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Abstract

Improving an agent through successive revisions requires balancing exploration and evaluation under
a limited budget. A narrow search can miss useful sequences of edits, while fully evaluating every
intermediate version can exhaust the budget before those sequences yield a verified improvement.
We introduce Speculative Recursive Self-Improvement (SpecRSI), which drafts executable successor
agents before their predecessors are fully evaluated, while requiring complete verification before
adoption. Verification-Aware Tree Search (VATS) allocates the budget between further edits and out-
standing checks using the predicted verified return of a continuation. Group Verification Optimization
(GVO) learns the improver from completed searches while keeping the real evaluator fixed. In the
main scientific comparison, terminal gains exceed Janus by 33.3%-40.0%. Additional evaluations
show that SpecRSI outperforms Janus in all 50 scientific backbone—task pairs and exceeds MetaRSI-
vl by 1.85%-2.38% in macro-average system score across twenty backbones. Coding-validation
success reaches 69.4% versus HGM’s 64.3% at a 20.8% lower target-cost index.

Contact: pkushinnxu@tencent.com, neoxzhang @tencent.com, zlin@pku.edu.cn.
Code: https://github.com/SpecRSI-GPR/SpecRSI.

1 INTRODUCTION

Agent systems can be improved through successive revisions to their prompts, tools, and workflows.
Each round proposes executable changes and then evaluates whether they improve task performance,
and both consume time and computation. This raises a central question: how should an agent allocate
its limited budget between exploring new revisions and verifying their benefits? Successful
revisions can make later ones easier, but the evaluations that identify them are often far more
expensive than proposing another edit (Zhang et al., 2026a; Wang et al., 2026b; Liu et al., 2026). The
difficulty is not a shortage of candidates. It is turning exploration into verified progress before time or
computation runs out.

Two limiting strategies expose the tradeoff. Following one fully evaluated lineage gives every decision
fresh feedback, but it narrows the alternatives and inserts an evaluation barrier between dependent
edits. Maintaining many lineages explores more, but fully evaluating them all buys evidence for
branches that may never be used. Extra workers cut elapsed time without making the work free, and
under a fixed budget a wider search need not leave enough computation to finish the most useful
branch. The barrier, not the shortage of ideas, is what stalls progress: can we draft successors ahead
of their parents’ full evaluation, yet still spend verification only where it pays? For example, one
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coding-agent revision adds a file—test map; a successor uses it for focused intermediate retesting while
retaining the final full suite. Prior systems relax part of this by separating expansion from evaluation
or validating in parallel (Wang et al., 2026b; Liu et al., 2026; Hu et al., 2026b). Here we focus on
jointly selecting further revisions and bundles of outstanding checks under the remaining budget.

Once successors can be drafted ahead, where should we spend the budget next? A candidate that
looks strong may still need several checks before it can be adopted, while a child that repairs an
unhelpful parent may need only one remaining check. A scorer that only asks How good does this
version look?” therefore misses the cost of making it usable. What governs the budget is not a
candidate but a continuation, a sequence of further edits and checks from the current state, and the
operative question becomes What verified improvement can this continuation still deliver with the
remaining budget?” This quantity must be estimated before the checks that would reveal it are paid,
and a wrong estimate wastes irreversible budget; this pre-verification estimate under a hard budget,
not the drafting of successors, is what makes the problem hard. It shifts the scoring target from
candidate quality to the marginal verified return of further editing and checking.
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Figure 1: Explore ahead, verify before adoption. Agent patterns (a—c) and their token-level
counterparts (d—f). Agent checks are external and paid; only the adopted version needs complete,
admissible evidence.

However, the drafting—confirmation idea cannot be transferred unchanged from tokens to agent
revisions. (1) Revisions are revisable programs, not accepted prefixes. A successor may repair or
build on a parent that is not yet admissible. (2) Verification consists of paid, complementary checks.
External evaluations are not supplied by one target-model pass: checks have heterogeneous costs and
dependencies, and several may be jointly required for adoption. (3) Progress is verified improvement
under a budget. Search outcomes depend on realized gains and all incurred costs, including failed
and unfinished work, rather than proposal or acceptance counts.

We propose SpecRSI with the following contributions:

* A Two-Level Framework for Speculative Self-Improvement. To address (1), inner loop searches
extend incompletely evaluated versions but adopt only fully evaluated, admissible ones. The
improver remains frozen within each search and learns from complete-search feedback between
rounds.

* Verification-Aware Tree Search (VATS). To address (2), the Solver preserves affordable com-
pletion bundles, including individually low-value checks; the Scorer predicts verified gains from
further edits and checks, net of subsequent costs; and the Policy selects the next draft or verification
plan under the remaining budget.

* Group Verification Optimization (GVO). To address (3), GVO uses independent complete
searches from the same start as its unit of credit. Verified gains minus all search costs provide
delayed credit to sampled edits and work choices, training the Drafter and Policy. Realized suffix
returns and paid same-state comparisons train the Scorer.



2 PRELIMINARIES AND RELATED WORK

2.1 RECURSIVE SELF-IMPROVEMENT

An agent version ¢ comprises executable code and persistent prompts, tools, and workflows. Recursive
self-improvement (RSI) revises these artifacts to support later improvement rounds. With retained
versions V; and evaluation history H;, an improver Proposeg, selects and revises a version:

Ct ~ Propose@t(- | Vi,Hy), 2= freal(Cr),
(Vig1, Hip1) = Update(Vy, Hy, ¢, 2¢),

where update records observed feedback z;; a useful stepping stone need not immediately outperform
the incumbent. Existing methods search over agents, workflows, or prompts (Zhang et al., 2026a;
Robeyns et al., 2025; Hu et al., 2025; Zhang et al., 2025b; Agrawal et al., 2026). HGM separates
expansion from evaluation (Wang et al., 2026b), while Hyperagents and MetaRSI adapt improvement
generation or scheduling (Zhang et al., 2026b; Tan et al., 2026).

ey

2.2 EVALUATORS AND VERIFIED IMPROVEMENT

Following Janus (Liu et al., 2026), f,ca executes the task’s assessment, returning higher-is-better
utility J(c) € R and validity flag v(c) € {0, 1} for constraint satisfaction. After n real-evaluation
attempts, the best observed valid candidate satisfies

frear(c) = (J(¢),v(c)), ¢, € argmax J, 2)

(¢,Jw)EHp:v=1

where n counts attempts, not computation or monetary cost. A proxy evaluator cheaply prioritizes
real evaluations; Janus admits only real-valid candidates to its population or incumbent. SpecRSI
preserves this separation between prediction and validation, but allocates individual checks and scores
further edits and checks by their eventual verified return. Section 3.2 defines its state and evidence;
Appendix A provides extended comparisons.

3 METHOD

3.1 MOTIVATION
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Figure 2: Performance across ten backbones. Target-cost indices and macro-average scores on
Terminal-Bench 2.1 (TB2.1), SWE-Pro, GPQA-hard100, and AIME (mean + 1.0 x sample SD
across five training seeds). Panels follow Initial Agent means; lines connect model categories. On all
ten backbones, SpecRSI scores higher than MetaRSI-v1 at lower target cost but 0.83-0.90% higher
total-cost indices.

Accurate benefit evaluation is central to guiding RSI toward better agents. It informs which revisions
and checks deserve further work, guiding the direction of improvement. Inaccurate evaluation
can overlook useful revisions or waste resources on candidates that cannot be adopted. Therefore,
evaluation should reflect the verified improvement that further work can deliver.

However, accurate benefit evaluation is non-trivial: a candidate’s current quality does not determine
the value of continuing from it. This difficulty stems from two key challenges. € Benefit evaluation
should reflect downstream verified improvement. Intermediate revisions may enable later gains,
but establishing them requires subsequent edits and real checks. @ Benefit evaluation should
account for completion costs. Complementary checks, planning, and failed attempts consume
the same limited budget; even promising gains may be unaffordable to verify. Together, these



challenges create a performance—cost trade-off: a useful continuation must promise sufficient verified
improvement while remaining affordable to complete. Figure 2 illustrates the resulting trade-off
empirically.

3.2 TWwWO-LEVEL SPECULATIVE RSI Loop

Outer loop
Inner loop - frozen 0, - fixed verification contract I'
Agentc, Tree Acquired/ Remaining @
@ @ - missing  budget — VATS — Accept ¢, o J=D
7e% J=9 (@) I I Best complete, (@) ==
. &3 HEC[]  e— . admissible, =% Updated
Supervised Current 7 Draft | Verify root-eligible agent improver
warm-up @, improver @, —— o,
Draft / verify outcomes update state; choose again L»(‘_omplmn-soar(h logg — GVO ——
(a) Two-level Speculative RSI Loop
Current state Solver Scorer Policy
. o— mooo = Draft — Edit depth -
(@ - - - —. (@
% o— .:Eg O < - Verify — Check branch %
;C Z o—= = . &0
Agent ¢, Remaining Draft plans + Compare continuations Accept Complete agent
Evidence budget completion bundles Verified benefit after cost / time Le.arned preferences: SEIEFmd
[ L [H — within budget Predictions # evidence action - branch - scope action
(b) Verification-Aware Tree Search (VATS)
Independent complete Search logs Drafter + Policy update PPOstyl
searches - —/ = = Compare complete -style .
* . = SIEE  searches Leave-one-out credit gex
oy O oY
Verified gain Scorer update Paid pairwise Return regression Updated
Same start - frozen 0, All costs charged comparisons + pair differences improver 0, ,,

Suffix returns

" and menu rules stay fixed
(c) Group Verification Optimization (GVO)

Figure 3: Two-level Speculative RSI Loop. VATS allocates drafts and checks under a frozen
improver; Accept returns the best complete admissible version. GVO updates the improver between
searches; I stays fixed.

SpecRSI tracks individual evaluation checks. A complete admissible root r anchors tree 7 = (C,.A)
of immutable agent versions and executed edit edges. Versions freeze prompts, tools, workflows,
and permitted persistent state, including memory; only D/H/M permits model-parameter edits. The
uneditable verification contract I' specifies finite required-item set Z, execution/admission rules,
constraints, and higher-is-better score Jr, instantiating task utility J. State S = (7, &, H, B, N,w)
records admitted evidence &, history H, remaining expense B > 0, attempts N > 0, and workers
w > 1. For version ¢ and item i, m.; € {0,1} marks a valid outcome’s presence, not whether it
passed. The complete admissible set and its best observed gain are

Cran(S) ={c€C:my =1Vi € Z, c admissible under I'},
F(S)= max [Jp(c)— Jp(r)], (€)
(8) = max_ [Je(c) = Jn(r)]

where F' is observed adoption-ready gain, not a learned value; the eligible root ensures F' > 0.
The fixed contract I' and execution interface Acquirep form the real evaluator: T' specifies valid
evidence; VERIFY invokes Acquirer to run selected real checks. Complete admissible evidence
determines Jr(c) and ACCEPT eligibility. The learned Scorer Q4 (S,w) is the score evaluator; it
predicts expected verified gain net of subsequent expense and elapsed-time costs (Equation (6)),
guiding expenditure without supplying evidence. DRAFT generates successor edits and assigns no
evaluation score.

At round k, ¢ is the agent and Oy, = (0, 1k, ¢r, v) the improver: drafter, work-selection policy,
continuation-value scorer, and fixed menu settings. Collection freezes all four, with scorer snapshot



é1r = ¢r. Independent searches from the same root supply agents and logs for the outer update:

(c,(cg_gl, D,(fg)) = Searchg, (cx), ¢g=1,...,G (inner loop searches),

L@ @
D, = U D,”, Or4+1 = GVO(O,,Dy)  (outer loop update),

g=1
where G > 2 counts independent searches, not shared-tree leaves. Figure 3 connects VATS inner
searches and GVO outer updates. Carry/reset selects the next root separately from within-search

acceptance, isolating learning from artifact retention. Contract I' and the outer update rule remain
fixed (Appendix F.1).

Table S1 in Appendix A compares roles with Janus (Liu et al., 2026): its proxies screen candidate
programs; our Scorer values state—work pairs, including later edits and checks.

3.3 INNER-LOOP SEARCH WITH VATS

Verification-Aware Tree Search (VATS) selects bounded work w: DRAFT(P, h) or VERIFY(J),

where P = (Pa)lfil1 tags existing parents, h > 1 bounds edit depth, and 7 lists existing-version

jobs. Expense and attempt caps are enforced. Either action may repeat; ACCEPT terminates search.
Complementary checks require more than token-confidence ranking: Solver constructs completion
options, Scorer refines scope, and Policy selects work (Algorithm 2). Execution updates state before
replanning under the frozen improver (Algorithm 1, Appendix F).

3.3.1 SOLVER

The Solver forms completion bundles that fit the remaining budget. Missing items are U.(S) =
{i € T : m¢; = 0}, and outstanding outcomes are K.(S) = {(¢,?) : i € U.(S)}. The relation
reader R(S) = Remaining(S) reads masks, dependencies, shared setups, and source relations from
existing records. It acquires no new outcomes; forecasts cannot fill missing evidence (Appendix F.2).
Bundles cover selected missing-item sets even when individual checks have little value:

Q; = D; U{VERIFY(A) : A € M;} U{ACCEPT}, 5)

where draft plans D; use existing, possibly incomplete parents; M, contains feasible verification
bundles. A MILP covers selected K. sets and cross-branch unions subject to prerequisites, shared
setups, conflicts, and reserved budgets. Original completion seeds remain eligible during refinement.
Feasibility guarantees neither successful outcomes nor exhaustive coverage.

3.3.2 SCORER

The Scorer @¢(S, w) values state—work pairs under the frozen procedure 7, including later edits,
checks, and branch switches:

Qﬂ—(shw) = IE71' [F(Send) - F(St) - >\Ct:end - MLt:end | St»‘*}] P (6)

where S; precedes preparation; .S; follows its payment; Sepq is terminal. Subsequent expense Ct.end
and elapsed time L;..,q include later preparation and failures, excluding current sunk preparation.
Fixed A\, > 0 convert costs to score units (4 = 0 for cost-only evaluation). 7 includes edit
generation and work selection with fixed menu rules. Predictions never replace observed F' or
evidence; Q™ (S, ACCEPT) = 0.

For feasible bundle A, let D; contain job j and its prerequisites. The frozen snapshot @ 5 refines
bundles by

Aj(j ] A, S) = Q4(S, VERIFY(AU D;)) — Q4(S, VERIFY (A)), (7

where both terms use the same conservative state .S reserving the preparation cap. Whole-bundle
comparisons preserve interactions without summing isolated check scores. Shared jobs/setups count
once. Query and extension caps bound overhead, while original feasible seeds remain eligible
(Appendix F.3).



3.3.3 PoLICcY

After paying preparation, the Policy samples from nonempty €2; using observed relations R; =
Remaining(.Sy):
exp(zy (St Reyw) /Tpol) €

+ TO 1° (8)
Zueﬂt exp(2y (St, Re,v)/Tpo1) |24

where preference logits z,, differ from value estimates: selection need not maximize Q. Thor > 0,
e € [0,1), and the ACCEPT logit is zero. Collection samples; deployment maximizes logits (training
supports: Appendix E.5).

7T»¢,(OJ | St,Rt7Qt) = (1 — 6)

3.3.4 EXECUTION AND ACCEPTANCE

DRAFT. For draft plan (P, h), the drafter starts at ¢, o = P, and samples using only context H, 4
observed before editing:

€a,d ™~ 7T9(' | Ca,d—1, Ha,d)7 Ca,d = Freeze(Apply(Ca,dfh ea,d))7 d= ]-7 sy h7 (9)

where Apply executes the edit; Freeze saves its immutable result. Generateg (P, h, S) runs the
bounded plan on actual artifacts: incomplete parents may expand, but each edit waits for its parent.
Invalid edits are charged and end that path, preserving its valid prefix.

VERIFY. For requested jobs Jobs(w), Acquirer reads valid identical records or executes real checks.
The core is direct-only; checked reuse imports results after scoped equality checks through the
backend shared with compatible controls. Forecasts never create evidence. VATS selects branches;
the executor obtains records and updates state before replanning (Appendix F.4). Acquired records
alone authorize adoption.

ACCEPT. Records must satisfy identity, scope, fields, and provenance requirements, including when
reporting failure. At termination,

ACCEPT(S) = TieArgMax, cc,  (s) Jr(c), (10)

where ties prefer the root only if tied for best, then use a fixed version order. Only the selected version
needs complete admissible evidence. The reference rule adds no hidden completion/adoption margin.

3.4 OUTER-LOOP LEARNING WITH GVO
Group Verification Optimization (GVO) updates the learned components between search rounds
while the verification contract stays fixed.

Supervised warm-up initializes Drafter 6 from executed legal edits, Policy 1) from legal plan choices,
and Scorer ¢ from observed returns, producing ©. Unexecuted alternatives have no labels.

Solver feasibility rules and menu settings v are not learned. Solver outputs and environment results
have no policy likelihood.

The Scorer fits realized, undiscounted suffix returns from executed plan starts:
Gy = F(Send) - F(Sf) — ACtend — tLt:end,
EQ(@ = E(S,,,wt,G,,)NDQ [(Q¢(St»wt) - Gt)Q],

where Q7 is the conditional expectation of G;. D¢ records plan starts under the frozen procedure,
including paid alternatives; current preparation is sunk, later preparation charged. For legal plans
a, b from the same saved paid state .S, let GG, G, be mean returns of paid repetitions under the same
continuation policy:

Oub = Ga — Gpy  Lpain(9) = Ep,.. [(Qs(S,a) — Qu(S,b) — 3ap)?]. (12)

Regression anchors the mean (Gneiting, 2011). Difference-based training targets relative values
(Bertsekas, 1997); here, pair differences alone leave the common offset undetermined. Both train one
Scorer through £ + Bpair Lpair, Bpair > 0. Forced continuations train only the Scorer, never actor
likelihood; copies and rollout costs remain charged.

Y

Collect G > 2 independent searches from .S;” under frozen ©,, matching root, contract, budgets, and
workers. “Complete” means terminated with output and costs recorded, not every visited version



fully evaluated. Expense C, and elapsed time L, charge initial preparation and failed or unfinished
work:

G
Ry= F(Sh) = F(S7) = ACy— Ly, Ay=Ry— oo S R (13)
T u=1
u#g
No new complete improvement earns no gain, but costs remain charged. Intermediate edits receive
delayed credit through verified descendants without themselves qualifying for adoption. A, compares

whole searches, without a learned baseline. Only sampled edit tokens and plan choices update 6, 1)
through the clipped objective (Equation (20); Schulman et al., 2017; Ahmadian et al., 2024).

After collection, GVO updates O and freezes it for the next round. Actor updates change the
continuation law, requiring fresh searches to recalibrate the Scorer (Algorithm 3). These updates
guarantee neither per-edit causal attribution nor monotonic improvement; I" remains unchanged.

4 EXPERIMENTAL RESULTS

4.1 EVALUATION SETUP.

Tasks, models, and baselines. We evaluate five scientific domains (PyBaMM, AQM, FDTD, Reactor,
and IRP), four system tasks (Terminal-Bench 2.1 (TB2.1), SWE-Pro, GPQA-hard100, and AIME),
and separate coding, prompt, and workflow profiles. Qwen3.5-35B-A3B serves as the reference
backbone for mechanism studies and the primary matched system comparison. For cross-backbone
evaluation on the scientific domains, we additionally test GPT-6-Astra, Claude-Opus-5, Gemini-3.5-
Flash, DeepSeek-V4-Pro, GLM-5.3, Kimi-K3, MiniMax-M3, GPT-5.6-Sol, Claude-Sonnet-5-1M,
and GPT-5.5, covering 50 backbone—task pairs in total. We further evaluate the four system tasks
across twenty model backbones to test whether the observed gains persist across different starting
models. Baselines include Janus, HGM, MetaRSI, FlashEvolve, and task-specific optimizers (Liu
et al., 2026; Wang et al., 2026b; Tan et al., 2026; Hu et al., 2026b). D/H/M permits data, harness, and
model edits, whereas D+H excludes model edits. Comparisons remain within matched permission
bands; SpecRSI uses direct checks.

Measurements. Scientific gain and call-axis AUBC retain native units; task scores use percentages,
absolute gains percentage points (pp). Target-cost, training-cost, and lifecycle indices are not pooled.
Validation normally uses five training seeds with three nested searches each.

Reproducibility. The reference reproduction configuration uses official BF16 Qwen3.5-35B-A3B
with a frozen text backbone and rank-16 Drafter LoRA. SFT uses AdamW (2 x 10~5; component
minibatch 1; one epoch); GVO uses two frozen collection/update rounds (group 3; actor/Scorer SGD
rates 1072 /5 x 10~%; at most one joint update per complete collection). Training uses 2,048-token
sequences and one H20 per scientific domain; a separate H20 serves 32,768-token inference. Other
evaluated backbones use provider APIs. The repository specifies 14 versioned data pools and 42 exact
member lists, model/checkpoint identities, simulator parameters, seeds, and separate training/serving
software versions.

4.2 OVERALL PERFORMANCE

RQ1: Does SpecRSI produce better successors within comparable evaluation settings?

Scientific progress. SpecRSI leads terminal gain and call-axis AUBC in all five domains (Table 1A),
exceeding Janus by 33.3%—40.0% and 30.4%-33.7%, respectively. Scientific cost indices are 158.7
versus 148.1; call-budget efficiency and lifecycle expense are distinct quantities.

System performance. Under matched D/H/M access, gains over MetaRSI-v1 are 1.6-2.9 pp
(Table 1B). Matching D+H access retains a 2.20 pp average advantage, versus 2.25 pp with D/H/M,
showing that the gains persist without model-weight updates.

Backbone consistency. Figure 2 and Figure S2(a) use the same ten backbones for system and
scientific evaluation, respectively; Figure S2(b) covers twenty system backbones, including the
reference model. Across all 50 scientific backbone—task pairs, terminal-gain and AUBC uplifts over
Janus are 17.8%—27.6% and 15.7%—19.8%. SpecRSI exceeds MetaRSI-v1 on every system backbone
by 1.85-2.38 pp in four-task macro-average score. Five-seed summaries cover weaker and stronger
starting agents in the tested set.



Table 1: Performance across scientific discovery and agent improvement. A: terminal gain (upper
entry) and call-axis AUBC (lower entry), in native units. B: task scores (%) within matched edit
permissions. Entries show mean £1.0x SD; B uses SD. Bold denotes the highest mean within each
comparable group.

A Scientific gain / AUBC B System scores (%, T)

Method PyBaMM AQM  FDTD Reactor IRP Method TB2.1 SWE-Pro GPQA  AIME
0.120.01 0.09+0.01 0.14£0.01 0.11£0.01 0.10£0.01 ' p/H/M: data, harness, model
Alg.-Only 7.3£04 5.1£03 85x0.5 6.7+0.3 5.8%£0.2 Initjal 23.6+0.7 10.3+0.5 71.2+0.8 55.0+0.6

0.2120.01 0.17£0.01 0.2420.02 0.19+0.01 0.180.01 Data-RSI 274+0.8 12420.6 73.8£0.9 57.740.7
DirectLLM 192406 143£0.5 22.6+0.7 162404 13.7£04 HamessRSI —29.4209 149£0.7 78.8£1.0 63.30.8
Model-RSI 27.0£0.8 14.020.6 75.4£0.9 59.30.7

0.30+0.02 0.25+0.01 0.33+£0.02 0.27+0.01 0.25+0.01 Fjxed D—>M—H 30.3+0.9 15.3+0.7 79.4+1.0 64.3+0.8
Embed-GP  30.5+0.8 24.8+0.7 36.2+0.9 27.4+0.6 23.1+0.5 Static router 30.8+1.0 14.9+0.7 79.6+1.1 64.0+0.9

0.362£0.02 0.30£0.02 0.39£0.02 0.32£0.02 0.30£0.01 MetaRSI-vl 31.9+1.0 19.5+0.8 83.8+1.1 68.3+0.9
Janus 428+10 347208 513%1.1 369+08 31.5£07 SPeCRSI(ours)  33.5+1.1 21.7£0.9 86.1+12 71.21.0
SpecRSI  0.48+0.02 0.41£0.02 0.52£0.02 0.44+0.02 0.42+002 D+H: nomodel update
(ours) 56.7+12 45810 66.9+13 493+10 42109 Me@RSIH 28.7£0.8 14.240.6 77.5£0.9 61.8+07

SpecRSI-H (ours) 30.1+0.9 16.3£0.7 79.9+1.0 64.7+0.8

Code, prompt, and workflow. SWE-Pro coding validation gives direct-check SpecRSI 69.4 + 1.2%
versus HGM’s 64.3 + 1.1%, with target-cost indices 60.8 versus 76.8 (20.8% lower; Figure S3 in
Appendix B.4). Separate profiles give GPQA-hard100 scores of 82.4% versus GEPA+Merge’s 78.5%,
and PlanBench success of 67.8% versus EMAS’s 62.7%, with 9,290 versus 10,210 task-inference
tokens. Starting agents and costs remain profile-specific; full comparisons and the separate frozen
audit are in Appendix B.

4.3  VERIFICATION-AWARE SEARCH

RQ2: Does verification allocation help beyond more information or exploration?

Work scope. At fixed full-state information, bundles raise gain from 4.8 to 6.3 pp, lower cost from
63.1 to 59.2, and reduce completion failure from 9.8% to 6.5% (Figure 4a; Table S9 in Appendix C.1).

Planning ablations. Across eight budget caps from 10% to 150%, full SpecRSI has the highest
reported mean gain and lowest total-cost index of seven conditions (Figure 4b,c). At 70%, full versus
additive planning raises gain from 4.73 + 0.29 to 5.99 & 0.40 pp: planning takes 201 versus 141
ms, but total cost falls from 65.1 to 58.9. Removing completion seeds reduces gain by 0.77-1.79 pp
across the reported paired-difference sweep (Figure S4). Appendix C further separates the effects of
evidence quality and work scope, showing that the gain is not explained by simply executing more
or deeper work. Appendix G.5 provides an exact matched-scope analysis showing how bundled
verification can reduce dispatch cost under fixed information.

7.5- Full SpecRSI
74 —
Full state roro e de " (ours)
i 67 LT
61 T g% - S N 0 o - Additive MILP
= c c | A
g . < £ 64 {,% % j' -a-- Seeds only
s5- (} 8 45- @ A R
T Summary 3 @ :’ [ O S G —e- Frozen policy
) B 5o R SR A
4 . L= [ I——{-" - E 7 No seeds
. T e
O One check —t— T —
3- M Bundle @ 15-7 5g-¢—1— I ! Coupled
60 64 68 10 70 150 10 70 - Greedy
Total-cost index Budget (%) Budget (%)
(a) Verification scope (b) Verified gain (c) Total cost

Figure 4: Verification scope and planning ablations. (a) Gain versus total-cost index for one check
or bundles at fixed Summary or Full-state information; bars show reported SD. (b) Verified gain and
(c) total-cost index across eight budget caps. In (b), means average five reported seed means; SD
averages within-seed SDs. Lines join means; bands/bars show +1 SD.



4.4 IMPROVER LEARNING

RQ3: Is improvement learned by the improver, or merely retained in a stronger task agent?

Artifact controls. Improver updates raise reset/carry gains from 4.1 + 0.18 to 5.2 4+ 0.21 pp and
from 4.8 to 6.2 pp, respectively. Original/updated improvers yield 5.7/6.9 pp from the same released
artifact (Table 2(a)), , showing gains beyond simply retaining a stronger task agent.

Roles and supervision. Scorer-only updates yield science/code/agent gains of 5.2/5.4/5.3 pp, versus
4.7/4.9/4.8 for the drafter and 5.0/5.2/5.1 for the policy. Joint updates are stronger with unequal
training costs (Table 2(b)). Adding pair loss to the reported same acquired arms raises gain from
5.4 £ 0.23 to 6.3 £ 0.25 pp and lowers RMSE from 1.05 to 0.85, while training cost rises from 23.7
to 28.4.

Repeated rounds. Updated SpecRSI reaches 21.7 pp by round 5, exceeding updated Meta by 3.9
pp (17.8 pp) and original-improver SpecRSI by 7.9 pp (13.8 pp; Table 2(c)). All reported rounds
continue to yield positive incremental gains, from 8.5 pp in round 2 to 2.1 pp in round 5.

Table 2: Learning the improver. Gains (pp). (a) Reported uncertainty; compare within each starting
condition. (b) Updated roles: D, drafter; Sc, scorer; P, policy; Sh, shared backbone. Sci.: Science.
Last two rows have unmatched training costs. (¢) Incremental (Inc.)/cumulative (Cum.) gains for
original (Orig.)/updated (Upd.) improvers. All carry the agent; round 1 initializes. Full controls:
Appendix D.

Start Update Gain Updated roles Gain (pp) MetaRSI SpecRSI (ours)

(pp) Sci. Code Agent Rd. Orig. Upd. Orig. Upd.

Frozen 4.1+£0.18 None 40 42 4.1 2 49 72 58 8.5

Reser SFTonly 4.6 +0.19 D 47 49 48 e, 3 36 54 42 64

i GVOonly 5.0+ 0.20 Sc 52 54 53 4 21 38 27 47
Allroles 5.2 £ 0.21 P 50 52 51 ’ ’ ’ )

Frozen 4.8 +0.20 D+Sc 54 56 55 5 07 14 11 2.1

Carry  SFTonly 5.3 40.21 D+P 53 55 54 2 49 72 58 8.5

Y Gvo only 5.8+ 0.22 Sc+P 56 58 57 385 126 100 14.9
Allroles 6.2 £ 0.24 D+Sc+P 61 63 62 Cum. = - .

Same Original 5.7 + 0.22 Sh 45 47 46 4 106 164 127 19.6

artifact Updated 6.9 & 0.25 D+Sc+P+Sh 64 6.6 6.5 5 113 178 1338 217

(a) Artifact controls (b) Updated roles (c) Repeated rounds (pp)

4.5 RESOURCE TRADE-OFFS AND LIMITS

RQ4: When are more planning and parallel work worth their cost?

Planning and parallelism. Doubling plans from 32 to 64 raises gain from 6.3 to 6.5 pp but lowers net
return from 4.7 to 4.5 (Table 3(a)). Increasing workers from one to eight reduces elapsed time from
1,287 to 192 s, raising worker time from 1,287 to 1,403 s and gain from 6.3 to 6.5 pp (Table S17).
Thus, planning and parallelism expose different resource trade-offs: the former has a finite useful
range, while the latter primarily exchanges additional total work for substantially lower latency.

Verification cost. Batching lowers verification cost in three regimes and raises it in three (Table S16).
The separate lifecycle ledger gives SpecRSI (ours) a 5.7% lower total-cost index: 106.3 versus
MetaRSI-v1’s 112.7 (Table 3(b)). This lifecycle result complements Figure 2’s ten-backbone target-
cost analysis, which measures a different cost endpoint. Appendix E further separates planning,
batching, parallelism, and objective sensitivity, clarifying when additional computation reduces cost
or latency.



Table 3: Planning capacity and lifecycle cost. (a) MENU varies the offered-plan cap; gain is in pp
with reported SD, and Missing is the percentage of omitted good options. Overhead and Net retain
their reported definitions; Net is not recomputed as Gain minus Overhead. (b) Reported lifecycle
indices; overlapping components are not independently additive.

Plans Gain (pp) Overhead Missing (%) Net  Category MetaRSI-v1 SpecRSI (ours)

8 5.240.19 1.8 86 3.9 ?fa‘gr‘:iiiigﬁon ! b

32 6.3+ 0.25 3.9 3147 [P o ol

64 6.5+ 0.24 56 20 45 pamine a2 oo
(a) Offered-plan cap (b) Lifecycle ledger

5 CONCLUSION

SpecRSI’s two-level loop extends incompletely evaluated parents but adopts only complete, admis-
sible versions. VATS allocates edits and complementary checks by predicted net verified return;
GVO updates the improver from completed searches under a fixed verification contract. SpecRSI
outperforms Janus in all 50 scientific backbone—task pairs and MetaRSI-v1 by 1.85-2.38 pp in
four-task macro-average score across twenty backbones. Full planning achieves the highest mean
verified gain and lowest total-cost index among tested planning conditions at all eight budget caps.
Starting-artifact controls support gains from improver updates beyond retaining stronger task agents.
Learned allocation thus turns speculation into verified agent improvement under limited budgets.
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Figure S1: Main paper and Appendix.

A EXTENDED RELATED WORK

Recursive Self-improvement. Unlike within-task reasoning search or adaptive inference compute
(Yao et al., 2023; Snell et al., 2025), agent improvement persistently revises task solvers and their
improvers. DGM, SICA, ADAS, AFlow and GEPA iteratively revise and evaluate code, workflows,
or prompts (Zhang et al., 2026a; Robeyns et al., 2025; Hu et al., 2025; Zhang et al., 2025b; Agrawal
et al., 2026); MemEvolve co-evolves experience and memory programs, while Hyperagents and
MetaRSI adapt improvement generation or scheduling (Zhang et al., 2025a; 2026b; Tan et al., 2026).
HGM separates lineage-metaproductivity-guided expansion from agent—task evaluation (Wang et al.,
2026b); Janus co-evolves programs and proxies but retains real promotion checks (Liu et al., 2026).
SpecRSI uses VATS to connect exploration to evaluation completion, jointly selecting branches and
outstanding-check bundles by attainable verified improvement under the remaining budget.

Speculative Decoding. Speculative decoding decouples cheap drafting from target verification
without changing the target distribution (Leviathan et al., 2023). SpecInfer and EAGLE-2 use token
trees; Sequoia adapts their size and depth to hardware costs (Miao et al., 2024; Li et al., 2024; Chen
et al., 2024). Multi-token prediction learns future-token heads for speculative inference (Gloeckle

16



et al., 2024); Speculative Verification adapts verification length to predicted draft—target alignment
(Kim et al., 2026). Dynamic Speculative Agent Planning and Speculative Actions speculate on
planning or executing actions within a task (Guan et al., 2026; Ye et al., 2026); FlashEvolve asyn-
chronously overlaps evolution stages, optionally starting downstream work from partially evaluated
artifacts (Hu et al., 2026b). SpecRSI separates executable-successor proposals from residual-check
confirmation: incomplete parents may expand, but adoption requires complete, admissible outcomes
for the selected version, not every ancestor. The analogy concerns verification expenditure, not exact
token sampling or one-forward-pass agent evaluation.

Learning for Agent Improvement. Process supervision learns step evaluators; hierarchical agent
RL learns long-horizon values and policies (Lightman et al., 2024; Zhou et al., 2024). GRPO
estimates relative advantages for same-prompt responses (Shao et al., 2024); DVI trains token drafters
from verifier feedback; GTO targets expected tree acceptance length (Bhansali & Heck, 2025; Hu
et al., 2026a); MAS? trains meta-agents with value-weighted preferences from cost-sensitive terminal
outcomes (Wang et al., 2026a). GVO instead credits independent complete successor searches
from identical starting conditions, not responses or shared-tree leaves. Only complete admissible
versions earn improvement; computation, elapsed time, failed and unfinished work remain charged.
Established leave-one-out baselines and clipped updates train the drafter and work-selection policy
(Ahmadian et al., 2024; Schulman et al., 2017); observed-return regression trains the scorer, with
paid alternative continuations supplying scorer-only labels. These updates improve later searches
while the evaluator stays fixed. The contribution is this verification-grounded, cost-sensitive learning
unit integrated with successor search, not a new policy-gradient estimator.

Table S1 summarizes the functional correspondence between Janus (Liu et al., 2026) and SpecRSI.

Table S1: Functional correspondence between Janus and SpecRSI. The Scorer predicts continua-
tion value; the real evaluator supplies evidence for adoption.

Janus SpecRSI (ours)

LLM program generator Drafter / DRAFT: propose executable edits

Target program / offspring Immutable successor agent ¢’

Proxy evaluator Scorer: learned score evaluator @¢(S, w)

Promotion / acquisition rule VATS Solver + Policy: allocate draft and check work
Real evaluator freal T" + Acquirer; invoked by VERIFY

Real-validated incumbent ACCEPT: best complete admissible version
Proxy-evaluator adaptation GVO Scorer update from acquired outcomes

Program / evaluator co-evolution ~ Agent / improver two-level loop

B OVERALL PERFORMANCE

This appendix expands Section 4.2. The question is whether the method returns better successors
within each comparable profile. Table 1 and Figure S3 contain the scientific, system, and coding
comparisons; the additional tables below supply their costs and the prompt/workflow profiles.

B.1 SCIENTIFIC PERFORMANCE

The five columns of Table 1A are five native objectives. SpecRSI has the largest reported terminal
gain and AUBC in each. For example, PyBaMM terminal gain changes from 0.36 for Janus to 0.48, a
33.3% relative increase, not a 33.3 pp task-score increase.

Table S2 keeps evaluation, proposal, proxy-training, and planning costs visible. Its total is 158.7 for
SpecRSI and 148.1 for Janus: a 7.2% premium.

B.2 MATCHED-PERMISSION RESULTS
The system comparison controls what each method is allowed to modify. D, H, and M denote

data, harness, and model edits. D+H excludes model updates; it is not a harness-only setting.
Within D/H/M, SpecRSI exceeds MetaRSI-v1 by 1.6, 2.2, 2.3, and 2.9 pp on TB2.1, SWE-Pro,
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Table S2: Scientific cost breakdown. Normalized source indices, not monetary lifecycle totals.

Category Alg.-Only Direct-LLM Embed-GP  Janus SpecRSI (ours)
Evaluation 100.0 100.0 100.0 100.0 100.0
Proposals 0 12.4 18.7 223 29.5
Proxy training 0 0 15.2 18.6 20.7
Planning 0 0 0 7.2 8.5
Total 100.0 112.4 1339 148.1 158.7

GPQA-hard100, and AIME. The corresponding D+H differences are 1.4, 2.1, 2.4, and 2.9 pp. Both
permission bands remain in Table 1B alongside the single-surface, fixed-schedule, and static-router
controls.

The separate operator-combination study in Table S3 asks a narrower question about allowed combi-
nations and their costs. Its full SpecRSI row has a 7.2% cost premium over the full MetaRSI row.

Table S3: Operator combinations. Prior deployment-profile study; absolute gains (1) and cost ratios

-

Operators Gain Relative gain Relative cost
D only 2.8 21.4% 32.5%
H only 6.6 50.4% 58.7%
M only 39 29.8% 65.2%
D+H 7.7 58.8% 67.3%
D+M 52 39.7% 72.1%
H+M 8.9 67.9% 84.6%
D+H+M (MetaRSI-v1) 10.9 83.2% 100.0%
D+H+M / SpecRSI (ours) 13.1 100.0% 107.2%

B.3 BACKBONE COMPARISONS

Figure S2 provides the scientific and system backbone comparisons summarized in Section 4.2.

B.4 CODING AND AUDIT

Coding validation measures the resulting agent’s success, while the asynchronous completion profile
measures whether the relevant execution completes. They are different endpoints, even when method
names coincide. Figure S3 reports coding-validation means and target costs. The corresponding SDs
are 1.0, 1.1, 1.1, 1.0, 1.1, 1.2, and 1.2 pp for DGM, SICA, HGM, Beam-Spec, FlashEvolve async,
FlashEvolve optional, and SpecRSI, respectively.

Table S4: Asynchronous completion. Completion rate supplements the coding-validation scores; it
is not another estimate of coding success. The two native FlashEvolve modes remain separate.

Method Complete (%)
native FlashEvolve async-stages 91.2
native FlashEvolve optional-spec 92.8
SpecRSI (ours) 94.7

The frozen-successor audit assesses a selected, frozen artifact on a separately declared untouched
split. It reports a SpecRSI score of 69.4 4 1.3% and 23/25 target hits (Table S5).

Table S5: Separately reported frozen-successor audit.
Method Audit score (%) Target hits

SpecRSI (ours) 69.4+1.3 23/25
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A Initial Agent ® MetaRSI-v1 @ SpecRSI (ours)

Terminal gain

PyBaMM AQM FDTD Reactor IRP Mean + SD - 5 seeds
GPT-6-Astra 185 178 19.0 184 182
Claude-Opus-5 19.6 19.0 20.0 19.6 19.0 MiniMax-M3 = = ol
Gemini-3.5-Flash 20.0 216 229 225 216 DeepSeek-V4.1-Flash w ] .
DeepSeek-V4-Pro 214 200 222 211 235 Amazon-Nova-Premier u . -

GLM-53 220 206 227 21.6 206 Cohere-Command-A+ = ate .

Kimi-K3 231 [250 238 229 250 GPT.5.5 I L.
MiniMax-M3 | 26.0 233 256 25.0 276 . 1 " o
GPT-56-50 213 205 216 214 205 Claude-Sonnet-5-1M |__# :

Claude-Sonnet-5-1M | 24.3 [26.7 | 250 242 | 26.7 Qwen3.5-35B-A3B * .
GPT-55 237 258 244 235 258 Mistral-Large-3 .. -
Llama-4-Maverick w e o

AUBC Qwen3.5-397B-A17B w L] .

PyBaMM AQM FDTD Reactor IRP Kimi-K3 w . o4

GPT-6-Astra 16.5 157 16.3 16.3 16.3 GLM-5.3 " e o
Claude-Opus-5 17.1 17.0 16.8 16.6 16.9 Qwen3.8-Max - - ot
Gemini-3.5-Flash  17.7 182 17.9 188 18.1 b V4P . L
DeepSeek-V4-Pro 18.6 188 188 195 18.9 copSeercva o T o

GLM-53 187 187 189 192 186 - X ; .

Kim-k3 192 192 195 19.8 19.0 Gemini-3.5-Flash : - °
MiniMax-M3 192 194 196 193 19.2 GPT-5.6-Sol = .
GPT-56-Sol 182 175 180 183 17.3 Claude-Opus-5 .. .

Claude-Sonnet-5-1M  19.1  19.1 195 193 19.0 Claude-Opus-5.5 w e .

GPT-55 19.0 191 194 193 19.0 GPT-6-Astra u e ]

35 40 45 50 55 60 182124
1'5 2'0 2'5 2'3 Macro-average score (%) Paired gain
(pP)

Uplift over Janus (%)

(a) Scientific tasks (b) System tasks

Figure S2: Performance across backbones. (a) Relative terminal-gain and AUBC uplift over Janus
across ten backbones and five scientific tasks. (b) Macro-average scores over TB2.1, SWE-Pro,
GPQA-hard100, and AIME across twenty backbones, ordered by Initial Agent mean. Within-
backbone segments connect the three methods; markers and horizontal error bars show means and
+1 sample SD over five training seeds. The right-hand difference panel shows seed-paired SpecRSI
— MetaRSI-v1 differences in percentage points with the same uncertainty convention.

DGM SICA HGM Beam FE-A FE-O Ours M2 M2-D Tr. TG GEPA G+M Ours Gen. G+S AFlow ADAS EMAS Ours

SWE-Pro

Scoret 61.2 62.9 64.3 63.8 65.2 66.7 69.4

Cost| 89.2 82.5 76.8 79.4 67.3 65.8 60.8
Comp?t 87.3 89.1 90.5 89.7 91.2 92.8 94.7
HumanEval-Ext.

Scoret 58.7 60.3 66.8 65.2 67.4 68.5 72.6

GPQA-hard100
Scoret 74.8 73.5 75.9 76.5 77.6 78.5 82.4
Gaint 36 23 47 53 64 73 11.2
Cost| 42.6 38.9 45.3 47.8 51.2 55.7 53.1
MMLU-Pro

PlanBench
Succt 51.3 57.2 59.6 61.1 62.7 67.8
Tok| 11.26 11.08 10.72 10.49 10.21 9.29
Math

Succt 485 51.2 53.7 554 57.1 62.3

Cost| 85.6 80.1 74.3 77.8 69.9 69.7 59.3

Compt 85.1 87.4 90.4 89.2 91.5 92.1 950  Scoref 67.9 69.7 70.8 75.3 Tok| 12.34 12.08 11.75 11.42 11.13 10.39

MBPP-Advanced Gaint 4.4 62 73 11.8 MBPP

Score? 51.4 53.8 57.5 56.1 59.3 59.2 64.9 Cost| 32.4 38.6 42.1 41.8 Succt 45.8 483 51.1 52.9 54.6 59.4
Cost| 92.7 86.4 79.6 82.5 73.8 73.4 62.1

Comp? 83.6 85.9 88.7 87.6 90.1 90.2 93.9 GSM8K-Opt. Tok| 12.98 12.72 12.36 12.01 11.72 11.02

FixBench Scoret 62.7 64.9 66.1 71.2 Game24

Scoret 47.9 50.2 53.7 52.1 55.7 55.6 61.5 Gaint 4.7 6.9 81 13.2 Succt 421 453 47.9 49.7 51.2 54.7
Cost| 95.8 89.3 82.1 85.7 77.2 76.5 64.7

Comp? 82.1 84.7 87.3 86.2 88.9 89.1 93.1 Cost| 29.8 35.2 38.7 39.4 Tok| 14.12 13.85 13.47 13.12 12.83 12.08

(a) Code (b) Prompt (c) Workflow
Relative performance 0 — 1 within each task-metric — missing Ours = SpecRSI (ours)

Figure S3: Performance across code, prompt, and workflow tasks. Reported means: Score, Succ.,
and Comp. in percent; Gain in pp; Tok. in thousands. Darker cells indicate better within-metric
performance; dashes mark unreported values. Code completion uses a separate profile, and costs
retain task-specific definitions. Beam: Beam-Spec; FE-A/FE-O: FlashEvolve async/optional; M2/M2—
D: MIPROv2 with/without demos; Tr.: Trace; TG: TextGrad; G+M: GEPA+Merge; Gen./G+S:
Genesis/Genesis+SOP.
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B.5 PROMPTS AND WORKFLOWS

These profiles test whether the result is restricted to agent-code editing. Each retains its own initial
agent and benchmark. For GPQA-hard100 prompt optimization, SpecRSI reaches 82.4%, compared
with 78.5% for GEPA+Merge (Table S6).

Table S6: Prompt optimization. GPQA-hard100 means; no reported SD. Gain is an absolute change
on the % score scale.

Method Score (%) Gain (%, abs.)
MIPROV2 74.8 +3.6
MIPROV2 (no demos) 73.5 +2.3
Trace 75.9 +4.7
TextGrad 76.5 +5.3
GEPA 77.6 +6.4
GEPA+Merge 78.5 +7.3
SpecRSI (ours) 82.4 11.2

On PlanBench, SpecRSI reaches 67.8% success while using 9,290 task-inference tokens, versus
62.7% and 10,210 for EMAS (Table S7). This is a serving-token comparison, not a total-search-cost
comparison. Table S8 separately reports SpecRSI scores and token use on Math, MBPP, and Game?24.

Table S7: Workflow optimization on PlanBench. Success is a task score; tokens count task inference
only, excluding search and training. Both columns retain the supplied means.

Method Success (%) Task tokens
Genesis 51.3 11260
Genesis+SOP 57.2 11080
AFlow 59.6 10720
ADAS 61.1 10490
EMAS 62.7 10210
SpecRSI (ours) 67.8 9290

Table S8: Additional workflow tasks. Success (%) / serving tokens; PlanBench is already in
Table S7.

Method Math MBPP Game24
SpecRSI (ours) 62.3/10390 59.4/11020 54.7 /12080

C WHY VERIFICATION-AWARE SEARCH HELPS

This appendix expands Section 4.3. It separates three explanations that would otherwise be conflated:
seeing more information, offering completion-aware work, and choosing how much work to execute
before observing feedback. The latter’s resource regimes are examined separately in Appendix E.2.

C.1 INFORMATION AND WORK SCOPE

The information—scope study crosses two information levels (summary or full state) with two work
scopes (one check or a bundle). The relevant comparison is between rows that hold one factor fixed,
not just the weakest and strongest rows. With full state, gain rises from 4.8 to 6.3 pp and total cost
falls from 63.1 to 59.2 when bundles are permitted (Table S9). Failure falls from 9.8% to 6.5%, while
hit rate rises from 84.0% to 92.0%.

With summaries only, permitting bundles raises mean verified gain by 0.9 pp (3.2 to 4.1), compared
with 1.5 pp under full-state information. At both information levels, bundles yield higher mean gain
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and lower total cost than the corresponding one-check controller. These fixed-information compar-
isons support completion-aware work scope as a contributor to VATS’s performance beyond richer
inputs alone. The larger gain contrast under full state is consistent with complementarity between
information and work scope; the 0.6 pp difference is descriptive rather than a significance-tested
interaction. Appendix G.5 complements this empirical comparison with an exact, output-matched
analysis of how permitting verification blocks can reduce dispatch cost under fixed information and
explicit dispatch-cost assumptions.

Table S9: Verification scope with information held fixed. Gain is in percentage points (pp), with
reported SD. Cost is the study’s total-cost index; failure and hit rates retain the study’s definitions.
The two full-state rows isolate work scope at a fixed information level.

Information Work scope  Gain (pp)T Cost| Fail (%)) Hit (%)t

Summary One check 3.2+£0.21 674 15.2 72.0
Summary Bundle 414024 658 12.7 78.0
Full state One check 4.8 £0.25 63.1 9.8 84.0
Full state Bundle 6.3 +0.26 59.2 6.5 92.0

C.2 PLANNING ABLATIONS

The planning ablation changes how the menu is built and selected, rather than changing the success
criterion. Additive MILP uses the additive planning control; completion seeds retain candidate-
completing check packages; refinement uses whole-plan continuation predictions. Frozen-policy,
coupled scorer/policy, and greedy-selection rows then separate refinement from the final selection

Sq <6

rule. The figure’s “scorer” is the table’s “value”” model.

At the standard budget, removing seeds lowers gain from 6.3 to 4.5 pp, and greedy value selection
reaches 4.8 pp. At the 70% cap, the corresponding values are 6.0, 4.2, and 4.9 pp. These are
independent budget cohorts with their own seed pools, not extra replicates of the same condition.
Figure S5 makes the trade-off explicit: full planning spends more time preparing work yet has a lower
total-cost index.

199 200 200 201 202 203 204 205

Fullours) ' ,55 | i56 | 56 57 58 | 59 | 6.0 | 6.1

Lo 139 140 140 141 141 143 143 144

o Additve 42 143  +43 144 144 345 45 46
Seeds only 166 167 167 168 168 169 170 170

4.8 4.9 4.9 5.0 5.0 5.1 5.1 15.2

184 185 186 186 187 188 188 189
+5.1 5.2 52 +5.3 5.3 +5.4 +5.4 5.5

Sl el el 132 133 134 135 135 136 137 137
R S Noseeds 30 4140 40 #4144 242 42 243

192 193 193 194 194 196 196 197

Frozen policy

e Coupled 553 +54 454 55 455 456 56 457

1 115 116 116 17 118 119 119 120

204 Greedy 4355 136 436 37 437 38 38 139

T {0 30 5 70 90 110 130 150 0 3 50 70 9 110 130 150
Budget (%) Budget (%)

(a) Paired gain differences (b) Planning time
-8~ SpecRSlI (ours) -#- Frozen policy —- Coupled 115 160 205

-4- Additive MILP  -¥- No seeds -%- Greedy Mean (ms)

-#- Seeds only

Figure S4: Paired gain differences and planning time. (a) Method minus Full SpecRSI gain uses
the separately reported paired-seed difference means and SDs, not differences recomputed from
Figure 4b. Full relative to itself is zero. Lines join means; bars/bands show £1 SD. (b) Color encodes
planning-time mean; cells report mean = SD in milliseconds. Methods and eight budget caps match
Figure 4; Full (ours) denotes Full SpecRSI (ours). Seeds only: completion seeds only; No seeds: no
completion seeds; Frozen policy: refinement/frozen policy; Coupled: coupled scorer/policy; Greedy:
greedy scorer selection.
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70% 100% 70% 100%
A Iy

gain gain g g
Additive MILP 4.7 52 Additive MILP =13 -1.1
Completion seeds only 53 5.8 Completion seeds only -0.7 -0.5
Refinement / frozen policy 5.6 6.0 Refinement / frozen policy -0.4 -0.3
No completion seeds 4.2 4.5 No completion seeds -1.8 -1.8
Coupled scorer / policy 5.8 6.1 Coupled scorer / policy -0.2 -0.2
Greedy scorer selection 4.9 4.8 Greedy scorer selection -1.1 =15
Full SpecRSI (ours) | 60 | [ 63 | Full SpecRSI (ours) 0.0 0.0

(a) Gain at 70% and 100% budgets (b) Difference from the same-cohort full method

70% 100%

70% 100% fin. chk. dep. cand. fin. chk. dep. cand

ms cost ms cost Additve MILP 782 20 15 30 | 788 21 16 341

Additive MILP 141 65.1 142 65.2 Completion seedsonly 829 23 19 35 837 24 20 36

Completion seeds only 168 63.0 169 63.1 Refinement / frozen policy 845 25 21 38 | 853 26 22 39

. | Nocompletion seeds 761 19 14 28 | 768 20 15 29

Refinement / frozen policy 186  61.7 187 61.8 Coupled scorer /policy 862 26 22 39 870 27 23 40

No completion seeds 135 67.4 136 675 Greedy scorer selection  79.0 21 16 31 | 797 22 17 32

Full SpecRSI (ours) 88.9 27 25 41 90.3 28 26 43
Coupled scorer / policy 194 60.6 195 60.7

Greedy scorer selection 117 64.2 118 64.3
Full SpecRSI (ours) 201 58.9 203 59.2

(d) Completion and executed work

(c) Planning time and total cost

Figure S5: What changes when planning components are removed? These are the original
reduced- and standard-budget panels, not four experiments. A/B show raw gains and each cohort’s
difference from its own full method; C shows planning milliseconds and total-cost indices. In D, fin.
is finalist completion (%), chk. checks per block, dep. draft depth, and cand. candidates. A larger
work count is not intrinsically better. Except for B, shading is within-column scaling; darker does
not always mean better. The expanded eight-budget gain/cost curves and SDs are in Figure 4; paired
differences and planning times are in Figure S4.

C.3 EVIDENCE AND RELATIONS

The evidence-input study asks what the controller needs to know about work already done. “Allocator
blind” withholds the evidence features; “Mask only” provides missingness; “No relations” removes
relation information; “Restored valid fields” reinstates valid observed fields. Full evidence is the
reference. These interventions affect the controller’s inputs, not which predictions are accepted as
real outcomes.

Table S10 reports gain and the observed draft depth/checks per block. Full evidence reaches 6.3 pp,
versus 3.2 for the blind controller and 5.8 after valid fields are restored. Figure S6 adds costs, hits,
failures, and coverage. More checks per block and greater depth are descriptive consequences of the
selected work; maximizing either would be a different objective. The normalized heatmap is only
another view of the same summaries.

Table S10: Evidence and selected work. Gain 4+ SD; depth and checks per block are observed
means, not optimization targets.

Condition Gain (%, abs.) Draft depth Checks/block
Allocator blind 3.2+ 0.17 1.1 1.1
Mask only 4.7+0.20 1.6 1.6
No relations 3.8+ 0.18 1.4 1.3
Restored valid fields 5.8 £0.23 2.3 2.5
Full evidence 6.3 £0.25 2.6 2.8

C.4 PREDICTION AND VERIFICATION

The predictor study asks whether the model ranks candidate outcomes accurately and at what fitting
cost. It is not the fixed-information work-scope experiment above, and it does not certify a candidate.
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gain  cost hit fail dep. chk. blocks cand.

Allocator blind 3.2 678 715 157 Allocator blind 1.1 1.1 1.0 2.0
Mask only 4.7 643 821 10.9 Mask only 1.6 1.6 1.5 29
No relations 3.8 66.2 77.3 128 No relations 1.4 1.3 1.3 25
Restored valid fields 5.8 609 87.8 7.6 Restored valid fields 2.3 2.5 22 3.7
Full evidence 592 920 65 Fullevidence 2.6 28 26 4.2
(a) Gain, cost, target hits, and failures (b) Depth, checks, blocks, and candidates
scaled
gain hit -cost dep. chk. valid rel, cand.
valid rel. blocks Allocator blind  0.00 0.00 0.00 000 000 0.00 000 0.00
Allocator blind 0.00 0.00 1.0 Maskonly 048 052 041 033 029 035 020 041
' ’ ' No relations  0.19 0.28 0.19 0.20 0.12 0.45 0.00 0.23
Mask only 0.35 0.20 1.5 Restored valid fields  0.84 080 080 080 082 085 060 077
No relations 0.45 0.00 13 Full evidence  1.00 1.00 100 100 1.00 1.00 100 1.00
Restored valid fields ~ 0.85 0.60 22 (d) The same columns on normalized scales
Full evidence 1.00 1.00 2.6

(c) Available fields and relations

Figure S6: What information changes verification allocation? All panels describe the evidence-
input study. C reports valid-field fraction, relation coverage, and observed blocks. D min-max
rescales the same summaries to [0, 1], reversing cost only; it is not another evaluation. Dep. means
draft depth, chk. checks per block, and cand. candidates. Source gain SDs remain in Table S10.

In Table S11, MAE is prediction error, NDCG @3 summarizes the top-three ranking, and Regret@3
is the supplied top-three regret metric.

The source calls one predictive row “SpecRSI evolved evaluator.” This is a historical predictor label,
not a claim that the Verification Contract I is learned or editable. That row has the lowest reported
MAE and regret and the highest NDCG, but not the smallest fitting cost. Its quality diagnostics
must not be conflated with the continuation scorer’s same-data-supervision RMSE or with acquired
pass/fail records.

Table S11: Predictive-model diagnostics. Lower MAE, regret and fitting cost are preferred; higher
NDCG is preferred. The historical row name “evolved evaluator” denotes a candidate predictor, not
the protected Verification Contract.

NDCG Regret  Ej

Predictor MAE @3 @3 cost
GP 0.087 0.782 0.124 123
RF 0.102 0.735 0.156 8.7
MLP 0.095 0.758 0.141 105
Quadratic 0.114 0.703 0.172 7.2
RBF-SVR 0.091 0.771 0.133 13.8
Direct LLM 0.136  0.654 0.208 5.3
LLM arithmetic proxy 0.158 0.612 0247 3.9
SpecRSI evolved evaluator (ours) 0.076 0.835 0.098 11.7

D LEARNING THE IMPROVER ACROSS ROUNDS
This appendix expands Section 4.4. The experiments progress from controlling the starting artifact,

to changing the learned roles and supervision, to running repeated improvement rounds. They test
whether the search procedure improves, in addition to the task artifact.

D.1 STARTING-ARTIFACT CONTROLS

Reset controls return the task agent to the registered starting version while changing the improver.
Carry controls retain the stronger task agent. The released-artifact fork is a third comparison: both
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continuations start from the same already released version, but use original or updated improvers.
Comparing across these three starting conditions without holding the starting artifact fixed would
conflate learning with artifact retention.

In the reset condition, frozen and all-role-updated improvers obtain 4.1 + 0.18 and 5.2 + 0.21 pp; in
the carry condition, they obtain 4.8 + 0.20 and 6.2 4 0.24 pp (Figure S7a). The difference of update
effects is 0.3 pp, but paired runs would be needed for an interaction test.

Starting from the same released artifact, updating the improver raises the mean gain from 5.7 to 6.9
pp and lowers the reported cost index from 54.2 to 50.8 (Table S12). This is stronger evidence for
improver transfer than merely carrying a higher-scoring task agent forward.

Gain 1 Cost Regr. Hit Fail  Updated roles Gain (pp)
L D Sc P Sh Sci. Code Agent
Reset
Frozen 4.1+0.18 0.3 4.0 4.2 4.1
SFT only 4.6+0.19 0.2 O 4.7 4.9 4.8
GVO only 5.0£0.20 0.1 O 5.2 5.4 53
All roles 5.2+0.21 0.1 O 50 5.2 5.1
Carry
= 5.4 5.6 5.5
Frozen 4.8 +0.20 0.2 3
SFT only 5.3+0.21 0.1 S = S
GVOonly  58+0.22 0.1 - E 56 58 57
All roles 6.2£0.24 0.0 EEE | 61 | 63 | 62 |
Same artifact
4.5 4.7 4.6
Original 5.7 £0.22 0.1
Updated [ 6.9%0.25 0.0 mmwmm |64]66]| 65|

(a) Artifact controls (b) Updated roles

Figure S7: Starting-artifact controls and updated roles. (a) Reset, carry, and same-artifact controls;
gain is in pp. Reported uncertainty, regression values, and cost/hit/failure shading are retained.
Compare rows within each starting condition. (b) Filled switches mark updated roles: D, drafter; Sc,
scorer; P, policy; Sh, shared backbone. Columns report Science (Sci.), Code, and Agent gains (pp).
The final two rows use a separate shared-backbone extension; training costs are unmatched.

Table S12: Continuation from the same released artifact. Released-fork means and costs.
Improver New-task gain (pp) Costindex Regressions

Original 5.7 54.2 0.1
Updated 6.9 50.8 0.0

D.2 ROLE UPDATES

Figure S7b shows the role study, which changes the updated parts of the improver: drafter (D),
scorer (Sc), policy (P), and the separately permitted shared-backbone extension (Sh). In the supplied
science/code/agent aggregates, scorer-only updating has the largest single-role means, 5.2/5.4/5.3 pp;
drafter-only gives 4.7/4.9/4.8 and policy-only gives 5.0/5.2/5.1. Updating all three gives 6.1/6.3/6.2.

D.3 SUPERVISION AND COST

The supervision-and-acquisition study asks two different questions. First, holding the acquired arms
fixed, does adding pairwise return supervision help the scorer? Second, at the same acquisition
expense, is buying matched alternative continuations preferable to ordinary-search acquisition?
Table S13 keeps these contrasts separate. Adding the pair term increases the reported Gain from
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5.4 £ 0.23 to 6.3 £ 0.25 pp and lowers RMSE from 1.05 to 0.85, while total training cost increases
from 23.7 to 28.4 (19.8%). The equal-acquisition ordinary-search row has 5.1 & 0.22 pp gain.

Table S13: Learning signal versus data acquisition. The first two rows use the reported same
acquired arms and differ in loss. The third uses ordinary-search acquisition at the reported equal
acquisition cost. Gain follows the source Gain field.

Condition Gain (pp)t RMSE| Training cost|
Same arms / means 5.44+0.23 1.05 23.7
Same arms / means + pair 6.3 £0.25 0.85 28.4
Equal-acquisition-cost search 5.1 £ 0.22 1.17 25.3

The earlier acquisition-control record reports reset gain, not the supervision study’s Gain endpoint
(Table S14). The same-arm means and means-plus-pair rows give 4.8 and 5.3 pp; the extra ordinary-
search row gives 4.5 pp.

Table S14: Continuation acquisition. Paid runs are reported averages; equal-data and equal-cost
controls answer different questions.

Acquisition Paid runs Data cost Reset gain State relation
Ordinary searches 24.6 1.0x 4.2 Independent
Extra ordinary equal-cost 24.6 1.0x 4.5 Independent
Same arms / means 24.6 1.0x 4.8 Paired
Same arms / means + pair 24.6 1.0x 5.3 Paired
Different policy snapshot 24.6 1.0x 4.0 Mismatched

D.4 REPEATED ROUNDS

The multi-round study starts at round 1 and reports rounds 2-5. All four method/improver conditions
carry the agent forward; “original” versus “updated” refers to the improver, not whether the task
agent is reset. Table 2(c) gives the raw increments and cumulative gains. For updated SpecRSI, the
increments 8.5, 6.4, 4.7, and 2.1 pp accumulate to 21.7 pp. Updated Meta accumulates 17.8 pp,
while original-improver SpecRSI accumulates 13.8 pp. Figure S8 separates the gains from improver
updates from the differences between methods. Updating the improver raises SpecRSI’s gain in every
evaluated round, with cumulative advantages reaching 7.9 pp over its original-improver control and
3.9 pp over updated MetaRSI by round 5. Figure S9 reports seed-level mean increments with task
agents carried forward and the real evaluator fixed. Updated SpecRSI leads the other three conditions
in every evaluated round across all five training seeds, supporting the consistency of its multi-round
advantage.

E RESOURCE TRADE-OFFS AND LIMITS

This appendix expands Section 4.5. Each intervention changes a different resource: planning effort,
committed verification work, or worker count. These are kept separate from repeated improver
updates in Appendix D.

E.1 PLANNING CAPACITY

The menu-cap study supports the use of a bounded planning menu in VATS (Table 3(a); Figure S10(a)).
Increasing the cap from 8 to 32 raises mean gain from 5.2 to 6.3 percentage points and net return
from 3.9 to 4.7, while reducing the missing-option percentage from 8.6% to 3.1%. Among the tested
caps, 32 plans achieve the highest net return: compared with 64 plans, they yield higher net return
(4.7 versus 4.5) and lower overhead (3.9 versus 5.6), while mean gain is only 0.2 percentage points
lower (6.3 versus 6.5).
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Round 2 3 4 5
Meta 23 1.8 1.7 0.7
Spec (ours) 2.7 2.2 2.0 1.0

Gain / difference (pp)

0 5 10
(a) Updating the improver: per-round difference

Round 2 3 4 5
original 0.9 0.6 0.6 0.4
updated 1.3 1.0 0.9 0.7

Gain / difference (pp)

0 5 10
(c) Spec versus Meta: per-round difference

Round 2 3 4 5
Meta 23 4.1 5.8 6.5
Spec (ours) 2.7 4.9 6.9 7.9

Gain / difference (pp)

0 10 20 25
(b) Updating the improver: cumulative difference

Round 2 3 4 5
original 0.9 1.5 21 2.5
updated 1.3 2.3 3.2 3.9

Gain / difference (pp)

0 10 20 25
(d) Spec versus Meta: cumulative difference

Figure S8: Which contrast is being read in the recursive-round study? A/B subtract original from
updated within a method; C/D subtract Meta from Spec (ours) at the same improver status. All values
are differences of Table 2(c)’s means, not new runs. Units are percentage points (pp).

Seed r2 r3 r4 5 Meta Meta  Spec (ours) Spec (ours)
1 47 35 23 06 orig. upd. orig. upd.
2 5.0 3.8 2.0 0.8 c . v v v v
N.le.ta/ 5 4a 34 292 07 arry roo es es es es
original
4 5.1 3.7 1.9 0.8
5 4.9 3.6 2.1 0.6 Best admissible Yes Yes Yes Yes
1 7.0 5.2 319 1.3
2 74 56 37 15 Evaluator fixed Yes Yes Yes Yes
"getad’ 3 74 53 40 14
update 4 73 55 3.6 15 GVO updates No Yes No Yes
5 7.2 5.4 3.8 1.3
1 56 4.0 28 1.0 Rounds | 2-5 5 5 5
2 59 44 2.6 1.2
Spec (ours)/ 57 4.1 29 11 Baseline round 1 1 1 1
original
4 6.0 4.3 25 1.2
5 5.8 4.2 2.7 1.0 Unit pp pp pp pp
1 8.3 6.2 4.9 2.0
2 8.7 6.6 4.5 2.3 Training seeds 5 5 5 5
Speclours) /5 gy 6.3 48 22
updated
4 86 6.5 4.6 2.1 Searches / seed 3 3 3 3
5 8.5 6.4 4.7 2.0

Seed-mean increment (pp) (b) Declared repeated-round protocol

0 5 10

(a) Supplied per-seed mean increments

Figure S9: Repetition and protocol for the recursive-round results. Each row in A is a supplied
seed mean, not an individual search. B declares carried roots in all four conditions, initialization at
round 1, evaluated rounds 2-5, five training seeds, and three searches per seed.

Table S15: Menu construction and planning cost. Comparison of singleton-only menus, completion
seeds, seeded growth, larger menus, and exhaustive construction. This study varies the construction
strategy separately from the menu-cap sweep in Table 3(a).

Menu Forecast Plan Work Final
Singleton only 38 1.2 547 3.7
Seeds 52 28 553 5.1
Seeds + growth 6.1 39 548 5.9
Larger menu 6.4 56 551 6.0
Exhaustive 6.7 89 546 5.8
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The menu-construction study further shows the value of completion seeds and bounded growth
(Table S15; Figure S10(b)). Adding completion seeds raises Final from 3.7 to 5.1, and seeded growth
further raises it to 5.9. Compared with exhaustive construction, seeds plus growth achieve higher mean
Final (5.9 versus 5.8) with 56.2% lower planning cost (3.9 versus 8.9), while approaching the highest
Final of 6.0 obtained with the larger menu. Together, these results support VATS’s completion-seed
and bounded-growth design: effective verification options can be constructed without exhaustively
enumerating all combinations. Figure S10(c) shows that Final minus Forecast decreases from —0.1
for singleton and seed-only menus to —0.9 for exhaustive construction.

cap  gain SD over plan exec  miss net comp cand chk dep hit fail n

8 52 019 18 1.2 0.6 8.6 39 763 21 13 12 725 142 15
16 58 021 27 1.9 0.8 5.2 44 827 35 2.1 1.7 783 11.6 15
32 63 025 39 2.8 1.1 3.1 885 52 3.0 22 831 87 15
64 65 024 56 4.1 1.5 2.0 45 912 738 4.2 26 854 73 15

(a) Offered-plan cap: quality, expense, and executed work

fore SD.f plan work final SD plans  width dep  verify comp n

Singleton 3.8 0.17 12 547 3.7 0.16 8 1.0 1.1 05 752 15
Seeds 52 020 28 553 5.1 0.19 16 1.4 1.5 0.8 826 15

Seeds + growth 6.1 022 39 548 59 021 24 1.8 2.0 11 873 15
Largermenu 64 023 56 551 6.0 022 32 2.2 2.4 14 895 15
Exhaustive 6.7 024 89 546 58 0.23 60 2.7 2.9 1.9 921 14

(b) Construction strategy: forecast, execution, and final result

Singleton -0.1
Seeds -0.1
Seeds + growth -0.2
Larger menu -0.4
Exhaustive -0.9
-1 -05 0

final - forecast
(c) Final minus Forecast in the construction record

Figure S10: More planning is useful only if its options repay its cost. Menu-cap and menu-
construction results are separate studies. In (a), over is reported overhead, miss the missing-option
percentage, and net the reported net return; the outline marks the largest tested net. In (b), fore and
final denote Forecast and Final; (c) shows Final minus Forecast. Comp. denotes completion, cand.
candidates, chk. checks, dep. depth, and n retained searches. Darker shading indicates a larger value
within each column.

E.2 VERIFICATION BLOCKS

The batch—serial study highlights the importance of selecting verification scope according to execution
conditions (Table S16; Figure S11). Batching reduces mean verification cost by 17.1%, 6.5%, and
12.2% in the Dependent fail, Independent fail, and Early cancellation configurations, respectively,
while serial execution is cheaper in the other three. These results identify opportunities for batching to
save cost and motivate making verification scope a decision variable rather than fixing the execution
mode throughout search.

Figure S11 reports the associated cost components and execution conditions. Separately, the output-
matched two-check analysis in Appendix G.3.1 characterizes when dispatch savings outweigh
batch-construction cost and checks made unnecessary by early failure. This trade-off motivates
VATS’s state-dependent work selection: it retains feasible singleton checks and completion bundles,
evaluates their downstream verified return net of cost, and replans after each executed block updates
the search state. Complementary evidence in Appendix C.1 shows that, at fixed full-state information,
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Table S16: Batch versus serial verification. A = Chicn — Cierial; Negative values favor batching.
Comparisons are within each row; the six configurations do not constitute a controlled single-factor
sweep.

Regime Batch  Serial A
Dependent fail 10.2 123 -2.1
Independent fail 11.5 123 -0.8
Cheap dispatch 13.2 12.0 +1.2
Costly dispatch 154 12.0 +34
Early cancellation 108 123 -15
Reinvestment 14.7  12.0 +2.7

permitting bundles raises verified gain from 4.8 to 6.3 pp while reducing the total-cost index from
63.1t0 59.2.

batch SD.b  serial SD.s A A% plan  exec p.fail disp chk2 can. reinv. net n

Dep. failure 102 0.62 123 058 -21 -171 22 80 028 12 09 — — 27 15
Indep. failure 115 059 123 060 -08 -6.5 2.0 95 022 12 09 — — 34 15
Cheap dispatch  13.2 0.61 120 0.63 1.2 10.0 1.7 115 025 08 09 — — 41 15
Costly dispatch 154 0.65 12.0 0.57 34 28.3 19 135 025 25 09 — — 38 156
Early cancel. 108 060 123 062 -15 -122 2.1 87 031 12 09 1.8 — 30 14
Reinvestment 14.7 063 120 059 27 22.5 20 127 024 12 09 — 16 45 15

(a) Reported cost components and execution conditions

Dep. failure -21
Indep. failure -0.8
Cheap dispatch —e 12
Costly dispatch ——————=34
Early cancel. -15
Reinvestment —_——e 27
-2 0 2 4

batch - serial

(b) Batch minus serial cost

Figure S11: Cost trade-offs support adaptive verification scope. (a) Batch and serial cost compo-
nents and execution conditions. (b) Mean batch-minus-serial cost. Batching lowers mean verification
cost by 6.5%—17.1% in three configurations, while serial execution is cheaper in the other three, sup-
porting VATS’s state-dependent choice between singleton checks and completion bundles. SD.b/SD.s
denote the batch/serial cost SDs; stems show mean differences. Dashes denote unreported values.

E.3 TIME AND TOTAL WORK

Increasing the worker count from one to eight reduces elapsed time from 1,287 to 192 seconds,
a 6.7x speedup, while total worker time increases by 9.0%, from 1,287 to 1,403 worker-seconds
(Table S17). Reported gain also rises from 6.3 = 0.25 to 6.5 &= 0.25 pp. Parallel execution thus
substantially shortens latency with a modest increase in total work.

Table S17: Worker configurations. Time is elapsed wall-clock time; Work is total worker time.
Eight workers achieve a 6.7 x speedup with 9.0% more total work.

w Gain (%) Time (s) Work (s)

1 6.3£0.25 1287 1287
2 64+£024 672 1312
4 6.4£0.26 354 1348
8 6.5+0.25 192 1403
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E.4 CoOST SENSITIVITY

The lifecycle ledger reports a 5.7% lower total-cost index for SpecRSI than for MetaRSI-v1: 106.3
versus 112.7, with lower indices across all listed cost categories (Table 3(b)).

Table S18 shows how the regression penalty balances objective return and cost. Moving from no
penalty to the standard penalty reduces AJ from +2.4 to +2.1 and cost from 1.03 to 1.00. A heavy
penalty lowers cost to 0.98 while retaining a positive AJ of +1.7. These settings provide a tunable
trade-off between improvement and expense under the same verification contract.

Table S18: Regression-penalty sensitivity. Lower and Upper retain the supplied interval endpoints.
Stronger penalties reduce normalized cost while retaining positive objective improvement.

Condition AJ Lower Upper Cost
Baseline 0.0 - - 1.00
No penalty +2.4 +1.8 +3.0 1.03
Standard +2.1 +1.6 +2.6 1.00
Heavy +1.7 +1.2 +2.2 0.98

F ALGORITHMS AND TRAINING

GVO calls the complete-search procedure, which invokes VATS whenever it needs a new work plan.
Parameters change only after collection; versions, evidence and budgets change during search.

Algorithm 1 SpecRSI: Speculative Recursive Self-Improvement

Require: Complete admissible 7, fixed I, budgets By, Ny, workers w; frozen 6,1, ¢, v; mode.
Ensure: Best complete admissible version and execution log D; no within-search parameter updates.
1: 7o+ ({r},2); Sy « (To,&r, D, By, No,w); Send < Sg 3 D+ @5 ¢ + 0.
2: while preparation cap fits B, and N; > 0 do
3: (St, Q,we, 01, £, Py) <+ VATS(S;; ¢, 1, v, mode). — Algorithm 2

4: Send < Sp; i < —Aop — pl; append (S, , Si, Py, ") to D.

5: if w; = ACCEPT then

6: Sf,_+1 < S;; record a zero-cost terminal transition with v}’ = 0; ¢ < ¢ + 1.

7: break

8: end if

9: if w; = DRAFT(P, h) then
10: Z; < Generateg (P, h, S;) > grow actual parent—child paths
11: else if w; = VERIFY(7) then
12: Zy <+ Acquirep(Jobs(wt), St) > check existing nodes; no new edges
13: end if
14: (Aﬁ,Agu:‘ihg%}},nt,Bt) — Zt DA']; = (Act,AAt)
15: (Ceg1, Atg1) < (CoUAC, Ay UAA); Tegr < (Cogry Aigr)-
16: Eip1 & U{e e A&, : Validr(e) =1} > admit observed outcomes

170 (Byyys Nevr, Hewr) < (B — ke, Ne = n, Hy| (we, Zt)).
18: S;—&-l — Update(7;+1,(€t+1,Ht+17B;'_l,Nt+17’LU).
19: ri’ = F(S;1) — F(St) — Axy — ply’; append (S¢, we, Spyq, Zs, 1) to D.
20: Send < Syt t+ 1.
21: end while
22: T < t; store T, Sepq in D.
23: return ACCEPT(Seq) and D to the caller.
If invoked for training: return records to the caller. — Algorithm 3

F.1 RSI STATE
Equation (4) separates the per-search agent outputs from the group-level parameter update. Algo-

rithm 3 collects independent complete searches before each improver update. Table S20 specifies the
permitted writes; the verification contract I' and outer update rule remain protected.

29



Table S19: Two timescales, three procedures. Only the outer training procedure updates the
improver’s parameters.

Procedure Returns Changes and calls

Algorithm 1: search Complete agent and log Updates versions, evidence and budget; calls
Algorithm 2

Algorithm 2: VATS Feasible selected plan Settles preparation; fixed feasibility rules and frozen
scorer/policy

Algorithm 3: GVO Updated improver Calls Algorithm 1; updates only after collection

Table S20: What changes, and when? A legal search need not edit every task surface in one round.

Object Permitted change Update boundary
Task agent c, Prompts, tool code, workflow and scoped  Executed edit creates an immutable
persistent memory successor
Task-model snapshot ~ Weights only when M is allowed D/H/M profile; absent from direct
fixed-weight core
Improver Oy Drafter, continuation value, plan-selection ~ GVO after complete searches; frozen
parameters inside each search
Verification contract I’ None Fixed tasks, admission and scoring
rules
Outer update rule None GVO algorithm fixed; learned

parameters may change

Reset controls fix the starting task agent while changing the improver checkpoint. They test trans-
fer beyond artifact retention, not improvement of every individual surface or modification of the
verification contract I'.

F.2 NOTATION AND EVALUATION

Table S21: The state separates versions, observations, and predictions. These objects are shared
by all three algorithms.

Symbol Meaning

IZ, Jr Fixed verification contract, required items, and score aggregation

T=(CA Actual immutable versions and executed parent—child edit edges

EH Admitted outcome records and observed execution history

Mei, Ue, K Outcome completeness bit, missing items, and candidate—item target keys

Crun1, F' Complete admissible versions and their best improvement over the initial root

B,N,w Remaining expense, primitive-attempt allowance, and worker count

S57,5,8 Pre-menu state, paid choice state, and conservative proposal state

w, Executable work plan and bounded offered plan set

R(S Known candidate—job, dependency, setup, and source relations

@¢, 2y Single predicted action value (scorer/critic) and a separate policy logit

0,0,9,v Drafter, single value/scorer, preference parameters, and fixed menu-generator
settings

D Execution log; not the draft-plan catalog D; or Daraft

An agent action solves a task; an improvement action modifies the agent that will solve later tasks. A
version-tree node is therefore not a step in one task rollout. Each node freezes prompts, tools, code,
and runtime dependencies; a permitted task-weight update also creates a new immutable node. Old
artifacts are not mutated when the improver’s parameters change.

A record is keyed by candidate identity, task item, checker/executor version, relevant environment
state, and required output fields. A successful-looking scalar without those fields is not a complete
record. Conversely, a valid record may state that a hard constraint failed; it is admitted to the ledger
but does not make the candidate admissible. Aggregation can be nonlinear and may require all
outcomes. Incompleteness and failure therefore have different meanings.
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Item 1 Item 2 ltem 3

Observed
# passed
Root r | m m
et Adoption
braft ¢ - m blocked
Editing may
M Observed Missing continue

Figure S12: Observed results, planned work, and predictions have different roles. Planning may
use missingness and source proposals; only contracted direct execution or sound scoped equality adds
a valid result. Observed does not mean passed; a missing item blocks adoption but not further editing.

Speculative correspondence. A token proposal becomes an executable edit; a draft continuation
becomes a path of actual revisions; a verification batch becomes a set of required checks; acceptance
becomes selection of a complete admissible agent. These are role correspondences, not a bijection
of probability laws. An unlikely edit may be valuable, a failed parent may be repairable, and
many external checks need many real executions. A target-model distribution guarantee does not
follow from this mapping. What is retained is the separation between inexpensive exploration and
authoritative validation.

Revision example. This supplementary illustration instantiates the design principles in Section 3.1;
it changes the coding agent’s test strategy, not the application it repairs. Version 7 runs the full test set
after each edit. Version c; adds a file—test dependency map but keeps that behavior. Version ¢y uses
the map for intermediate feedback and still runs the full suite before returning a repair. Thus ¢; can
enable ¢y without itself showing a score increase. A separate cached-pass branch b; must invalidate
entries after the corresponding code changes. A stale-pass counterexample is evidence against b1, not
evidence against every child it could later produce. The verification contract I" remains unchanged
and requires separate checks of cross-module behavior and fresh-checkout behavior. Both records
are needed for adoption under the illustrative contract. Their outcomes are unknown until executed.
This illustrative example shows how a preparatory agent revision can enable a useful successor while
preserving the verification contract. The successor changes intermediate test selection but retains the
full test suite before returning a repair.

F.3 TREE SEARCH AND SOLVER

Search progress. A draft descriptor names existing parents and a bounded path shape. Each
dependent edit waits for its actual parent, while independent branches may run in isolation. Invalid
edits are charged and end their path; valid prefixes remain searchable. Parents may be internal nodes,
incomplete nodes, or previously failed but editable nodes. A verification descriptor names jobs on
existing nodes. It adds no version edge. Formally,

DRAFT: Ct=CUAC, A" =AUAA,
VERIFY: Tt =T, &t=EU{ee A€ : Validr(e) = 1}.

Here a superscript + denotes the post-execution object and A denotes newly produced versions,
edges or records; Validr(e) € {0, 1} checks a record’s identity, required fields and provenance, not
whether the task passed. Both operations update history and budgets. The next decision can return
to another branch; there is no requirement to expand the most recent leaf. Dependencies between
checks belong to a typed job graph, not the parent—child version tree. No visit-count or UCT backup
is assumed.

Feasible work. Let J,,.i1(S) be the finite available-job catalog and Ggetuyp its setup groups. In this
subsection, sums over j and g range over those sets, not training searches. For job j, K; C C x T is
its requested candidate—item key set, D; includes itself and all prerequisites, ¢; > 0 caps job expense
excluding shared setup, n; > 0 caps primitive attempts, and g(j) names its setup group. A setup
group g costs s, > 0 once. A nonempty target K is one candidate’s missing keys K, or a selected
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union of such sets. Empty targets require no work and are excluded from seed construction. Binary
variables x;, y, select jobs and activated setups. The incompatible-job pairs form X;onaice. The
solver minimizes the enforceable cost cap:

min E Cixi+ E Sqy
Ty _ Gt 9Yg
J g

s.t. Z xz; > 1 (k € K),
j:keK;
Ty < i (i € D\ {j}),
ZTj+ @) <1 ((.]7]/) € Xconﬂict)7

Tj < Ygj), Yo = Z Ty,
J:9(j)=g

Zéja:j + ngyg < Bplans Zﬁjazj <N, zj,y, €{0,1}.
J 9 J

(14)
The expense budget is Bpjan = B~ —0, where B~ is the pre-menu remainder and 0 is the enforceable
preparation cap. Only nonnegative B,y is considered; N is the current attempt allowance. Conflict
and prerequisite sets are known implementation constraints, not guesses about future success. After
solving, check integrality, closure, coverage, setup activation, and resource limits independently.
A feasible timeout incumbent may be used but must not be called optimal. The Solver constructs
feasible work bundles covering the requested candidate—item keys under the dependency, conflict,
and resource constraints. A key is marked observed only after its required fields are supplied by a
valid record under T'.

For a job set A, define K(A) = c4 Kj, D(A) = Ujca Dj. (A) =34 75, and

CA) = "¢+ > s
JEA 9€{g9(j):j€A}

The second sum counts each shared setup once. Let A1 (.S) denote the nonempty job sets legal under
the fixed dependency, conflict, and resource rules at S. A returned completion seed must satisfy

A € {A € X:(S): K C K(A), D(A) = A, C(A) < Bypan, Ti(A) < N} .5

Equation (14) specifies the minimizing objective; Equation (15) specifies the required feasibility of
every returned seed, including a timeout incumbent. An infeasible target returns no seed, not an
unverified optimum.

Seeds and refinement. The reference catalog retains up to four candidate targets, four pairwise
target unions, and four singleton closures. Round-robin order and an independently seeded reservoir
choose target candidates before new outcomes are acquired. All original feasible completion seeds
remain eligible even when a single check has negative predicted marginal value. The frozen model
then refines them with Equation (7). A positive extension is retained with the original seed; a
nonpositive best increment ends that seed’s extension. By default, we cap refinement at four extensions
per seed, 96 uncached whole-plan value queries per decision, and 32 retained plans, including DRAFT
and ACCEPT alternatives. These limits bound planning overhead while keeping the original feasible
completion seeds and singleton fallbacks available for selection.

Table S22: What the solver must preserve at one decision. These are executable constraints, not
learned predictions of correctness.

Candidate work Required information Role

One edit or check Existing parent or item; expense and attempt caps Feasible fallback
Completion bundle All missing keys; dependency and setup closure Preserve joint options
Refined bundle Same proposal state and frozen value model Compare continuations
Selected plan Paid state, canonical menu, policy preference Execute; then replan
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Pseudocode conventions. Algorithm 2 uses K for the bounded family of selected target-key
sets, M for feasible initial bundles, and Mgingieton for feasible one-job closures. W(A) =

@(z;(g , VERIFY(A)) is a cached prediction. ¢ counts attempted uncached value queries, s counts
extensions of the current seed, and gmax, Smax are their limits. Kq caps the final menu. ¢/ (A) is the

~

feasible extension family, U/ (A) its query-limited subset, and /™ (A) contains extensions with both
values available and a positive difference. A missing query result is not zero. Targets selects target
sets; DraftPlans constructs bounded parent/path descriptors under v; Retain keeps the registered
action families within K. Required seeds and fallback slots must fit the cap; an inconsistent cap
configuration is rejected rather than silently discarding promised support. P records preparation
events, snapshots, the menu, and the selected probability.

Algorithm 2 Verification-Aware Tree Search (VATS)

Require: Pre-planning state S—; frozen qZ, 1, v; mode; overhead, query, extension, and menu caps.
Ensure: Paid state .S, menu 2, chosen plan w, and metered overhead/log (o, £™, P).
Solver: construct feasible completion seeds.
I: R < Remaining(S7); S < S7[B < B~ — 0|; ¢ + 0; initialize cache.
2: K « Targets({K.(S):ceC, K.(S) # o}, R).
s Mo+ {Ar 1 K € K, Ak satisfies (15)} U Mgingleton-
Scorer: estimate continuation values and refine bundles.

|95}

4 M Mo; W(A) = Qz(S, VERIFY(A)) when queried.

5: for Ay € My in the registered order do

6: A + Ag; s + 0; query/cache W (A) if caps permit; meter an attempted cache miss in g, o.
7: while s < Spax, ¢ < Gmax, and metered overhead permits do

8: UA) «— {AUD; : AUD; € Xr(9)} > solver feasibility filter
9: Query a capped U(A) C U(A); meter every attempted cache miss in ¢, o.
10: UT(A) « {U eU(A) : W(U), W (A) available, W(U) > W(A)}.
11: if Ut (A) = @ then

12: break

13: end if

14: A argmaxy ey () [W(U) = WA M« MU{A}; s < s+ 1.

15: end while

16: end for

Solver: assemble and validate the final work menu.
17: Daragy < DraftPlans(7,R, S, v) > parent nodes and bounded path shapes

18: Q + Retaing,, ({ACCEPT} U Dyyatt U {VERIFY(4) : A € M}).

19: Validate caps and canonicalize duplicates; retain feasible seeds and promised action families.
Policy: select the next action, branch, and work scope.

20: Settle preparation, including the reserved final policy call; S < Debit(S™, 0); append prepara-
tion history. > single
debit

21: py(w) « my(w | S, R, Q) using (8).

22: w ~ py in collection; w «— argmax, cq 2y (S, R, u) in deployment.

23: Finalize metered time ¢"; record .S, ), w, actual choice probability, mode, snapshots, and
preparation events in P.

24: return (S, Q,w,0,0™,P) — Algorithm 1

Policy support. Every attempted value query, MILP call, and final policy evaluation consumes
metered overhead. The final policy call uses a contracted expense known before its logits are
evaluated, included in the preparation debit; its measured elapsed time is finalized before return. This
avoids evaluating at one budget and later relabeling the likelihood as conditioned on another. Cache
reuse requires an identical state, model snapshot, and plan-semantics version. Failed queries leave
a missing value feature, not an invented zero. ACCEPT, a feasible single edit, a feasible singleton
check, and an affordable completion batch retain reserved menu slots when available. Higher-order
plans can still be omitted; the policy cannot recover them later.
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Algorithm 2 settles preparation once and returns the paid state, canonical menu, selected plan,
and its actual behavior probability. Algorithm 1 does not debit that preparation again. During
training, recompute policy likelihoods on the same logged menu; changing the menu changes the
support. Preparation records are appended to observed history without importing task outcomes.
A deterministic MILP output is not a sampled policy action and has no policy-gradient likelihood.
We implement the completion-seed MILP in Equation (14) using SciPy’s MILP interface with the
HiGHS solver.

F.4 VERIFICATION AND EXECUTION

Direct execution. Requested checks run the frozen version under I' or read an already admitted
identical record. A valid record is keyed to its candidate, item, fields, executor/checker version,
randomness semantics, and relevant environment state. A record with a different key does not satisfy
the requested check; fresh evaluation is required.

A timeout or partial result leaves missing fields missing. A hard failure is a valid observation; it can
disqualify the current version while still informing a repairable descendant. Predictions choose which
verification work to buy, not which results to admit.

Execution safeguards. Draft and verification branches execute in isolated snapshots. Changes to
shared files, irreversible messages, financial actions, or external services cannot be rolled back merely
because a branch was speculative. Such effects require a separately enforced execution contract. A
copied state must include the relevant tool and environment state, not only a prompt string.

A work cap bounds attempts and expense, not success. Every failed edit, failed check, setup,
cancellation, copy, and preparation call has an explicit account. Within a synchronous reference
block, feedback changes the next decision only after the block ends. An asynchronous adapter must
log launches, in-flight commitments, cancellation fees, stale results, and completion times. The
fastest observed configuration cannot be declared the cheapest when it also increases total worker
time. Matched asynchronous comparisons cross the allocation rule with the execution scheduler,
instead of attributing all speedup to the policy.

F.5 Two0-STAGE TRAINING

Learned roles. Our open-model implementation uses frozen text representations, a rank-16 Drafter
adapter (Hu et al., 2022), and separate trainable Scorer and Policy branches. Each of the two branches
processes parent—child context, typed candidate—job relations, and plan features through message
passing and set attention (Lee et al., 2019), with width 256 and four attention heads. Inputs explicitly
include the remaining budget, primitive-attempt allowance, current complete score, missing-item
masks, observed outcomes, and proposed work. Draft features are computed from existing artifacts
and observed history.

The scorer, value model, and critic all denote the single action-value model @¢(S ,w). Its input is a
search state and proposed work plan; its scalar output predicts future verified improvement minus
resource costs. It is not a model of an agent’s current task score. The policy’s scalar logit zy (S, R, w)
instead defines a choice distribution. These are separate value and preference branches, not two value
models.

During collection, ¢;, = ¢, is an immutable copy of the current scorer parameters. After collection,
¢ is fitted to observed returns and becomes ¢y 1; the next collection refreshes ¢ 1 = ¢r1. The
bar marks a collection snapshot, not an independently trained second critic or a bootstrapped target
network. No separate learned state-value V' (.S), twin-Q) minimum, temporal-difference target, or
generalized advantage estimator is specified by this reference. The group advantage in Equation (13)
uses other searches’ realized returns, not a learned value baseline. The score aggregation Jr prescribed
by the verification contract I' produces task scores and is neither the scorer nor the policy.

Frozen shared text inputs do not imply shared trainable parameters; actor gradients do not train
¢. The draft-menu settings v have no learning rule in the supplied formulation and remain fixed
here. Updating 6, v, ¢ between epochs changes future decisions, not immutable artifacts or acquired
evidence. The value/preference architecture therefore contains one return model and one choice
model, not two critics.
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On-policy searches Policy update

Sample edits + plans Drafter + selector
Returns + likelihoods Leave-one-out / PPO + KL
Next epoch
returns .
Freeze improver
l Verification
contract I'
Paid forced branches Value update
Fixed state + policy Mean + pair losses
Execute alternatives Observed returns only

Figure S13: Two data paths train different quantities. Ordinary complete searches provide actor
likelihoods and return labels. Paid forced continuations provide critic labels only. The next epoch
freezes the updated improver; the verification contract I" stays unchanged.

Return accounting. Supervised examples initialize legal edit generation and plan selection. The
exact supervised losses are stated below; they do not label unexecuted alternatives. For reinforcement
learning, use two transitions per visited decision ¢: preparation changes S; to Sy, then the selected
work changes S; to S ;. B contains sampled drafter-token records (context, support, token and
actual probability); verification returns B, = @. Together with the sampled plan record in P;, these
logs supply actor likelihoods. Let o, ¢;" be metered preparation expense and elapsed time; let ¢, £3°
be work expense and elapsed time. The superscripts m, w label menu preparation and work, not
powers. n; is the number of charged primitive attempts. Every actual charge belongs to exactly one
transition:

By = By — oy, B, = By — £y, Nip1 = Ny — ny,

_ (16)
oy — plt, ry = F(S;11) — F(St) — Mg — ply’.

m
Tt

Preparation changes resources and bookkeeping but acquires no outcomes, so F'(S;) = F(S; ).
Define T as the number of visited paid choices, including a sampled ACCEPT when present. For
ACCEPT, set S;_l = S and k; = 0}’ = ny = r’ = 0; this is bookkeeping, not extra work. If no
further preparation fits, the last pre-menu state is terminal. Thus Senq = S7, also for T = 0.

At a saved post-menu choice, current preparation is sunk. Its observed return is

T—1
Gr=rP+ Y (i +rY),
u=t+1

(17)
T-1 T-1
Ct:end = Kt + Z (Ou + "{u)v Lt:end = g;u + Z (Eum + eg)
u=t+1 u=t+41

This telescopes to Equation (11), including any later terminal preparation fee. In contrast, whole-

_NTo—1 9, .9 _ N1 pmig | pw,g _ N Ty-1 myg
s%?gch totals are Cy = Zt;Q (of+k{)and L, = =0 (€79 4+0,7). Hence R, = Ztéo (ry9+
r,9). Here T, is the decision count of search g, G is the number of searches, and G, is a return;
they are different quantities. Elapsed-time intervals follow one search clock, not a sum of concurrent

worker durations. All formulas in this reference use discount one.

Supervised objectives. Let D; 5 contain executed legal edits e and their generation contexts H
including the actual parent), and le contain demonstrated legal plan choices wi eir pai
luding the actual parent), and let D°\'P tain d trated legal plan ch th their paid

plan
states and menus. Warm-up minimizes
Lspr(0,¢) = — Ey e)~peun logmg(e | H) (18)
—E(sr.0u)~pur logmy(w | S, R, Q).

The edit likelihood is the product of its autoregressive token probabilities, including a sampled end
token. Its logarithm is their sum, not an additional second likelihood. Each expectation denotes
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an empirical mean over the specified dataset. Equation (11) separately initializes the scorer from
executed returns. These losses formalize the stated warm-up roles; they do not create missing
demonstration or rollout records.

Actor update. GVO groups independent searches conditional on the same root, contract, budgets,
workers, and collection snapshot. A leaf inside a shared tree is not a group member. Set ¢ = (6, v);
this parameter vector excludes ¢ and v. Index genuinely sampled controlled choices in search g
by j = 1,...,J4, where J, is their count, y, ; is the sampled token or plan, H, ; is its logged
conditioning context, and ), ; is its sampling support. In this paragraph j indexes model choices, not
verification jobs. Write their typed probabilities as

oy (we | St, R, ),  sampled plan,

19
To(Yg; | Hgj,Vg,;), sampled edit token. (19

Po(Yg,j | Hgj» Vg5) = {
For a plan, ), ; = € and y, ; = w;. For a token, the context includes the real parent, observed
history, and generated prefix, and the support is the allowed token set. Use the actual post-temperature,
post-mask probabilities and, for plans, the exploration mixture in Equation (8). Record invalid
sampled edits as well as successful ones; neither failed work nor its likelihood disappears. A
deterministic choice is not assigned a fictitious sampling probability.

Keeping the collection probabilities and advantages fixed, define

_ p9(Wg | Hyjs Vg ,j)
- b
P9, Yg,j | Hgjs Vg.5)

Pg,; (V)
| G s (20)
Lavo (V) = G Z Z min{py,; () Ag, clip(pg,;(V), 1 — €, 1+ €c)Ag} .

g=1j=1

Here €. € (0,1) is the clipping radius, distinct from the exploration probability €, and clip(x, I, u) =
min(max(x,l),u). Ay in Equation (13) is a detached whole-search advantage, not a temporal-
difference residual or a critic prediction. Each sampled choice uses it once. The denominator is the
stored behavior probability, not a recomputed probability after changing the menu. Keep the recorded
token support, plan menu, frozen scorer, and generator rules fixed during this update; changed
supports require fresh collection. The context may change across decisions, but the same recorded
context is used in each numerator—denominator pair.

Only sampled plan choices and edit tokens enter the actor sum. Solver outputs, environment results,
deterministic fallbacks, and entire forced continuations are excluded. Keeping the sum over each
trajectory avoids reweighting searches by J,; a search with no sampled choices contributes zero. This
is a PPO-style surrogate with a leave-one-out baseline, not a new gradient theorem or monotonic-
improvement guarantee (Schulman et al., 2017; Ahmadian et al., 2024).

KL regularization. To make the optional penalty explicit, let pfﬁ? be a registered frozen reference
distribution on the same support ), ;. One current-to-reference convention is

G Jg
1
Lk (®) = 5 DD Dice(po- | Hygs Vo) | 755)

9=15=1 . 1)
p(y
D - log 22
kL (plq) ygyg’jp(y) 8 )

The reference has positive probability wherever the current distribution is positive; 0log(0/q) is zero.
Its checkpoint, direction, coefficient Sky, > 0, and any estimator used instead of the full sum must be
registered. Bky, = 0 disables this term. The input manuscript does not identify these settings for the
reported deployment; Equation (21) defines the optional convention, not an inferred experimental
configuration. A frozen reference policy is not a second value model. The environment return R,
excludes this optimization penalty, which is applied only once in the actor loss.

Same-state continuations. On a prespecified development subset, restore identical paid states .S.
Let Wg be the finite set of legal first plans to compare, drawn from that saved menu. Each arm
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a € Wg uses a prospectively fixed number n, > 1 of independently seeded suffix rollouts under the
same frozen Oy,. Define G, ;5 as the realized suffix return of repetition s = 1, ..., n,, from forced
plan a to termination, excluding the already paid initial menu. Every later menu and failed action is
charged. Unsuccessful but fully logged rollouts stay in the average; absent logs cannot be replaced by

invented zeros.

S . R 2 g
Ga - — Z Ga,s; 5ab - Ga - Gb, Var(éab ‘ S) = = 4+ =, (22)
Ng o—1 Na e

Here 02 = Var(G, s | S, a, ©y); the last equality assumes independent repetitions and independent
arms conditional on the state and snapshot. For coupled arms, subtract 2 Cov(G,, Gy | S) instead.
Matching the initial state alone does not guarantee smaller variance. Copies and all branch rollouts
are charged to acquisition, without subtracting clone acquisition a second time from the suffix’s
counterfactual decision budget.

The empirical dataset D¢ contains fully logged tuples (S, a, G) from ordinary plan starts and paid
forced rollouts with a matched continuation snapshot. Dp,;, contains (S, a, b, G, Gy) from the same
arm records. Labels collected under different continuation policies must not silently be treated as
observations of one Q™; policy IDs are retained. At a fixed state write e, = Q¢(S ,a) — G,. The
pair penalty is (e, — ep)?: it reweights differences but cannot identify a common offset. Thus the
single scorer minimizes

Evalue(ﬁb) = EQ(¢) + 5pair£pair(¢)v ﬂpair > 0.

Both targets are observed Monte Carlo returns, with no bootstrapped () or learned V' target. The
loss comparison separates same-data loss weighting from equal-acquisition-cost sampling; neither
comparison implies equal fitting cost.

Algorithm 3 Group Verification Optimization (GVO)

Require: ©; = (0, ¥y, bk, v); complete root r, fixed I', budgets By, Ny, workers w, group size
G > 2; registered loss/update settings.

Ensure: Full updated snapshot ©_; and acquisition/training ledger; forced rollouts remain scorer-
only.

1: Set ¢ < ¢y; freeze 0y, Yy, ¢, v during all collection below.
2: for g =1, ..., G independently do
3: (c,(cg_iz17 Dy) + Searchg, (r, collection). — Algorithm 1
4: end for
5: Compute R4, A, by Equation (13), using each search’s terminal state and full expense/time.
6: Dactor < U, Diampled; Dy U, Dplan starts with suffix labels from (11); Dy < 2.
7: Z + SelectStates({D,}) using the prespecified development rule.
8: for saved paid state S € Z, legal arm a € Wg, repetition s = 1,...,n, do
9: Clone S, including its tree, records, budgets, root reference and environment state; log clone
acquisition separately.
10: Set the suffix log empty and local clock zero; execute wg = a at the restored post-menu entry,
then continue under Oy. — Algorithm 1
11: Compute G, s by Equation (11); add fully logged plan starts to D, never to Dyctor-
12: Log snapshot/state/arm IDs, repetitions, missing records, and all acquisition charges.
13: end for

14: Form arm means and matched tuples in D,,,;, using Equation (22).

15: Initialize live ¢ <— ¢y, ¥ < (O, ¥x); keep collection probabilities and A, detached.

16: Update ¢ on Lyajue and ¥ on Lavo + Brr.Lkr as in Equation (23).

17: Refresh ¢g41 < @41 for the next collection; keep I' and v unchanged.

18: return Oy 11 = (Ox+1, ¥r+1, Prr1,v) and the ledger; checkpoint choice uses development data
only.
Next collection: run new searches with the refreshed snapshot. — Algorithm 1

Update schedule. An ordinary Algorithm 1 call initializes the root. A matched continuation instead
restores the complete paid state, sets its suffix log empty and clock to zero, fixes wy = a, and enters
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after the solver. It does not reset the tree, reacquire an already paid menu, or resample the forced first
choice. Later decisions use normal paid preparation. Entire forced continuations are excluded from
actor updates; they supply critic targets only. The return goes back to the external training caller.

For one update step with learning rates 74, 7> > 0, the parameter assignments are
Prt1 = br — Ny VoLvalue()]y—y, »
V1 =9k — Mx VolLavo (V) + BrrLrL(V)]ly—y, » (23)
Okt1 = (Ort1s Vbt 1, Bht1, V), D1 = Phsr-

V denotes differentiation with respect to the subscripted parameters; all returns, advantages, logged
contexts, old probabilities, and reference distributions are constants in these derivatives. Registered
minibatches may repeat update steps over the frozen collection. The fitted ¢, uses returns under
the collection procedure 7. Updating the actors changes the continuation law to 741, so the
refreshed scorer is an approximation there, not an exact new-policy value obtained merely by
copying parameters. Fresh collection supplies calibration for the next round. Parameters refresh only
for subsequent collection. Deployment chooses the largest preference rather than sampling, so its
calibration and quality need direct evaluation. Resetting the task agent while holding allowed histories
and budgets fixed tests whether the updated improver transfers. Task-family and model-backbone
transfer are separate settings. No reporting audit is used to select a training epoch, and no indefinite
recursive acceleration follows from a finite number of rounds.

G THEORETICAL ANALYSIS

This appendix proves the conditional claims underlying Sections 3.2-3.3. Read Appendix G.4.2 for
the central three-check result; the remaining sections establish accounting, planning, and learning
properties. These are finite analytical statements, not new agent benchmarks. Each proposition states
the assumptions needed for its conclusion.

Table S23: What each formal result establishes. The assumptions belong to the reference model;
these results are not neural benchmark measurements.

Reader question Result to read Essential condition

Can predictions corrupt a Outcome consistency (Proposition 1) Sound records; fixed contract
completed result?

Does grouping enlarge every  Singleton simulation (Proposition 4) Free serial decision boundaries
policy class?

When does commitment save  Feedback threshold (Proposition 5) Identical output and charged blocks
expense?

What do success summaries Scope reversal and matched control Equal marginals/all-pass rate;
omit? (Propositions 7, 8) distinct joint laws

How can an approximate Menu bound (Proposition 9) Fixed continuation; bounded value
menu lose value? error

G.1 VALIDITY AND TERMINATION

G.1.1 OUTCOME CONSISTENCY

Proposition 1. Fix immutable candidates and a deterministic finite contract. Assume direct records
equal contracted executions and inherited records have sound equalities to valid earlier sources.
Then every completely covered candidate has the same aggregate and hard-constraint outcomes as
full direct execution under that contract.

Proof. Order records by their well-founded provenance relation. Direct records are correct by
assumption. Each inherited record equals an earlier correct source under a checked equality, hence is
correct by induction. The complete outcome vector and unchanged aggregation therefore match a
full execution. No additive-score assumption is needed. O

The result guarantees consistency of completed finite outcomes under the stated execution assump-
tions. Stochastic services need justified replay semantics or fresh evaluation. Prediction errors can
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harm allocation even when admitted records remain correct; population generalization is a separate
question.

G.1.2 REWARD CONSERVATION

Proposition 2. Use the preparation/work clock in Appendix F.5, with T visited choices and disjoint
metered charges. Then

T-1 T—1 T—1
S 4P =F(S7) = F(S5) =AY (or 4 ke) = Y (7 +£7).
t=0 t=0 t=0

Proof. Preparation leaves F' unchanged: F'(S;) = F'(S; ). Substituting Equation (16) telescopes the
progress terms and sums disjoint resource charges. The zero-cost terminal transition preserves the
identity; empty sums cover 7' = 0. O

Regrouping the same realization into different work blocks preserves the undiscounted objective, not
necessarily the realization produced by another policy. For u = 0, a serial and parallel schedule with
identical results and billed work has identical reward. A block-count discount changes the objective
and is not introduced implicitly. Already paid menu cost belongs to the episode but not a selected
plan’s remaining return.

G.1.3 FINITE TERMINATION

Admit overhead and each plan only when their enforceable reservations fit the remaining cap. Settle
actual cost no greater than the reservation before releasing unused resources. Induction prevents
overspending; a predicted mean expense cannot replace the cap. Every legal nonempty plan consumes
at least one registered primitive attempt, including invalid edits and failed checks. Empty verification
plans are excluded; empty targets need no work. No-feasible-work terminates, so zero-cost diagnostics
cannot loop indefinitely. These statements require the backend to enforce its caps; violations must be
reported.

G.2 COMPLETION AND EQUIVALENCE
G.2.1 COMPLETION COMPLEMENTARITY

Proposition 3. Immediate selectable gain need not be additive or submodular in obtained checks.

Proof. Let a positively improving candidate require two remaining records a, b. For a subset A C
{a, b}, let v(A) be the newly selectable verified gain after obtaining exactly A, with other evidence
fixed. Then v(@) = v({a}) = v({b}) = 0 while v({a, b}) = g > 0. Additivity would imply g = 0;
submodularity would require the marginal of b at the empty set to be at least its positive marginal
after a. O

This rules out identifying individual immediate gains with batch utility, not all singleton policies
or additive proposal heuristics. A correct long-horizon policy can take a anticipating b. Shared
setup creates another interaction; multiple complete candidates can substitute because only the
best is deployed. All strong controls receive the best complete score to avoid a trivial information
disadvantage.

G.2.2 FULL-STATE SIMULATION

Proposition 4. Under serial execution, zero replanning/dispatch cost, no shared setup discounts,
identical primitive edits/checks, and a finite primitive allowance, every history-dependent bounded-
plan policy can be simulated by a history-dependent singleton policy with identical output and cost
distribution.

Proof. At each plan boundary, sample the same descriptor and store it. Execute its primitives one by
one using the same random streams and actual-edit conditioning, deliberately ignoring intermediate
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feedback until the original block would return. Artifacts, observations and primitive costs match
inductively. Boundary cost and discounts are absent, so final output and cost match. The singleton
class can also react earlier, hence its optimal value is at least that of the bounded class under these
assumptions. O

This is a policy-class comparison, not a claim that a trained singleton learner finds its optimum.
It excludes real parallel latency, nonzero model calls, setup sharing and function-approximation
difficulty. Grouping n > 1 identical serial jobs, with dispatch price d > 0 per launched block, can
save (n — 1)d of dispatch expense before batch-construction cost, but may buy unnecessary jobs after
a revealing first failure. Regime experiments test both effects.

G.2.3 REPAIRABLE VERSIONS

An executable two-stage adapter supplies a minimal example. An old tool emits an unstructured
string consumed by an old parser. Edit e; changes the output to a structured record; the unchanged
parser fails the contract. Edit e, updates the parser to consume that record. It can then satisfy the
contract. Thus a version ¢ ¢ Cg,1(S) or a failed hard requirement does not logically imply every
editable child must fail. This example uses actual transformations and direct executions; it is not a
simulated successful observation fed to the drafter. Nor does it show such two-step improvements are
common. It explains the distinction between editing permission and adoption permission.

G.3 FEEDBACK COSTS

G.3.1 DELAYED FEEDBACK

Proposition 5. Consider two prescribed serial checks with costs c1,ca > 0. The first reveals a hard
failure with probability p € [0, 1]; after failure, the second cannot change the final eligible output.
Otherwise both checks are required. Dispatch costs d > 0 per launched block. A blind two-check
batch has extra construction cost a > 0. Assume both policies can afford their maximal path, have
identical results and output, and end this comparison without reinvesting savings. A sequential policy
stops checking after first-check failure. Then

Chateh = d+a+c1 + ca, ]Ecsequential =d+c + (1 - p)(d + 62)7

Cbatch - IEC'sequential =a+pce — (]— - P)d (24)
In the cost-only objective with \ > 0, the batch has higher return exactly when (1 — p)d > a + pcs.

Proof. Both policies pay for the first dispatch and check. The sequential policy pays the second
dispatch and check exactly on the probability-1 — p branch. The batch always pays the second check
and its extra construction cost. Subtracting gives the result; identical output makes terminal utility
cancel. O

This crossover explains a limited mechanism, not a universal scheduler. With p = 1/2, ¢co = 1, and
a = 0, batching is cheaper exactly when d > 1. These are analytical values. Allowing a batch to
cancel work on early feedback, changing shared setup, parallelizing elapsed time, repairing a failed
candidate, or reinvesting unused budget changes the model. Such settings require new accounting
rather than reusing the threshold. First-check failure excludes only the tested version from this output
comparison; it does not rule out useful descendants.

G.3.2 MENU OVERHEAD

Additional proposals can remove good execution options by consuming their budget. To isolate
this effect, consider two menu builders on the same pre-overhead state with deterministic settled
costs 01 > og. They reveal no additional task evidence and differ only in their current proposal
computation and offered plans; future generator and execution rules are fixed. Write Sy, S; for the
corresponding post-overhead states. The cost-only objective uses ;4 = 0. An ideal continuation policy
can ignore extra budget, so its feasible policy classes are nested. This assumption is about an ideal
class, not a learned network’s behavior.
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Figure S14: Early feedback changes the cost of committing work. Exact sensitivity of Equa-
tion (24), with dispatch 1 and planning 0.2. These curves do not fit the batch-versus-serial study or
assert that batching always wins.

Let Q2 be the cheap menu, €2 its still-affordable subset at S7, and Q1 D € the richer menu. Each
includes ACCEPT. For this comparison, @* (5, w) is the supremum of expected net returns over
the stipulated feasible continuation-policy class after first work w. It is an analytical oracle quantity,
not another trained network. Let V; be the optimal value before paying builder i’s overhead, for
i € {0,1}. Define

M(()) :HglzaXQ*(SOf)v M(} :%Q’XQ*(Slv')a ]\4’11 :H(lzaXQ*(Sla')'
0 o 1

The best pre-overhead values for the two builders satisfy the accounting identity

1 1 0 1
Vi—Vo= M =M —Xoi—o0))— (MO—M}) . (25)
——— ———
new offered-work value lost execution opportunity

In M JZ superscript ¢ identifies the paid state and subscript j the menu family. The scalars Vy, V; are
used only in this comparison; they are not learned state-value models. Both bracketed differences
are nonnegative under the stated inclusion and nested-policy assumptions. The first follows from
menu inclusion at S7; the last follows by simulating any lower-budget continuation at the higher
budget. Substituting V; = —\o; + M proves the identity. A richer menu is worthwhile only if its
new options pay for both its direct cost and its lost execution opportunity. This is not an optimal
menu-generation algorithm, nor a bound for approximate () or an actor that changes with budget.
The menu-size study in Table S15 reports pre-overhead and final gains, but does not identify them
as matched-policy values in this proposition. The default controller still uses the bounded menu of
Appendix F.3; no oracle is added.

G.4 EVIDENCE AND SCOPE

G.4.1 INCOMPLETE SUMMARIES

The two-check model extends without assuming independent failures. Fix an ordered list of n > 1
serial checks, nonnegative costs ¢;, common dispatch cost d, and extra blind-batch construction
cost a. A hard failure at any prefix makes later checks irrelevant to the final eligible output in this
comparison. Let s;_; be the probability that the first ¢ — 1 checks contain no such failure, with
so = 1. Assume identical potential check outcomes, no early cancellation inside the blind batch,
maximal-path affordability, and no repair or reinvestment after termination.
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Proposition 6. Under these conditions, for arbitrary dependence between check outcomes,

Chaten =d+a+» e, (26)
=1
n
IEC’sequentiaul = Z Si—1 (d + Ci)7 27
i=1
Cbatch - IEC’sequential =a+ Z [(1 - sifl)ci - Sifld} . (28)
1=2

Proof. The sequential policy launches check i exactly when the preceding checks survive. Multiply
its launch and check costs by this indicator and take expectations. The blind batch always executes
the full list and pays one dispatch. Subtraction cancels d + ¢; because sy = 1. Dependence changes
the survival probabilities, not the identity. O

For n = 2, s; = 1 — p recovers Equation (24). Estimating survival by a product of marginal pass
rates would add an independence assumption that the result does not require. These probabilities
are diagnostic inputs, not secretly available to the deployed controller. The finite test enumerates
joint outcomes; Table S16 reports costs but not the survival probabilities and coupled regime settings
needed for a numerical test of this identity. This calculation predicts a cost crossover for a fixed
output, not that longer speculative drafts always help.

G.4.2 ORDERING-ROBUST REVERSAL

Finite setting. A candidate is adoptable exactly when three binary hard checks all pass; otherwise
the incumbent is returned. Each check costs one and each dispatched nonempty block costs d = 3/2.
A launched block completes all its checks before feedback can affect the next choice. Policies must
stop at an observed failure and finish all checks on a surviving path. They may choose any unchecked
subset at each boundary. Both contexts have a budget of at least 15/2 and at least three primitive
attempts. There is no within-block cancellation, repair, or reinvestment after termination. These are
output-equivalent verification policies, not unrestricted agent-search policies allowed to stop without
completing a promising version.

Prior legal evidence identifies the conditional law, not the realized future outcome. Let X € {0,1}3
be the potential outcome vector, with 1 denoting pass. In context A, the four atoms 111, 100, 010, 001
each have probability 1/4. In context B, atom 111 has probability 1/4, each of 110,101,011 has
probability 1/8, and 000 has probability 3/8. All other probabilities are zero. Both laws are
exchangeable: every permutation of the checks leaves the law unchanged. Both have Pr(X; =
1) =1/2 and Pr(X = 111) = 1/4. The same candidate description, missing-item mask, resources,
marginal predictions, and final-success prediction therefore do not identify the context. Observing its
joint evidence does not reveal any future check result.

Proposition 7 (Ordering-robust scope reversal). In this setting, the unique optimal first-block size is
two in A and one in B, even when subsequent subset choices are adaptive and ordering is unrestricted.
Optimal costs are 33/8 and 17/4, respectively. A selector whose first decision receives identical
compressed input in the two contexts has worst-context expected excess cost at least 3/40, even if its
subsequent decisions are optimal. This bound is tight. In the cost-only objective it gives net-return

loss at least 3\ /40 for A > 0.

Proof. Before a failure, every observed bit equals one. Exchangeability makes all remaining subsets
of the same size equivalent. Thus every deterministic surviving-path policy is represented by one of
the four ordered block-size compositions 1 —+1—1, 1—2, 2— 1, or 3. Randomization is a mixture
over such boundary choices and cannot improve a linear expected cost.

Let ¢ = Pr(X; = X; = 1) for distinct items. Its values are 1/4 in A and 3/8 in B. Costs for the four
compositions are, respectively,

5(3. 17 7.5 9
2\279)> 1 229 o

42



For example, the two-then-one plan always pays 2 4+ 3/2 for its first block, and pays 1 + 3/2 again
only with probability q. Substitution gives the four costs in Table S24. Conditioning on a first block
of size one, the optimal continuation batches the two remaining checks in both contexts. The best
achievable regrets conditional on first-block sizes 1, 2, 3 are therefore
A: (1/8,0,3/8), B: (0,3/16,1/4).

These already grant optimal subsequent information use. For any first-block mixture, averaging its
regret with context weights (3/5,2/5) is at least 3/40: the three pure-size averages are 3/40, 3/40,
and 13/40. Its worst-context regret is no smaller. Choosing first size one with probability 3/5 and

size two with probability 2/5 attains 3/40 in both contexts. Identical realized adoption outcomes
make terminal utility cancel, yielding the stated return loss. [

Scope of the result. Reordering checks does not remove the reversal. The result isolates information
missing from compressed summaries; it does not lower-bound a named baseline given full evidence.
Learned joint features may distinguish the contexts, but incorrect features can still select poorly.
Cost-sensitive information acquisition is studied in stochastic function evaluation (Deshpande et al.,
2014; Hellerstein et al., 2022); correlated observations are studied in stochastic function certification
(Ghuge et al., 2026). The example isolates the consequence of correlation for paid, feedback-delaying
blocks with unchanged success summaries.

Table S24: Exact laws and complete scheduling costs. Each bit is a required check outcome. The
left panel lists all probability atoms; the right lists all surviving-path block compositions at ¢ = 1,
d = 3/2. Both contexts have marginal pass probability 1/2 and all-pass probability 1/4. This is one
finite construction, not two experimental datasets.

Outcome A B Schedule Cost A Cost B
000 0 3/8 1-1—=1 4.3750 4.6875
001 1/4 0 1—2 4.2500 4.2500
010 1/4 0 2—-1 4.1250 4.4375
011 0 1/8 3 4.5000 4.5000
100 1/4 0 )

101 0 1/8 A compressed first-block choice has regret

110 0 1/8 La(p) ;p/& LB(.p.) =3(1 —p)/lﬁ. )

111 1/4 1/4 Here p is the probability of choosing first-block size one

(otherwise two), not a check-failure probability. They meet
at p = 3/5, with loss 3/40.

Continuous family. For pair-survival probability ¢ € [1/4,3/8], letz € {0, 1} denote an outcome
atom and |x| = 1 + x2 + w3 its number of passes. Assign the probability of each atom according to
its Hamming weight:

3¢ —3/4, |x|=0,

== =2,
1/4, |z] = 3.
The singleton and doubleton lines apply to each of their three atoms. Probabilities are nonnegative and
sum to one. Every marginal remains 1/2, all-pass remains 1/4, and every pair-survival probability is
q. With unit per-check cost and arbitrary dispatch d > 0, the costs for schedules 1 — 1 — 1,1 — 2,
2 — 1, and 3, in that order, are

(14+d)(3/2+¢q), 2+3d/2, 2+d+q(l+d), 3+d. (29)

At d = 3/2, the optimum is min{17/4,7/2 4+ (5/2)q}, with a tie at ¢ = 3/10. This is an exact
sensitivity analysis, not a fitted empirical law.

Executable checks. The accompanying rational-arithmetic module enumerates every joint atom
and solves the finite decision problem by dynamic programming over all nonempty unchecked
subsets. Eleven tests check normalization, equal summaries, exchangeability, all six permutations,
realized output equivalence, budget sufficiency, global optimality, the continuous switch, and the
tight minimax certificate. Earlier fixed-order reference code is retained for provenance but is not used
to establish this stronger proposition. These are finite mathematical tests, not neural or environment
experiments.
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Figure S15: The optimal scope depends on commitment costs. Both plots evaluate the stated
analytical costs, not fitted outcomes. The one-dimensional slice fixes dispatch at 3/2; the phase map
varies dispatch and pair-survival probability. Boundaries and ties follow the declared formulas.

G.5 MATCHED SCOPE CONTROL

The preceding reversal can also be read as an exact two-factor comparison. This separates the benefit
of a different permitted work scope from a weaker controller. Draw contexts A and B with probability
1/2 each. Both arms see the same candidate, initial missing mask, budget, and check outcomes as
they are acquired. Only the full-context row observes which joint law applies before acting. Both
work-scope columns pay the same 3/2 per dispatch and one per check, with the same final output for
each realized vector. A singleton policy may remember all observed history and plan nonmyopically;
it is not forced to optimize immediate reward.

Proposition 8 (Exact information—-scope comparison). Under the three-check setting in Ap-
pendix G.4.2, optimal expected costs, averaging the two contexts, are

singleton only  blocks permitted
compressed summaries 145/32 17/4
full joint context 145/32 67/16

At full information, permitting blocks reduces expected cost by 11/32. With blocks permitted, context
information reduces expected cost by 1/16. These are dispatch-cost differences, not improved final
output probabilities.

Proof. For singleton execution, all check orders are equivalent by exchangeability, and every surviv-
ing path must finish. Its costs are 35/8 in A and 75/16 in B, averaging 145/32. Knowing the context
cannot improve check order. Without the context, the four fixed surviving-path block compositions
have average costs 145/32,17/4,137/32,9/2; their minimum is 17/4. Adaptation does not add a
fifth surviving-path composition because every observed bit before termination is one. With full
context, choose 2 — 1in A and 1 — 2 in B, averaging (33/8 +17/4)/2 = 67/16. Subtracting gives
the two differences. O

The matrix above retains all four matched conditions; the zero-dispatch boundary separates the effect
of information from the cost of committing a work block.

The zero-dispatch boundary is essential: when dispatch is free, singleton costs are 7/4 and 15/8, and
allowing blocks cannot improve them. This agrees with Proposition 4. Our reference calculation
exhausts all orders and nonempty unchecked subsets and checks identical realized output. Thus the
comparison establishes a real cost mechanism without giving the singleton arm less information or a
shorter planning horizon. It does not show that a learned network attains these optimal policies on
real agent tasks. A matched empirical factorial is still needed.
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G.6 MENU APPROXIMATION

G.6.1 APPROXIMATION ERROR

Proposition 9. Ar one paid state S and fixed continuation policy T, let finite nonempty catalogs
satisfy Q0 C Q,, where Q) is the comparison catalog. Suppress the common state argument in Q™
and Q = Q\qg. Suppose |@(w) — Q™ (w)| < e for every w € Q), where ¢ > 0 is a uniform error bound,
not the exploration rate. For selected w, € 2, write

Amenu = Hsllax Q" — mgx Q, 0o = mS%XQ - Q(wa)'

Here Aneny is omitted-menu loss and 6, is the scorer gap of the chosen plan. Each maximum ranges
over its displayed catalog. Then maxq, Q™ — Q™ (wa) < Amenu + 26 + dq.

Proof. Split at maxq Q™, upper-bound this maximum by maxgq @ + &, and lower-bound the chosen
value by Q(w,) — €. O

Observed RMSE is not a uniform error guarantee. Full catalog values require paid continuation
experiments on bounded cases; unrestricted alternatives are unknown. The inequality diagnoses one
decision and does not establish global regret or policy improvement. Solver gap under its additive
surrogate is a separate computational quantity.

G.6.2 SEEDED REFINEMENT

For m > 1 extensions forming feasible job sets Ag C - -+ C Ay, set W(A) = @¢7(§’ VERIFY(4))
at one fixed proposal state. Then

> W(A) = W(A1)] = W(Am) — W(Ay).

t=1

The equality holds without additivity or submodularity. Unlike summing W (D;), it does not
repeatedly add the same base continuation. However, positive single-job increments can still miss
bundles: with two jobs of unit cost, gain g > 2], and a fixed continuation that stops immediately
after the offered work, W(@) = 0, W({a}) = W({b}) = =\, and W({a,b}) = g — 2\ > 0.
Empty-seed positive-gain greedy stops; an affordable complete-candidate seed presents the pair to the
actor. This verifies the purpose of the seed family, not a general approximation ratio. Higher-order
cross-candidate interactions and inaccurate 1/ remain limitations.

G.7 LEARNING IDENTITIES

G.7.1 POLICY-GRADIENT BASELINE

Fix the initial state, verification contract I, menu settings v, scorer snapshot ¢y, and support rules.
Let 9 = (6,%) contain only the sampled edit/plan parameters, 7 a full search trajectory, Py its
induced law, and R(7) its realized return. With the typed probabilities of Equation (19) and the usual
differentiability, integrability, and fixed-support conditions,

Jg
VoErp,R(T) =B |Rg > Vylogpo(yg; | HyjrVa;)

Jj=1

A deterministic menu generator may depend on observed history; its parameters are held fixed here
and it contributes no sampled likelihood. Random environment outcomes likewise have no actor
likelihood. For G conditionally independent searches, the baseline b, = (G —1)~!>" 2g B is
independent of trajectory g conditional on the common start and snapshot. The expectation of b,
times that trajectory’s score function is zero. Consequently, at ¥y, the expected unclipped group
estimator using A, = R, — b, equals the displayed gradient, with b, detached. It is not an identity
for gradients through scorer fitting, generator changes, or KL regularization. Clipping remains a
surrogate, not a monotonicity guarantee (Ahmadian et al., 2024; Schulman et al., 2017).
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Each sampled token and plan contributes once; a deterministic solver contributes none. Dividing each
search by J,, reusing shared-tree leaves as independent group members, or differentiating through
A, changes this estimator. Frozen-menu optimization is the local update in Appendix E.5; refreshed
menus require fresh collection. This does not establish global policy improvement or an unbiased
off-policy gradient after arbitrary optimization steps.

G.7.2 CONTRAST IDENTIFIABILITY

At a fixed state and continuation policy, each prospectively forced arm has an ordinary expected return.
Independence and fixed sample sizes make its sample mean unbiased. Their difference therefore
identifies the conditional contrast in Equation (12). Minimizing population squared difference error
identifies that contrast, but is invariant to a common offset added to both predictions. The ordinary
return loss in Equation (11) is consequently required to anchor mean calibration. Neither identity
establishes data efficiency, actor improvement, or causality of an individual edit. These are separately
measured claims.

H NOMENCLATURE

Full forms of abbreviations and method names in Section 2 and its cited work are collected below.
Named systems without an initialism expansion are listed by their published title or a brief definition.

Table S25: Abbreviations and terminology.

Term Full form or published name

Recursive Self-improvement
RSI Recursive Self-Improvement.

SpecRSI (ours) Speculative Recursive Self-Improvement (this work; Section 3).

VATS Verification-Aware Tree Search (this work; Section 3.3).

GVO Group Verification Optimization (this work; Section 3.4).

DGM Darwin Godel Machine (Zhang et al., 2026a).

SICA Self-Improving Coding Agent (Robeyns et al., 2025).

ADAS Automated Design of Agentic Systems (Hu et al., 2025).

AFlow Automating Agentic Workflow Generation (Zhang et al., 2025b).

GEPA Genetic-Pareto (Agrawal et al., 2026).

MemEvolve Meta-Evolution of Agent Memory Systems (Zhang et al., 2025a).

Hyperagents Self-referential agents combining a task agent and an editable meta agent in one
program (Zhang et al., 2026b).

MetaRSI / RST? A Meta-Recursive Self-Improving System for Recursive Self-Improving Systems
Themselves (Tan et al., 2026).

HGM Huxley-Godel Machine (Wang et al., 2026b).

Janus An Algorithm-Evaluator Co-Evolution Framework for LLM-Driven Discovery under

Expensive Evaluation Budgets (Liu et al., 2026).
Speculative Decoding

Speclnfer Accelerating Large Language Model Serving with Tree-based Speculative Inference
and Verification (Miao et al., 2024).

EAGLE-2 Extrapolation Algorithm for Greater Language-model Efficiency; the suffix denotes
the dynamic-draft-tree variant (Li et al., 2024).

Sequoia Scalable and Robust Speculative Decoding (Chen et al., 2024).

MTP Multi-token Prediction (Gloeckle et al., 2024).

SV Speculative Verification (Kim et al., 2026).

DSP Dynamic Speculative Planning, the method introduced in Dynamic Speculative

Speculative Actions
FlashEvolve

Agent Planning (Guan et al., 2026).

A Lossless Framework for Faster AI Agents (Ye et al., 2026).

Accelerating Agent Self-Evolution with Asynchronous Stage Orchestration (Hu
et al., 2026b).

Learning for Agent Improvement

RL

Reinforcement Learning (Zhou et al., 2024).

Continued on the next page.
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Nomenclature (continued)

Term Full form or published name

LLM Large Language Model (Leviathan et al., 2023).

ArCHer Actor-Critic Framework with a Hierarchical Structure (Zhou et al., 2024).

GRPO Group Relative Policy Optimization (Shao et al., 2024).

DVI Draft, Verity, & Improve (Bhansali & Heck, 2025).

GTO Group Tree Optimization (Hu et al., 2026a).

MAS Multi-Agent System (Wang et al., 2026a).

MAS? Self-Generative, Self-Configuring, Self-Rectifying Multi-Agent Systems (Wang
et al., 2026a).

LOO Leave-One-Out (Ahmadian et al., 2024).

PPO Proximal Policy Optimization (Schulman et al., 2017).

ToT Tree of Thoughts (Yao et al., 2023).
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