess reconstruction risk implies a small discrepancy between the trunk-
learned and empirical principal subspaces, provided that 7, does not vanish. This conclusion is further supported by
Theorem 3.5 of Lee and Shin [45], which establishes that a sufficiently expressive trunk network can attain the best
rank-p approximation error of the training-output matrix. Together with the spectral-gap bound above, this result
provides theoretical justification for the trunk network’s capacity to recover the empirically optimal p-dimensional
principal subspace.
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_ Finite-Sample Statistical Error The finite-sample statistical error arises from the covariance perturbation
¥ — 3, where ¥ = ¥ 4 (2 — ¥). Under a non-vanishing true spectral gap v, = A\p — Ap41 > 0, Theorem 2 of Yu et
al. [53], a variant of the Davis—Kahan sin © theorem based on the population spectral gap, gives the following bound
for the leading p-dimensional eigenspaces:
)<=
F Tp

Combmed with the identity relating the Frobenius distance between the orthogonal projectors to the principal
angles, HP* P*|r = f||sm®(Wp,W )||F, this yields

il il
< F

P Yp

Hsin@(Wp,Wp)HF < %min (\/ﬁHA - f]—EHF. (61)

Hf)* —p* (62)

Substituting this estimate and the preceding trunk-learning bound into 7% gives

V2118l 1
T < 2|5, /227 *f” e Hz - EH . (63)
v F

Thus, T> comprises the trunk-learning error relative to the empirical principal subspace and the finite-sample statis-
tical error.

2.4.4.4 Learning Error in the Branch-Induced Total Coefficient Covariance

To bound T35, we introduce the empirical coefficient covariance B = ((5*)Tf3(§* € RP*P as an intermediate
quantity. The triangle inequality gives

HB - B2step S
F

5], + [5-5
F F

(64)

Here, the first term represents the finite-sample statistical error, whereas the second term quantifies the branch
learning error. Since B — B = (Q YT(z - E)Q the first term satisfies ||B — BHF <|IZ- EHF

Let BQNSTeEeSt denote the dataset-level covariance induced by the branch model in the considered function class

that best approximates ﬁ, and define

B D NN, best
) Tlopt = HBQStep - BQStep ”

nfpp _ Hﬁ _ ﬁNN,best (65)

2step

F

Here, nf;p measures the approximation error of the branch-network function class relative to the empirical target,
whereas nﬁ,t measures the optimization-related discrepancy between this benchmark and the trained model. The
former depends on network expressivity and target complexity; the latter is influenced by training configuration.
Therefore, R

T5 < || = Zllr + Napp + Topt- (66)

Thus, the total coefficient covariance error is governed jointly by finite-sample covariance estimation and branch
probabilistic regression error.

2.4.4.5 Combined Error Bound

Combining the preceding results gives

207 (42 “
< Dont2g)r /=8 +( V2| +1> 1Z-=| +ndp+ 0l (67)
i>p Tp Tp F

Under standard covariance concentration conditions, the empirical covariance satisfies the spectral-norm convergence
rate |2 — 32 = Op(K~1/?) [54]. For any A € RM*M ||A||r < VM| A||2. Therefore,

-], o (/). (69

/2A 4 >
SR+ 2B)py [ S+ O f“ e +1> ,/
i>p

11

Hz - Z:2st;ep
F

Hence,

HE Z;25tep

+ napp + 770pt (69)




Jj>p
characterizes the low-rank compressibility of the true covariance. Second, the trunk-related contribution is determined
by the excess reconstruction risk Ar, with 7, linking this risk to the discrepancy between the learned and empirical
principal subspaces. Third, finite-sample statistical error depends on the number of training samples, the output
dimension, and the distribution of the training outputs. Fourth, nfpp + nfpt accounts for the branch network’s
approximation and optimization errors in learning the empirical total coefficient covariance. Additionally, the spectral
gaps 4p and v, control the stability of the corresponding bounds. The true spectral gap is assumed to be non-
vanishing, whereas the empirical spectral gap is verified numerically in each example. The factor ||X||r reflects the
overall covariance scale.

In summary, accurate and stable covariance recovery relies on rapid spectral decay of the true covariance,
non-vanishing spectral gaps, controlled trunk and branch errors, and sufficiently accurate finite-sample covariance
estimation.

The bound identifies four principal factors governing covariance recovery. First, the spectral-tail term /> A?

3 Results and Discussions

To ensure consistent evaluation across the case studies, a unified set of metrics is used to assess mean prediction,
covariance recovery, spatial correlation, and prediction intervals. As a supplementary enhancement module, deep
ensembles and post-hoc uncertainty calibration are introduced to account for epistemic uncertainty and improve
interval coverage. The low-dimensional coefficient-space formulation keeps the additional cost of finite ensembles
computationally manageable.

(1) Normalized Frobenius covariance error. Covariance estimation error is commonly evaluated under the
operator and Frobenius norms, which characterize different aspects of estimation accuracy and lead to different
optimal procedures [55]. Since this study focuses on the overall covariance structure, the normalized Frobenius
error is adopted:

By=-+——— (70)

where f)ref and f]pmd denote the reference empirical covariance and model prediction, respectively. Following
the decomposition in Eq. (50), three error curves are compared over p:

a) Oracle singular value decomposition (SVD) curve. The optimal rank-p approximation flg:}D retains
the leading p modes of 3, and represents 77.

b) Learned-subspace oracle curve. The reference covariance is projected onto the trunk-learned subspace
as Q[(Q") T X.eQ*](Q*)". Using the reference coefficient covariance excludes branch error, so this curve
represents 11 + T5.

~ o~ ~

¢) Final model prediction curve. The complete model estimates Zasep = Q*(B, 4 B,)(Q*)T, which
incorporates 11 + T2 + T5.

(2) Multi-anchor correlation plots. These plots assess off-diagonal dependence across the output domain. The
correlation coefficient is
_ By
Pij =~
V Zii 2
Reference and predicted correlation profiles are compared at several anchor points to evaluate the recovered
correlation range, decay, and local structure.

(71)

(3) Prediction interval coverage and width. Prediction interval coverage probability (PICP) and mean predic-
tion interval width (MPIW) measure calibration and sharpness, respectively [56]:

1 Ntest M . . . 1 Ntest M . .
PICP»Y - m Z Z H (S.E,? S |:l/,(yly)7-n7 U'gfl,Zn:|) 3 MPIWW - m Z Z (U,E;;,),n - L,(Yl’),,n) . (72)

i=1 m=1 i=1 m=1

Here, Niest is the number of test samples, I(-) is the indicator function, and the interval is defined by ng)m =

ﬁﬁ,’? — m&ﬁf? and UW(% = [Ls,i) + m&ﬁfl). Under the Gaussian assumption, kK, = z(14+)/2; under split conformal
prediction (CP), it is determined by the calibration-score quantile. PICP should approach v, while a smaller

MPIW indicates sharper intervals at comparable coverage.
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3.1 Reaction—Diffusion Equation

Reaction—diffusion equations describe the spatiotemporal evolution of concentration fields governed by diffusion
and local reactions [57], with applications in chemical reaction engineering [58], biological morphogenesis [59], and
spatial ecology [60]. We consider

Os _ 825 2

5 = Vo2 + ks” +u(z), (z,t)€][0,1] x[0,1],

s(z,0) =0, z € [0,1], (73)
s(0,t) = s(1,¢t) =0, t e 0,1].

where v and k are the diffusion and reaction coefficients, respectively, and are both set to 0.01. The random source
function u(x) is mapped to the spatiotemporal solution field s(z,t) through

G :u(z) — sz, t). (74)

Sources of Uncertainty. Random source terms may arise from fluctuating generation rates, spatial heterogeneity,
and environmental perturbations. Examples include stochastic gene expression in morphogen formation [61] and
randomly distributed catalytic sources in systems with disordered kinetics [62]. Their propagation through the gov-
erning dynamics induces uncertainty and correlation across the output domain. Accordingly, this example evaluates
the recovery of the mean response and output correlation structure under a random input function u(z).

Data Generation. The source function is sampled from a Gaussian process with the squared-exponential covariance
kernel o
K n_ _ |£U -z ‘ 75
(@) =owp (51 ). (75)
where £ is the correlation length. For each realization, Eq. (73) is solved by a finite-difference scheme with the spatial
and temporal domains each discretized into 100 uniformly spaced points, producing a 100 x 100 response field. A total
of 2,200 samples are generated, including 1,000 training samples, 1,000 test samples, and 200 calibration samples.

3.1.1 Prediction Accuracy and Generalization Performance

Training and In-Distribution Accuracy

We first evaluate the basic fitting capability and generalization stability of the two methods within the training
distribution. Both the training set and the in-distribution test set were generated with the correlation length ¢ = 0.2.
The training loss curves of the two methods are shown in Figs. 2 and 3. Both methods exhibit stable convergence,
ensuring that the subsequent accuracy comparison is conducted under adequate training. For probabilistic branch
training, a mean-only warm-up with fixed variance is adopted before jointly optimizing the mean and variance [23];
accordingly, the branch loss curve exhibits a distinct transition at the end of the warm-up stage and subsequently
converges steadily under joint NLL optimization. The same training strategy is adopted in all subsequent examples.

Individual ensemble members Mean loss with standard deviation
T T T

L Member 1 j Membe‘l 5 = Mean |L')55
10 Member2 —— Member 6 £1sD 4

~ —— Member 3 Member 7
10 ~—— Member 4 —— Member §

Training loss
3

L L L

10’ 0 3‘0 6‘0 9‘0 150 0 30 60 90 150
Epochs (x10°) Epochs (x10°)
Fig. 2. Training loss curves of Prob-DeepONet: individual ensemble members (left) and the ensemble mean with a +1 standard
deviation band (right).

The quantitative errors under the same input distribution are summarized in Table 1. Prob-DeepONet achieves
lower training errors, whereas two-step MV-DeepONet yields lower mean and maximum in-distribution test errors.
The relative degradation in predictive accuracy from the training set to unseen in-distribution samples is quantified by
the ratio of the mean in-distribution test error to the mean training error. This ratio is 0.0129/0.0010 = 12.9 for Prob-
DeepONet and 0.0060/0.0037 ~ 1.62 for two-step MV-DeepONet. These results indicate that the fixed orthogonal
basis and subsequent coefficient regression provide stronger structural constraints and more stable in-distribution
generalization. The out-of-distribution (OOD) results below further examine this behavior.
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(a) Trunk network

Training loss
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(b) Branch network

Fig. 3. Training loss curves of two-step MV-DeepONet for the trunk (a) and branch (b) networks: individual ensemble members
(left) and the ensemble mean with a 1 standard deviation band (right).

40
Epochs (x10%)

Table 1. Mean and maximum relative Lo errors on the training set and the in-distribution test set.

Metric

Prob-DeepONet

two-step MV-DeepONet

Mean relative Ly error (training)
Maximum relative Lg error (training)

Mean relative Lo error (in-distribution)
Maximum relative Lo error (in-distribution)

0.0010

0.0046
0.0129
0.1025

0.0037
0.0099
0.0060
0.0391

Out-of-Distribution Generalization Performance
Table 2 compares the OOD performance over input correlation lengths £ € [0.001,1.0], with £ = 0.2 used for
training. Both methods maintain low errors for moderate and large correlation lengths (¢ > 0.18), while their
difference becomes evident for £ < 0.15. Under the most severe OOD shifts, Prob-DeepONet yields errors of 44.15%
at £ = 0.005 and 109.64% at £ = 0.001. The corresponding errors of two-step MV-DeepONet are 12.26% and 33.09%,
respectively. Across all correlation lengths, two-step MV-DeepONet reduces the mean error from 13.43% to 5.82%,
corresponding to a reduction of approximately 56.7%.

Table 2. Relative Lg errors of Prob-DeepONet and two-step MV-DeepONet for out-of-distribution samples at different input
correlation lengths.

Correlation length ¢

Prob-DeepONet

two-step MV-DeepONet

1.0 0.488% 0.234%
0.8 0.461% 0.246%
0.6 0.413% 0.282%
0.5 0.435% 0.319%
0.4 0.318% 0.343%

0.3 0.368% 0.309%
0.25 0.542% 0.300%
0.22 0.513% 0.290%
0.18 0.708% 0.273%
0.15 2.932% 0.530%
0.1 7.391% 4.916%
0.08 6.401% 6.462%

0.05 9.882% 8.762%
0.03 20.576% 10.734%
0.01 19.245% 12.243%
0.005 44.152% 12.260%
0.002 17.289% 13.125%
0.001 109.639% 33.094%
Mean error 13.431% 5.818%

To illustrate the predictive behavior under varying degrees of distribution shift, Fig. 4 presents representative
samples at four correlation lengths: ¢ = 0.5 corresponds to a smooth-input regime with a large correlation length;
¢ = 0.15 represents a mild distribution shift relatively close to the training distribution; ¢ = 0.05 represents a moderate
OOD condition; and ¢ = 0.005 represents an extreme OOD condition.
Both methods remain accurate under mild distribution shifts. As ¢ decreases, the input source becomes increas-
ingly oscillatory and induces more complex local variations in the solution. Under severe shifts, Prob-DeepONet
exhibits pronounced prediction deviations, whereas two-step MV-DeepONet retains the principal solution structure
with lower prediction errors.
The contrasting OOD behavior of the two methods is related to differences in both their learned output represen-
tations and their formulations of the input-to-coefficient mapping. Prob-DeepONet jointly optimizes the trunk basis
and input-dependent coefficients, allowing them to compensate for each other on the training samples. This coupling
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Fig. 4. Predictions and predictive uncertainty bands of Prob-DeepONet (left column) and two-step MV-DeepONet (right
column) for representative out-of-distribution samples at different input correlation lengths.

facilitates training-data fitting but may produce a less stable representation when the input distribution changes.
In two-step MV-DeepONet, a shared output basis is first learned from the output snapshots, orthogonalized, and
then fixed, after which the branch network learns the corresponding modal coefficients. This decoupling provides
a better-conditioned and more stable coordinate system for coefficient regression while reducing the co-adaptation
between the basis functions and coefficients.

The role of the orthogonal basis can be expressed through the output error decomposition

§—s=Q¢—Ps+Ps—s
. (é—c@) —(I-P)s. (76)
Here, 8§ = Q*é is the reconstructed prediction, ¢ is the coefficient vector predicted by the branch network, and
5 = (Q*)"s denotes the projection coefficients of the true output. Moreover, P = Q*(Q*)" is the orthogonal
projector onto the learned output subspace. The first term represents the coefficient regression error within the

learned subspace, whereas the second is the component of the true output that cannot be represented by that
subspace. Since these two terms lie in mutually orthogonal subspaces,

Is sl = Q" (e~ eq) | + T -P)siiz. (77)

Moreover, the orthonormality of Q* gives

Jo (=<0

2
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so coefficient prediction errors are not amplified during output reconstruction.
For a general nonorthogonal trunk matrix ®, as used in the jointly trained representation of Prob-DeepONet,
only
@ (€ —ca)ll, < [[®], [|l€ —call, (79)

is guaranteed. Strongly correlated basis functions may therefore lead to an ill-conditioned coordinate representation
and amplify coefficient errors during reconstruction.

Fixing the shared basis also introduces a structural regularization effect, encouraging the model to preserve
dominant solution structures shared across the training samples rather than overadapting the output representation
to specific local details. Consequently, when OOD inputs introduce previously unseen high-frequency components
or local structures, two-step MV-DeepONet may not fully reconstruct these new details, but it can generally retain
the principal structure of the solution field and exhibit more controlled error growth. By contrast, the training-
specific compensation learned by Prob-DeepONet through joint optimization may become ineffective under severe
distribution shifts, leading to larger prediction deviations.

A similar pattern is observed in the uncertainty bands. As shown in Fig. 4, the bands of Prob-DeepONet become
increasingly broad as ¢ decreases and expand over much of the response profile under severe distribution shifts. In
contrast, two-step MV-DeepONet generally produces tighter bands whose widths vary more coherently with the local
solution structure.

This behavior is consistent with the covariance parameterizations of the two methods. Prob-DeepONet estimates
the marginal variance separately at each output point under a pointwise diagonal covariance assumption and therefore
does not explicitly couple uncertainty across different points in the output domain. Local prediction discrepancies
may consequently be accommodated through pointwise variance inflation, producing broad uncertainty bands with
limited organization across the output domain. In contrast, two-step MV-DeepONet predicts the variances of the
modal coefficients and maps them to the output domain through the shared basis functions. Each modal coefficient
variance contributes to the marginal uncertainty at multiple output points through the shared basis. This shared
contribution induces coordinated variations in marginal uncertainty and off-diagonal covariance across the output
domain.

3.1.2 Analysis of Output Covariance Recovery Accuracy

Output covariance recovery is evaluated using the normalized Frobenius error defined in Eq. (70). Multi-anchor
correlation plots are further used to examine local correlation structures across the output domain. Since Prob-
DeepONet assumes a pointwise diagonal covariance and does not explicitly represent off-diagonal dependence, this
analysis focuses on two-step MV-DeepONet.

Covariance Error Decomposition and Quantitative Accuracy Analysis

Following the decomposition in Eq. (50), the Oracle SVD curve characterizes the intrinsic rank-p truncation
error. The separation between the Oracle SVD and Learned-subspace oracle curves primarily reflects the trunk-
subspace learning error, whereas the separation between the Learned-subspace oracle and Final model prediction
curves primarily reflects the branch coefficient-covariance prediction error. Fig. 5 presents the three error curves, and
Table 3 reports the minimum number of modes required to reach each target normalized Frobenius error.

— = Oracle SVD

Learned-subspace oracle Final model prediction

N
0 20 40 60 80 100 120
Retained modes p

Normalized Frobenius covariance error

Fig. 5. Normalized Frobenius covariance error as a function of the number of retained modes.

(1) Oracle SVD curve. The Oracle SVD error decreases rapidly and reaches approximately 1072 for p > 15,
indicating that the low-rank compressibility assumption introduced in Section 2.4.4 is naturally satisfied in the
reaction—diffusion problem, and the abrupt decrease near p =~ 15 also supports the nondegenerate spectral-gap
assumption 7, > 0. Once the effective numerical rank is reached, 71 becomes negligible and is no longer the principal
limitation on covariance recovery.

(2) Comparison between the Learned-subspace oracle curve and the Final model prediction curve.
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Table 3. Minimum numbers of retained modes required to achieve different target normalized Frobenius covariance-error levels
for the three covariance-recovery curves.

Target error Oracle SVD Learned-subspace oracle Final model prediction
Error < 20.00% p>2 p>9 p>9
Error < 10.00% p>3 p>11 p>11
Error < 5.00% p>3 p>13 p>13
Error < 2.00% p>4 p>16 p>16
Error < 1.00% p>4 p>21 p>22

The two curves are nearly indistinguishable over the full range of p. For p € [15,40], their separation remains
approximately 1 x 1073, while both errors decrease from approximately 2 x 107! to 6 x 1073, These results support
the following observations:

1. The contribution of T3 is substantially smaller than that of T>. This indicates that the branch approximation
and optimization errors have been controlled to a relatively low level. Branch coefficient-covariance prediction
is therefore not the principal limitation on covariance recovery.

2. The dominant contribution is 75, which is associated with the difference between the learned projector P =
Q*(Q*)" and the true principal-subspace projector P*. As discussed in Section 2.4.4, this difference con-
tains two main components. The first is the excess trunk reconstruction risk Ar relative to the empir-
ically optimal projector P*. The second arises from finite-sample covariance estimation, characterized by

‘i — EH = Op (\/MKfl/z), where M is the output dimension and K is the number of training samples.
F

Its influence on the estimated subspace is further controlled by the corresponding spectral gap. For this prob-
lem, M = 10* and K = 103. The resulting relative statistical-error scale is

~2.0x 1072, (80)

Because Op(-) specifies only an asymptotic order, this value should be interpreted as an approximate scale
rather than an exact error. It is about one third of the observed T ~ 6 x 10™2, suggesting that Ar is the larger
contribution within 75.

This conclusion concerns only the relative importance of the two contributions within 75 and does not imply
inadequate trunk training. The trunk loss in Fig. 3 stabilizes at a low level after approximately 50,000 epochs.
Moreover, To &~ 6 x 1072 is of the same order as the 0.60% mean relative Lo error of two-step MV-DeepONet
on the in-distribution test set (Table 1). In principle, Ar could be further reduced by increasing the trunk-
network capacity, extending the training duration, or adopting more refined optimization strategies. However,
because the current covariance recovery error is already of the same order as the mean prediction error, further
hyperparameter refinement would provide limited improvement while substantially increasing the training cost.
The objective here is to determine whether the covariance matrix can be stably recovered to a practically useful
level of accuracy, rather than to pursue the lowest attainable numerical error.

In summary, covariance recovery for the reaction—diffusion problem shows the clear hierarchy Th < T»,T3 < T5.
Within T%, the excess trunk reconstruction risk Ar is the principal source, whereas the finite-sample statistical
contribution is comparatively small. These results are consistent with the theoretical decomposition in Section 2.4.4
and demonstrate that two-step MV-DeepONet recovers the output covariance with an error comparable in magnitude
to its mean prediction error.

Recovery of Local Correlation Structures: Multi-Anchor Correlation Map Assessment

The normalized Frobenius error measures the overall covariance discrepancy but does not reveal whether local
correlations across the output domain are accurately recovered. Multi-anchor correlation maps are therefore used
for a more detailed structural assessment. Three anchor points are selected from the left, central, and right regions
of the output domain (z,t) € [0,1]>. For each anchor, the reference and predicted correlation maps are compared
together with their absolute error. The resulting maps are shown in Fig. 6.

Overall pattern consistency. For all three anchors, the predicted maps reproduce the principal vertical correlation
bands, the smooth decay away from the anchor location, and the weak negative correlations in the far field. The
mean row-wise correlation error is approximately 6.97 x 1072, indicating a relatively small structural discrepancy.
These results show that two-step MV-DeepONet recovers not only the global covariance magnitude but also its local
correlation patterns.

Physical interpretation of the correlation structure. The vertical bands arise primarily from the time-
independent random source u(z), which continuously drives the system throughout its evolution. At a fixed spatial
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Fig. 6. Multi-anchor correlation maps showing the reference correlations, predicted correlations, and corresponding absolute
errors for three anchor points, where e;ow denotes the relative Lo error of the predicted correlation map for each anchor point.

location = x4, responses at different times are influenced by similar local components of the same random source
and therefore remain strongly correlated. This shared influence weakens as the spatial distance from z, increases,
leading to correlation decay away from the anchor. The combination of persistent temporal correlation and spatial
decay produces the observed vertical-band structure.

The recovery of this physical structure highlights a core advantage of two-step MV-DeepONet. The trunk stage
first learns the shared output-space basis Q*, which captures the dominant structures of the output field. The branch
stage then models the input-dependent variances of the modal coefficients in the low-dimensional coefficient space.
Mapping these coefficient uncertainties back through the shared basis induces an output covariance that naturally
inherits the spatial patterns encoded by the columns of Q*.

3.1.3 Prediction Interval Calibration and Coverage Analysis

Accurate covariance recovery does not necessarily ensure nominal prediction interval coverage. For engineering
uncertainty quantification, prediction intervals should provide reliable coverage while remaining sufficiently narrow.
We therefore apply CP as a post-hoc calibration procedure and evaluate its effectiveness using the PICP and MPIW
defined in Eq. (72).

Table 4. PICP and MPIW of Prob-DeepONet and two-step MV-DeepONet before and after CP calibration.

Nominal Before CP calibration After CP calibration
Method coverage (%)
& PICP (%) MPIW PICP (%) MPIW
90 99.96 4.62 x 1072 90.52 1.60 x 10—2
Prob-DeepONet 95 99.99 5.51 x 10~2 95.30 2.01 x 10—2
99 100.00 7.24 x 1072 98.97 2.88 x 10~2
. . 90 98.99 1.60 x 102 89.23 5.10 x 10~3
wo-step _ 9 _3
MV-DeepONet 95 99.41 1.90 x 10 94.21 6.95 x 10
99 99.81 2.50 x 10~2 98.44 1.34 x 102

Before calibration, both methods exhibit pronounced overcoverage, with PICP values close to 100% at all nominal
levels. Their original intervals are therefore overly conservative. Prob-DeepONet also produces substantially wider
intervals. At the 95% nominal level, its MPIW is approximately 2.9 times that of two-step MV-DeepONet. The
latter thus provides more compact uncertainty intervals even before calibration. After CP calibration, the PICP
values move closer to their nominal targets, while the MPIW values decrease substantially. This confirms that CP
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effectively reduces excessive coverage and improves interval sharpness. The calibrated PICP values of Prob-DeepONet
are slightly closer to the nominal levels, but its intervals remain considerably wider. At the 95% level, its calibrated
MPIW is again approximately 2.9 times that of two-step MV-DeepONet.

Overall, both methods achieve coverage close to the prescribed levels after calibration. Two-step MV-DeepONet,
maintains markedly narrower intervals and thus achieves a better balance between coverage and interval sharpness
in the reaction—diffusion problem.

3.2 Burgers Equation

The Burgers equation is a canonical nonlinear convection—diffusion model for studying nonlinear transport,
shock formation, and simplified turbulence mechanisms [63]. Its quadratic convective term is analogous to that in
the Navier—Stokes equations, making it a widely used benchmark in fluid dynamics, stochastic wave propagation, and
numerical method validation [64]. We consider the one-dimensional viscous Burgers equation on [0, 1]:

Os 0s d%s
5t TS, Vo @b €01 x[01], (1)

subject to the periodic boundary conditions and the initial condition

5(0,1) = s(1, 1), %(O,t) _ %(Lt), s(z,0) = u(x). (82)

The viscosity coefficient is set to v = 0.01. Here, the random initial condition u(x) is the input function, and the
corresponding solution s(z,t) is the output field. The target operator is

G :u(x) — s(z,t). (83)

Source of Uncertainty. The uncertainty arises from the random initial condition u(z). Random initial velocity
fields commonly occur in fluid transport [65] and the early evolution of turbulence [64]. Through nonlinear convection,
these perturbations can alter waveform translation, steepening, and shock location. The resulting changes in the
output distribution and correlation structure make this problem a suitable benchmark for nonlinear uncertainty
propagation and covariance recovery.

Data Generation. The initial condition u(x) is modeled as a Gaussian random field with covariance operator
25% (~A 4+ 721) 7, (84)

where 7 controls the correlation scale and spectral composition of the random field. A larger 7 corresponds to a
shorter characteristic length scale and richer high-frequency content. The training distribution is defined by 7 = 25.
Consistent with the periodic boundary conditions, the random fields are generated using a Fourier spectral expansion
and evaluated at m = 101 uniformly spaced spatial locations as inputs to the branch network. For each initial
condition, Eq. (81) is solved on (x,t) € [0, 1] using a Fourier spectral method implemented in Chebfun. The solution
is evaluated at 101 spatial and 101 temporal points, yielding a 101 x 101 spatiotemporal output matrix. A total of
2,000 samples are generated, comprising 1,000 training samples, 500 test samples, and 500 calibration samples.

3.2.1 Prediction Accuracy and Generalization Performance

Training and In-Distribution Accuracy

Figures 7 and 8 show stable convergence for both methods. Their training and in-distribution errors are reported
in Table 5. Prob-DeepONet achieves lower training errors, whereas two-step MV-DeepONet yields lower mean and
maximum in-distribution errors. In particular, the maximum in-distribution error decreases from 9.5806% to 5.6790%,
indicating more stable performance on challenging in-distribution samples.

Individual ensemble members Mean loss with standard deviation
T T T

T Member I — Member 5 — Mean loss
10 Member 2 —— Member 6 +1SD o
. —— Member3 —— Member 7
10 —— Member 4~ Member §

Training loss
3

L L L

. .
0 30 60 90 120 0 30 60 90 120
Epochs (x 10°) Epochs (x 10%)

Fig. 7. Training loss curves of Prob-DeepONet: individual ensemble members (left) and the ensemble mean with a +1 standard
deviation band (right).

19



\ - Individual ensemble members Mean loss with standard deviation I : , Individual ensemble members Mean loss with standard deviation !
10 T T T T T T 10 T T T T T T T T
1 ~ Member | Member 5 = Mean loss : 1 ~— Member | Member 5 = Mean loss :
1 Member 2 —— Member 6 £1SD . | o Member2 —— Member 6 £1SD \
| 107 ~—— Member 3 Member 7 3 1 10 ~— Member 3 Member 7
| —— Member 4 —— Member 8 ! \ ) ~—— Member 4 —— Member 8 !
” ! o, 10 1!
: g 41 1g 1
o 1 Ve o 1
E S
1E P VEY 10
s ]
1E 3 El 1E 1
| | 10 E
I 1
1 . 1
| E | [ E !
! 1 ! 1
[ L L . . L . Lo 08 L L " " .
1 0 20 40 60 80 0 20 40 60 80 | 0 20 40 60 80 100
. . 1 1
1 Epochs (x10%) Epochs (x10%) \ | Epochs (x10%) \
e e e e e e e e e e e e e e e e e e e e e e e e e = e e o e = e = e e = e o e e e e e e e = e e e e e e e e e e e = e e e = e e = = = =
(a) Trunk network (b) Branch network

Fig. 8. Training loss curves of two-step MV-DeepONet for the trunk (a) and branch (b) networks: individual ensemble members
(left) and the ensemble mean with a 1 standard deviation band (right).

Table 5. Mean and maximum relative Lo errors on the training set and the in-distribution test set.

Metric Prob-DeepONet  two-step MV-DeepONet
Mean relative Ly error (training) 0.4440% 0.6040%
Maximum relative Lg error (training) 2.6840% 3.8693%
Mean relative Lo error (in-distribution) 1.6643% 1.5891%
Maximum relative Lo error (in-distribution) 9.5806% 5.6790%

Out-of-Distribution Generalization Performance

In this example, OOD generalization is evaluated by varying the random-field parameter 7 from its training value
of 25. A larger 7 corresponds to a shorter correlation scale and richer high-frequency content. The resulting relative
Lo errors are reported in Table 6.

Prob-DeepONet performs better only at 7 = 5 and 8, whereas two-step MV-DeepONet achieves lower errors for
all remaining cases. Under the extreme shift 7 = 400, their errors are 293.932% and 68.931%, respectively. Across all
conditions, two-step MV-DeepONet reduces the mean error from 59.2977% to 27.3800%, corresponding to a reduction
of approximately 53.8%. Fig. 9 shows representative results at 7 = 20, 64, 160, and 400, spanning mild to extreme
OOD conditions.

The qualitative differences observed for the challenging in-distribution samples become more pronounced under
OOD shifts. Prob-DeepONet produces increasingly broad, nearly horizontal tubular uncertainty bands with limited
adaptation to the local waveform, while its predictive mean deviates substantially under strong shifts. In contrast,
two-step MV-DeepONet better preserves the overall solution profile and produces tighter, more structure-adaptive
uncertainty bands that remain narrow in smooth regions and widen moderately near sharp transitions. Although
both methods deteriorate under severe OOD conditions, the two-step model exhibits substantially greater predictive
robustness.
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Fig. 9. Predictions and predictive uncertainty bands of Prob-DeepONet (left column) and two-step MV-DeepONet (right
column) for representative out-of-distribution samples at different values of the random-field parameter 7.

20



1=0.25 t=0.50 t=0.75 1=0.25 1=0.50 t=0.75

002 F 002 F oot 0.006 F 10,0050 F
001 001 f 0.008 | 00041 l0.0025 |-
= = 2 =
I o A\ | owl ™ 0.000 | ~ T 0000 b 0.0000 |
= 2 - & g
—001 F -0.01 | [-0.008 [ 0.004 - A 0025
002 P A o U L 0008k oo06f oo eeesop o
00 02 04 06 08 10 00 02 04 06 08 10 00 02 04 06 08 10 00 02 04 06 08 10 00 02 04 06 08 10 00 02 04 06 08 10
X X X X X X
Exact === Prediction ax26 Exact === Prediction ES
(e) Prob-DeepONet, 7 = 160. (f) two-step MV-DeepONet, 7 = 160.
=025 1=0.50 =075 =025 1=0.50 (=075
0.004 F F
0.016 F 0.016 F 0.016 10.0030 (0-0030
0.008 | 0.008 | 0.008 - 0.002 | 0.0015 - 0.0015 -
< = = 2= Pl
50,000 PF—S——s—— 2" 0.000 F="= = ==4 0.000 == e —— 50,000 P = 10.0000 L 0.0000 oz s
g = == — 3 4 — 7 - B -
~0.008 | F0.008 | F0.008 | ~0.002 oo —.0015
0.0030 |
owep L oowp o, Foeep o, 0004k, R, (1(0:(1) S
00 02 04 06 08 10 00 02 04 06 08 10 00 02 04 06 08 10 00 02 04 06 08 10 00 02 04 06 08 10 00 02 04 06 08 10
X X X X X X
Exact === Prediction A+26 Exact === Prediction Ax26
(g) Prob-DeepONet, 7 = 400. (h) two-step MV-DeepONet, 7 = 400.

Fig. 9. Predictions and predictive uncertainty bands of Prob-DeepONet (left column) and two-step MV-DeepONet (right
column) for representative out-of-distribution samples at different values of the random-field parameter 7 (continued).

Table 6. Relative Lg errors of Prob-DeepONet and two-step MV-DeepONet for out-of-distribution samples at different values
of the random-field parameter 7.

Random-field parameter 7  Prob-DeepONet  two-step MV-DeepONet

5 27.758% 37.269%

8 17.160% 23.467%

12 15.349% 13.473%
16 18.630% 12.212%
20 19.809% 12.352%
25 20.117% 12.988%
32 21.091% 14.034%
40 23.625% 15.542%
50 23.754% 17.696%
64 26.339% 20.356%
80 32.651% 22.854%
100 39.915% 25.476%
128 45.414% 28.776%
160 54.637% 32.315%
200 75.009% 36.890%
256 121.548% 44.173%
320 190.620% 54.036%
400 293.932% 68.931%
Mean error 59.2977% 27.3800%

3.2.2 Analysis of Output Covariance Recovery Accuracy

This part further quantifies the output covariance recovery accuracy for the Burgers equation using the normalized
Frobenius covariance error defined in Eq. (70).

Covariance Error Decomposition and Quantitative Accuracy Analysis

Figure 10 shows how the covariance errors vary with the number of retained modes p, while Table 7 reports the
minimum numbers of modes required to reach different target normalized Frobenius errors.

Table 7. Minimum numbers of retained modes required to achieve different target normalized Frobenius covariance-error levels
for the three covariance-recovery curves.

Target error Oracle SVD Learned-subspace oracle Final model prediction
Error < 20.00% p>2 p>8 p>8
Error < 10.00% p>2 p>13 p>13
Error < 5.00% p>4 p>19 p>19
Error < 2.00% p>4 p>29 p>30
Error < 1.00% p>6 p>43 p > 50

(1) Oracle SVD curve. The Oracle SVD error falls below 5% for p > 4 and below 1% for p > 6, indicating
strong low-rank compressibility of the reference covariance. Although its decay is slower than in the reaction—diffusion
problem, low-rank truncation is not the main source of covariance recovery error.

(2) Comparison between the Learned-subspace oracle curve and the Final model prediction curve.
The two curves follow similar decreasing trends over the full range of p. Their errors decline from approximately
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Fig. 10. Normalized Frobenius covariance error as a function of the number of retained modes.

2 x 107! to 8 x 1073, The enlarged inset shows that the Final model prediction remains approximately 1-2 x 1073
above the Learned-subspace oracle. Two observations follow:

1. The contribution of T3 is clearly visible but remains smaller than that of 7>. The branch approximation and
optimization errors are not the bottleneck here.

2. The covariance recovery error is primarily governed by Tb. For M = 101 x 101 = 10,201 and K = 103, the
corresponding relative statistical-error scale is

~1.74x 1072 (85)

This estimate is larger than the observed Th ~ 8 x 1073. Since the asymptotic relation provides only an order
estimate, it does not permit a reliable separation of the contributions of Ar and finite-sample statistical error
within 75. The final normalized Frobenius covariance error is approximately 8 x 1073, which is comparable in
magnitude to the mean relative L2 prediction error of 1.59% reported in Table 5. The method therefore achieves
stable and practically useful covariance recovery despite the stronger nonlinearity of the Burgers problem.

In summary, covariance recovery for the Burgers equation exhibits the hierarchy 77 < 7% and T3 < T5. The

overall recovery error is nonetheless of the same order as the mean prediction error, showing that the observed
covariance recovery behavior is consistent with the theoretical decomposition in Section 2.4.4.

Recovery of Local Correlation Structures: Multi-Anchor Correlation Map Assessment
For the Burgers equation, three anchor points are selected from the left, central, and right regions of the output
domain (z,t) € [0, 1]2. Fig. 11 compares the corresponding reference, predicted, and absolute-error correlation maps.

Overall pattern consistency. The predicted maps closely reproduce the reference patterns for all three anchors,
with relatively small discrepancies in the absolute-error maps. The mean row-wise correlation error is approximately
1.27 x 1072, confirming accurate recovery of the local correlation structure.

Physical interpretation of the correlation structure. Unlike the vertical bands observed in the reaction—
diffusion example, the Burgers correlation maps exhibit distinct horizontal bands centered near the anchor time
t = to. They reflect coordinated variations across spatial locations at similar stages of the nonlinear evolution, while
the correlation gradually weakens as the temporal distance from the anchor increases. The predicted maps accurately
preserve this characteristic structure.

3.2.3 Prediction Interval Calibration and Coverage Analysis

CP is applied to calibrate the prediction intervals for the Burgers equation. The corresponding PICP and MPIW
values before and after calibration are reported in Table 8.

Before calibration, both methods exhibit substantial overcoverage. After CP calibration, their PICP values
approach the nominal levels, and their interval widths decrease markedly. At the 95% nominal level, the MPIW
ratio between Prob-DeepONet and two-step MV-DeepONet decreases from approximately 4.1 to 2.3. Two-step MV-
DeepONet therefore retains considerably sharper intervals while achieving comparable coverage.
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Fig. 11. Multi-anchor correlation maps showing the reference correlations, predicted correlations, and corresponding absolute
errors for three anchor points, where e;ow denotes the relative La error of the predicted correlation map for each anchor point.

Table 8. PICP and MPIW of Prob-DeepONet and two-step MV-DeepONet before and after CP calibration.

Nominal Before CP calibration After CP calibration
Method coverage (%)
& PICP (%) MPIW PICP (%) MPIW
90 99.96 2.57 x 10—2 90.52 4.68 x 1073
Prob-DeepONet 95 99.98 3.06 x 102 95.39 6.66 x 10~3
99 100.00 4.02 x 102 99.11 1.21 x 102
. . 90 99.14 6.30 x 10—3 90.10 2.12 x 1073
wo-step _3 _3
MV-DeepONet 95 99.44 7.51 x 10 94.88 2.94 x 10
99 99.72 9.87 x 103 98.82 5.54 x 1073

3.3 Darcy Equation

The Darcy equation is a classical elliptic model for steady incompressible flow through porous media, with
applications in groundwater flow, seepage analysis, and contaminant transport modeling [66]. Its dependence on a
spatially heterogeneous permeability field makes it a standard benchmark for uncertainty propagation in random
media. We consider the two-dimensional steady Darcy equation on the unit square = [0, 1]*:

=V (c(s)Vuls)) = f(s),  s€, (86)
u(s) =0, s € 09,
where s = (z,y) denotes the spatial coordinate, u(s) is the pressure field, ¢(s) is the permeability field, and f(s) = 50
is the prescribed source term. Taking the random permeability c(s) as the input and the solution u(s) as the output
response gives the target operator

G : c(s) — u(s). (87)

Source of Uncertainty. The uncertainty arises from the permeability field ¢(s), which governs the flow response
but cannot generally be observed throughout the domain. It is therefore commonly modeled as a spatially correlated
random field [67]. Its variability induces spatially structured variations and correlations in the pressure field, making
this problem suitable for evaluating field prediction and output covariance recovery under input uncertainty.

Data Generation. The permeability is modeled as the lognormal random field ¢(s) = exp(a(s)), where a(s) is a
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zero-mean Gaussian process with the squared-exponential covariance kernel
Cls1,52) = o s —sall3 (88)
S$1,82) = 0 €xp 72Z2 .

Here, 02 = 1.0 denotes the variance and ¢ = 0.25 the correlation length. The latent field a(s) is generated using a
truncated Karhunen—Loéve expansion with the leading 100 modes, after which ¢(s) is obtained by exponentiation.
For each permeability realization, Eq. (86) is solved using the FEniCS finite element solver. The pressure field is then
interpolated onto a uniform 64 x 64 grid as the output label. A total of 20,000 input—output pairs are generated,
comprising 16,000 training samples, 2,000 calibration samples, and 2,000 test samples.

3.3.1 Prediction Accuracy and Generalization Performance

Training and In-Distribution Accuracy

Figures 12 and 13 show stable convergence for both methods. The corresponding errors are summarized in
Table 9.
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Fig. 12. Training loss curves of Prob-DeepONet: individual ensemble members (left) and the ensemble mean with a +1
standard deviation band (right).
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Fig. 13. Training loss curves of two-step MV-DeepONet for the trunk (a) and branch (b) networks: individual ensemble
members (left) and the ensemble mean with a +1 standard deviation band (right).

Table 9. Mean and maximum relative Lo errors on the training set and the in-distribution test set.

Metric Prob-DeepONet  two-step MV-DeepONet
Mean relative Lo error (training) 1.0936% 1.3587%
Maximum relative Lo error (training) 7.0382% 8.9639%

Mean relative Lo error (in-distribution) 3.4922% 1.7909%
Maximum relative Lo error (in-distribution) 16.1542% 14.1562%

Although Prob-DeepONet achieves lower training errors, two-step MV-DeepONet reduces the mean in-distribution
test error from 3.4922% to 1.7909% and the maximum in-distribution test error from 16.1542% to 14.1562%, demon-
strating better in-distribution performance.

Out-of-Distribution Generalization Performance

For the Darcy equation, OOD performance is evaluated by varying the correlation length ¢ of the random
permeability field from its training value £ = 0.25. The relative Ly errors are summarized in Table 10.

Prob-DeepONet exhibits large errors throughout the OOD range, with a mean error of 69.98%. Two-step MV-
DeepONet reduces the mean error to 3.57%, approximately 1/20 of that of Prob-DeepONet, and remains below 10%
except at £ = 0.105. Fig. 14 compares representative results for rough and smooth OOD permeability fields.

As shown in Fig. 14, the bands produced by Prob-DeepONet exhibit irregular, locally jagged boundaries and
often fail to cover the reference profiles, particularly under more severe OOD shifts. In contrast, the bands of two-step
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MV-DeepONet are smoother and better aligned with the pressure-field structure. They remain narrow for smooth
OOD inputs and broaden for rougher cases while generally maintaining coverage of the reference solutions.

Table 10. Relative Lo errors of Prob-DeepONet and two-step MV-DeepONet for out-of-distribution samples at different input
correlation lengths.

Correlation length £  Prob-DeepONet  two-step MV-DeepONet

0.06 78.321% 7.141%
0.075 77.828% 8.765%
0.09 71.807% 6.959%
0.105 59.811% 10.691%
0.12 69.914% 5.246%
0.14 46.733% 4.429%
0.165 46.040% 3.860%
0.19 79.887% 2.651%
0.22 40.665% 3.070%
0.29 84.468% 3.084%
0.34 83.440% 0.701%
0.40 80.956% 1.401%
0.47 76.157% 1.801%
0.55 74.610% 0.743%
0.65 77.185% 0.844%
0.78 72.010% 1.200%
0.93 70.730% 0.571%
1.10 69.353% 1.097%
Mean error 69.98% 3.57%
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Fig. 14. Predictions and predictive uncertainty bands of Prob-DeepONet (left column) and two-step MV-DeepONet (right
column) for representative out-of-distribution samples at different input correlation lengths.
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Fig. 14. Predictions and predictive uncertainty bands of Prob-DeepONet (left column) and two-step MV-DeepONet (right
column) for representative out-of-distribution samples at different input correlation lengths (continued).

3.3.2 Analysis of Output Covariance Recovery Accuracy
This section further quantifies the output covariance recovery accuracy for the Darcy equation.

Covariance Error Decomposition and Quantitative Accuracy Analysis

Figure 15 shows the three normalized Frobenius covariance-error curves as a function of the number of retained
modes p, and Table 11 reports the minimum numbers of modes required to reach different target normalized Frobenius
errors. The main observations are as follows.

(1) Oracle SVD curve. As shown in Table 11, T3 falls below 5% for p > 4 and below 1% for p > 9, indicating
strong low-rank compressibility of the Darcy output covariance. Thus, the low-rank truncation error 77 is not the
main factor limiting covariance recovery.

(2) Comparison between the Learned-subspace oracle curve and the Final model prediction curve.
The two curves exhibit similar decreasing trends over the full range of p, with the Final model prediction curve
remaining only slightly above the Learned-subspace oracle curve. This leads to two main observations:

1. The contribution of T3 is visible but small. The gap between the two curves remains much smaller than their
overall error levels, indicating that branch prediction of the coefficient covariance is not the primary bottleneck.

2. The dominant contribution comes from T». For M = 64 x 64 = 4096 and K = 2 x 103, the corresponding relative
finite-sample statistical-error scale is

~6.2x107°. (89)

This value is far smaller than the observed T» &~ 2 x 1072, indicating that T% is governed mainly by the trunk-
subspace learning error. Compared with the first two examples, the Darcy problem requires more retained
modes to achieve the same error levels, reflecting the greater complexity of the covariance structure induced by a
two-dimensional random medium. Nevertheless, the final covariance error decreases steadily to the 1072 level as
p increases, which is comparable to the mean relative Lo error of 1.7909% reported for two-step MV-DeepONet
on the in-distribution test set.

Overall, covariance recovery for the Darcy problem follows the hierarchy 71 < T> and T3 < T», while the
final recovery error is governed primarily by trunk-subspace learning. The resulting covariance recovery accuracy is
comparable to the mean prediction accuracy, demonstrating the effectiveness of the proposed method for recovering

output covariance in problems involving two-dimensional random media.
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Final model prediction
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Fig. 15. Normalized Frobenius covariance error as a function of the number of retained modes.

Recovery of Local Correlation Structures: Multi-Anchor Correlation Map Assessment

26



Table 11. Minimum numbers of retained modes required to achieve different target normalized Frobenius covariance-error
levels for the three covariance-recovery curves.

Learned-subspace  Final model

Target error Oracle SVD oracle prediction
Error < 20.00% p>2 p>8 p>38
Error < 10.00% p>3 p>13 p>15
Error < 5.00% p>4 p> 22 p>25
Error < 2.00% p>6 p>43 p > 47
Error < 1.00% p>9 p> 56 p> 66

Five anchor points (4,%.) are selected in the physical domain (z,y) € [0, 1]?, representing the center, the left
and bottom boundaries, a corner, and a transition region. Fig. 16 compares the corresponding reference, predicted,
and absolute-error correlation maps.

Overall pattern consistency. The predicted maps reproduce the reference patterns for all five anchors, with a
mean row-wise correlation error of approximately 2.38 x 1072. This result confirms accurate recovery of the local
correlation structure of the Darcy pressure field.

Physical interpretation of the correlation structure. In contrast to the banded patterns of the preceding
spatiotemporal examples, the Darcy maps exhibit localized two-dimensional correlation regions whose geometry
depends on the anchor position. The interior anchor produces an approximately symmetric pattern with correlation
decaying away from the anchor. Near a boundary or corner, this pattern becomes asymmetric and is confined by the
domain geometry. These patterns show that the off-diagonal structure of the output covariance captures the spatial
coupling induced by shared permeability perturbations through the elliptic operator. The strength, spatial extent,
and geometry of the correlation patterns depend not only on spatial distance but also on the spatial correlation of
the input field, the nonlocal action of the elliptic operator, and the boundary conditions.
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Fig. 16. Multi-anchor correlation maps showing the reference correlations, predicted correlations, and corresponding absolute
errors for five anchor points, where e;ow denotes the relative Lo error of the predicted correlation map for each anchor point.

3.3.3 Prediction Interval Calibration and Coverage Analysis

CP is further applied to the prediction intervals for the Darcy problem. Table 12 summarizes the PICP and
MPIW values before and after calibration.

Both methods exhibit pronounced overcoverage before calibration. CP moves their PICP values close to the
nominal levels and substantially reduces the interval widths. Notably, the MPIW ratio between Prob-DeepONet
and two-step MV-DeepONet remains large both before and after calibration, decreasing from approximately 12.0 to
10.0 at the 95% nominal coverage level. Thus, two-step MV-DeepONet achieves similar coverage with substantially
narrower intervals.
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Table 12. PICP and MPIW of Prob-DeepONet and two-step MV-DeepONet before and after CP calibration.

Nominal Before CP calibration After CP calibration
Method coverage (%)
PICP (%) MPIW PICP (%) MPIW
90 99.14 9.89 x 10—2 89.80 4.63 x 10—2
Prob-DeepONet 95 99.57 1.18 x 10~1 94.86 5.93 x 10—2
99 99.84 1.55 x 10~1 99.01 9.55 x 10—2
ot 90 98.37 8.23 x 1073 89.46 4.69 x 1073
WO-step —3 —3
MV-DeepONet 95 99.21 9.81 x 10 94.63 5.92 x 10
99 99.76 1.29 x 10—2 98.22 9.12 x 103

3.4 Hypersonic Blunt-Body Aerothermal Modeling

Hypersonic aerothermal prediction involves coupled multiscale and multiphysics processes in a realistic engineer-
ing setting. During atmospheric reentry or hypersonic cruise, shock compression and viscous dissipation convert
kinetic energy into internal energy, producing high temperatures within the shock layer. The resulting chemical reac-
tions and vibrational relaxation may occur on time scales comparable to the flow time scale, leading to thermochemical
nonequilibrium [68, 69].

A representative configuration is considered here: hypersonic laminar flow past a hemispherical blunt body.
The numerical configuration follows MacLean et al. [70] and Dsouza et al. [71]. MacLean et al. compared LENS-
XX surface heat-transfer measurements with Data-Parallel Line Relaxation (DPLR) predictions, whereas Dsouza
et al. reproduced the same case in Ansys Fluent using a two-temperature nonequilibrium model and validated the
predictions against the experimental data. This example is used to evaluate structured output covariance recovery
under realistic aerothermal conditions.

Governing Equations and Constitutive Relations. Under the assumption of laminar flow, the three-dimensional
thermochemical nonequilibrium Navier—Stokes equations are written in conservation form as follows [68]:

9p | O(puj)
o om, O
Opui) | 9 (puiv +pdis) _ O7iy
ot ox; ox; ’
9(pE) | Ol(pE +pJus] _ Ouiti) _ Ole, +a4) 2 %p Uunih
ot o, o o Oy \ =T ) (90)

_ 9 (poul
aﬂ a(pnuj):_ (pnu J>+wn7 n::l,...,NS_l,

8t ij 6:5]‘
Ny Ny
d(pev) | O(pevu;) 0 v D :
5 + or, o, q; mE:1pmumjeVm +m5:1 (Qrvm + Wmevm) -

Here, F is the specific total energy, while quR and q;/ denote the translational-rotational and vibrational heat fluxes,
respectively. For species n, pn, u,?j7 hn, and w, denote the partial density, diffusion velocity, specific enthalpy, and
production rate, respectively. The quantities ey and Qv represent the specific vibrational energy of the mixture
and the energy exchange between the translational and vibrational modes of molecular species m, respectively.
Closure of the governing equations is provided by the Park two-temperature model [72] and a finite-rate chemistry
model [73, 74]. The former accounts for thermal nonequilibrium between the translational-rotational and vibrational—
electronic energy modes, whereas the latter describes species production and depletion through finite-rate chemical
reactions.

Sources of Uncertainty. Variations in freestream density, temperature, pressure, and velocity can alter the shock-
layer structure and wall heat flux. Previous uncertainty quantification studies of hypersonic aerothermodynamics have
treated these quantities as uncertain inputs, with freestream velocity and density identified as important contributors
to surface-heating uncertainty [75-77]. Since wall heat flux is a critical design load for thermal protection systems, the
present study represents freestream uncertainty through the Mach number, while the remaining freestream quantities
are determined consistently from the prescribed atmospheric and flight conditions.

Computational Fluid Dynamics (CFD) Solver Validation. Since the dataset is generated by CFD simulations,
the solver is first validated against the Mach 12.4 hemispherical blunt-body experiment of MacLean et al. [70]. The
configuration uses the 7.6-cm-diameter stainless-steel test article shown in their Fig. 1(a), with mesh refinement
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near the stagnation region and within the boundary layer [70]. The simulation employs an 11-species, 21-reaction
thermochemical nonequilibrium model together with a two-temperature formulation. The freestream and boundary
conditions are summarized in Table 13.

As shown in Fig. 17, the predicted wall heat flux agrees well with the experimental measurements and NASA
DPLR results [70, 78]. The simulation captures both the stagnation-point heat-flux peak and its downstream decay,
consistent with previous numerical results for the same configuration [71].

Table 13. Parameter settings for the high-fidelity aerothermal simulation.

Category Parameter Value
. Geometry Stainless steel hemisphere, D = 7.6 cm
Physical . .
. Flow regime Laminar
configuration . . ) .
Thermochemical model 11 chemical species, 21 elementary reactions, and a two-

temperature model

Mach number Ma =124
Temperature Teo =535 K
Freestream P — 1781 P
conditions ressure Poo = : &
Velocity Uso = 5732 ms—1
Density Poo = 1.16 x 1073 kgm =3
B 4 Inlet Pressure far-field
oundary Outlet Pressure outlet
conditions
Wall Isothermal wall, T, = 300 K
le6
i j j — Numerical Simulation
6 @  Sample Points 1
B Experimental Data
sk --- DPLR 1

Heat Flux Density (W)

L

0

Angle (deg)

Fig. 17. Comparison of wall heat flux distributions obtained from the present CFD simulation, the LENS-XX experiment,
and NASA DPLR. The angle 6 is measured along the hemispherical surface from the stagnation point, with 8 = 180sarc/(7R),
where Sarc is the surface arc length and R is the hemisphere radius. Thus, § = 0° denotes the stagnation point and 6 = 90°
the hemisphere—cylinder junction.

Data Generation and Network Architecture

Based on the validated CFD model, the dataset construction and network design for this example are described
below. Taking the freestream conditions as the source of uncertainty, Latin hypercube sampling is used to sample the
freestream Mach number over 10.4 < Ma < 16.4. A total of 179 independent samples are generated and divided into
125 training samples, 24 test samples, and 30 calibration samples. The trunk network takes the wall-node coordinates
as input and learns basis functions for representing the wall heat flux distribution.

During the first training stage, a conventional mean squared error loss may smooth the stagnation-point heat
flux peak. Since wall heat flux is related to the near-wall temperature gradients through

Guw = Qtr + Qve = ke VT + kvevTve7 (91)

a physics-informed weighting based on the translational-rotational temperature gradient is introduced into the trunk
reconstruction loss:

(w*’ A*) — argl:{;l,igl ||WVT ® (@wA — S)H% . Wyr =1+ etanh (%) . (92)
The translational-rotational temperature gradient is adopted because it is numerically more stable than the vibrational—
electronic temperature gradient and is more directly related to wall heat transfer under the cold-wall condition. The
hyperbolic tangent limits excessive weight amplification, while € controls the weighting strength. Setting ¢ = 1.0
gives 1 < Wy < 2. This weighted loss emphasizes the stagnation and post-shock regions without destabilizing the
reconstruction loss. Wall heat flux depends not only on the freestream conditions but also strongly on the thermo-
chemical state of the shock layer. A multi-branch architecture is therefore used [79]. Branch 1 receives the freestream
Mach number, whereas Branch 2 receives features extracted from the mass fraction fields of the 11 chemical species.
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The species fields are high dimensional and strongly correlated because of mass conservation, ijﬁ 1Y, =1, and
finite-rate chemical coupling. A variational autoencoder (VAE) is therefore used to encode the species mass fraction
fields into a low-dimensional latent vector z, which serves as the effective input to Branch 2. The outputs of the two
branches are concatenated and processed by a multilayer perceptron (MLP). The resulting representation is then used
by two-step MV-DeepONet to predict the wall heat flux distribution and recover its covariance structure. Details of

the VAE encoding procedure are provided in Appendix A.

3.4.1 Prediction Accuracy and In-Distribution Generalization Performance

Compared with the preceding three standard benchmarks based on partial differential equations (PDEs), the
hypersonic aerothermal example is more complex in both input dimensionality and the structure of the output field.
The wall heat flux distribution over the hemispherical blunt body exhibits pronounced spatial gradients near the
stagnation point and within the shock-affected region. This section compares the Prob-DeepONet and two-step
MV-DeepONet in terms of training accuracy, in-distribution generalization, and uncertainty bands for challenging
samples.

Training and In-Distribution Generalization Accuracy
Figures 18 and 19 show stable convergence for both methods. Their training and in-distribution test errors are
summarized in Table 14.
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Fig. 18. Training loss curves of Prob-DeepONet: individual ensemble members (left) and the ensemble mean with a +1
standard deviation band (right).
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Fig. 19. Training loss curves of two-step MV-DeepONet for the trunk (a) and branch (b) networks: individual ensemble
members (left) and the ensemble mean with a +1 standard deviation band (right).
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Table 14. Mean and maximum relative Lo errors on the training set and the in-distribution test set.

Metric Prob-DeepONet two-step MV-DeepONet
Mean relative Lo error (training) 0.5496% 0.2555%
Maximum relative Ly error (training) 0.8589% 0.3729%
Mean relative La error (in-distribution test) 3.7174% 2.1064%
Maximum relative Ly error (in-distribution test) 8.8195% 3.5545%

As reported in Table 14, two-step MV-DeepONet achieves lower mean and maximum relative Lg errors on
both the training and in-distribution test sets. The increases from training to test errors are 1.8509 and 3.1816
percentage points, respectively, compared with 3.1678 and 7.9606 percentage points for Prob-DeepONet. These
results demonstrate that two-step MV-DeepONet achieves higher fitting accuracy and more stable in-distribution
generalization, particularly for the worst-case samples.

Predictions and Uncertainty Bands for Challenging Samples
To further examine the predictive behavior of the two methods on challenging samples, the training and in-
distribution test samples with the largest relative Ly errors under each method are selected as stress-test cases.
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Fig. 20 presents the reference fields, predicted fields, and relative error distributions for these samples. Fig. 21 shows
the corresponding predictive means and £20 uncertainty bands along selected spatial profiles.

Reference field Predicted field Relative error Reference field Predicted field Relative error
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(a) Prob-DeepONet: training sample with the largest relative Lo (b) Prob-DeepONet: in-distribution test sample with the largest
error. relative Lo error.
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Fig. 20. Reference and predicted wall heat flux fields, together with the corresponding relative error distributions, for the
training and in-distribution test samples with the largest relative Lo errors. The first and second rows correspond to Prob-
DeepONet and two-step MV-DeepONet, respectively.
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Fig. 21. Predicted mean and uncertainty bands for the training and in-distribution test samples with the largest relative
Lo errors. The uncertainty bands correspond to £20. The first and second rows correspond to Prob-DeepONet and two-step
MV-DeepONet, respectively.

Regarding the wall heat flux fields, both methods capture the dominant variation along the wall, but their relative
error distributions differ markedly. For the most challenging in-distribution test sample, Prob-DeepONet exhibits
localized errors with a patch-like pattern. In contrast, the errors of two-step MV-DeepONet vary more smoothly
along the wall and generally increase from the stagnation region toward the downstream surface.

This difference can be explained by the different spaces in which probabilistic modeling is performed. Prob-
DeepONet evaluates the Gaussian NLL pointwise in the physical output space. For an input u and the i-th output
location y;, its negative log-likelihood can be written as

kit = 537 D [logottw + L], (99)

where [i,; and &f»i denote the predictive mean and variance at y;, respectively. The gradient of this loss with respect
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to the predictive mean is
OLNIE _ 1 fisi— si

— Bt T8 94
sy M 62, (04)

Thus, the mean residual at each location is weighted by the corresponding pointwise variance. When the predicted
variance at a particular location is large, the gradient and training penalty associated with the mean residual at
that location may be reduced, so that the local mean error may remain insufficiently corrected. This pointwise
mean—variance tradeoff may consequently produce relatively isolated error patches in local regions that are difficult
to fit.

By contrast, two-step MV-DeepONet evaluates the negative log-likelihood in the modal coefficient space. For
the m-th target modal coefficient c;, (u), the loss is written as

P

[’2Nsltfip (u) = % Z |:10g ﬁ‘im (u) + [C:n(u;-gnﬁiv)rl(u)} 7 (95)

m=1
and its gradient with respect to the predicted coefficient mean is

2step ~ *
OLNLL _ 1 He,m — Cm
a:uC,m p Uz,m

(96)

It follows that the predicted variance in two-step MV-DeepONet adjusts the weighting of modal coefficient mean errors
rather than that of local residuals at individual output locations. Although a larger coefficient variance may likewise
reduce the training penalty on the corresponding coefficient mean error, this tradeoff occurs at the modal-coefficient
level rather than in the physical output space.

To further illustrate this distinction, let

Sppe(u) = frc(u) — ¢ (u) (97)

denote the coefficient mean error. When only the coefficient regression error is considered, the corresponding mean
error in the physical output space is

Spas(u) = Q" Ope(n). (98)
At any two output locations y; and y;, this relation gives
P p
Sprs (Y 0) = D> G (U)Oppe,m (W), s (5, 0) = D G (y5)Spte,m (W) (99)
m=1 m=1

These expressions show that each coefficient mean error dpic,m is distributed across multiple output locations according
to the spatial profile of the corresponding shared basis function gj,. If the shared basis functions vary smoothly over
the output domain, the resulting mean-prediction error field also tends to vary coherently across locations, rather
than forming isolated patch-like concentrations.

Consequently, transferring probabilistic modeling to the coefficient space and combining it with the two-step
training strategy shifts the mean—variance tradeoff from the pointwise level in the physical output space to the low-
dimensional modal level. This provides a structural explanation for the smoother and more spatially coordinated error
distributions produced by two-step MV-DeepONet. The gradual increase in relative error away from the stagnation
region may also be amplified by the decreasing magnitude of the reference wall heat flux.

For the training samples, the predictive means of both methods closely follow the reference profiles, and their
uncertainty bands remain narrow. For the most challenging in-distribution test samples, the uncertainty bands
widen as the prediction discrepancies increase, particularly in the region where the wall heat flux changes rapidly.
The uncertainty band of Prob-DeepONet expands over a relatively broad portion of the profile, whereas that of
two-step MV-DeepONet varies more coherently with the spatial variation of the wall heat flux field.

3.4.2 Analysis of Output Covariance Recovery Accuracy

This part further quantifies the output covariance recovery accuracy for the aerothermal example.

Covariance Error Decomposition and Quantitative Accuracy Analysis

Figure 22 shows how the normalized Frobenius covariance errors vary with the number of retained modes p, while
Table 15 reports the minimum numbers of modes required to reach different target normalized Frobenius errors. The
main observations are as follows.

(1) Oracle SVD curve (71). The Oracle SVD error falls below 1% with only one retained mode, below 10™*
for p > 3, and reaches 1.55 x 1077 at p = 10. The reference covariance therefore has an approximately rank-one
structure. Its physical origin and spectral characteristics are further discussed in Appendix B. Consequently, T} is
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negligible compared with the model-dependent errors.
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Fig. 22. Normalized Frobenius covariance error as a function of the number of retained modes.

Table 15. Minimum numbers of retained modes required to achieve different target normalized Frobenius covariance-error
levels for the three covariance-recovery curves.

Target error Oracle SVD Learned-subspace Final model

oracle prediction
Error < 20.00% p>1 p>1 p>1
Error < 10.00% p>1 p>1 p>1
Error < 5.00% p>1 p>1 Not reached
Error < 2.00% p>1 p>2 Not reached
Error < 1.00% p>1 p>2 Not reached

(2) Comparison between the Learned-subspace oracle curve and the Final model prediction curve.
The two curves remain clearly separated over the full range of p. For p > 5, the Learned-subspace oracle error stabilizes
at approximately 3.0 x 10™2, whereas the Final model prediction error remains near 6.6 x 1072, This behavior differs
from that observed in the preceding PDE examples and leads to two observations:

1. The final covariance recovery error is dominated by 73. The Learned-subspace oracle error is only approximately
0.3%, indicating that the trunk network accurately captures the dominant output subspace. By contrast, the
large separation from the Final model prediction curve identifies branch coefficient-covariance regression as the
principal bottleneck. This result is consistent with the approximately rank-one covariance structure. Since most
covariance energy is concentrated in the dominant mode, bias in its predicted coefficient variance is transferred
directly to the Frobenius covariance error. The limited training set and the complex inputs combining latent
species-field features with freestream parameters may further increase the difficulty of variance regression. Ac-
cordingly, the Final model prediction reaches the 10% error level but not the 5% level, whereas the other two
curves fall below 1% for p > 2.

2. For M = 13,056 and K = 125, the corresponding relative statistical-error scale is

~6.2x 102 (100)

This estimate is more than one order of magnitude larger than the observed Th ~ 3.0 x 10~2, showing that the
order bound is loose in this case. It therefore does not permit a reliable ranking of the two contributions within
Ts.

Overall, covariance recovery in the aerothermal example follows the hierarchy 71 < T>» < T3 in contrast to the
Ts-dominated behavior observed in the preceding PDE examples. These results show that when covariance energy is
concentrated in a single dominant mode, recovery accuracy becomes particularly sensitive to the predicted variance
of the corresponding coefficient.

Recovery of Local Correlation Structures: Multi-Anchor Correlation Map Assessment

For the aerothermal example, three anchor points are selected from the upstream, middle, and downstream
regions of the wall along the flow direction. Fig. 23 compares the corresponding reference, predicted, and absolute-
error correlation maps.

Overall pattern consistency. For all three anchors, the predicted and reference correlation maps show strong
agreement in their overall spatial patterns. The spatial extent of the principal correlation region, the streamwise
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variation in correlation strength, and the transition between regions of relatively higher and lower correlation are
all well reproduced. The absolute errors remain small over most of the wall, with a mean row-wise correlation
error of approximately 2.10 x 1073, Although the normalized Frobenius covariance error is approximately 6.6% and
dominated by T3, the local correlation error is only about 0.2%. This difference indicates that the Frobenius error
primarily reflects a bias in the magnitude of the dominant modal variance rather than an error in the recovered
spatial correlation structure. The model therefore recovers the spatial correlation pattern accurately while slightly
misestimating the overall covariance scale.

Physical interpretation of the correlation structure. The aerothermal maps exhibit globally coherent positive
correlations along the wall. This behavior is consistent with the physical mechanism of the aerothermal problem.
Since the freestream Mach number is the only sampled random input, its perturbation acts as a common forcing on
the coupled flow and thermochemical response. Over broad regions of the wall, the heat flux responds to variations
in Ma in the same direction. Consequently, increases or decreases in Ma produce coordinated changes in wall heat
flux, giving rise to the extensive positive correlations observed in the correlation maps.

This structure differs from the vertical, horizontal, and localized correlation patterns observed in the preceding
examples. These differences reflect the distinct mechanisms through which uncertainty enters and propagates in the
corresponding physical systems.
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Fig. 23. Multi-anchor correlation maps showing the reference correlations, predicted correlations, and corresponding absolute
errors for three anchor points, where erow denotes the relative Lo error of the predicted correlation map for each anchor point.

3.4.3 Prediction Interval Calibration and Coverage Analysis

CP is applied to calibrate the prediction intervals for the aerothermal example. Table 16 reports the corresponding
PICP and MPIW values.

Before calibration, both methods produce conservative intervals with PICP values close to 100%. At the 90%
and 95% nominal levels, CP moves the coverage close to the prescribed targets and reduces the interval widths. At
the 95% level, the MPIW of Prob-DeepONet is approximately 1.74 times that of two-step MV-DeepONet before
calibration and 1.65 times after calibration. At the 99% level, the calibration effect is less uniform: Prob-DeepONet
retains 100% coverage, while the MPIW of two-step MV-DeepONet increases despite achieving a PICP of 99.14%.
Nevertheless, its calibrated interval remains narrower than that of Prob-DeepONet. Overall, two-step MV-DeepONet
provides comparable coverage with sharper intervals across the three nominal levels.
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Table 16. PICP and MPIW of Prob-DeepONet and two-step MV-DeepONet before and after CP calibration.

Nominal Before CP calibration After CP calibration

Method coverage (%)

8 PICP (%) MPIW (W m~2) PICP (%) MPIW (W m~2)

90 99.63 4.0469 x 10° 90.58 2.0484 x 10°
Prob-DeepONet 95 99.99 4.8219 x 10° 95.27 2.9337 x 10°

99 100.00 6.3373 x 10° 100.00 4.8961 x 10°

90 99.05 2.3197 x 10° 90.63 1.4897 x 10°
two-step MV-DeepONet 95 99.99 2.7641 x 10° 94.79 1.7783 x 10°

99 100.00 3.6326 x 10° 99.14 4.0642 x 10°

4 Conclusions

This paper developed a two-step MV-DeepONet framework for forward uncertainty propagation driven by random
input fields, with particular emphasis on recovering the total predictive covariance and its structured conditional com-
ponent. The framework was designed to relax the pointwise conditional-independence assumption of Prob-DeepONet
by incorporating a two-step training strategy and transferring Gaussian probabilistic modeling from the physical out-
put space to the low-dimensional modal coefficient space. The probabilistic modal coefficients jointly affect multiple
output locations through the shared basis functions, thereby inducing a generally non-diagonal conditional predictive
covariance without explicitly learning or storing the full high-dimensional covariance matrix. To further improve
practical uncertainty estimation, deep ensembles and conformal prediction were incorporated to quantify model un-
certainty and construct calibrated prediction intervals. More fundamentally, a Frobenius-norm error decomposition
and corresponding upper bound were derived, identifying low-rank covariance compressibility, trunk-subspace approx-
imation, finite-sample statistical error, and coefficient-space covariance estimation as the principal factors governing
covariance recovery.

Numerical experiments on several PDE problems and a representative engineering problem validated the ef-
fectiveness of the proposed model. The results showed that although Prob-DeepONet fit the training data well, it
exhibited larger generalization errors, wider prediction intervals, and more limited recovery of spatial correlation
structures in challenging test and extrapolation scenarios, consistent with the limitations of its pointwise conditional
covariance representation. Compared with the baseline, the two-step MV-DeepONet yielded more stable mean predic-
tions, spatially structured uncertainty estimates, and improved covariance recovery. After calibration, both models
approached the nominal coverage levels, while the proposed model achieved comparable coverage with narrower
prediction intervals, indicating more compact and informative uncertainty estimates.

Future work may proceed in two directions. First, since the effectiveness of the proposed model depends partly on
the low-rank compressibility of the output covariance and the retained modal dimension p, adaptive mode-selection
strategies may be investigated to balance subspace expressiveness and coefficient-space probabilistic regression com-
plexity. Second, this paper mainly adopted Gaussian probabilistic modeling in the modal coefficient space. For cases
where the conditional coefficient-space predictive distributions exhibit non-Gaussian features, such as skewness, heavy
tails, or multimodality, future work may adopt non-Gaussian coefficient-space distributions to improve robustness in
scenarios involving strong nonlinearity, high-dimensional random inputs, and complex spatially correlated outputs.
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Appendix A. VAE-Based Reduction for the Aerothermal Case Study in Section 3.4

The aerothermal flow field contains mass fraction distributions for eleven chemical species. Directly using these
fields as operator-learning inputs would substantially increase the input dimension, while the large differences in
magnitude among species would complicate network training. A three-dimensional VAE is therefore employed to
compress the species fields into a latent vector z, which provides a compact input representation for the subsequent
aerothermal prediction model. The VAE is used solely for dimensionality reduction. Its data processing, training
objective, and reconstruction performance are described below.

A.1 Data Processing and Network Architecture

The original flow fields are defined on an unstructured mesh. The 11 species mass fraction fields are therefore
first mapped onto a regular three-dimensional voxel grid using inverse distance weighting. The grid has dimensions
96 x 26 x 26, and each sample contains 11 channels corresponding to the mass fraction distributions of the chemical
species.

Because some voxels lie outside the valid flow domain, a binary mask m is introduced to identify the valid
physical region, and the reconstruction error is evaluated only over this region. To improve training stability in the
presence of large differences in magnitude among species, the mass fractions are first transformed using log,, and
then standardized channelwise over the valid masked region:

_ log, 4 (max (Traw, Elog)) — He (A1)
Sec

Tstd

Here, i and s. denote the mean and standard deviation of the cth channel over the valid region, and eiog prevents
the logarithm of zero.

The VAE consists of an encoder, a latent-variable sampling layer, and a decoder. The encoder uses three-
dimensional convolutions, anisotropic downsampling, and residual blocks to map the standardized multichannel voxel
field to the latent distribution parameters p and logo®. The latent vector is then generated using the reparameteri-
zation trick,

z=p+00k, e~N(0,I). (A.2)

The decoder reconstructs the three-dimensional multichannel field through upsampling, convolutional layers, and
residual refinement blocks. The complete architecture is illustrated in Fig. A.1.
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Fig. A.1. Schematic of the three-dimensional convolutional VAE architecture with residual blocks.
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A.2 Training Objective and Hyperparameter Selection

The VAE is trained using a combination of the reconstruction loss and the KL regularization term:

Ltotal =

Erecon + AKLEKL 5

where Akr, controls the strength of the Kullback—Leibler (KL) regularization.
The standard reconstruction loss is evaluated in the transformed network input space and is defined as

where x( o

in the same transformed space.
The KL regularization term is given by

»CKL:_

L

recon —
NbC

is the log,-transformed and standardized input field, and x

Ny

1 Z Z (1+ logon ; — taj — Jrzz,j) )
n=1j =1

2Nyd.,

>y

n=1c=1

o s 5

[[mll,

A(C)

d

) 2
).

where pn,; and ai,j are the mean and variance of the j-th latent variable for the n-th sample, respectively.
A sensitivity study examines d, € {56,64} and Ak, € {0,107% 107*}. Fig. A.2 compares the final loss compo-
nents and identifies d. = 64 and Ak, = 10™* as the best trade-off between reconstruction accuracy and latent-space

regularization.
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field, reconstructed field, and corresponding relative-error field are shown from left to right.

The reconstruction performance is illustrated using four representative species: e,
species cover electronic, molecular, ionic, and atomic components of the multispecies flow field. Fig. A.3 compares

the original fields, reconstructed fields, and relative-error fields.

reconstruction behavior and are omitted for conciseness.
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Overall, the principal concentration and gradient patterns are well preserved, with errors mainly confined to
regions of sharp variation. This confirms that the d. = 64 latent representation preserves the essential information in
the multispecies flow field. The VAE therefore provides a compact representation of the species mass fraction fields
while maintaining satisfactory reconstruction accuracy, thereby reducing the input dimension and computational cost
of the subsequent operator-learning model.

Appendix B. Approximate Rank-One Covariance Structure for the Aerothermal Case Study
in Section 3.4

The aerothermal output covariance exhibits an approximately rank-one structure, which helps explain the distinct
error hierarchy observed in the main text. This appendix provides a first-order explanation for this structure based
on the one-dimensional effective stochastic input.

B.1 Effective Stochastic Dimension of the Input

In the aerothermal example, the freestream temperature, pressure, and density are fixed, and only the freestream
Mach number varies randomly over Ma € [10.4,16.4]. For a prescribed Ma, the species mass fraction fields are
deterministic CFD outputs, and the VAE latent vector z used by Branch 2 is therefore uniquely determined by
Ma. Consequently, although the multi-branch model receives several input components, all samples lie on a one-
dimensional manifold parameterized by Ma. The effective stochastic dimension is therefore one, unlike the random-
field inputs used in the preceding PDE examples. This one-dimensional stochastic structure provides the basis for
the approximately rank-one covariance obtained from the first-order Taylor expansion below.

B.2 First-Order Derivation of the Approximately Rank-One Covariance
Let the physical operator G map the input function u to the wall heat flux field s = G(u) € RM. For a perturbation
du about the mean input u, a first-order Taylor expansion gives

s=G(i+du) ~G(u)+ VG (1) du, (B.1)

where VG(u) denotes the linearized sensitivity of the physical operator at u. Let ps = E[s]. The corresponding
output covariance is approximated by

E:E%—ug@—mf}zvgmcmwmvgmf (B.2)

Under these conditions, the composite input function is completely determined by the single scalar Ma, namely
u=u(Ma). Let
Ma = Ma+ 6Ma,

where Ma = E[Ma] denotes the mean Mach number and dMa is the corresponding zero-mean fluctuation, satisfying
E[6Ma] = 0. Expanding this vector-valued function about Ma gives

du=u(Ma+éMa) —u(Ma) =~ ou 0Ma =:viMa (B.3)
OMa |57~
where v = 8?\:[1a is a deterministic vector in the input space and 6 M a is a scalar random variable. The first-order
Ma
approximation to the input covariance is therefore
Cov(du) =~ E[(v dMa)(v (SMa)T] = Var(Ma)vv'. (B.4)

Substituting this result into Eq. (B.2) and defining w = VG (a)v, we obtain
¥ ~ Var(Ma) [VG(@)v] [VG()v] T = Var(Ma) ww . (B.5)

The first-order approximation to the output covariance is therefore a scalar multiple of an outer product. Its
rank is at most one and equals one whenever w # 0. Hence, the one-dimensional input uncertainty directly induces
an approximately rank-one output covariance after first-order propagation through the physical operator. This result
is consistent with the observation in the main text that the Oracle SVD curve (T1) approaches zero with only a few
retained modes.

The vector

_ Os
o aMam

has a direct physical interpretation. Its ith component represents the local sensitivity of the wall heat flux at the

w=VG (u)v (B.6)
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ith wall grid point to a change in the freestream Mach number. Larger values of |w;| indicate regions with greater
sensitivity to Ma, such as the region near the stagnation point.
To first order, the perturbation of the wall heat flux field satisfies

0s = wdiMa. (B.7)

Hence, all wall locations are driven by the same scalar fluctuation and differ only in their local sensitivities, producing
coherent variations across the surface.

B.3 Interpretation of the Evaluation Metrics

Equation (B.5) directly gives the following first-order approximation to the correlation coefficient between any
two wall locations ¢ and j:
Cov(si, s;) L wiwy
Var(s;) Var(s;)  |willw;]’

Under these conditions, the wall heat flux exhibits a generally positive sensitivity to the freestream Mach number
over the entire surface. Therefore, w; > 0 and p;; ~ 1 are expected. This agrees with Fig. 23, where the reference
correlations are predominantly within 0.98-1.00.

The approximately rank-one structure also explains the sensitivity of the normalized Frobenius error. For 3 =~
Auu; , nearly all covariance energy is concentrated in one dominant mode. Any relative error in this direction
therefore contributes directly to the normalized Frobenius error and cannot be diluted by energy in other directions.
By contrast, for a higher-rank compressible covariance, the energy is distributed across multiple directions, so an
error in a single direction is naturally averaged and has a smaller relative effect. Therefore, for an approximately
rank-one reference covariance, spatial correlation recovery provides a complementary metric that assesses whether
the correlation structure is accurately recovered independently of the overall covariance magnitude.

Finally, this physical structure also highlights a limitation of the pointwise conditional covariance representation
adopted in Prob-DeepONet. For an individual input u, its conditional predictive covariance is

Pij = W; W ;é 0. (BB)

Sprob () = diag (621 (u), ..., 52 (w)) . (B.9)

Thus, the conditional predictive component contains no off-diagonal dependence. The total predictive covariance
additionally includes the covariance of the conditional means across random input realizations and therefore need not
be diagonal. Nevertheless, when the reference response exhibits strong coherent cross-location correlations, restricting
the conditional predictive covariance to a diagonal form limits the explicit representation of structured dependence
in this component of the total predictive covariance.

By contrast, two-step MV-DeepONet models uncertainty in the modal coefficient space and maps the coefficient-
space covariance to the physical output space through the shared basis functions, thereby allowing a generally non-
diagonal conditional predictive covariance. This representation is better suited to capturing the strongly correlated
response structure observed in the present aerothermal example.
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