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Abstract

Artificial neural networks can acquire new capabilities but often damage existing ones
when they continue to learn.(Dohare et al., 2024; Kirkpatrick et al., 2017) This stability-
plasticity problem has motivated replay, regularization and constrained-update methods,
yet it remains unclear whether a property of incoming learning itself determines what can
be retained without disrupting protected behaviour.(Lopez-Paz & Ranzato, 2017; Rolnick
et al., 2019; Farajtabar et al., 2020; Benjamin et al., 2019) Here we show that functional
compatibility, the extent to which new learning can coexist with behaviour that must
be preserved, is a causal determinant of persistent learning. To our knowledge, this is
the first controlled causal demonstration in which compatibility is deliberately changed
from matched neural states and persistent learning is measured under a common retention
requirement.(Wang et al., 2021; Stork, 2026; Kitkana & Arora, 2026; Abbes et al., 2026)
The effect generalizes across independent learning directions, convolutional and transformer
architectures, vision and text, and additional seeds. Learning rules differ in how efficiently
they exploit available compatibility, while retention constraints limit how much can be stored.
At larger finite updates, nonlinear geometry changes the available learning opportunity and
ultimately prevents the matched compatibility continuum from being realized. These results
establish functional compatibility as an experimentally controllable principle of persistent
neural learning, shifting the problem from preventing forgetting towards identifying which
components of new learning can safely become permanent.

1 Introduction

Continual learning is commonly framed as a competition between acquiring new information and preserving
what a neural network already knows. Regularization, replay and constrained-gradient methods reduce
interference by limiting parameter changes, revisiting old observations or projecting updates away from
protected directions.(Kirkpatrick et al., 2017; Rolnick et al., 2019; Lopez-Paz & Ranzato, 2017; Farajtabar
et al., 2020; Saha et al., 2021) Function-space approaches instead protect the behaviour of the network
directly.(Benjamin et al., 2019) These strategies have transformed continual learning, but they leave a more
basic question unresolved: before choosing an algorithm, is there a property of the incoming learning signal
itself that determines how much of it can coexist with retained behaviour?

This question emerged from Adaptive Functional Metaplasticity (AFM), a task-free framework that treats
retention and learning as a measurable frontier rather than requiring either to dominate. AFM first computes
the update that the same learner would accept from the identical pre-update state if no protection were
imposed. This same-state no-protection endpoint is computed but never committed. It defines the available
learning opportunity. AFM then identifies the component compatible with protected functional behaviour
and stores an accepted fraction of that motion in the ordinary network parameters. For the scalar-gradient
comparator used in the central guarantee, functional compatibility is

||Ht9t||2
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where A; selects the active learning coordinates and II; is the protected-compatible projector. Under the
stated certificate conditions, the accepted persistent path fraction satisfies A > 7, and

Apersistent > i > @ (2)
Ag -3 = 3

A separate bounded functional completion step can reproduce the no-protection endpoint on the current finite
evidence while restoring declared protected outputs. Persistent adaptation and finite deployed protection are
therefore distinct: exact finite restoration does not imply that the unrestricted parameter update has been
stored, and it does not by itself imply population-level retention.

AFM is more than this local projection rule. The complete framework maintains bounded sketches of
whole-behaviour sensitivity, allocates protection through multiple metaplastic timescales and a rank-timescale
controller, performs task-free observable routing with separately controlled consolidation and reopening,
provides a guarded finite functional shield, and permits function-preserving renewal of zero-gated dormant
structure. Its theory includes a deterministic streamed-memory certificate, an exact first-order rank-plasticity
frontier, pathwise retention and projected-stationarity results, a convex dynamic-regret specialization, explicit
resource bounds, and obstruction results that state when routing, retention, transfer or renewal cannot be
guaranteed. AFM certifies persistent adaptation relative to the genuine same-state no-protection endpoint
while separately providing exact finite counterfactual endpoint emulation. The complete specification and
proofs are provided in the sections below.

Equation 2 also suggested a testable scientific prediction. If compatibility is more than a descriptive correlate
of interference, experimentally changing s from the same neural state should change the amount of new
learning that survives a fixed retention requirement. Previous work has optimized gradient alignment,
constructed null spaces, analysed interference energy and curvature, causally ablated gradient alignment
in a specialized subliminal-learning setting, and demonstrated gradient-alignment methods in continual
large-language-model pre-training.(Riemer et al., 2019; Farajtabar et al., 2020; Wang et al., 2021; Stork, 2026;
Shu et al., 2026; Gong et al., 2026; Kitkana & Arora, 2026; Abbes et al., 2026) To our knowledge, no previous
study has used a matched-state, multi-level intervention to set a quantified functional compatibility variable
while controlling the unrestricted learning opportunity and retention requirement, and then measured its
causal effect on persistent learning. We therefore tested compatibility as an intervened variable rather than
as a post-hoc diagnostic.

2 AFM framework and theoretical foundations

The following sections give the complete AFM formulation, guarantees, implementation logic, benchmark
protocols, ablations and execution analyses that support the paper.

2.1 Problem formulation and design principle

We consider supervised continual learning on a nonanticipating stream in which the learner receives observations
and labels but no task, session, episode, bucket, segment, intervention, or boundary identifiers. At protected
round ¢, the persistent model parameters are 6, € R% and the bounded structural state is S;. The deployed
predictor is

Fi(z) = Go, (2(x)) + Si(2(2)), 3)

where z(z) denotes the representation available to the continual learner. For the pathwise retention and
optimization results, the loss sequence may be arbitrary; stochastic assumptions are introduced only for the
statistical statements that explicitly require them.

AFM separates three objects that are frequently conflated. First, persistent adaptation is learning stored
in the ordinary model parameters and therefore affects future predictions away from any finite intervention
set. Second, finite deployed protection refers to exact output constraints on declared observations. Third,
population behavior concerns inputs beyond those finite protected observations and requires additional
assumptions or certificates. The distinction is consequential: exact protection of a finite evidence set does not
imply preservation of an unseen population, and AFM does not make that inference.



2.1.1 Same-state no-protection comparator

At a protected update, AFM first evaluates the update that the corresponding no-protection learner would
actually accept from the same complete pre-step state. The comparator uses the same parameters, structural
state, current minibatch, active coordinates, learning-rate and backtracking rules, mutable buffers, and
declared private randomness, but no retention constraint. If the resulting endpoint is 69 with deployed
current-minibatch logits Uy, its accepted prediction-space loss decrease is

Ato - Et(Ft) - ﬁt(Ut) > 0 (4)

This endpoint is a counterfactual reference only. During a protected transaction it is never installed as the
persistent base model.

The comparator makes the plasticity cost of protection operational. Rather than comparing a protected step
with a nominal gradient or an arbitrary step-size schedule, AFM asks how much of the learning achieved
by the actual accepted no-protection transaction can be stored persistently without violating the declared
retention geometry.

2.1.2 Persistent compatible assimilation

Let A; denote the structural-availability projector and II; the selected protected projector. In the scalar-
gradient comparator used by the evaluated implementation,

df = —a; Aygr, v = ed} = —aIlge, (5)

where g, = V2t (0,). Write s) = ||v;||. The certified retention charge along this projected comparator path is

Co(s) = Eys + %52, (6)

with E, the certified first-order leakage term and H, the behavior-curvature bound. A predeclared assimilation
coordinate n; € [0, 1] allocates

bRorm =, Cy(sY), A = max{\ € [0,1] : Cy(AsY) < borm}, (7)
The compatible-gradient fraction is
[T g:]?
Kt = ——5 € |0,1]. 8
‘g <Y )

Thus 7, specifies how much of the projected comparator charge is requested, whereas k; measures how much
active gradient energy is compatible with the selected protected geometry.

2.1.3 Finite endpoint completion

A persistent compatible step generally cannot reproduce the full current endpoint of the unrestricted learner.
AFM therefore performs a second, explicitly separate operation in function space. After the safe persistent
base move, a bounded compact-cardinal residual is constructed on the frozen representation. On the current
minibatch it requests the comparator logits Uy; on active protected evidence and unselected certified candidates
it requests their pre-step deployed outputs; on a selected candidate it requests the frozen transfer target
or the declared contraction toward it. If these finite requirements are mutually consistent and the support,
capacity, and numerical checks pass, the residual satisfies them exactly.

The residual is not treated as persistent assimilation. Away from its finite support, the deployed predictor
follows the protected base endpoint. If finite requests conflict at the same observable address, compatible
motion is unavailable, capacity is exhausted, or a required certificate fails, the transaction is rejected atomically.
The complete specification, finite-support construction, and rollback conditions are given in Section 2.5.



2.2 Adaptive Functional Metaplasticity

The protected transaction is embedded in a bounded task-free learner that combines functional sensitivity
memory, adaptive protection geometry, operational consolidation, evidence-based reopening, and function-
preserving structural renewal. The full algorithm is given in Section 2.5; this subsection describes the
mechanisms needed to interpret the theoretical and empirical results.

2.2.1 Whole-behavior sensitivity memory

A committed record protects a behavior map rather than a parameter vector. In the finite-evidence
instantiation, a record j with evidence x;1,...,%;,, uses

©;(0) = n; 2 (folxjn), s folxjm,))- 9)

All Jacobian rows of this map at the frozen anchor are streamed into a Frequent Directions sketch (Ghashami
et al., 2016). The sketches define a bounded approximation to the protected sensitivity covariance. The
selected rank-r protected subspace suppresses the most consequential directions, while the unprotected
complement remains available for adaptation. The exact sketch certificate, its population extension under
declared sampling assumptions, and the rank-r min-max frontier are given in Section 2.7.

2.2.2 Metaplastic allocation

AFM does not assign one permanent importance coefficient to every protected record. It maintains a finite
bank of exponentially spaced traces and uses them to predict which protected sensitivities remain relevant
at the current time. This construction is motivated by the ability of multiple timescales to represent long
temporal ranges efficiently (Benna & Fusi, 2016). In AFM the traces have a specific optimization role: a finite
policy family chooses both temporal weights and a spectral rank, and the policy loss charges residual protected
leakage together with current gradient energy blocked by protection. Section 2.9 proves that a logarithmic
trace bank approximates scale-free relevance profiles with constant distortion over an exponentially long
horizon, whereas a single exponential has polynomial worst-case distortion; it also gives the allocation-transfer
and online policy-regret bounds.

2.2.3 Task-free consolidation, reopening, and route refinement

Candidate consolidation is separated from both fitting and deployment. A private candidate is fitted on a
finite routed block and then frozen. Later outcomes form a distinct validation sequence, so the candidate
prediction precedes each validation outcome. An anytime-valid upper confidence sequence controls the first
certification crossing; subsequent evidence is handled by a separate staleness process. AFM uses time-uniform
inference because ordinary fixed-time tests are not generally valid under repeated optional checking (Ramdas
et al., 2023; Waudby-Smith & Ramdas, 2024).

Routing uses only observable signatures and never evaluator task identities. Outcome evidence can justify
reopening or release, but a new observable route additionally requires independent signature evidence.
Sequential two-sample procedures provide one admissible route-refinement construction (Jang et al., 2022).
When observables do not distinguish two semantic states, AFM does not manufacture a route distinction:
the resulting ambiguity appears as an obstruction. Full calibration, consolidation, staleness, reopening, and
route-refinement statements are provided in Section 2.6.

2.2.4 Function-preserving structural renewal

The model contains a fixed pool of dormant zero-gated modules. Resetting internal parameters of a module
whose functional gate is exactly zero leaves the deployed predictor and active protected behaviors unchanged.
After a reset, AFM recomputes the complete gradient, protected projector, and leakage certificates; a slot
is activated only if an accepted protected update produces nonzero motion in that slot. Renewal therefore
expands usable structure without granting an exception to the retention transaction. Section 2.10 gives the
exact reset result and shows that renewal success is controlled by the realized compatible richness of the trial
distribution.



Fig. 6 summarizes how these components interact within one protected AFM transaction.

The full protected-update schematic is provided as Fig. 6 of the paper.

2.2.5 Protected update

A protected round can be summarized as follows:

1. route the current observations using only declared observable signatures;

2. update candidate fitting, certification, and staleness state without copying a private candidate into
deployment;

3. update bounded whole-behavior sketches and metaplastic traces;
4. compute the genuine same-state no-protection endpoint and the compatible projected reference;

5. accept only a persistent base point that satisfies the retention, descent, and normalized-assimilation
checks;

6. construct the finite residual that completes the current endpoint and restores the declared finite
protected outputs;

7. update reopening, route-refinement, or renewal state only through their separately controlled evidence
and capacity rules.

No failed certificate authorizes installation of the unrestricted base endpoint or reduction of the declared
persistent-assimilation requirement.

2.3 Theoretical guarantees

The central guarantee is split into persistent and deployed components. This prevents exact finite interpolation
from being misinterpreted as learning stored in the base model. Recall that dY = —a;A;g; is the accepted
same-state no-protection displacement, v; = I1;d? is its compatible projection, and

_ |Mge?

t =

||At9t||2

is the corresponding compatible-gradient energy fraction.
Theorem 2.1 (Counterfactual-normalized persistent assimilation). Assume the accepted no-protection

comparator has the scalar-gradient form d9 = —a, Ay with 0 < oy < ft_l, A; and II; are orthogonal
projectors satisfying II; A; = Il;, the comparator decrease AY is positive, and the projected reference vy = I1;d?
is nonzero. Assume the stated loss-smoothness and retention-charge certificates hold on the complete comparator
and projected-reference line segments. Then the normalized construction in Eq. (7) satisfies

At > . (10)

For any accepted realized fraction Xt >,

Abase - 1ok A
to W zlt i t > tht > TRt (11)
At 1 + §OétLt 3 3

For n; = 1, the complete projected comparator is feasible.

The proof, including the exact role of convexity of the retention charge and the reverse smoothness inequality
used for the denominator, is given in Section 2.5. The guarantee is not an 7; fraction of unrestricted loss
decrease in general: the compatibility factor x; is unavoidable in the selected protected geometry.



Theorem 2.2 (Exact finite counterfactual completion). Suppose the no-protection comparator and certified
persistent base endpoint are both available, the finite requested logits are consistent at duplicate frozen addresses,
the declared node and guard capacities are sufficient, support separation is certified, and the numerical endpoint
checks pass. Then the joint base-plus-residual transaction satisfies: (i) the persistent base remains within its
certified behavior budget and achieves protected descent; (ii) the deployed predictor equals the no-protection
endpoint on every current-minibatch observation; (iii) every active finite protected output is unchanged; (iv)
every unselected certified candidate is unchanged and the selected candidate reaches its declared finite target
or contraction; and (v) the residual is exactly zero outside its finite support union and on the declared guards.

Because the current deployed loss factors through the current-minibatch logits, Theorem 2.2 gives

'Ct(Ft) - Et(Ft+1)
A?

Ly(F) = Li(Frya) = A, =1 (12)

The complete finite construction, support bound, transfer result, and finite-precision realization are developed
in Section 2.5.

2.3.1 Retention, stationarity, and local optimality

Combining the persistent and finite legs gives a one-step guarantee. For the accepted persistent displacement
diafc with Si.afc — ||d§afc||7

O sale ﬁ sale
12,70+ di) = @7 (0] < (o0 + P+ S < b, (13)
1
0 (B0) = 0" (B + ") > 557 [Ty . (14)

On the declared finite protected evidence, the stronger deployed statement is exact equality across accepted
protected updates. On broader behavior maps, the theorem retains explicit structural-shield and routing-
mismatch charges rather than asserting population preservation from finite evidence. Section 2.8 gives the
active-interval bounds, release decomposition, arbitrary-stream projected-stationarity identity, and lifelong
compatible-plasticity corollary.

The local protection geometry is also sharp at first order. For a behavior Jacobian J with singular values
o1 > -+ > 04, the smallest worst-case first-order leakage achievable by any (d—r)-dimensional plastic subspace
is 0y+1(J). Thus finite-rank protection has an explicit spectral price; the result and the streamed-memory
certificate are proved in Section 2.7.

2.3.2 Integrated frontier and unavoidable obstructions

The full AFM theorem combines pathwise retention, endpoint emulation, compatible stationarity, task-free
routing, operational consolidation, metaplastic allocation, reopening, structural renewal, bounded structural
resources, and a convex dynamic-regret specialization. Its deterministic conclusions hold on every realized
trajectory whenever the corresponding certificates accept. Statistical conclusions, such as candidate-risk,
route-refinement, or renewal-probability statements, additionally require only the assumptions stated for
those conclusions and share a summable failure budget. The complete theorem and dependency proof are
given in Section 2.11.

The result is obstruction-aware. Its scope includes explicit failure conditions for instances in which the required
observable information, compatible motion, or bounded capacity is unavailable. Exact semantic routing
cannot be guaranteed when observable laws are identical; future risk cannot be certified distribution-free
from an arbitrary finite past; finite-rank protection cannot eliminate all functional leakage under nonzero
movement; direct output contradictions cannot be simultaneously satisfied; reopening requires observational
information; renewal requires compatible richness; and fixed finite memory cannot encode an unlimited
number of independent facts. Section 2.12 states and proves these lower bounds. These lower bounds define
the scope of the frontier.

The nonlinear and convex optimization statements have different scope. For smooth nonlinear models,
the corresponding global-in-time optimization statement is the pathwise projected-stationarity identity of



Theorem 2.29, under its stated certificate conditions. The dynamic-regret guarantee in Section 2.11 requires
the separate convex affine specialization and is not inherited by the neural experiments below. The experiments
instead evaluate the nonlinear AFM transaction and its theorem-aligned quantities empirically.

2.4 AFM framework synthesis

Adaptive Functional Metaplasticity treats continual learning as a certified frontier between persistent
compatible adaptation and exact finite deployed completion. Each protected update is referenced to
the genuine same-state no-protection endpoint. Compatible motion is stored persistently under an explicit
retention charge, with a quantitative loss guarantee that exposes the local compatibility factor; a separate
bounded functional residual completes the finite current endpoint and restores declared protected outputs.
The framework also integrates task-free routing, whole-behavior sensitivity memory, multiscale metaplastic
allocation, operational consolidation, evidence-based reopening, structural renewal, bounded structural
resources, and explicit obstruction conditions.

Across COReb0, CLEAR-10, and CLAD-C, the evaluated AFM frontier improves on the strongest tested
classical non-oracle comparison family under the frozen five-seed protocols and remains competitive against six
modern challengers under the stated common interface. The execution audit confirms that the finite endpoint
transaction is non-vacuous and that the persistent component respects the theorem-aligned assimilation refer-
ence on the accepted nonzero controlled interventions. The causal experiments then isolate the compatibility
quantity predicted by the framework and show that deliberately changing it changes retention-constrained
persistent learning from matched neural states. The remaining limitations are explicit: finite evidence does not
imply population retention, observable routing requires observable information, compatibility is not sufficient
independently of retention allowance and finite curvature, and the present implementation incurs substantial
computational overhead. Within this stated scope, the combined theory and experiments show that persistent
learning and deployed endpoint preservation can be separated, quantified, causally interrogated, and coupled
within one task-free continual-learning framework.

The sections that follow provide the full AFM mathematical specification, proofs, obstruction results, complete
benchmark analyses, controlled causal study, and follow-up experiments supporting the paper.

2.5 Full AFM specification and finite endpoint construction

This section gives the complete mathematical state, endpoint construction, finite-support residual, and
protected-update algorithm used by the results in the main text. It also records the precise conditions under
which a protected transaction is rejected.

2.5.1 Admissible specification

Definition 2.3 (Admissible AFM specification). Before the protected horizon begins, an AFM specification
fixes all objects that can affect a protected decision. These comprise:

(i) a finite family of observable context-signature maps, their mixture weights, calibration prefix,
requested coverage, calibration ceiling, routing thresholds, registry size, and deterministic tie rules;

(ii) a bounded outcome loss, a deterministic same-state no-protection update operator, the normalized
coordinate 7y, the protected safe-base operator, the activation-gap threshold, and all trust, smoothness,
curvature, and numerical-certification procedures;

(iii) a finite candidate-fitting procedure, validation horizon, first-crossing certification rule, post-
certification staleness test, candidate-service priority, and service horizon;

(iv) the frozen-representation address map, finite shield support rule, duplicate-consistency convention,
current-minibatch bound, shield-node capacity, guard capacity, selected-transfer fraction, and atomic
rollback rule;



(v) the behavior-map constructors, protected-record and sketch capacities, finite rank-policy family,
metaplastic trace bank, and all associated thresholds;

(vi) the shadow challenger, outcome-reopening and observable-signature route-refinement procedures,
minimum effect and distinct-block requirements, diagnostic grace window, and capacity policy; and

(vii) a fixed pool of functionally zero-gated renewal modules, the renewal trial distribution, the certified
numerical precision or finite-horizon precision policy, and all remaining resource budgets.

An optional finite unprotected initialization prefix may produce the initial representation but creates no
protected record. After that prefix, the representation is frozen and any bounded prefix references used for
signature calibration are replayed through the final representation before protected decisions begin. Every
component must be measurable with respect to the declared learner history. Failure of a component to satisfy
its own conditions yields the corresponding calibration, routing, statistical, functional, capacity, numerical,
retention, compatibility, or renewal obstruction; the declared algorithm is unchanged.

2.5.2 Losses and retained behaviors

At round ¢, the learner has parameters §; € R%, observes an arbitrary data item, and incurs a differentiable
loss ¢, : R* — R with gradient ¢, = V4(0:). A data item may be a declared finite ordered minibatch. In
that case every member is routed in the fixed within-batch order, every consolidation and outcome-reopening
statistic is updated at outcome resolution, every route-refinement statistic is updated once per distinct
observable signature block, and ¢; is the declared differentiable minibatch loss used for the single safe
parameter update. Each fixed signature map may assign one image-only signature to every member of a
predeclared observable microblock, for example a normalized mean of frozen features, because the whole
microblock is observed before its outcomes; labels, task identities, and evaluator metadata may not enter that
signature. Repeating one block signature across several labeled members counts as one signature observation
and several outcome observations. A semantic boundary inside such a block is not assumed away and
contributes to the routing-mismatch terms. This is not an iid assumption: the ordered minibatch itself is one
arbitrary stream element, and its size is bounded by the fixed specification. No stochastic or stationarity
assumption is imposed on the loss stream. For the randomized allocation theorem, the current data and
loss function are fixed before the controller draws p;; they may otherwise depend arbitrarily on the past.
Thus the allocation losses form a nonanticipating adaptive sequence rather than an adversary reacting to the
current private coin.

Before any nonzero update, AFM must possess a trust radius R;*® > 0 and finite upper certificates Ly, Hy
such that for every d € range(Il;) with ||d|| < R,
T Zt 2
000+ d) < £(00) + gFd+ = (15)

H
|P: (0 + d) — P (6;) — Jud|| < 7t ||d||2 (16)

These are direct quadratic upper-model certificates; they do not require a globally existing Hessian. If no
valid certificate is available, the algorithm sets R;*® = 0 and makes no update. Hence the proof never defines

smoothness or curvature after choosing the step. Losses are bounded below by £i,¢ on the realized iterates.

Proposition 2.4 (Constructible trust certificates for finite computation graphs). Suppose the current loss and
every active empirical behavior map are represented by finite computation graphs whose primitive operations
have computable interval enclosures for their first and second derivatives on a compact parameter box By.
Then interval automatic differentiation and the chain, product, and composition rules produce finite certified
values Ly, Hy, and Ly ;¢ valid on every Euclidean ball contained in By. For piecewise-affine primitives, any
ball certified not to cross a switching surface has zero second-order remainder for that primitive. If interval

propagation is unbounded or inconclusive, choosing R;*™® = 0 remains valid.

Proof. Proceed in topological order through the finite graph. Interval arithmetic encloses every intermediate
value. The derivative of each primitive is enclosed by hypothesis; applying the chain and product rules



recursively encloses the graph Jacobian and all directional second derivatives on the box. Taking operator-
norm upper bounds gives the displayed certificates. A piecewise-affine primitive is affine on a switch-stable
box, so its second derivative there is zero. O

The active protected records are indexed by j € A;. Record j has a Fréchet-differentiable behavior map
®; R — U,

where H; is a Hilbert space. It may represent an entire predictor in L?(P), a policy, value function,
representation, or an empirical behavior over every observation in a frozen routed segment. In the empirical
finite-evidence instantiation below, ®; is the fixed empirical commit-block map ®;; a population map is
substituted only when a valid population certificate is supplied. The stacked active map is

o =P P, = DP(6)).
JEA:

2.56.3 Task-free routing and semantic mismatch

The algorithm receives a context signature Z; but no task label. It uses the predictable bounded-registry
router defined in Algorithm 2.12. The internal theorem protects the behaviors assigned by this router. To
compare with any external semantic partition, embed the internal and evaluator behaviors in a common
Hilbert space. For the joint base-shield state, let U,(6, S) be the evaluator’s desired behavior map, let ®.(6,.5)
be the router-selected map, and define the exact mismatch

A(8,8) =Ty (6,5) — By (6, 5).

For the fixed-pre-shield safe-base leg define the realized routing derivatives

ry = HDQ&t(et, St) s kt = Ssup HD%&t(Gt + Sdiafe7st) (17)
op 0<s<1 op
For the structural replacement define the separate exact mismatch charge
th = H&t(ét-l—last-&-l) - gt(§t+175t)H . (18)

All three terms are zero when the routing semantics agree. They are not assumed small, and w? prevents a
shield replacement from being hidden inside a parameter-only routing bound.

2.5.4 Streamed whole-behavior sensitivity memory
A protected segment j has a frozen anchor 9]- and a frozen commit evidence block
Dj = (xj,l, e 7xj,nj)~
Its empirical whole-behavior map is
= —-1/2
®;(0) = n; P (fol@jn)s- s folxjm,)-

This is the complete behavior on every observation in the commit block, not a hand-picked probe list. During
the atomic commit, all anchor Jacobian blocks

Aj(wj.i) = Dofo(wi)|o_g,

are streamed into a Frequent Directions sketch. At atomic commit, the sketch and its shrinkage certificate

1/

are rescaled by n; ? and nj_l respectively, producing B; € R%*?. The conceptual scaled row stack is

Oy =n; PA (20) 5 Ay,



It is then fixed and need not be stored by the optimizer. In a certified population-map instantiation,
raw observations may be discarded after the sketch and commit certificate are formed. In the empirical
endpoint-check instantiation, the specification instead declares a fixed evidence capacity nmax and retains
at most nyax fixed-size observation references (or the corresponding bounded tensors), transforms, labels,
and anchor outputs per active segment so that the complete commit-block map can be reevaluated exactly.
Later observations may create a new append-only segment, but never alter or replace the map protected by
this segment. Explicit release deletes that segment’s evidence and ends its future guarantee. For a segment
arising from a certified candidate, let F js "P denote the complete frozen validated candidate predictor on its
commit evidence block, including the structural state frozen with the candidate snapshot; in the base-shield
notation introduced below this state is (6;, S3"P). For an activated candidate the commit evidence is the
frozen transfer evidence, so D; = S; and n; = |S;|. Because validation may take time while the global
learner continues moving, let ¢; be the atomic activation round and define the exactly observed joint deployed
activation-transfer gap

" 1/2
ajt =n;? (Z [Fe; (254) = F;nap(fvj,i>H2> : (19)
i=1

Equivalently, this is the empirical Hilbert norm between the complete deployed state at activation and the
complete frozen validated snapshot, not a base-parameter-only distance. The validation certificate belongs
to the frozen snapshot (6, S7™P); the active-interval budget begins at the actually deployed state (., Sc; ).
The transfer cost is charged explicitly by a'}’PCt plus subsequent certified motion, rather than by an unrelated
current-batch risk gate. Merely pausing deployed learning after an off-path private fit does not make this gap
zero; it is zero only if the validated behavior is already deployed. The transfer rule below therefore attempts
to reduce the gap through ordinary protected updates and commits only after the measured gap lies below a
threshold fixed before the stream. If no compatible transfer direction is found, the corresponding transfer

obstruction is returned and the deployed predictor is unchanged.

2.5.5 Guarded compact-cardinal shielding of certified candidates

A candidate becomes a transfer target only at the first anytime-valid certification crossing defined in
Section 2.6.2. At that stopping time, freeze the complete bounded commit evidence block S, the final-frozen
representation z(x) of every member, the deployed logits Fr, (), the frozen candidate structural state S’;nap,
and the complete candidate-snapshot logits Y;(z) = F;"*"(z) = Gy, (2(z)) + S}"*"(2(z)). The fixed empirical
transfer objective remains

> (@) = Yi(@)]*. (20)

1
D,;(F)=
J( ) 2|Sj|zesj

The private parameter vector is never copied into deployment. A predictable bounded least-recently-served
rule selects one certified candidate s; for service; every other certified candidate remains a safeguard. While
certified, each candidate reserves its bounded route slot and frozen evidence. It leaves the certified set
only by atomic commitment, a separately controlled staleness crossing, or an explicitly declared experiment
termination, which carries no completion claim.

The deployed logits are decomposed as
Fy(z) = Go, (2(2)) + Se(2(x)), (21)

where Gy is the ordinary trainable base map and S; is bounded structural state over the final frozen
representation z. For any behavior constructor B;, write

o1(9) = B;(Gy + 5),  ©,(0,5) = B;(Gy + 9).

The bracket in <I>£»S] means that the structural shield is held fixed while the persistent parameters move. The

streamed Jacobian memory, compatible projector, safe radius, and endpoint check govern <I>£-St] during the
safe-base proposal; the compact-cardinal transaction then replaces S; by Sy41. The joint theorem accounts for
both legs rather than treating the shield replacement as invisible structural state. For the current minibatch

10



define analogously £7 () as the declared loss of Gy + S with S held fixed, and set g, = V/£7*(6;). In the
joint exact-endpoint-emulation mode, this current-batch loss is required to factor through the finite deployed
minibatch logits: there is a bounded loss functional £; such that

£7(0) = Li((Go(2(x)) + S(2(2)))zes, ) - (22)

For any deployed predictor F, write L;(F) := L:((F(x))zen,). Hence equality of all current-minibatch
logits implies equality of the deployed current loss. A direct parameter regularizer, if used in some separate
optimization objective, is not part of the exact endpoint-emulation ratio unless it too factors through these
declared minibatch outputs.

Genuine ordinary counterfactual. Let UY be the complete deterministic update operator used by the
declared no-protection learner: it receives the same pre-step deployed state, current minibatch By, active-
coordinate mask, learning-rate and backtracking rules, renewal trial, and private random choices, but no
protected basis, behavior budget, candidate constraint, or retention radius. Applied to the current state, it
either abstains or returns base parameters 6Y and endpoint logits

Ui(z) = Goo(2(2)) + Se(2(2)), x € By. (23)
Its exact endpoint decrease is
AY = Lo(F) = Lo(Up) = 6 (00) — 67 (67)- (24)

This is the comparator used by the counterfactual-normalized mode. It is not projected into the protected
nullspace and is not restricted by the retention-safe radius. If U has no accepted nonzero endpoint, AFM
reports that the exact counterfactual endpoint is unavailable; it does not substitute a weaker denominator.

Persistent metaplastic safe endpoint. Using the selected policy basis @, compatible projector Il,
behavior budget b;, leakage certificate E;, curvature certificate H;, trust cap, and the same declared
backtracking rule, let U$*® return either an accepted base endpoint

Opi1 = 0, + 3, d3*e ¢ range(II,), HdiafeH < Ry,

or reports that a certified safe-base endpoint is unavailable. This is the only persistent base endpoint in the
joint mode. The unrestricted endpoint 6 is never installed. Every backtracking candidate for both operators
is evaluated from the identical pre-step predictive transaction state; parameters, mutable buffers, current
shield, module modes, and declared private randomness. Endpoint probing restores that state before every
candidate factor and after each operator; only the complete accepted predictive state of the safe-base operator
is eligible for commitment.

Counterfactual-normalized persistent assimilation. The general endpoint-emulation oracle below
remains valid for any deterministic comparator. The stronger persistent-assimilation mode considered here is
an auditable scalar-gradient specialization. Let A; be the active-coordinate projector already contained in IT,
put

a; = AiGe, qt = I g4,

and suppose the accepted ordinary comparator displacement is
d) = —azay, 0<oy < ft_l. (25)
Its feasible persistent reference is
vy = ILdY = —ouq;, 89 = |lve - (26)
Define the certified retention charge

H
Ci(s) = Ers + 77552.
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For a predeclared charge coordinate 1, € [0, 1], the normalized round budget is
I = 1, Cy(s?), (27)
and the maximal certified reference-path fraction is
At = max{\ € [0,1] : Cy(A\s?) < by, (28)

If there is no active protected behavior, set Ay = 1. An endpoint backtrack may reduce this to Xt; the
normalized mode accepts only when A\; > ;. Comparator collinearity, projection idempotence, trust-cap
membership, persistent descent, and the realized charge are checked explicitly. Failure returns a typed
obstruction, with the declared path and denominator unchanged.

Theorem 2.5 (Counterfactual-normalized persistent assimilation). Assume (25), A; and II; are orthogonal
projectors with 1y Ay = Iy, the accepted comparator has AY > 0, and s > 0. Assume further that the same
fized-shield current loss admits the stated L; quadratic smoothness bound on both complete line segments
{0; +sd? : 0 < s <1} and {0; + sv; : 0 < s < 1}, and that the retention charge Cy(s) is certified for every
projected-reference displacement svy /s with 0 < s < 89, In particular, the full projected reference and every
accepted realized backtrack lie inside their respective certified domains. Then the normalized construction
satisfies

At > g, (29)
Ci(Aes?) < bpom™, (30)

and n; = 1 gives \y = 1, hence the complete projected comparator vy. For any accepted realized fraction

At =1, define

Writing
AP = 7(0,) = £ (0 + Aew),
one has o
Abase > }:tﬁtl — %atlfi)\t > Atk > Nk
AY 14ty Ly 3 3

(31)

After the compact-cardinal residual is installed, the deployed prediction-loss current-batch ratio remains
exactly one by (38). Thus 1, governs persistent assimilation, k; displays the unavoidable local compatibility
price, and the shield supplies only the residual endpoint correction. If s =0, r; = 0, the comparator is not
scalar-gradient aligned, or any required certificate or endpoint inequality fails, AFM returns the corresponding
compatibility, alignment, retention, descent, or numerical obstruction atomically.

Proof. The function C; is nonnegative, convex, nondecreasing on [0,00), and satisfies C;(0) = 0. Hence
Ci(n:sY) < mCi(s?) = b2°™ | proving (29); maximality gives (30), and 7, = 1 makes the endpoint feasible
with equality. Smoothness, II; A; = II;, and (25) give

5 N 2 zt’\ 2
AP > Ny |lqel|” — gA%af llae ™ -

The reverse smoothness inequality gives
Ly

2
a2 o]

AY < ay flad® +

Dividing yields the first quotient in (31); since 0 < oLy < 1 and 0 < Xt < 1, its scalar factor is at least 1/3.
The compact-cardinal theorem then restores the exact comparator logits on the current finite minibatch
without changing the committed base displacement. O
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Provisionally move the complete accepted safe-base predictive state to fy4;. Form one finite desired-output
multiset. On the current minibatch require the exact counterfactual logits U;; on every active protected
evidence block and every unselected certified candidate block require the pre-update deployed logits; and on
the selected candidate block require its frozen target or the predeclared contraction toward it:

Ui(x), r € By,
. Ft(ﬂf), T € Pt,
ar(x) = Fy(x) rES, JEC (s} & € (0,1]. (32)

(1_£t)Ft(w)+£tYSt(x)v I'GSSU

Here P, is the union of the complete bounded active empirical evidence blocks; the evaluated construction
uses & = 1. The same restoration system is executed on every round with an active protected record, whether
or not a candidate is currently served.

To remove arbitrary feature scale, use the fixed injective address map

1(z) = ;, v:iRYZ — {u: |ul| < 1}, (33)

2
1+ |||

If one addressed feature occurs in several constraint rows, those rows are merged only when their requested
logits agree under the declared exact or outward-certified equality convention. Distinct requests at the same
address are a functional inconsistency: no deterministic predictor depending only on the frozen representation
can satisfy them simultaneously.

The specification declares a bounded label-free guard bank Q; of at most Qnax frozen-backbone addresses.
Guards use no labels, evaluator data, task identity, session identity, or boundary metadata. Let z1,...,zy be
the merged distinct raw frozen-representation constraint nodes, let

u; = t(2)
be their injective compact addresses, and let ¢; be the corresponding requested logits from (32). Define
Ri =qi — Gy, ()

to be the required residual logits after the certified metaplastic safe-base update. The base map is always
evaluated at the raw frozen representation z;; u; is used only as the compact support address. A predeclared
replay envelope €, > 0 and multiplier k¥ > 1 determine r; = ke,; the evaluated construction uses k = 4.
Deployment requires every nonmatching center or guard to be farther than 2r;. Define the C! plateau-cardinal
bump

1, ||U_CH §5a,
o= el — 0\’
Brea(usc) = (1 - (a> > v €a <|lu—cl <

r—Eq

0, [lu—c|| >,

and atomically replace the shield by

N

Se41(2) = D Broea ((2); ws) Ri. (34)
i=1

There is no fitted interpolation coefficient or linear solve. The node count obeys the fixed capacity
N S Bmax + Jmaxnmax + Cmaxnmax- (35)

The projected safe-radius update is the persistent base update in counterfactual-normalized mode. If either
the safe-base or shield transaction fails, the update is rejected; the unrestricted endpoint is not substituted
for the protected update.
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Theorem 2.6 (Joint safe-base counterfactual-emulation oracle and sharp obstruction). Assume that the
genuine comparator U returns an accepted endpoint with A > 0, the metaplastic safe-base operator returns
ét—i—l = (9,5 + diafe with

d5fe ¢ range(1I,), ||d§afe’| < Ry,

and its complete bounded base-behavior and loss endpoint checks pass. Assume also that the requested logits
in (32) are consistent on duplicate frozen addresses, the node capacity is sufficient, pairwise support and guard
separation are outward-certified, and endpoint arithmetic is certified. Then the atomic safe-base-plus-shield
update exists and satisfies:

(i) certified persistent base retention and descent,

|2l (0110) - @i (81)

’ S btv (36)
0 1 safe
074 (Or41) < L7 (0) — §8§ © || egel 5 (37)

(ii) exact current counterfactual equality, Fyy1(x) = Ui(x) for every x € By;

(iii) exact finite protected retention, Fyiq(x) = Fi(x) for every x € Py;

(iv) ezxact unselected-candidate safequards and the selected contraction in (32);

(v) pairwise-disjoint support, exact guard silence, and exact zero residual outside the finite support union;

(vi) the global pointwise bound ||Si+1(2)|| < max; ||R;||.

Here Ktst (0) is the current loss with the pre-step shield held fixved. Consequently
Li(Fy) — Li(Fyp1)

Li(F) = Li(Fipq) = A, A0 =12 pu. (38)
For any broader deployed behavior map, define the exact structural charge
wp = H&)t(e_t-&-la Seg1) = ®4(0p11, St)H : (39)
Then
B, (Brsr, Siar) — y(6,,S1) ‘ < by + w5, (40)

For the declared finite protected-evidence map, item (iii) gives the stronger exact value zero rather than this
generic upper bound. If any comparator, safe-base, consistency, capacity, address-resolution, or numerical
assumption fails, AFM restores every predictive component touched by the transaction; parameters, mutable
model buffers, shield state, module modes, and declared private randomness; and emits the corresponding
typed obstruction. Structural route and renewal proposals are committed only after this transaction accepts.
Monotone audit and service counters retain the failed attempt. A rejected protected transaction does not
install the unrestricted endpoint.

Proof. The safe-base endpoint is an accepted projected step in range(Il;) with norm at most the retention-safe
radius. The streamed-memory certificate and the declared curvature upper model therefore prove (36);
the safe-base current-loss endpoint check proves (37). At each merged raw node z;, its compact address is
u; = t(z;), so compact cardinality and support separation give 5;(¢(z;)) = 1 and Bp(¢(z;)) = 0 for h # i.
Hence Si1+1(z;) = R;, and because the residual coefficient is computed relative to the base evaluated at the
same raw node,
G, (2i) + Siq1(21) = Gy, (2i) + Ri = q;.

The four choices of ¢; prove current equality, protected equality, candidate safeguards, and selected transfer.
By (22), current-minibatch logit equality with U; proves (38). Compact support, guard exclusion, and the
pointwise bound follow because at most one bump is active at an address. Equation (40) is the triangle
inequality applied first to the persistent base move with S; fixed and then to the structural shield replacement.
Duplicate contradiction is logically impossible for a deterministic address map; every other failed certificate
triggers the declared full-state rollback. O
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Proposition 2.7 (Conservative finite-precision realization). A theorem-certified finite-precision implementa-
tion deploys exact-counterfactual restoration only when outward-certified arithmetic proves: availability and
acceptance of the counterfactual endpoint; duplicate consistency; node and guard capacities; a certified replay
envelope; unique replay-address ownership; pairwise center and guard separation; bounded cardinal residual
arithmetic; and the current, protected, candidate, selected, and guard endpoint inequalities after the declared
two-sided numerical envelope is added. Empirical endpoint mode may use floating-point calculations and
complete reevaluation on all bounded evidence and guards, but it is labeled a falsifiable empirical instantiation
rather than pre-step theorem certification. Any failed check restores both the base parameters and shield.

Proposition 2.8 (Full genuine ordinary progress and zero candidate damage). On every accepted joint
safe-base counterfactual-emulation step,

Li(Fy) — Lo(Frp1) = A) > pieAY, (41)
Dj(Fy) = Dj(Fiz1) =0 Vj € Ci\{st}, (42)
Dy, (Fyp1) = (1= &)°Ds, (Fy), (43)

the persistent base endpoint satisfies its declared behavior budget, and every declared active finite deployed
protected behavior is unchanged exactly. With & = 1, the selected finite transfer objective is zero after one
accepted service. Thus the unchanged numerical value py, = 0.25 is measured against the genuine no-protection
endpoint, and the construction actually attains ratio one.

Corollary 2.9 (Budget-controlled persistence off support). At every address outside the new compact support
unton,

Fipi(z) = Gy, ,, (2(2)).

Hence future off-support behavior follows the certified metaplastic base endpoint, not the unrestricted no-
protection endpoint. Different rank or behavior-budget policies may therefore induce different persistent
trajectories even though all accepted variants reproduce the same genuine no-protection logits on the finite
current minibatch. Equality with the no-protection base trajectory occurs only in the special case Oyy1 = 9.

For every certified candidate, define the exact deployed ledger increment
A7y = Dj(Fy) = Dj(Fpr1)-

Accepted compact-cardinal steps and all other certified-candidate-safe updates satisfy Aft > 0 under the
single declared numerical envelope. Hence

T-1
Dj(Fr) = D;(Fy,) = > A,

J,t

AP, >0. (44)

t=7'j

An implementation must snapshot and roll back the base parameters, deployed shield, support radii, guard
state, and frozen candidate and record shield states atomically. The activation requirement a?“ < Tj‘-m is

equivalent on the same block to D, (F') < (T;f“’t)Q/Q.

Proposition 2.10 (Predictable non-starving transfer service). Suppose at most Crax certified candidates
coexist. Initialize each candidate’s service time to its certification round and update it at every actual service
round. If one candidate is selected at each available transfer round by the least-recently-served rule, every
continuously eligible candidate is selected at least once in every Chax such rounds, even when later candidates
arrive. The rule is predictable and uses no task, route, episode, boundary, or evaluator metadata.

Proof. Fix a continuously eligible candidate j and its current timestamp. A later arrival receives a later initial
timestamp. Each competing candidate selected ahead of j receives the current, hence larger, timestamp. At
most Crax — 1 competitors coexist, so deterministic tie breaking selects j after at most that many other
selections. O

Theorem 2.11 (Finite compact-cardinal transfer completion without a compatibility-rate assumption). Let
candidate j remain certified and non-stale until its next available service round. If the finite constraints for
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that service are functionally consistent, lie within the declared node and guard capacities, and the address and
endpoint arithmetic are certified, then the choice £ =1 gives

Dj(Fiy1) =0 (45)

and therefore passes every nonnegative predeclared activation-gap threshold on the same frozen evidence block
after that one accepted service. Under Proposition 2.10, this occurs within at most Cihax available service
rounds. For a predeclared £ € (0,1), after N accepted services,
log(D3t/D;

g( g / J’O)—‘ (46)

N
Dj7N < (1 _5)2 Dj,Oa N > ’7 210g(1 _5)

suffices whenever Djqo > DJa-Ct. There is mo projected-PL, positive-cosine, inter-service-damage, or
interpolation-conditioning assumption. Failure can occur only through a declared statistical, exact functional-
consistency, capacity, address-certification, endpoint-certification, or service-availability obstruction.

Proof. The selected identity in Proposition 2.8 gives one-step completion for £ = 1 and geometric contraction
otherwise. Proposition 2.10 supplies the service bound. The ledger (44) prevents intervening accepted updates
from undoing the progress. O

This theorem concerns finite empirical function-space constraints; population retention requires the additional
assumptions stated separately below. In contrast to a globally supported residual construction, the compact-
cardinal oracle proves exactly where the structural residual can act, proves silence on a bounded label-free
guard set, and prevents accumulation from multiple centers. Behavior inside an unguarded compact support
but away from its center remains governed by the displayed pointwise residual bound and the separate routing,
Jacobian, curvature, and evaluator statements below. If a current, protected, or candidate requirement
requests contradictory logits at exactly the same observable address, no deterministic continuation of that
representation can satisfy all of them; AFM must abstain or invoke a separately proved representation-renewal
mechanism; no accepted transaction is formed from inconsistent requests.

At operational commitment AFM additionally requires the observed gap (19) to satisfy a?Ct < T;Ct. This
requirement does not replace the validation certificate or enlarge a retention budget. The private vector is
not copied into deployment.

Frequent Directions maintains an observable shrinkage certificate A?D such that, deterministically for every
v e R4,

0 < [|Cju]* = |Bjoll* < AT lv]*. (47)
Moreover, for every k < {;,
Cj — (Cillz
AFD < H J J F 48
< I (15)

which is the standard deterministic Frequent Directions guarantee Ghashami et al. (2016).

At the start of round ¢, before the current gradient is revealed, the admissible specification also fixes a
predictable orthogonal structural-availability projector A;. Its range contains exactly the parameter directions
available to the optimizer in that round: ordinary active coordinates and, during a renewal trial, the named
reset slot; dormant nontrial coordinates are excluded. Define

9t = A, Bj+= BjA;. (49)

This projector preserves the declared committed protection geometry within the bounded architecture. It
makes that architecture part of the mathematical algorithm: every leakage calculation and every policy
comparison is performed on the same directions in which an update is actually permitted.

Each allocation policy is a fixed pair p = (8P,rP) with 8 > 0, >, 8¢ < 1, and 0 < r? < rpax. The
specification also supplies a predictable frontier price ¢; € [0, (max] that values current plasticity relative to
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retention leakage. The declared family may include the normalized scale-free choices

[3‘”—7’)21 0<a<l
ko K-1 -1’ <axl,

h=0 Ph

for a fixed finite grid of « values and ranks. Before the current importance signal is revealed a policy predicts

PN k
gptLHZﬁp() ]

and forms R o
Sp,t = Z agﬁ)BftB]t (50)
JEA:

It chooses @y ¢ as the top-r? nonzero eigenspace within range(A;), with the fixed deterministic eigenvector/tie
convention from the admissible specification; if the available covariance has rank below 7P, all of its nonzero
eigendirections are used. After g; is observed, define the explicit realized importance

~ 2
4y [Best]
Xj,t = Imin 7ﬁ 5 w‘j’t =1 + Xj’t (S [17 2]7 (51)
L+ gt
and the realized weighted covariance
— Z w; Bl B (52)
JjEAL

For every counterfactual policy define its current blocked-gradient fraction

Cblock HQP,tgt || [0’ 1] (53)
" et

The controller has already selected p; and uses Q; = Qp, - Because range(Q;) C range(A), the effective
compatible projector

—Qy (54)

is the orthogonal projector onto the structurally available directions orthogonal to the selected protected
subspace. The observable spectral-allocation residual used by the optimizer is exactly

Spec = t]f'(HtS*) = tr((I Qt)S*) (55)

The pair (a;P*, c';,’l‘?fk) is the realized local stability-plasticity frontier: the first measures protected sensitivity
left in plastic directions, while the second measures current descent energy removed by protection. The
anchor-drift term is
1/2
9 = 12
de = | D willlo 6507 (56)
jEA:

where L, is any valid Lipschitz bound for the fixed segment map’s stacked Jacobian between éj and 6.
The certified empirical leakage is

e = [aP* + Z wj ¢ A7 ED 4 gane, (57)
JEA:

If a population map ®; is desired instead of <T>j, let eP°P be a valid upper certificate for the population-empirical

derivative discrepancy on range(Il;). The empirical finite-evidence instantiation is empirical protection, for

which ef? = 0; a population guarantee requires a separately justified certificate, for example from matrix

concentration under declared sampling conditions.
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Given E; = &; + e} °P, behavior budget b; > 0, certified curvature H; > 0, and trust cap R;*?, define the
retention-safe radius

“+00, Et = ﬁt = 0,
0, bt == 0, l?t 4*AETt > O,
~ 2 _ L
R, = L b >0, H >0, R, = min{ R{*®, R,}. (58)
Ei+1\/FE? + 2H b,
by —
— b >0, H: =0, Et >0
Et7 t > U, t ) t > U,

It is the largest radius certified by the quadratic upper model E;R + H;R?/2 < b;, before the independent
trust cap is applied.

2.5.6 Conflict, variation, evidence, and renewal richness

The compatible gradient is
gt = g (59)

The discarded component (I —1II;)g, measures local first-order conflict with the structurally available protected
complement, including both protection and declared structural unavailability.

For the non-convex pathwise theorem, define realized one-sided variation

T-1

ve = (b1 (0i1) = 6(00s)] e, Vo= w (60)

t=1

For reopening record j, let the fixed predictable challenger procedure output a shadow prediction before the
nth routed outcome. Let Y;7%, ij};fl € [0,1] be the subsequently observed losses of the committed snapshot

and challenger, and fix a hysteresis margin ; € [0,1]. AFM uses the concrete observable increment
Xjn =Yj5r = Y5 — k. (61)

The operational validity null is
E[X;, | Faz1] <0. (62)

Because X ,, lies in an interval of length two, its centered noise is conditionally 1-sub-Gaussian by Hoeffding’s
lemma; a smaller certified parameter may be used. Under change, define the actual observable challenger
advantage

n=E[X;n | Fnoil (63)

It may be zero, positive, negative, or time-varying. Thus reopening uses raw routed outcomes and a predictable
comparator, not a semantic oracle. A real semantic change that no declared challenger can expose has zero
observable information and is correctly covered by the impossibility term.

reset

e and the same

A renewal trial resets a zero-gated batch and recomputes the full current loss gradient g
global compatible direction used by the ordinary optimizer,
e = Mgl

Let M., be the predictable orthogonal coordinate projector onto the named trial slot, with M. , Ac , = M .
An eligible dormant slot satisfies the declared zero-gate invariant: while its functional gate is zero, the current
loss and every active protected behavior have zero derivative with respect to its internal nongate coordinates;
a previously activated slot is returned to the renewal pool only by a separately certified exact-dormancy
operation that re-establishes this invariant. Because the protected covariance has zero columns in those
dormant internal coordinates and the current gradient has zero components there, the compatible projected
gradient has zero dormant-internal component as well. Thus any nonzero component selected by M. ,
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contains nonzero gate-coordinate motion and is functionally activating after an accepted step. The trial-slot
component of the global compatible gradient is

_ reset
re,n - e,nqe}n .

A trial is y-useful when ||re || > . Its exact conditional richness is
pen(7) = B(|Menllengst|| =7 | Fenea) - (64)

No positivity is assumed. The safe update is always computed from the full direction qé?fft; Ten 1S the exact
diagnostic for whether that accepted update moves the renewed slot. Reset-induced changes in the current
functional Jacobian are charged through the recomputed anchor-drift and population-discrepancy terms in

the same leakage certificate (57).

2.5.7 Complete AFM algorithm

Algorithm 2.12 (Adaptive Functional Metaplasticity). Fix the finite structural capacities and summable
statistical error allocations in Definition 2.3. If an unprotected initialization prefix is used, complete it, freeze
the representation, replay the bounded calibration references through that representation, and either certify
the requested routing calibration or record that no positive routing conclusion is available. For each protected
round t:

1. Route. Compute only the predeclared observable signatures and assign the current observations to
the bounded registry using the fixed threshold and tie rule. Capacity overflow follows the predeclared
release or unprotected-overflow policy; no evaluator task identity is used.

2. Fit, certify, and service candidates. Update finite private fitting blocks. Once a candidate
is frozen, validate it only on later outcomes with a fresh summable error allocation. At the first
certification crossing, freeze its evidence, outputs, and transfer target; thereafter update a separately
allocated staleness process. Certified candidates are serviced by the predictable non-starving rule,
and private parameters are never copied directly into deployment.

3. Maintain append-only protected records. At commitment, freeze the record’s evidence, anchor,
behavior map, and bounded sensitivity sketch. Re-anchoring creates a new segment rather than
rewriting an active one. When structural capacity is exhausted, only the predeclared explicit release
or overflow rule may remove a guarantee.

4. Allocate protection. Before the current importance signal is disclosed to the controller, select a
policy from the finite policy family, form the predicted protected covariance, and choose its declared
rank. After the current gradient is observed, update the realized importance signals, frontier losses,
policy weights, and the metaplastic traces

(k) (k)

k _
zji = (1= pr)zjy + PrXiits pp = 27D, (65)

New traces are initialized at zero.

5. Compute the same-state comparator and persistent base. Evaluate the genuine no-protection
endpoint without installing it. Construct the protected projected reference, the normalized charge
budget, and the maximal certified path fraction. Accept a persistent base endpoint only if the
declared path-fraction, retention, descent, projection, trust-region, and numerical checks all pass.

6. Complete the finite deployed transaction. From the accepted persistent base, form the finite
requested-output set for the current minibatch, active protected evidence, certified candidates,
selected transfer target, and guards. Construct the compact-cardinal residual and accept only if
all finite endpoint, capacity, separation, and numerical checks pass. Otherwise restore the entire
predictive state. The unrestricted base endpoint is never a fallback for a failed protected transaction.
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7. Update reopening and route refinement. Outcome evidence may justify reopening or release. A
new observable route additionally requires the separately controlled signature evidence and effect-size
conditions. Lack of signature information cannot be replaced by semantic labels.

8. Renew only through zero-gated structure. A dormant module may be reset only while its
functional gate makes that reset exactly function preserving. Recompute the full protected geometry
after reset and activate the module only through an accepted protected update with nonzero trial-slot
motion; otherwise roll the reset back.

2.6 Task-free routing, consolidation, and reopening

This section collects the statistical and routing results used by the task-free controller. Positive route
identification is conditional on observable separation; failure of that condition does not invalidate the pathwise
retention results for the actually routed sequence.

Theorem 2.13 (Exact task-free routing under separated observable contexts). Suppose that at most Cryax
contexts are active and context ¢ emits signatures only in the closed ball B(ue, 7). Assume

e — per|| > 4rz (¢ # Cl)a hz =2rg,

and no capacity release occurs. Initialize a new centroid at the first signature assigned to its empty slot and
update it by the convex EMA rule in Algorithm 2.12. Then every subsequent signature is routed to the unique
correct context slot, without task labels.

Proof. A centroid initialized from context ¢ lies in B(u.,rz). Because the ball is convex, every EMA update
using another signature from c¢ keeps the centroid in the same ball. Hence a signature from c lies at distance at
most 2rz = hz from its own centroid. Its distance from any centroid of ¢’ # c is greater than 4rz; —2rz = hz.
Thus nearest-threshold routing selects the unique correct slot. Before context ¢ has a slot, its first signature
lies beyond threshold from every existing other-context centroid and therefore opens an empty candidate slot.
Induction over arrivals completes the proof. O

2.6.1 Frozen-representation calibration and observable families

A finite unprotected initialization prefix may train the backbone, but calibration features produced while
that backbone is changing do not constitute one fixed signature map. The admissible sequence is therefore:
retain bounded learner-visible prefix references and transform seeds; finish bootstrap; freeze the backbone;
replay the declared prefix through that final frozen representation; and only then fix all signature centers,
scales, radii, temporal state, and routing thresholds.

Proposition 2.14 (Honest frozen-signature calibration). Let Ri,...,R,, be the declared learner-visible
prefiz references and let Z*(R;) be their signatures under the final frozen representation. Any deterministic
calibration statistic computed from (Z*(R;))i<m is measurable before the protected horizon and may initialize
the fized router. If the requested calibrated threshold hly® exceeds a predeclared operational ceiling NG™~,
applying the ceiling is permitted only while withholding the positive routing conclusion, with no invocation
of Theorem 2.13 for that calibration. The universal retention, consolidation, reopening, and obstruction
statements remain valid for the actual routed sequence.

Proof. The replay uses only pre-horizon learner-visible information and the final frozen map, so all calibrated
quantities are fixed before protected decisions. A clipped threshold generally does not satisfy the coverage or
separation premise that produced h';%; withholding the positive routing corollary is therefore necessary. The
arbitrary-stream results condition on the realized routing and already charge mismatch explicitly, so they do
not require a positive calibration claim. O

The specification may predeclare a finite family of bounded task-free signatures ZW, ..., Z(M) such as named
frozen-layer or deterministic-augmentation statistics. No family member may be selected with evaluator

contexts or test-set purity. For route r, let Eﬁ’g) be a valid e-process for the stability null of expert m on
distinct observable blocks, and fix w,, > 0 with > w,, = 1.
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Proposition 2.15 (Error-controlled finite signature family). The mizture

M
=D wn k) (66)

=1

s an e-process under the intersection stability null and therefore
P(sup ENX > 1/aiig) < e,
b

If one predeclared expert m* has positive information, its crossing analysis incurs only the fized evidence over-
head log(1/wy,+). If no observable expert has positive information, AFM makes no finite route-identification
claim.

Proof. A nonnegative fixed weighted sum of e-processes is an e-process. Ville’s inequality gives the first
statement, and E;“gx > Wiy EYZ ) gives the fixed log-evidence overhead. Sequential classifier two-sample

processes are one possible construction, but the theorem requires only valid predictable e-processes Jang et al.
(2022); Ramdas et al. (2023). O

The evaluated implementation uses M = 1 with a predeclared hybrid signature; the theorem records the
stronger finite-family option without assuming that an informative observable signature exists.

2.6.2 Operational consolidation and evidence-based reopening

The bounded-state instantiation separates candidate fitting from certification. For one routing slot, collect a
finite fitting block T = (21, ..., Zmg, ), apply the fixed deterministic candidate optimizer to a private vector
initialized before that block, and freeze its output 6. The outcomes in 7 are training outcomes only. The
validation sequence starts strictly afterwards, so the snapshot prediction for every validation outcome is fixed
before that outcome is observed. Candidate fitting may succeed or fail arbitrarily; no retention or risk claim
is attached to it until the separate validation test commits.

During consolidation the privately fitted candidate snapshot @ is frozen, while the deployed learner may
continue ordinary protected AFM updates and may attempt the safe transfer rule above. Let Y,, € [0, 1]
be the frozen candidate’s predictable validation loss on the nth routed outcome and let w,, = E[Y,, | Fr—1].
Define

U, =Y, + W. (67)

Theorem 2.16 (Anytime-valid operational consolidation). With probability at least 1 — «, simultaneously
for everyn > 1,

1 n
EZM <U,. (68)
i=1

Therefore a record committed only when U, < T has certified average conditional validation risk at most T on
its evidence sequence. No stationarity or iid assumption is needed.

Proof. For fixed n, conditional Hoeffding-Azuma gives

1 = —2nr2 6
P(ﬂ;(ﬂi—yi)>7“n> <e tE e

Sum over n. 0
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A bounded candidate test also fixes a maximum validation count N.,. Let S,, = Z?:l Y;. Because every
future loss is nonnegative, the smallest terminal upper bound attainable after the current history, even if all
remaining losses are zero, is

es Sn log(ﬂQN\%a /(60&))
U’};—)S\Ival = N 1 + \/ 2N 11 : (69)

If this quantity exceeds 7, rejection is algebraically forced and may occur immediately; otherwise the candidate
is rejected without commitment at Ny, if its UCB has never crossed the threshold. Rejection makes no
statistical claim. Starting another candidate with a fresh summably allocated ot preserves Theorem 2.16
and lifetime error control.

Define the first certification crossing

7,](v:ert — 1nf{n Z Nmin Ujﬂl < Trisk}- (70)

When this stopping time is finite, AFM freezes the count, loss sum, UCB, bounded commit evidence, candidate
outputs, streamed sketch, and transfer objective. It stops appending outcomes to that certification sequence.
The transfer target is therefore immutable while the deployed learner approaches it.

For later routed outcomes, let Yf};‘lle € [0,1] be the frozen candidate’s predictable error and define

R
A fresh summably allocated half-normal-mixture e-process, with certified sub-Gaussian scale at least 1/2,
tests the post-certification null

E[Xs%e | F,, 1] <0.

Jm

Proposition 2.17 (Frozen first-crossing certificate and separately controlled staleness). With probability at
least 1 — a;?e“, the certificate in Theorem 2.16 holds at the stopping time T;e”. Conditional on the separately
allocated staleness null, the probability that the post-certification e-process ever falsely cancels the candidate
is at most oz?tale. The two conclusions hold simultaneously over the learner’s lifetime under the declared

summable allocation.

Proof. Theorem 2.16 is simultaneous in n and therefore valid at the first crossing. The staleness process uses
only subsequent predictable outcomes and a fresh allocation; Ville’s inequality controls its lifetime crossing.
A union bound over all instantiated processes gives the lifetime statement Waudby-Smith & Ramdas (2024);
Ramdas et al. (2023). O

A certified candidate whose activation gap exceeds 72" enters the predictable bounded transfer queue. It
is committed only after the exact gap closes, canceled if the staleness process crosses, or rejected after its
fixed number of service opportunities. These outcomes respectively record successful safe transfer, observable
post-certification invalidation, or a quantified transfer-service obstruction. No alternative deployed predictor
is protected in their place.

2.6.3 Separately controlled reopening and observable route refinement

Outcome contradiction and observable context displacement are different statistical questions. For record
7, let E;“T‘Lt denote the outcome e-process driven by (61), where n counts routed outcomes. Independently,
let b count distinct observable signature blocks. A signature repeated for several outcome-resolved members
contributes once to b and once to the route-refinement statistic.

At commitment, freeze the source centroid m.(;) and a predictable reference radius r; € [0, 2] computed from
pre-crossing information by the declared specification. Assume signatures are normalized so ||Z; ;|| < 1 and
||mc(j)H < 1. Define

Dj7b — Ty
—

Dj7b = HZjJJ — mc(j) 5 Wj,b = (71)

22



For fixed rj, W;; lies in an interval of length one, so its centered noise is conditionally 1/2-sub-Gaussian.
The operational observable-stability null is

EWju | Gjp-1] <0, (72)

where G; ;1 contains the history before the bth distinct signature block. This is an operational null, not an
assumption that semantic contexts are identifiable. If r; is estimated from a stochastic recurrence model,
any claim that (72) holds must be justified by that model and, when statistical, by a separately allocated
calibration event; absent such a model, the universal theorem reports violation of the null as observable-shift
evidence without treating recurrence as an assumed property.

Using a fixed half-normal mixing distribution IT; and certified scale oz = 1/2 (or any larger certified scale),

define ,
[e’e] 2.2
FE = /O exp (AZW.,i _2A ‘;Zb> T1,(d)). (73)
=1

It has the same fixed-state half-normal evaluation as (77), with the outcome sufficient statistics replaced by
the signature-block sufficient statistics.

Let Z;p = b7t Z?Zl Zji- With separately allocated levels a”*" and ofpht7 route refinement is permitted
only if

1 _
EOUt > P Ejlf = ophit b = bspiit, ||Zj>b - mC(j)H 2 hsplit- (74)

@ j
Then the bounded route-refinement rule may preserve all active source segments and allocate one distinct
centroid at Z,, subject to the declared context-capacity policy. The split changes only future routing and
alters no protected anchor, evidence block, sketch, active budget, or current parameter. If only the outcome
process crosses, the record remains protected during a fixed finite diagnostic grace window and is then

reopened or released without allocating a route unless (74) becomes true.
Proposition 2.18 (Independent lifetime control and retention invariance). For a record satisfying the
outcome null (62),

. out open open
P<51ipEj,n > 1/o¢j > <ajth

For a record satisfying the observable-stability null (72), even when the outcome null is false,
P(record j ever creates a route split) < P(sup Eblg > l/ahpht) < a;plit.

If construction of the frozen reference set or radius is covered by a separate event of failure probability n;,
the unconditional false-split bound is n; + P Conditional on any permitted split, every source record’s

existing retention guarantee is unchanged until explicit release.

Proof. Each outcome and signature exponential component is a nonnegative supermartingale under its own
null, and fixed mixing preserves that property. Ville’s inequality gives the two bounds separately. A split is a
subset of the signature crossing event regardless of whether semantic or predictive contradiction makes the
outcome process cross. The split performs no parameter update and modifies none of the source records’
protected state, so their retention proofs are unchanged. The optional calibration term follows by a union
bound. O

Theorem 2.19 (Joint delay under outcome and observable information). Suppose after a change the outcome
score has conditional mean at least Aoy > 0, the signature score has conditional mean at least Agg > 0, and
after some finite block index the vector effect condition in (74) holds. For every 0 < 8 < 1, a permitted split
occurs, subject to available bounded capacity, after at most

o2, 1 2 o2 2
C'max A2 IOg W + IOg B + Wout A2 log sp]lt + 10g B + Wsig (75)
out ] sig _7
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corresponding outcome and distinct-block observations, up to the declared minimum-block and effect-size
gates. Here wouy, and wsig are the fized mizture-mass overheads from Theorem 2.21. If Age = 0, no finite
route-splitting delay is claimed, even when semantic conflict makes Aoy > 0; ordinary reopening or release
remains available.

Proof. Apply Theorem 2.21 separately to the outcome and signature scores with failure probability /2, then
take a union bound and wait for the slower crossing together with the deterministic gates. Zero signature
drift removes the information needed to justify a new observable route. O

This refinement does not assert that an external semantic context has been identified. Semantic-only change
can justify reopening from outcomes but cannot justify a new route when the declared signature law is stable.
Observational indistinguishability therefore remains an explicit routing-mismatch obstruction rather than
being converted into a noisy semantic oracle.

For reopening fix a probability measure IT on (0, 00) that assigns positive mass to every nonempty interval; a
half-normal density is one concrete choice. Use any certified sub-Gaussian scale ¢ for (61) (the universal
bounded-loss choice is ¢ = 1) and define the continuous-mixture e-process

*° " A202n
E, = exp [ A X; — —— | II(dN). 76
/ p< >oxi- ) (a) (76)

It requires only the sufficient state S,, = Z?:l X; and n. For example, with the half-normal prior of scale
T >0, set A, = o%n+ 772; then

n — €x ;
A, P\2a,) N\VA,
where ®y is the standard-normal distribution function. Thus adaptation to unknown positive drift has exact

fixed-state evaluation and does not require an ever-growing grid.

Theorem 2.20 (Lifetime false-reopening control). Under (62), E,, is a nonnegative supermartingale with
Eg =1. Therefore

P (sw B> 1/0) <o (78)

n>1

Summable allocation of o over records controls every false reopening over an unbounded lifetime.

Proof. Each exponential component is a supermartingale by conditional sub-Gaussianity. Tonelli’s theorem
shows that integration against the fixed probability measure II preserves this property. Apply Ville’s inequality;
see Ramdas et al. (2023). O

Theorem 2.21 (Delay under actual observable contradiction). Suppose after a change p; > A > 0. Let

IA:[A 3A

%‘2’402} ) ma =1I(Ia) > 0.

For every 0 < B < 1, threshold crossing occurs by

2

o 1

1
B

with probability at least 1 — 3, for a universal numerical constant C. If no score has positive observable drift,
no finite delay is claimed.

1
+log—+1 (79)
™

Proof. Sub-Gaussian concentration gives, with probability 1 — 8, Sy := Zfil X; > NA —0+/2N log(1/p).
Uniformly for A € Ia,
2. 2 2
)\NA_)\UNZ?;NA 7
2 802
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while the concentration penalty Ao+/2N log(1/5) is at most 3A+/2N log(1/5)/(4c). Hence
2
En > ma exp <3NA - ?)A\/QNlog(l/ﬂ)) .

802 4o

A sufficiently large universal C' in (79) makes this at least 1/a. O

2.7 Whole-behavior memory and spectral protection

The results below quantify the leakage represented by the bounded sensitivity sketches and characterize the
exact first-order rank-plasticity frontier.

2.7.1 Whole-behavior memory and the local frontier

Theorem 2.22 (Deterministic streamed-memory certificate). For every round and every unit vector v €
range(I1,),
[Jeoll < er + e (80)

For the routed empirical behavior, Y = 0 and the result is deterministic.

Proof. At the anchors, stack the realized weighted conceptual matrices ,/w;.C; and sketches ,/w; B;.
By (47),

Y widllCll* v Sv+ | D wi AP | ol
i i

Since v € range(Il;) and @ is an orthogonal projector,
vTSE0 < Amax (1 = Q0)SF (I = Q1)) < tr((I — Q1) SY) = a;™.

The difference between the current and anchor derivatives is at most d3"° ||v|| by the definition of the Lipschitz
constants and Minkowski’s inequality. Since w;; > 1, the unweighted stacked norm is no larger than the
weighted norm. Add the valid population-empirical discrepancy certificate e}". O

Corollary 2.23 (Constructive population certificate). Suppose the commit inputs of record j are #id from a

distribution Pj and ||A;(z)|,, < R; almost surely. Let

Gy =Ep[Aj(@)" 4i(2)],  Gjn=C[.Cim
for the scaled conceptual row stack formed from the first n commit inputs. If n; is fized before those inputs
are observed, then with probability at least 1 — §;,

HGj,nj —Gj

<& =R; (81)
P

[9)

2log(2d/4;) N 2log(2d/4;)
nj Snj '

If instead the commitment count is selected adaptively from the same iid sequence, predeclare numbers d;, > 0
with Y, <1 0jn < 6; and define

n 3n

2log(2d/0;) , 210g(2d/5j’n)]

Then with probability at least 1 — 0;, simultaneously for every n > 1,

éj,n — GjH < &jn; in particular the
op

bound is valid at any data-dependent commit time. In the formulas below, {; denotes the applicable fized-n;
value or the simultaneous value &; ,, at commitment. Assume additionally that the pointwise Jacobian is
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Ly j-Lipschitz in 6. On the intersection of these events, a valid current-parameter population certificate
in (80) is
1/2 1/2

efP < Z (IR + Z wj,tL?Lj 16 — éjHQ

JEAL JEAL

The second term transports the population derivative from the anchor to the current parameter; the empirical
transport is already present in di™°. Thus the population term is constructible under declared sampling
conditions rather than assumed to vanish, including at adaptive commitment times when the simultaneous
allocation is used.

Proof. For each fixed n, apply self-adjoint matrix Bernstein to A;(z;)” 4;(x;) — G; and divide by n Tropp
(2012). This gives (81) at a fixed n;. For adaptive commitment, apply the same fixed-n bound with level 4; ,
and take a union bound over n; the resulting event is simultaneous and hence remains valid at a stopping
time. For any unit v, the population quadratic form is at most the empirical form plus the applicable ¢;.
Stack the weighted records and take square roots. O

Theorem 2.24 (Exact rank-r local frontier). Let J : RY — 7 be compact with singular values o1 > -++ >
04 >0, and let 0 < r < d. Among all plastic subspaces S C R% of dimension d — r,

~inf sup  ||Jv|| = orp1(J). (83)
dim S=d—r veS, |vll=1
The optimum is the span of the right singular vectors associated with oyy1,...,04.
Proof. This is the Courant-Fischer min-max characterization applied to J*J. O]

Corollary 2.25 (Unavoidable first-order forgetting price). No rank-r linear protection rule can guarantee
first-order leakage smaller than o.41(J) in every unit plastic direction. Thus the spectral tail in the AFM
certificate is mot an artifact of the proof.

2.8 Retention and persistent adaptation

This section derives the one-step and active-interval retention results, the projected-stationarity identity, and
sufficient conditions for continued compatible persistent movement.

2.8.1 Retention and compatible adaptation

Theorem 2.26 (One-step joint persistent retention and exact deployed progress). For every accepted protected
update, let 0,41 = 0; + d5*¢ be the persistent safe-base endpoint and let s = ||d§afe||, Then

|01 @141) — #0210 < (e + epysiee + i spiey <, (84)
(4 B0) < 65(0) — 557 [mved o) (85)
Li(Fii1) = Lo(Ur) = Lo(F) — A, (86)
4 (0:) _Aﬁft(tﬂ) > X?t in counterfactual-normalized mode. (87)
£
For any deployed behavior constructor,
|80@rs1. Siva) = Bil0r, 80)|| < by + (88)
For an external evaluator map \f/t = 5,5 + Ay defined on the joint state,
9001, Se1) = a0, S0)|| < b+ 4w+ s+ B (a2, (89)

2
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On every declared finite protected-evidence block, the deployed drift in (88) is exactly zero by Theorem 2.2.
No routing correctness is assumed.

Proof. The safe-base displacement lies in range(Il;) and is clipped by the root of the certified quadratic
retention upper model, proving (84). The loss upper model and the accepted safe-base endpoint check
prove (85); Theorem 2.1 gives (87) in the normalized mode. The shield construction reproduces the genuine
no-protection logits on the complete current minibatch, proving (86). Equation (88) is the joint-state

bound (40); applying the same fixed-S; Taylor bound to A; and then charging its exact shield-replacement

change by (18) gives (89). Exact finite deployed retention is item (iii) of Theorem 2.2. O
Corollary 2.27 (Active-interval joint retention and exact finite deployed retention). If record j remains
active on rounds 7,...,T — 1, then every broader deployed behavior map obeys
B N T—1 .
|®i0r.5r) = 850,50 < X <bt Wl s+ §<siafe>2) . (90)

t=1

For the declared finite protected-evidence map, every accepted joint step restores the complete pre-step deployed
value, so the stronger identity _ B

®;(0r,ST) =P;(60-,5-) (91)
holds up to the single declared outward numerical envelope. If the record was activated at c; from validated
snapshot (05, 57""), then

1@ (0r, 51) = &;(0;, 5% | < as, (92)

with no cumulative active-interval finite-evidence drift term. Thus the budget controls the persistent safe-base
leg, the explicit w° ledger charges the structural replacement for broader maps, and the finite protected map is
restored exactly.

Proof. Telescope the one-step joint bound (89) to obtain (90). Equation (91) follows by induction from exact
pre-step restoration on the complete finite evidence block. Bridge once from the frozen validated snapshot to
the activation state to obtain (92). O

Proposition 2.28 (Explicit activation and release decomposition). Let record j be activated at c; from
snapshot 0; and released at r; < T, with the convention r; =T if it remains active. Then

H&)J'WT’ Sr) — ®,(d, Sj.“ap)H <ait 4 H@(aT, Sr) — &;(0,,, 5r,)

’ . (93)

The first term is the observed transfer from the validated snapshot to the deployed activation state, the active
finite-evidence interval is exact, and the final term is exact post-release drift intentionally uncontrolled by a
bounded registry. Thus delayed activation and capacity release are reported separately from protected forgetting.

Proof. Insert and subtract &)j (QTJ, y S, ), apply the triangle inequality, and use exact finite deployed retention
from Corollary 2.27 on the active interval. O

Theorem 2.29 (Arbitrary-stream safe-base projected-stationarity identity). Let
™ = max {4 (Been) — € (Br41), 0}

be the realized variation of the pre-step-shield loss sequence. For every horizon T,

T—-1 T—-1
Z Siafe Htvgfn (et) ‘ < 2(@?1 (91) _ ginf + V%Omt), V%Olnt _ Z I/gomt. (94)
t=1 t=1

This holds pathwise for smooth non-convex losses. Independently, every accepted deployed update has exact
current-batch ratio one by (38).
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Proof. Apply (85), add the realized joint-loss variation, telescope, and use the lower bound on the final
loss. The shield-emulated deployed progress is a separate exact ledger and is not substituted into the base
stationarity proof. O

Corollary 2.30 (Realized lifelong compatible base plasticity plus exact current emulation). On any infinite
tail for which

joint safe __
E vy < 00, 5§ = o0,
t t
one has
lim inf Hntwft (at)H —0.
t—o00

If additionally ), by < 0o, the cumulative certified fized-shield behavior charge of the safe-base legs is finite,
while every declared finite deployed evidence block has exact active-interval retention. A broader joint behavior
has finite total drift whenever its structural and routing charges are also summable. Thus indefinitely available
compatible persistent movement, exact finite protection, and ratio-one current endpoint emulation coexist on
the realized accepted tail.

Proof. If the liminf were bounded below by v > 0, the left side of (94) would dominate v}, s$afe = oo,
The safe-base behavior-charge and exact finite deployed-retention statements follow from Theorem 2.26 and
Corollary 2.27. O

Proposition 2.31 (A checkable sufficient safe-base movement condition). Suppose an infinite non-barrier
tail satisfies S, Vi < 00, 3, by < 00, and 3, by = co. If there is a constant cs > 0 such that every
accepted nonzero safe-base update on that tail has

safe
St Z Cs \/aa

and, writing T = {t : the safe-base update is accepted and nonzero}, the accepted rounds retain divergent

square-root budget mass,
S Vi - oo,
teT

then Corollary 2.30 applies. Equivalently, it suffices that the omitted rounds have finite square-root budget
mass Ztgz\/a < o0. The lower bound is an observable certificate condition on the realized safe radius,
projected gradient, and endpoint backtracking factor; it is not inferred merely from first-order compatibility or
from the shield update.

Proof. The assumptions give >, s;¢ > 3, 7 58 > ¢, 3, 7 v/by = oo. Apply Corollary 2.30. O

2.9 Multi-timescale metaplasticity and allocation

The following results justify the logarithmic trace bank and the adaptive rank/timescale controller. The
controller is evaluated on a frontier cost that contains both residual protected leakage and gradient energy
blocked by protection.

2.9.1 Multi-timescale metaplasticity and allocation

For pj, = 2~ (#+1  the impulse response of trace k at age 7 > 1 is

hi() = pr(1 = pr)" .

For 0 < a < 1, define the unnormalized scale-free policy kernel

K-1

K—1
Moxc(r) =3 o Hhe(r) = D pR(L—p)™ " (95)
k=0 k=0

A policy rescales this known finite kernel into its declared bounded weight range.
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Theorem 2.32 (Logarithmic EMA bank approximates scale-free relevance). For every 0 < a <1 and K > 2,
there are constants 0 < c¢q < Cy, < 00, independent of K and T, such that

CaT & < My k(1) < Cor™ %, 1< 7<2K-2 (96)

Consequently, K = O(log H) actual EMA traces approzimate a power-law relevance profile over ages 1,..., H
with constant multiplicative distortion.

Proof. Choose k, so that pg, 7 € [1/4,1/2], which exists in the stated range. Since p, < 1/2,
(1= pp )™ = exp(=2pp. (T — 1)) > e,
The k, term is therefore at least e~ 14—%7—<,

For 7 = 1, the upper bound is the finite geometric sum ), p%. For 7 > 2, split the sum into pp7 < 1
and pp7 > 1. The first part is a geometric sum bounded by a constant times 77%. For the second,
7—1>7/2and (1 —pp)" ' < e ?("=1D: grouping dyadic values of p,7 shows that the sum is at most
TN 20m D=2 hich s finite. O
Theorem 2.33 (Every single exponential has polynomial worst-case distortion). Let H > 3 be odd and
f(r)y=7"% Ifg(r) =aq""', a >0, 0 < q <1, satisfies

C'f(r)<g(r)<Cf(r), 1<7<H,

then
C > 272/, (97)

Proof. Let m = (H + 1)/2. Exponential sequences satisfy g(m)? = g(1)g(H). The approximation inequalities
imply
C2f(m)?* = g(m)* > C™ f(1) f(H),

so C* > f(1)f(H)/f(m)? =m?*H~> > H*/4“. O

For each allocation policy p € P, let 5+ be the projector it would select before the current importance is
revealed. After the current signal, define its realized frontier cost and bounded expert loss

Fi(p) = tr((I — Qpa)S;) + Grepl™, (98)
Li(p) = A"'Fy(p) € [0,1]. (99)

The design uses declared bounds HBJ||3, < Mj; and

Jmax

AZQZMj+<maxa

j=1

so the loss is bounded for every registry state. The first term penalises retention leakage; the second penalises
plastic gradient energy blocked by the protected subspace. Thus larger rank is not free and cannot dominate
merely by freezing more coordinates.

Theorem 2.34 (Prediction error to functional-leakage transfer). Fiz a rank r. Let Q, . be a top-r projector
of Sp.+ and let Qf be a top-r projector of Sy. Define

ape = tr((1 = Qpe)S;),  af =tr((I—Q7)S;) =Y N(S)).
i>r

Then

~

0<ap;—a; <2r|Sp:—S;

~ 2
<2 3 [a) = wjl B2, - (100)
op ;!
JEA:

Thus a metaplastic policy that predicts the realized retention weights accurately attains correspondingly
near-oracle functional leakage. If its prediction is exact, its rank-r allocation is oracle optimal for that round.
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Proof. By Ky Fan’s maximum principle, @7 maximises tr(QS;) and @, maximises tr(Q:S'\pyt) over rank-r
orthogonal projectors. Hence

ap,; — a; = tr(QySy) — tr(Qp.eS7)
< [tr(QF(SF = Sp.e))| + [ tr(Qpa(SF = Spot))
S 2r ’ SZ( — §p,t

op

The final inequality follows from the covariance definitions and the triangle inequality. O

Theorem 2.35 (High-probability metaplastic allocation regret). For P > 2, run exponential weights over
the declared policies with learning rate ny = \/8log(P)/T and sample p; from the current weights before
observing Ly. For P =1 the conclusion below holds trivially with both overhead terms involving log P equal to
zero. For every 0 < § < 1, with probability at least 1 — 6,

T T
S L) S;@gzﬁt(?H \/Tl(;gP +\/Tlog2(1/6)' (101)

Equivalently, multiplying by A,

T T
, Tlog P \/Tlog(l/a)
F; < F; A ——— + Ay —————=.
; t(pt)_gélg; t(p) + \/ 9 + 9

The selected frontier costs contain exactly the spectral residual entering the memory certificate and exactly the
current gradient fraction blocked by protection. Hence the timescale/rank controller is coupled simultaneously
to retention and compatible adaptation rather than analyzed separately.

Proof. The exponential-weights potential argument bounds the cumulative conditional mean loss by the best
expert plus log P/ng + ngT/8. The difference between sampled and conditional-mean loss is a bounded
martingale difference; Azuma-Hoeffding adds the final term. Simplifying the chosen learning rate gives (101).

O

Proposition 2.36 (Metaplastic atomization invariance). The trace, policy, spectral-loss, allocation-transfer,
and Hedge results remain valid if each record contribution B]-TBj is decomposed into any finite PSD atomization

T
Bij:ZMa, M, = 0.

acT;

. gtTMagt
Xa,t =min 1, —=——— 5,
L+l

its own K traces, and a policy weight, and form the predicted and realized covariances from the corresponding
nonnegative weighted sums Y, Uq At My Ay and Y, wq 1 AtMoAyr. The memory-certificate result also remains
valid under atom-specific weights provided each atom carries a declared certified PSD sensitivity/error
decomposition whose weighted sum upper-bounds the same conceptual whole-behavior derivative energy,
Frequent-Directions error, and anchor-transport terms used in Theorem 2.22. A purely algebraic split of
B]-TBJ- does not by itself create a stronger independently weighted derivative certificate; when no atom-specific
certificate is supplied, the original record-level memory certificate is retained while atomization is used only by
the allocation controller. In particular, certified atoms may be individual sketch eigen-directions, parameter
groups, or rank-one individual synaptic sensitivities. Persistent state grows with the fized number of retained
atoms, not with elapsed lifetime.

Give atom a the explicit realized signal
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Proof. For the controller results, every relevant argument uses only nonnegative weighted sums of PSD
contributions, their trace residual under I — )¢, operator-norm perturbations of those sums, and bounded
expert losses. Replacing one PSD term by a finite certified sum therefore reproduces the trace, spectral-cost,
allocation-transfer, and Hedge arguments verbatim after relabeling records by atoms. For the derivative-
memory statement, Theorem 2.22 additionally uses a certified upper bound on conceptual derivative energy
plus sketch and anchor-transport errors. If these quantities are decomposed atomwise with a weighted sum
that upper-bounds the same whole-behavior quantities, the identical Minkowski and trace argument applies;
otherwise the record-level certificate is left unchanged. This is precisely the stated condition. O

2.10 Function-preserving structural renewal

Structural renewal is restricted to modules whose zero functional gate makes internal reset exactly function
preserving. Any subsequent activation must pass the same protected transaction as ordinary learning.

2.10.1 Function-preserving structural renewal

A renewal batch consists of reserved modules a;p,,, whose gates initially satisfy a; = 0. The architecture
applies the same gate to the module’s contribution to the realized predictor and to every active protected
behavior map. Equivalently, for every active j, ®; is independent of w; whenever a; = 0. This is the
functional, rather than merely output-level, definition of a dormant renewable module.

Theorem 2.37 (Exact reset and certified activation). Resetting any internal module parameter while its
functional gate is zero changes the realized predictor, current loss value, and every active protected behavior

by exactly zero. After reset, recompute Ay, 11y, g4, €2°P, and the full current gradient gi*>®*. Let

reset __ reset _ reset
g7 =g ™, re = Mg,

where My projects onto an eligible named trial slot satisfying the zero-gate invariant above. The ordinary AFM
update in direction —g;®°* satisfies the behavioral bound (84) and loss decrease (85). Moreover, whenever
that update is accepted with step length sy > 0 and ry # 0, its trial-slot displacement is

Mydy = —otory 0,

llgieset]|
and, because the dormant internal nongate component is identically zero under the invariant, this nonzero
slot displacement contains nonzero gate motion. Activation is therefore functionally nonvacuous and covered
by the same certificate. If no such accepted motion occurs, rolling back the reset restores the exact pretrial
parameter state.

Proof. By construction, a zero functional gate removes the module from both the realized predictor and every
active behavior map, so reset has exactly zero immediate functional effect. The post-reset proposal is the
ordinary global compatible direction in range(Il;), not a separately projected partial gradient; Theorem 2.26
therefore applies directly after recomputing the certificates. Applying M; to the displayed update gives the
trial-slot displacement formula. The dormant-slot invariant eliminates nongate internal motion while the gate
is zero, so r; # 0 implies nonzero gate displacement and therefore a nonzero module contribution after the
accepted step. Transactional rollback is exact because the pretrial slot state and zero gate are retained until
acceptance. O

Theorem 2.38 (Renewal success is exactly controlled by actual richness). During stall episode e, use fresh
conditional randomness at each trial. Let I. , indicate a y-useful batch and let the predictable conditional
richness be pen(v) = Elley | Fen_1]. For every x > 0 and every N,

N
P<Ie,1_"'_ G,N:()? Zpe,n(’)/)zx
n=1

J-'e,o) <e " (102)

Consequently, whenever the realized cumulative conditional richness reaches log(1/6.), failure beyond that
point has probability at most d.. No known lower bound is required by the algorithm. If every richness value
is zero, mo sampling algorithm using that renewal family can succeed.
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Proof. Define
N
MN = l{Ie,l = =leN = O}exp (Z pe,n(7)> .

n=1

On the event of no previous success,
E[(1 — I, n)e’ ™ | Fen-1] = (1 — pe,n)e’™ < 1.

Hence (My) is a nonnegative supermartingale with My = 1. Markov’s inequality gives (102) for each fixed
N. Moreover, if 7, = inf{N : 25:1 Pen(y) > x}, then failure through 7, implies M, > e”; Ville’s inequality
therefore gives P(7, < 00, Ic1 =---=1I. ., = 0| Feo) < e, which proves the stated random-hitting-time
consequence. The zero-richness statement follows from the definition. O

Corollary 2.39 (Isotropic trial-slot compatible-gradient model). Condition on the composed linear map
P = MTI and suppose it is an orthogonal projector of rank h on the trial coordinates. If the post-reset full
gradient is g*®°' = wz with 2 ~ N(0, I4) independent of P, then

Pgreset 2
e Y

2 (103)

w
Hence h > 0 and w > 0 imply explicit positive richness. This corollary is optional; the universal theorem uses
the actual richness (64) and does not assume isotropy or commutation of M and II.

Proof. Under the stated projector condition, rotational invariance of the standard Gaussian makes its
projection onto the h-dimensional trial-compatible subspace a standard h-variate Gaussian. O

A countable sequence of episodes uses summable J, and a fixed structural pool. Failed or unactivated trials
reuse their zero-gated slots exactly. A successful activation consumes its slot until a separately certified
structural move returns that module to an exactly zero-gated dormant state. If no dormant slot remains, the
renewal family’s realized richness is zero and the algorithm reports a structural-capacity obstruction and
does not allocate additional parameters. Thus lifetime resource use remains fixed; computation and delay are
the sums of the trial budgets, with the horizon-dependent precision stated in (106).

2.11 Integrated frontier theorem and convex specialization

The convex branch supplies a global dynamic-regret statement when an exact projection oracle is available.
The integrated theorem then combines the pathwise, statistical, resource, and obstruction-aware components
of AFM.

2.11.1 Convex affine-behavior dynamic regret

The nonlinear theorem above is pathwise and stationarity-based. A stronger global regret statement requires
convexity.

Assumption 2.40 (Convex affine branch). There is a compact convex set K C R of diameter D. Every
Uy is convexr and differentiable on a neighborhood of KC, with ||V£,(0)| < G for every 6 € K (and hence is
G-Lipschitz on KC). The exact retention-compatible set C; C K is nonempty, closed, and convez; this holds,
for example, for affine behavior maps and convex norm tolerances. The initial point satisfies 61 € C1, so
every projected iterate is retention feasible.

In AFM’s exact-convex solver mode use the exact projection:
01 = Tle,,, (0r — nge). (104)
Let

0; € argmin £;(0), 0] € argmin £,(6),
oeK 0eCy
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and define

T-1
Po=(6) — 005 20, Ph=3" |6l 0
t=1

For the final projection inequality use the harmless convention Cpy; = Cp and HTT 1= HTT.

Theorem 2.41 (Dynamic regret with unavoidable compatibility price). Under Assumption 2.40, for every
n >0,

T T
D? D G2T
ZM@>&mﬂ§Zn+%+<nuﬁﬁ+ﬂz- (105)
t=1 t=1

The first term cannot be removed by any retention-feasible learner.

Proof. Convexity gives £,(0;)—£,(6]) < g7 (6, —6]). Projection nonexpansiveness with comparator 6] 41 €C1
yields

2 2
2ng{ (6 — 9;-1) < Het - 92+1H - H9t+1 - 9;-1” +n°G?.

The diameter bound implies

2 2
’e)tfojﬂH g‘eﬁo,‘! +2D |0, —of],
and g?(GZH -0 <G HQZH - QZH Sum and telescope. Finally add T. O

2.11.2 Integrated frontier theorem

Theorem 2.42 (Maximal Adaptive Functional Metaplasticity Frontier). Fiz any finite horizon T and any
nonanticipating stream-generating law, with the convention that at each round the current data item and loss
function are fized before the controller’s current private policy or renewal draw. Conditional on every realized
stream and learner history, the deterministic retention, endpoint-emulation, stationarity, obstruction, and
resource statements below hold pathwise whenever their declared certificates accept. For those clauses that
invoke conditional-risk, null, iid population, policy-randomization, or renewal-richness assumptions, suppose
the corresponding stated conditions hold under the stream-generating law. Run AFM with fixed structural
budgets and summable statistical error allocations. Allocate the total failure budget § across consolidation,
outcome reopening, observable route splitting, optional reference calibration, optional population certificates,
policy randomization, refresh or append events, and renewal episodes; for an unbounded lifetime, use any
summable allocation across doubling epochs and event indices. AFM executes a nonzero step only when the
pre-step certificates (15)-(16) and every invoked population certificate are valid; Proposition 2.4 supplies them
constructively for a broad finite-graph class; otherwise it sets the trust radius to zero. Then, jointly over the
stochastic observations covered by the invoked statistical assumptions and AFM’s private randomization, with
probability at least 1 — § all probabilistic conclusions below hold simultaneously, while the pathwise conclusions
hold on every realized trajectory.

(i) Operational task-free routing, constructive safe transfer, and consolidation. Routing is
defined on every stream and exact under the non-oracular separation conditions of Theorem 2.183.
Frozen-representation calibration is honest in the sense of Proposition 2.14: inadequate calibration
produces an explicit obstruction and no positive routing claim. A finite predeclared signature family
retains lifetime false-alarm control by Proposition 2.15. Dual-evidence route refinement has lifetime
false-split probability at most its independently allocated signature budget by Proposition 2.18, even
when predictive contradiction is real, and it never deletes source protection. FEvery committed
record satisfies its first-crossing time-uniform average conditional risk certificate (68), the separately
controlled staleness condition of Proposition 2.17, and its predeclared activation-gap admission bound.
Every accepted shielded candidate-transfer step satisfies Proposition 2.8: it reproduces the full ordinary
current endpoint, exactly preserves active empirical behaviors and unselected candidates, and completes
the selected empirical transfer in one service under & = 1. Theorem 2.2 gives the declared deterministic
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construction for consistent finite constraints and a sharp functional obstruction for contradictory
duplicate features. Proposition 2.10 is predictable and non-starving, and Theorem 2.11 gives the
displayed finite service bound without a projected-compatibility assumption. No uncommitted candidate
receives a retention claim.

(ii) Whole-behavior retention. On every accepted protected round the persistent safe-base leg obeys
the budget-controlled fized-shield bound (84). The complete declared finite deployed evidence is
stronger: it is restored exactly on every accepted protected step, so its active-interval drift is zero
up to the declared arithmetic envelope and its total drift from the validated snapshot is only the
observed activation-transfer gap. Any broader deployed or evaluator map carries the explicit internal
structural-shield charge wts, the structural routing-mismatch charge w?, and the fized-shield routing
derivative terms in (89)-(90). Proposition 2.28 separates activation, exact active finite retention, and
post-release drift.

(iii) Arbitrary non-conver adaptation. The persistent metaplastic base satisfies the exact pathwise
projected-stationarity inequality (94). In counterfactual-normalized mode, every accepted protected
round additionally stores at least the persistent current-loss fraction (31), with the compatible-gradient
fraction k; displaying the explicit local compatibility price for the selected protected projector; ny =1
recovers the full projected comparator. Independently, every accepted deployed update reproduces
one hundred percent of the genuine no-protection current endpoint by (38). On tails satisfying
Corollary 2.30, finite cumulative certified safe-base behavior charge, exact finite deployed protection,
and realized lifelong compatible base plasticity coexist; a broader joint map additionally pays its explicit
structural-shield charge.

(iv) Metaplastic timescale optimality within the declared family. Whenever the declared finite
family contains the normalized scale-free coefficient choices above, the logarithmic EMA bank contains
constant-distortion scale-free policies by Theorem 2.32, whereas one exponential has polynomial
distortion by Theorem 2.33. The deterministic transfer bound (100) converts temporal prediction
error into excess leakage, while (101) competes on the realized composite frontier cost (98), including
the gradient energy blocked by protection.

(v) Evidence-based reopening and bounded route refinement. False outcome reopening and

false observable splitting are controlled by separate lifetime allocations. Under (62), false reopening
is bounded by a?pcn; under (72), false splitting is bounded by P even when a real semantic
conflict violates the outcome null. Theorem 2.21 gives finite reopening delay under positive outcome
information, and Theorem 2.19 gives finite split delay only when both outcome and distinct-block
signature information are positive and the effect/capacity gates hold. With semantic-only change,

ordinary reopening or release remains valid but no observable route separation is claimed.

(vi) Structural renewal. Fuvery reset is exactly preserving for the realized predictor and all active
protected behaviors. The probability and delay of finding nonzero trial-slot motion inside the global
compatible descent direction are controlled by the realized richness sequence through (102). Failed
trials reuse fized slots; successful activations consume them until separately certified exact dormancy
is restored. Erhausted structural capacity and zero richness are reported as obstructions, not replaced
by assumptions.

(vii) Bounded structural resources and explicit precision. The number of persistent scalar or
fized-size vector states is

W = O(d) + O(Lmaxd) + O(Cmaxleandd) + O((Jmax + Cmax)d) + O(Cmaxdz)
+ O(CraxMatdrer) + O((Jmax + Cmax)Mmax (dret + da))
+ O(K Apax) + O(PK)
+ O(Jmax + Ciax) + O(Nshield(dz + do + 2)) + O(Qmaxdz) + O(renewal slots),

(106)

independent of elapsed lifetime. Here Buax 1s the declared current-minibatch cardinality bound and
Nghield < Bmax + JmaxTmax + CmaxMmax 1S the fized cardinal-node cap and Quax is the fized label-free
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guard-address cap. The Chax terms include one private candidate initialization or frozen snapshot,
the finite mgy fitting-reference block before freezing, bounded staging sketches, frozen first-crossing
validation sufficient statistics and evidence, fized candidate-transfer ledger and queue state, and
fized sufficient state for the separately allocated staleness, outcome, and distinct-block signature
e-processes. The fitting block is deleted from decision state after the frozen snapshot is produced. The
empirical endpoint-check mode stores at most nymax fived-size observation references and behavior
outputs per candidate or active segment; a certified population-map mode may omit the active-segment
evidence term after commitment. Referenced observations belong to the external input source, not
to learner-owned adaptive state. Likewise, an optional append-only execution log is external output
never read by the algorithm and is not counted as persistent decision state; retaining such a log is an
experimental reproducibility choice; because the algorithm never reads it, it is not part of persistent
decision state. For an exact guarantee through horizon T, cumulative counters, log-wealth, and
error-allocation indices require O(log T + log(1/8)) bits per such scalar, in addition to the declared
numerical precision for model and sketch entries; certified rounding errors are included in the same
obstruction certificates. A fized-bit implementation therefore declares a maximum certified horizon or
an explicit restart/precision policy. New anchors are append-only while active; when the registry is
full, any deletion is an explicit capacity release whose guarantee ends and whose heavy segment state
is removed.

(viii) Convex global performance. Under Assumption 2.40, an admissible specification that supplies a
deterministic exact Euclidean projection oracle for each closed convex retention set instantiates the
ezact-conver safe-base mode and satisfies (105). The compatibility price Y, 'y is unavoidable. Oracle
failure or uncertified feasibility is an explicit convezx-oracle obstruction; no uncertified approximate
solver is substituted.

The theorem is universal in the following precise sense: it does not require routing mismatch, spectral tails,
anchor drift, curvature, conflict, variation, test delay, or renewal delay to be small. When they are small, the
displayed inequalities yield strong continual learning. When they are large, the lower bounds below show why
no bounded learner can generally remove them.

Proof. Item (i) combines the routing algorithm, Theorem 2.13, Propositions 2.14, 2.15, 2.18, 2.17, 2.10, and 2.8,
and Theorems 2.16 and 2.11, with a union bound over summably allocated records and statistical processes.
The optional finite initialization prefix supplies the arbitrary initial state; its bounded references are replayed
through the final frozen representation before signature calibration. Item (ii) follows from Theorems 2.22, 2.2,
and 2.26, Corollary 2.27, and Proposition 2.28. Item (iii) combines Theorems 2.1, 2.2, 2.26, and 2.29 with
Corollary 2.30. Item (iv) intersects Theorems 2.32, 2.33, 2.34, and 2.35. Item (v) is Proposition 2.18 and
Theorems 2.20, 2.21, and 2.19. Item (vi) is Theorems 2.37 and 2.38. Item (vii) follows by counting fixed
arrays, bounded empirical evidence, the declared A, .x trace bank, and sketches; Frequent Directions does
not store the conceptual row stacks. Exact counters up to T and confidence levels down to d have the stated
logarithmic bit length. Item (viii) is Theorem 2.41 under the supplied exact projection-oracle condition. The
deterministic implications in items (i)-(viii) are pathwise once their premises and certificates are fixed. The
union of all invoked statistical, policy-randomization, and renewal failure events has probability at most §
under the stated stream-generating law by the summable allocation. O

2.12 Obstructions and maximality

The main theorem does not assume away incompatibility, observational ambiguity, finite memory, or finite
structural capacity. The following constructions show why the corresponding terms or abstentions are
necessary.

2.12.1 Matching obstructions and maximality

Proposition 2.43 (Routing unidentifiability). If two semantic contexts induce the same law for every
observable context signature and outcome available to the router, but require different retained behaviors, then
no task-free router can identify the correct context with error probability below 1/2 under an equal prior.
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More specifically, if outcome laws differ but the declared signature law is identical, outcome evidence can
justify reopening while no task-free test can justify a new observable route with both nontrivial power and
distribution-free false-split control. Consequently, a nonzero routing-mismatch term or outcome-only release
is unavoidable.

Proof. For the fully identical case the two hypotheses induce identical observation distributions, so the
total variation distance is zero and binary testing cannot beat random guessing. In the semantic-only case,
condition on the outcome evidence that reveals invalidity: the marginal law of the declared signatures remains
identical under “same route” and “new route” hypotheses, so any signature-based split test faces the same
zero-total-variation obstruction. O

Proposition 2.44 (No distribution-free future-risk certificate from a finite commit history). For every
consolidation rule that commits after a finite observed history, there exist two data streams that are identical
through the commit time but have different future outcome laws, one on which the committed predictor remains
valid and one on which its future risk is arbitrarily poor. Therefore Theorem 2.16 can certify its observed
conditional evidence sequence, while a future-risk guarantee requires an explicit recurrence, exchangeability,
drift, or other predictive assumption.

Proof. Fix the realized finite history that triggers commitment. Extend it in one world with outcomes
predicted perfectly by the snapshot and in the other with outcomes chosen to maximize its bounded loss.
The learner has identical information at commitment in both worlds. O

Proposition 2.45 (Curvature obstruction). For every linear operator J with nontrivial nullspace and every
H > 0, there is a smooth behavior map into an enlarged Hilbert space whose derivative at zero has first
component J and whose change along every d € null(J) equals H ||d||* /2 in an orthogonal output coordinate.

Proof. Use ®(8) = (J, (H/2)[|6]%). O

Proposition 2.46 (Anchor-drift obstruction). A certificate based only on the derivative at a frozen anchor
cannot generally control current leakage without a term proportional to representation drift. Specifically, for
every L > 0 and displacement a, the one-dimensional map

®(9) = §92

has D®(0) = 0 but |D®(a)| = L|a|. Hence any universally valid anchor-based derivative certificate must
charge an order-L H0 — GH term or refresh the anchor.

Proof. Differentiate the displayed map. At the anchor the sensitivity is zero, while at displacement a it is La.
This saturates the Lipschitz-Jacobian transport order used in (56). O

Proposition 2.47 (Compatibility lower bound). Every learner constrained to Cy has regret relative to the
unconstrained optimum at least T'y on round t. Hence ), 'y in (105) cannot be removed.

Proof. By definition, £,(0) > £,(6]) = £,(67) + T, for every 0 € C,. O
Proposition 2.48 (Reopening information lower bound). Let validity and obsolescence generate iid laws

Py, Py with I = Dk, (P1||Po), where 0 < o < 1—f < 1. If a rule stops by time N with probability at least
1 — B under Py and at most o under Py, then

NI>K(1 -8, a).

If I =0, reliable finite-delay reopening is impossible.

Proof. Apply data processing for KL divergence to the event that the rule stops by time N. O

36



Proposition 2.49 (Renewal zero-richness obstruction). If pe n(y) = 0 for every trial, no number of samples
from that renewal family can produce a y-useful compatible direction.

Proof. The union of countably many probability-zero success events has probability zero. O

Proposition 2.50 (Finite-memory obstruction). A learner with at most B persistent bits cannot ezxactly
recall every sequence of T > B independent unbiased bits.

Proof. There are 27 histories and at most 27 persistent states, so two histories collide and require different
answers to some recall query. O

Proposition 2.51 (Finite-state lifetime-testing obstruction). Consider a detector with finitely many nonalarm
states under an iid null on a finite alphabet with full support. Suppose that from every nonalarm state there
exists an observation word that triggers alarm. Then the detector eventually false alarms with probability
one. Consequently, a truly finite-state detector cannot have both false-alarm probability below one over an
unbounded lifetime and nonzero eventual sensitivity from every state; exact anytime guarantees require growing
precision, an externally supplied clock/epoch policy, or sacrificed delayed sensitivity.

Proof. Because the nonalarm state set is finite, choose for each state a triggering word and let L be their
maximum length. Full support and finiteness give a uniform lower bound p > 0 on the probability of the
selected word from any state. Conditional on survival at the start of each successive block of length L,
alarm occurs within the block with probability at least p. Hence survival through m blocks is at most
(I-p™ —0. O

The operational scope of consolidation is forced by Proposition 2.44; the anchor-drift order is forced by
Proposition 2.46; the exact spectral lower bound is Theorem 2.24; the single-timescale obstruction is
Theorem 2.33; dynamic-regret lower bounds of matching path-variation order are known in online convex
optimization Yang et al. (2016); Zhang et al. (2018).

Corollary 2.52 (Componentwise maximality of the universal claim). No bounded task-free learner can,
over every realized stream, simultaneously guarantee all of the following with the corresponding obstruction
term deleted: always-correct semantic routing; future-valid consolidation from an arbitrary finite past; zero
finite-rank functional leakage under nonzero plastic movement; zero nonlinear or anchor-drift damage;
exact adaptation to directly incompatible objectives; finite-delay reopening at zero observational information;
successful renewal at zero compatible richness; exact recall of unbounded independent information with fized
bounded-bit persistent state; and exact infinite-horizon testing with both finite state and sensitivity after
arbitrary delay. Therefore every universal theorem retaining all AFM mechanisms must either display these
terms, abstain, release information, or impose assumptions that make them small.

Proof. Apply, respectively, routing unidentifiability, Proposition 2.44, Theorem 2.24, the curvature and
anchor-drift obstructions, the compatibility lower bound, the reopening information lower bound, the zero-
richness obstruction, the finite-memory counting argument, and Proposition 2.51. Each construction is a
member of the universal stream class, so deleting any associated term falsifies the corresponding universal
guarantee. O

These results establish maximality of the theorem’s structure and quantifiers, not sharpness of every numerical
constant or minimax optimality for every restricted subclass.

2.12.2 Guarantee and obstruction summary

The integrated result couples eight mechanism families. Task-free routing is guaranteed under observable
separation and otherwise retains an explicit routing-mismatch term. Consolidation couples first-crossing
validation, staleness control, finite transfer service, and atomic rollback; contradictory output requests or
unavailable service remain explicit obstructions. Whole-behavior memory provides deterministic derivative-
leakage control subject to spectral tail, finite sampling, anchor drift, curvature, and deliberate release.
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Table 1: Fidelity of the controlled compatibility intervention

System Mean & at Nonzero MAE Maximum Mean Ag Maximum
request 0 error spread spread
CNN 0.010681 1.1 x 107° 1.16 x 1074 0.283% 0.391%
ViT 0.041266 4.0x 107 8.9 x107° 0.282% 0.396%
Text transformer 0.000083 5.0 x 1076 1.30 x 1073 0.268% 0.390%

Compatibility errors exclude the requested-zero condition. Within-state unrestricted-progress spread is
(max,; Ag — min, Ag)/mean,;Ag. The zero request is a minimum-compatibility boundary condition in
the two vision systems.

Metaplastic allocation competes within the declared timescale/rank family while finite rank leaves unavoidable
residual leakage. Compatible adaptation gives certified descent and projected stationarity, with direct conflict
outside the protected tangent space. Reopening and route refinement require outcome and, for splitting,
observable-signature information. Structural renewal is exactly function preserving at zero gate and succeeds
only when compatible richness is present. Finally, the fixed structural resources require explicit finite precision
over a certified horizon, and the convex branch pays the unavoidable compatibility cost in dynamic regret.
These are the same mechanism-guarantee-obstruction dependencies used in the proof of the integrated
theorem.

3 Controlled causal compatibility experiment

3.1 Compatibility as a causal variable

We reconstructed 750 fully unfrozen pre-update states from three systems: a CIFAR-10(Krizhevsky, 2009)
convolutional network, a CIFAR-10 vision transformer(Dosovitskiy et al., 2021) and a character-level text
transformer(Vaswani et al., 2017) trained on WikiText-2.(Merity et al., 2017) Every intervention at a state
began from the same model, optimizer, stream position, replay reservoir and random-number-generator state.
We constructed six learning signals spanning minimum to near-complete compatibility through a generalized
function-space eigenproblem, recomputed realized k, and matched the genuine unrestricted finite decrease Ag
across compatibility conditions within each state. The mean within-state spread in Ay was only 0.27-0.28%
and never exceeded 0.40% (Table 1). Each signal was then evaluated under the same absolute retention
budget.

Changing compatibility changed persistent learning. At the intermediate retention budget 5 = 0.5, the slope
of the persistent-progress ratio p = Apersistent/ Ao on realized x for the projected AFM-compatible proposal
was 1.014 in the convolutional network, 1.001 in the vision transformer and 0.965 in the text transformer
(Fig. 1b). All seed-level slopes were positive. The effect was not a universal property of every update rule:
unrestricted, distillation and EWC(Kirkpatrick et al., 2017) branches converted compatibility less efficiently,
while replay and DER++(Buzzega et al., 2020) showed little seed-resolved compatibility slope under this
matched test (Fig. 1d). Nor was « sufficient by itself. Tight retention budgets reduced the exploitable path
length, particularly in the text system; as the budget relaxed, the compatibility slope approached one (Fig. 1c).
Thus the experiment separates available compatibility from the ability of a learning rule and retention budget
to exploit it.

The following sections document the matched-state causal intervention, statistical analysis, natural-state
validation and theorem-aligned mechanism audit used to test functional compatibility as an intervened
variable.

3.2 Purpose and scope

The purpose of this experiment is not to add another benchmark comparison to a continual-learning method
paper. It is to isolate a more general scientific question:
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Figure 1: Functional compatibility causally controls persistent learning. a, Experimental logic. All
interventions at a causal state start from the identical parent neural state, including the same model, optimizer,
stream position, replay state and random-number-generator state. Functional compatibility is manipulated
while unrestricted learning progress A is matched, after which the same retention requirement is applied
and persistent learning is measured. b, Persistent-progress ratio versus realized functional compatibility at
B = 0.5 in three fully unfrozen systems. ¢, Compatibility slope as a function of retention budget. d, Matched
compatibility slopes for distinct learning rules at 5 = 0.5. For b—d, n = 5 independent seed trajectories per
system and 50 reconstructed causal states per seed; state-level slopes are aggregated within seed, and error
bars show two-sided 95% Student-t intervals across the five seed effects.
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Table 2: Full compatibility slopes across retention budgets

I} CNN ViT Text transformer

0 0.000 [0.000,0.000] 0.000 [0.000,0.000] 0.000 [0.000,0.000]
0.01 0.072 [0.008,0.136] 0.682 [0.592,0.772] 0.012 [0.002,0.021]
0.05 0.999 [0.981,1.016] 0.996 [0.987,1.005] 0.131 [0.103,0.158]
0.10 1.014 [1.010,1.017] 1.001 [1.000,1.002] 0.287 [0.233,0.341]
0.25 1.014 [1.010,1.017] 1.001 [1.000,1.002] 0.728 [0.660,0.795]
0.50 1.014 [1.010,1.017] 1.001 [1.000,1.002] 0.965 [0.945,0.985]
1.00 1.014 [1.010,1.017] 1.001 [1.000,1.002] 1.000 [1.000,1.000]

Entries are mean seed-level slopes of persistent-progress ratio on realized compatibility for the projected
AFM-compatible proposal with 95% Student-¢ intervals.

When the pre-update neural state, protected evidence, current inputs, and learning scale
are controlled, does changing the functional compatibility of the incoming learning signal
change the amount of current learning that can be stored persistently while satisfying a fixed
retention criterion?

The controlled experiment addresses this question causally by intervening on compatibility. The natural-state
validation addresses a complementary observational question by measuring compatibility as it arises during
ordinary continual learning without constructing compatibility-targeted teacher signals.

The causal compatibility study is distinct from the chronological AFM benchmark programme in both design
and statistical treatment. It is not an independent laboratory replication; it is a controlled intervention study
built from reconstructed states of the evaluated systems. Numerical claims are limited to procedures and
quantities that were explicitly recorded or recomputed.

3.3 Experimental systems and state reconstruction
Three fully trainable systems are used:

Table 3: Experimental matrix. All neural representations remain unfrozen during the reported causal and
natural-state experiments.

System Modality = Seeds Causal states/seed Natural states/seed
CIFAR-10 CNN  vision 11, 29, 47, 71, 101 50 50
CIFAR-10 ViT vision 11, 29, 47, 71, 101 50 50
Text transformer text 11, 29, 47, 71, 101 50 50

The two vision systems use CIFAR-10 (Krizhevsky, 2009); the vision-transformer system follows the Vision
Transformer architecture (Dosovitskiy et al., 2021). The text system uses the WikiText-2 training corpus
(Merity et al., 2017) obtained from Salesforce’s published dataset distribution and is evaluated as a character-
level transformer (Vaswani et al., 2017).

For each system-seed trajectory, the experiment resumes from a saved pre-probe parent checkpoint containing
the complete model, optimizer, stream position, replay reservoir and random-number-generator state. This is
important for causal matching: every method and compatibility intervention at a given causal state starts
from the same pre-update neural parameters and the same stored history rather than from separately evolved
trajectories.

The design contains 750 causal states:

3 systems x 5 seeds x 50 states = 750.
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Each state is evaluated under six requested compatibility conditions and seven method branches:
750 x 6 x 7 = 31,500

method-level causal outcomes. These 31,500 rows are repeated measurements nested within 750 causal states
and 15 system-seed trajectories. They must not be treated as 31,500 statistically independent experimental
units.

3.4 Controlled causal compatibility intervention

3.4.1 Compatibility construction

At a fixed causal state, the current-learning signal is altered in function space rather than by injecting an
arbitrary parameter-space gradient. The implementation constructs residual modes through the generalized
compatibility eigenproblem

JPJIr=)J.J]r, (107)

and mixes low- and high-compatibility residual modes to target
Krequest € {0, 0.1, 0.25, 0.5, 0.75, 1}.
The actual compatibility is recomputed after construction:

_ [Pl
Tl

All statistical analyses use this realized value rather than assuming that the requested value was achieved
exactly.

(108)

The six interventions at a given state therefore differ in the direction of the current learning signal while
sharing the same pre-update state, protected evidence, and current inputs. This within-state construction is
the central causal control.

3.4.2 Matching the genuine unrestricted decrease

Changing a learning direction can also change the magnitude of the finite current-task improvement. To
avoid interpreting a trivial change in unrestricted learning difficulty as a compatibility effect, the experiment
matches the genuine unrestricted finite decrease across the six compatibility conditions.

For each causal state, the weakest attainable unrestricted endpoint defines a common target decrease. A
one-dimensional bisection is then performed along each original direction to match that finite decrease without
rotating the direction. The resulting common denominator is

A0 - ﬁcurrent (epre) - ‘Ccurrent (eunrestricted)- (109)

The intervention protocol additionally specifies gradient-norm matching. The causal summary used for the
present numerical validation does not record the causal gradient norm, so the validation reported here verifies
finite-Ag matching directly and does not claim a separate numerical revalidation of gradient-norm matching.

3.4.3 Common retention budget

For each causal state, the reference protected drift is

Dref = max Dunrestricted("i) (110)

Every method and every compatibility condition at that state is evaluated under the same absolute budget

D < max (107%, 8Dy , (111)
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with
B € {0, 0.01, 0.05, 0.1, 0.25, 0.5, 1}.

Thus 8 controls retention strictness independently of the requested compatibility level.

Protected drift need not be monotone in nonlinear step scale. The implementation therefore evaluates all
33 candidate endpoint scales from zero to the full proposal and selects the best feasible persistent endpoint
rather than assuming that a one-dimensional monotone backtracking search is valid for every generic method.

3.4.4 Proposal mechanisms

Seven method labels are evaluated from the identical pre-update state:

1. unrestricted learning;

2. replay (Rolnick et al., 2019);

3. projection;

4. linearized distillation;

5. EWC-proximal updating (Kirkpatrick et al., 2017);
6. DER++ (Buzzega et al., 2020);

7. the AFM-compatible projected proposal.

In this causal comparison, the generic AFM-compatible proposal is identical to the projection proposal family.
Cross-system slope summaries therefore collapse these duplicate branches into a single projection/AFM-base
family to prevent double counting.

Native AFM is evaluated separately. It uses its own accepted backtracking fraction X, finite functional
completion, protected endpoint restoration, and deployed-update checks. Native AFM is therefore not
conflated with the generic 33-scale projected frontier.

3.5 Natural-state validation

The natural-state validation removes the compatibility intervention entirely. It reuses the same three
architectures, five seeds, and parent checkpoints, but follows the ordinary deterministic continual-learning
stream with the true current labels.

Starting from each parent checkpoint, 50 pre-update states are sampled by a fixed schedule, every tenth parent
step over the following 500 steps. No state is selected or rejected according to its measured compatibility. At
each sampled state the experiment records:

e the supervised current gradient and its norm;

e naturally occurring functional compatibility x;
e the genuine unrestricted decrease Ay;

» method-specific persistent decrease Apersistent;

e the normalized persistent progress

A ersisten
Ppersistent — thtQ (112)

e protected retention drift and retention-pass status.
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Protected examples use a separate deterministic probe RNG. The validation branches are discarded after
measurement, and only the ordinary supervised parent update is committed before continuing along the
stream. Consequently, measurement does not alter the subsequent parent trajectory through branch-specific
parameter updates or reservoir RNG consumption.

The natural validation contains
3 x5 x50="750

ordinary states and
750 x 7 = 5,250

method outcomes. The stored retention tolerance is 0.005 for every natural-state row, and the recorded pass
indicator agrees exactly with the condition D < 0.005.

3.6 Independent statistical analysis
3.6.1 Inferential unit

The experimental rows are strongly matched. Six compatibility levels share one causal state, 50 states share
one seed trajectory, and five seed trajectories are available per system. Statistical significance should therefore
not be calculated by treating all method-level rows as independent.

For the independent causal analysis, a compatibility slope is first computed inside every causal state:

Zj("%j — Ks)(psj — Ps)
Zj(’%j — Ks)? ’
where j indexes the six compatibility interventions. The 50 state slopes are averaged within each seed. The

five resulting seed-level slopes are the inferential replicates for each system. The report gives the mean seed
slope and a two-sided 95% Student-t interval with four degrees of freedom.

by — (113)

This procedure preserves the matched intervention structure and avoids pseudo-replication. The explicitly
seed-resolved intervals are used for the primary causal inference throughout the paper. Aggregate cross-system
summaries are reported separately as descriptive results.

3.6.2 Interpretation of the normalized ratio

The ratio ppersistent is useful because it normalizes persistent progress by the genuine same-state unrestricted
decrease. It is not, however, mathematically bounded above by one for arbitrary proposal mechanisms. A
method-specific direction can occasionally produce a larger finite decrease than the reference unrestricted
direction.

The ratio is also numerically sensitive when Ay is very small. This matters particularly in the natural
CNN data, where the minimum natural Ag is 3.89 x 10~* and some normalized ratios become very large.
Natural-state analysis therefore emphasizes medians, retention status, and AFM’s pointwise theorem-aligned
margin rather than interpreting the raw mean ratio alone.

3.6.3 AFM theorem-aligned diagnostic

For native AFM, the stored theorem-aligned reference is

o~

AR
Pref = - (114)
3
The empirical margin is
AR
M = Ppersistent — ? (115)

This is an empirical theorem-alignment diagnostic. It is not presented as a proof that a nonlinear neural
execution satisfies every outward-certified assumption of the analytical theorem.
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3.7 Results
3.7.1 Intervention fidelity

Table 4 audits the two most important controls. For all nonzero requested compatibility levels, realized
compatibility tracks the target with extremely small mean absolute error. The requested-zero condition is
different: the lowest attainable mean realized compatibility is approximately 0.0107 for the CNN, 0.0413
for the ViT, and 8.33 x 10~° for the text transformer. The zero request should therefore be described as a
minimum-compatibility boundary condition, not as an exact x = 0 intervention in the two vision systems.

The second control is the finite unrestricted decrease. Within each causal state, the relative spread

max, Ag — min, Ag

mean, Ag

averages only 0.27% to 0.28% and never exceeds 0.40% in any system. This is strong evidence that the six
causal directions were compared at essentially matched finite unrestricted progress.

Table 4: Audit of causal intervention fidelity. Compatibility errors exclude the requested-zero condition.
Relative Ay spread is computed within each matched causal state.

System Mean « at request 0 Nonzero MAE Nonzero max error Mean Ay spread Max spread
CIFAR-10 CNN 0.010681 1.1 x107° 1.16 x 1074 0.283% 0.391%
CIFAR-10 ViT 0.041266 4.0 x 1076 8.9 x107° 0.282% 0.396%
Text transformer 0.000083 5.0 x 1076 1.30 x 1073 0.268% 0.390%

3.7.2 Causal effect of compatibility under an intermediate retention budget

Table 5 reports the independent matched seed-level slope analysis at § = 0.5. This value is used as an
illustrative intermediate retention budget, not as a retrospectively declared primary endpoint.

The projected AFM-compatible proposal shows a slope very close to one in every system:
1.014 CNN, 1.001 ViT, 0.965 text.

All five seed-level slopes are positive in all three systems, and each system-level 95% interval lies well above
zero. The cross-system descriptive mean over the 15 system-seed slopes is 0.993 with a 95% t interval of
[0.980, 1.006].

This means that, for the projected compatible proposal under this retention budget, a one-unit increase in
realized functional compatibility is accompanied by an approximately one-unit increase in the normalized
amount of current learning retained persistently. The result replicates across a convolutional vision model, a
vision transformer, and a text transformer with all representations trainable.

Table 5: Matched causal slopes of ppersistent On realized & at 8 = 0.5. Each system interval uses five seed-level
matched slopes. The final column is a descriptive mean over 15 system-seed slopes and is not a claim about
an unobserved population of architectures.

Method CIFAR-10 CNN CIFAR-10 ViT Text transformer Cross-system

Projection / AFM-base 1.014 [1.010, 1.017] 1.001 [1.000, 1.002] ~0.965 [0.945, 0.985] 0.993 [0.980, 1.006]
0.542, 0.592]

[ [ [ [
Unrestricted 0.606 [0.591, 0.622] 0.586 [0.581, 0.592] 0.509 [0.488, 0.529]  0.567 |
Linearized distillation  0.790 [0.772, 0.809] ~ 0.606 [0.567, 0.645] 0.558 [0.542, 0.573] 0.651 [0.593, 0.710]
EWC-prox 0.570 [0.564, 0.577]  0.584 [0.580, 0.589]  0.506 [0.485, 0.528] 0.554 [0.533, 0.574]
Replay 0.013 [-0.013, 0.039] 0.005 [-0.026, 0.036] 0.002 [-0.003, 0.006] 0.007 [-0.004, 0.017]
DER++ 0.019 [-0.015, 0.053] 0.010 [-0.019, 0.038] 0.002 [-0.004, 0.008] 0.010 [-0.001, 0.021]
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The cross-method result is informative in two directions. Unrestricted, linearized-distillation, and EWC-
proximal branches also show clearly positive compatibility slopes under the common 5 = 0.5 retention
constraint. Replay and DER++ do not show a seed-resolved positive slope in any individual system under
this independent analysis. Consequently, the data do not support the statement that every continual-learning
algorithm converts available compatibility into persistent progress at the same rate. They support the more
precise statement that compatibility changes the available retention-constrained geometry, while proposal
mechanisms differ strongly in how efficiently they exploit that geometry.

3.7.3 Retention strength changes the observable compatibility slope

Table 6 shows the projected AFM-compatible proposal across all stored retention budgets. The zero-budget
condition is a sanity check: persistent progress is zero and the compatibility slope is zero. For every positive
5, the matched slope is positive in all three systems. The two CIFAR-10 systems reach an approximately
unit slope by 8 = 0.05 to 0.10, whereas the text transformer requires a more permissive retention budget
before approaching unit conversion.

Table 6: Retention-budget sensitivity for the projected AFM-compatible proposal. Entries are mean matched
seed slopes with 95% Student-¢ intervals.

B CIFAR-10 CNN CIFAR-10 ViT Text transformer

0 0.000 [0.000, 0.000] 0.000 [0.000, 0.000] 0.000 [0.000, 0.000]
0.01 0.072[0.008, 0.136] 0.682 [0.592, 0.772] 0.012 [0.002, 0.021]
0.05 0.999 [0.981, 1.016] 0.996 [0.987, 1.005] 0.131 [0.103, 0.158]
0.10 1.014 [1.010, 1.017] 1.001 [1.000, 1.002] 0.287 [0.233, 0.341]
0.25 1.014 [1.010, 1.017] 1.001 [1.000, 1.002] 0.728 [0.660, 0.795]
0.50 1.014 [1.010, 1.017] 1.001 [1.000, 1.002] 0.965 [0.945, 0.985]
1.00 1.014 [1.010, 1.017] 1.001 [1.000, 1.002] 1.000 [1.000, 1.000]

This interaction is scientifically important. Compatibility is not asserted to be the only determinant of
persistent learning. The retention budget controls how much of an available compatible direction can be
accepted. In AFM notation, this is the distinction between the compatibility factor x and the accepted path
fraction .

3.7.4 Native AFM mechanism audit

Native AFM is evaluated independently of the generic 33-scale projection frontier. Across all 3,750 controlled
observations with requested x € {0.1,0.25,0.5,0.75, 1}, persistent acceptance is 3,750/3,750. The theorem-
aligned empirical margin in Eq. (115) is nonnegative in 3,750/3,750 of these accepted observations. Finite
functional completion succeeds in 3,745/3,750 cases, or 99.87%. The five unsuccessful finite completions occur
in the CNN and are recorded as functional-constraint inconsistencies. No other obstruction type is recorded
for these nonzero conditions.

For all successful finite completions, the stored finite current error, finite endpoint error, and protected
endpoint error are 0.0 at the recorded precision, and the stored deployed progress ratio is exactly 1.0. These
observations verify execution of the finite endpoint-completion mechanism on the declared finite constraints;
they must not be interpreted as evidence of population retention away from the finite support.

Table 7 gives the detailed native AFM summary.

The requested-zero boundary is reported separately. Among accepted requested-zero native AFM rows, 65
have a negative theorem-aligned empirical margin: 52 CNN rows, one ViT row, and 12 text rows. The
negative margins are small in absolute value, with the most negative value —0.003857. None of these 65 rows
had certification of the relevant finite curvature or step condition, so they are not treated as certified theorem
violations. The nonzero intervention levels have a uniformly nonnegative theorem-aligned empirical margin.
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Table 7: Native AFM controlled-intervention results. “Margin pass” is the fraction of accepted rows with
Ppersistent — A/3 > 0. “Finite” is successful finite completion divided by all rows at that condition.

System Req. © Realized k  Mean ppersistent  Mean X Min. margin  Accept Margin pass Finite
CIFAR-10 CNN  0.00 0.010681 0.00524 0.9519 -0.003857  97.2% 78.6% 97.2%
CIFAR-10 CNN  0.10 0.100000 0.08937 1.0000 0.008058 100% 100%  99.6%
CIFAR-10 CNN  0.25 0.250000 0.24836 1.0000 0.083615 100% 100%  99.6%
CIFAR-10 CNN  0.50 0.499998 0.51097 1.0000 0.241686 100% 100%  99.6%
CIFAR-10 CNN  0.75 0.749999 0.76107 1.0000 0.407596 100% 100%  99.6%
CIFAR-10 CNN  1.00 0.999986 0.99974 1.0000 0.593211 100% 100%  99.6%
CIFAR-10 ViT 0.00 0.041266 0.04206 1.0000 -0.001655 100% 99.6%  100%
CIFAR-10 ViT 0.10 0.100000 0.10326 1.0000 0.025761 100% 100%  100%
CIFAR-10 ViT 0.25 0.250000 0.26034 1.0000 0.089506 100% 100%  100%
CIFAR-10 ViT 0.50 0.500000 0.51547 1.0000 0.274879 100% 100%  100%
CIFAR-10 ViT 0.75 0.750001 0.76052 1.0000 0.418082 100% 100%  100%
CIFAR-10 ViT 1.00 0.999990 0.99964 1.0000 0.649724 100% 100%  100%
Text transformer 0.00 0.000083 0.00054 0.6902 -0.000032  96.8% 95.0% 96.8%
Text transformer 0.10 0.100000 0.09963 1.0000 0.050312 100% 100%  100%
Text transformer 0.25 0.250000 0.24924 1.0000 0.144862 100% 100%  100%
Text transformer 0.50 0.500000 0.49905 1.0000 0.304095 100% 100%  100%
Text transformer 0.75 0.750000 0.74915 1.0000 0.474841 100% 100%  100%
Text transformer 1.00 0.999985 0.99991 1.0000 0.654466 100% 100%  100%

3.7.5 Natural-state validation

The natural-state experiment is intentionally not another causal sweep. Natural compatibility occupies
different ranges in the three systems:

CNN: 0.067 to 0.443, mean = (0.228,
ViT: 0.278 to 0.618, mean = (0.422,
text: 0.903 to 0.976, mean = 0.950.

This is itself useful evidence that the compatibility regimes are architecture- and stream-dependent.
Native AFM satisfies the stored D < 0.005 retention criterion on all 750 natural states. Its theorem-aligned

margin is positive on all 750 observations. Table 8 reports the natural AFM summary.

Table 8: Native AFM on unmanipulated natural states. Median ppersistent is emphasized because the ratio
can be heavy-tailed when A is small.

System n  Mean K K range Mean A Median Ppersistent  Min. margin
CIFAR-10 CNN 250 0.228 [0.067, 0.443] 0.552 0.348 0.0995
CIFAR-10 ViT 250 0.422 [0.278, 0.618] 0.670 0.277 0.0848
Text transformer 250 0.950 [0.903, 0.976] 0.107 0.119 0.0199

The text system illustrates why compatibility alone is not a complete predictor of realized persistent progress.
Tts natural compatibility is very high, approximately 0.95, but its mean native AFM path fraction is only
0.107. The resulting median persistent ratio is approximately 0.119. The causal and natural experiments
therefore support the joint interpretation

persistent progress depends on available compatibility x accepted retention-constrained path,

rather than the stronger and unsupported claim that x alone determines ppersistent i €very natural state.

The common retention criterion also distinguishes the method branches sharply in the natural experiment.
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Table 9: Retention-pass rate on the 250 natural states per system under the stored common tolerance
D < 0.005. This table measures retention feasibility under this specific criterion, not general method quality.

Method CIFAR-10 CNN CIFAR-10 ViT Text transformer
AFM 100.0% 100.0% 100.0%
Projection 12.0% 34.8% 0.0%
Linearized distillation 11.6% 32.0% 0.0%
EWC-prox 0.0% 0.0% 0.0%
Replay 0.0% 0.0% 0.0%
DER++ 0.0% 0.0% 0.0%
Unrestricted 0.0% 0.0% 0.0%

These rates should not be converted into a claim that AFM universally dominates the other algorithms. The
experiment applies one common strict retention criterion to branch updates generated from a common state.
It shows that native AFM’s own acceptance mechanism consistently produces a retention-feasible update
in these sampled natural states, whereas the other stored branch proposals often do not satisfy that same
absolute threshold.

3.7.6 Local causal scale and ordinary natural scale

The controlled intervention deliberately chooses the weakest of six unrestricted endpoints as the common
finite-decrease target. This makes the causal probe local, especially in the two vision systems. Table 10
makes this scale difference explicit.

Table 10: Finite unrestricted decrease in the controlled causal experiment and in the ordinary natural-state
validation.

System Causal mean Ay Causal median Natural mean Ay Natural median
CIFAR-10 CNN 1.64 x 107° 1.48 x 1076 0.1199 0.1204
CIFAR-10 ViT 8.85 x 1076 7.01 x 1076 0.1582 0.1535
Text transformer 2.32 x 1074 1.67 x 10~* 0.0270 0.0266

This distinction is central to interpretation. The causal experiment is strong for isolating local geometry
because Ay is deliberately matched. By itself it does not establish that the same quantitative slope describes
large unrestricted updates. The natural-state validation operates at ordinary stream-generated decreases that
are much larger, particularly for vision. Its role is therefore complementary rather than redundant.

3.8 Statistical and scientific significance

The strongest result is not a comparison of average test accuracy. It is the combination of intervention control,
replication, and mechanism alignment.

First, realized compatibility is experimentally controllable over nearly the full [0, 1] range, with very small
nonzero target error. Second, the finite unrestricted denominator is matched within state to substantially
better than 1% relative spread. Third, under a nontrivial common retention constraint, changing realized
compatibility produces a large and precisely replicated change in persistent progress for the projected
compatible learner. At 8 = 0.5, the slope is approximately one in all three fully unfrozen systems, including
a text transformer. Fourth, the effect is not a universal property of every proposal rule: methods differ
substantially in how efficiently they convert the changed geometry into a retention-feasible persistent endpoint.
Fifth, native AFM’s own mechanism produces a nonnegative theorem-aligned empirical margin on every
nonzero controlled intervention and on every natural-state validation observation.

The most defensible central scientific statement is therefore:
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Functional compatibility is a causal control variable for the retention-constrained persistent-
learning frontier. The amount of compatible geometry available to the current update
changes how much current progress can be retained persistently, while the realized progress
also depends on the accepted path fraction and on how effectively the learning rule exploits
the available compatible direction.

The experiment does not support several stronger formulations. It does not establish a universal numerical
law for every architecture, modality, loss, or continual-learning algorithm. It does not show that every method
has a unit k-to-ppersistent slope. It does not show that natural x alone predicts ppersistent independently of A.
It does not turn finite endpoint completion into a population-retention statement.

3.9 Scope and limitations of the causal analysis

The controlled intervention and its follow-up studies define a specific empirical scope. Five points are
important for interpreting the results.

1. The requested-zero condition is a minimum-compatibility boundary in the vision systems.
Mean realized compatibility at the requested-zero condition is 0.0107 for the CNN and 0.0413 for the
ViT. We therefore describe this condition as minimum compatibility rather than exact zero.

2. The matched controlled intervention is deliberately local. The weakest of the six unrestricted
directions determines the common positive learning target, making the matched causal probe small
relative to ordinary vision updates. This is useful for causal identification but does not imply that the
same normalized slope must hold at arbitrary finite step size. The multiscale study and fixed-norm
bridge quantify this boundary directly.

3. Near-zero theorem-aligned margins require the theorem conditions to be distinguished from
the diagnostic quantity. All 65 accepted requested-zero observations with negative theorem-aligned
margins lacked certification of the relevant finite curvature or step condition. Numerical verification
agreed with the reported compatibility values to within 1.5883 x 10~° and with the persistent-ratio
values exactly. These rows are therefore not counted as certified theorem violations. Nonzero intervention
levels have uniformly nonnegative theorem-aligned empirical margins.

4. Natural-state ratios can be unstable when unrestricted progress is small. In the CNN
natural-state data, small values of Ag can produce large ratios. Medians and absolute persistent progress
are therefore reported alongside ratio summaries where this matters.

5. Natural-state validation is observational. It demonstrates that compatibility, accepted path
length and retention-feasible AFM updates arise during ordinary stream learning, but the controlled
matched-state intervention supplies the causal identification. Complete architecture, optimizer, replay,
projector and analysis configurations are available with the released code identified in the paper.

3.10 Controlled causal experiment synthesis

The controlled experiment succeeds at the question it was designed to answer. It changes functional
compatibility while holding the parent continual-learning state fixed, uses realized rather than requested
compatibility in analysis, matches the genuine unrestricted finite decrease across compatibility conditions, and
evaluates all methods under the same state-specific retention budget. The resulting projected compatibility
slopes are large, reproducible across seeds, and close to one across CNN, ViT, and text-transformer systems
once the retention budget permits the compatible direction to be expressed.

The natural-state validation then removes the engineered compatibility targets and demonstrates the same
framework on ordinary stream states. Native AFM satisfies the stored retention criterion on all 750 natural
states, while the empirical ppersistent —Ak/3 margin is positive on all 750 observations. Together, the causal and
natural experiments support a general retention-plasticity interpretation centered on functional compatibility,
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but they also show that compatibility must be considered jointly with the accepted path fraction and the
update mechanism.

The most important scientific distinction is therefore between a broad geometric result and a method-
specific performance claim. The evidence supports the former: functional compatibility causally changes the
persistent-learning frontier under matched retention constraints. AFM supplies a theorem-aligned mechanism
for measuring and exploiting that geometry.

3.11 Complete cross-system slope summary

For completeness, Table 11 reports the aggregate cross-system point slopes and 95% intervals. The primary
inferential analysis in the paper uses the independently reconstructed seed-level effects, which provide the
explicit inferential unit and interval construction used for the main claims.

Table 11: Aggregate cross-system slopes.

Method B CNN  ViT Text Pooled

Projection / AFM-base 0.00 0.000 0.000 -0.000 -0.000
Projection / AFM-base 0.01 0.072 0.682 0.012 0.255
Projection / AFM-base 0.05 0.999 0.996 0.131 0.708
Projection / AFM-base 0.10 1.014 1.001 0.287  0.767
Projection / AFM-base 0.25 1.014 1.001 0.728  0.914
Projection / AFM-base 0.50 1.014 1.001  0.965 0.993
Projection / AFM-base 1.00 1.014 1.001  1.000 1.005

Unrestricted 0.00 0.000 0.000 0.000 0.000
Unrestricted 0.01 0.055 0.537 0.010 0.201
Unrestricted 0.05 0.728 0.769 0.105 0.534
Unrestricted 0.10 0.723 0.743 0.195 0.554
Unrestricted 0.25 0.668 0.679 0.442 0.597
Unrestricted 0.50 0.606 0.586  0.509 0.567
Unrestricted 1.00 0.000 0.000 0.000 0.000

Linearized distillation 0.00 0.000 0.000 0.000 0.000
Linearized distillation 0.01 0.060 0.552 0.010 0.208
Linearized distillation 0.05 0.838 0.826 0.101 0.589
Linearized distillation 0.10 0.910 0.833 0.212 0.652
Linearized distillation 0.25 0.801 0.689 0.483 0.658
Linearized distillation 0.50 0.790 0.606 0.558 0.651
Linearized distillation 1.00 0.789 0.597 0.511 0.632

EWC-prox 0.00 0.000 0.000 0.000 0.000
EWC-prox 0.01 0.057 0.535 0.010 0.200
EWC-prox 0.06 0.731 0.768 0.105 0.535
EWC-prox 0.10 0.728 0.741 0.195 0.555
EWC-prox 0.25 0.678 0.683 0.443 0.601
EWC-prox 0.50 0.570 0.584 0.506 0.554
EWC-prox 1.00 0.010 0.007  0.006 0.008
Replay 0.00 0.000 0.000 0.000 0.000
Replay 0.01 0.000 0.000 0.000 0.000
Replay 0.05 0.000 0.000 0.000 0.000
Replay 0.10 0.001 0.000 0.000 0.001
Replay 0.25 0.007 0.002 0.001 0.003
Replay 0.50 0.013 0.005 0.002 0.007
Replay 1.00 0.022 0.009 0.001 0.011
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Method B CNN  ViT Text Pooled
DER++ 0.00 0.000 0.000 0.000 0.000
DER++ 0.01 0.000 0.000 0.000 0.000
DERA++ 0.05 0.001 0.000 0.000 0.001
DER++ 0.10 0.003 0.003 0.001 0.002
DERA++ 0.25 0.006 0.002 0.003 0.004
DER++ 0.50 0.019 0.010 0.002 0.010
DER++ 1.00 0.049 0.020 0.000 0.023

3.12 Natural-state descriptive ratios

Table 12 reports both means and medians to expose ratio skew. The unrestricted branch is exactly one by
construction because it defines Ay. Large positive or negative means in other CNN branches arise from a

small number of states with small Ay; the corresponding medians are substantially more stable.

Table 12: Natural-state persistent-progress ratios and retention pass rate.

System Method Mean ppersistent  Median ppersistens  Retention pass
CIFAR-10 CNN  AFM 0.937 0.348 100.0%
CIFAR-10 CNN  Projection 1.787 0.631 12.0%
CIFAR-10 CNN  Linearized distillation 1.789 0.632 11.6%
CIFAR-10 CNN  EWC-prox 1.075 1.008 0.0%
CIFAR-10 CNN  Replay -13.393 -3.674 0.0%
CIFAR-10 CNN  DER++ -2.477 -0.223 0.0%
CIFAR-10 CNN  Unrestricted 1.000 1.000 0.0%
CIFAR-10 ViT AFM 0.341 0.277 100.0%
CIFAR-10 ViT Projection 0.503 0.503 34.8%
CIFAR-10 ViT Linearized distillation 0.505 0.505 32.0%
CIFAR-10 ViT EWC-prox 0.999 0.999 0.0%
CIFAR-10 ViT Replay 0.651 0.748 0.0%
CIFAR-10 ViT DER++ 0.929 0.941 0.0%
CIFAR-10 ViT Unrestricted 1.000 1.000 0.0%
Text transformer AFM 0.102 0.119 100.0%
Text transformer Projection 0.950 0.952 0.0%
Text transformer Linearized distillation 0.952 0.953 0.0%
Text transformer EWC-prox 0.999 1.000 0.0%
Text transformer Replay 1.003 0.999 0.0%
Text transformer DER-++ 1.005 1.004 0.0%
Text transformer Unrestricted 1.000 1.000 0.0%

4 Generality, natural-state behaviour, and finite-scale boundary

4.1 Robust across directions and models

A causal variable should not depend on one specially selected direction. We therefore generated four
independent learning directions at each nonzero compatibility level. At § = 0.5, the within-x variation across
these directions was only 3.8%, 2.1% and 3.0% of the between-« variation in the convolutional network, vision
transformer and text transformer, respectively, while the corresponding compatibility slopes were 1.046, 1.029
and 0.986 (Fig. 2a,b). This substantially weakens the alternative explanation that the original dose response
arose from a particular generalized-eigenmode construction.
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Table 13: Independent-direction robustness across budgets

B8 CNN R/slope ViT R/slope Text R/slope

0.01 0.3718 / 0.0725 0.2467 / 0.2740 0.4353 / —0.0066
0.05 0.0922 / 0.6876 0.0409 / 0.8535  0.5321 / 0.0927
0.10 0.0577 / 0.8917 0.0220 / 0.9566 0.3445 / 0.3367
0.25 0.0400 / 1.0130 0.0254 / 1.0133 0.1151 / 0.8285
0.50 0.0379 / 1.0465 0.0206 / 1.0294  0.0302 / 0.9861
1.00 0.0347 / 1.0556 0.0205 / 1.0295  0.0178 / 1.0033

R = Rgj,/x is within-compatibility standard deviation across four independently constructed directions
divided by between-compatibility variation.

Table 14: Ten-seed pooled compatibility response

B Equal-system pooled slope 95% CI

0.01 0.36331 [0.35075,0.37667]
0.05 0.77171 [0.76572,0.77759)
0.10 0.82114 [0.81433,0.82756]
0.25 0.93121 0.92425,0.93841]
0.50 0.99360 0.99123,0.99600]
1.00 1.00379 [1.00326,1.00442]

Equal-system pooled AFM/projection slopes over ten common seed trajectories in the CNN, original
ViT, stronger ViT and text transformer. Intervals use 100,000 deterministic seed-bootstrap resamples.

We next doubled the number of seed trajectories and added a stronger vision transformer. Across ten seeds,
the 8 = 0.5 slopes were 1.015 for the convolutional network, 1.001 for the original vision transformer, 0.999 for
the stronger vision transformer and 0.960 for the text transformer; the equal-system pooled slope was 0.994
(Fig. 2¢). A separate multiscale experiment enlarged the designed intervention while preserving the matched
causal construction. The vision slopes remained close to one over this expanded local regime (Fig. 2d).
Importantly, calibration against ordinary training showed that even the largest such interventions remained
far smaller than natural updates in vision. The multiscale result therefore establishes robustness of the local
causal principle, not invariance at arbitrary step size.

4.2 Compatibility in ordinary learning

Compatibility also arose spontaneously during unmanipulated continual learning. Across 750 ordinary
states, mean x was 0.228 in the convolutional network, 0.422 in the vision transformer and 0.950 in the text
transformer (Fig. 3a). Native AFM satisfied the common recorded retention criterion on all 750 states. Yet
the text model, despite its high compatibility, accepted only a mean persistent path fraction of 0.107 and
had a median persistent-progress ratio of 0.119, compared with path fractions of 0.552 and 0.670 in the two
vision systems (Fig. 3b). Natural-state behaviour therefore reinforces the causal result while showing why
compatibility cannot be interpreted as a complete scalar law: a compatible direction must still fit inside the
permitted retention path.

AFM provides a constructive realization of this geometry rather than only a measurement procedure (Fig. 3d).
In the controlled causal suite, every nonzero native-AFM request accepted a persistent update and every
such row had a nonnegative theorem-aligned empirical margin; finite completion succeeded in 3,745 of 3,750
nonzero cases. The chronological programme evaluated AFM on CORe50(Lomonaco & Maltoni, 2017),
CLEAR-10(Lin et al., 2021) and CLAD-C(Verwimp et al., 2023) over five frozen seeds per protocol. AFM
produced retention-plasticity hypervolumes of 0.248, 0.381 and 0.513, respectively, and exceeded the strongest
tested classical non-oracle family on every paired seed in all three protocols. Against six recent challengers
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Figure 2: The compatibility effect generalizes across directions, models and local scales. a,
Four independently constructed directions at each nonzero compatibility level; light traces and points show
individual directions and the dark line shows the mean. b, Ratio of within-compatibility directional variation
to between-compatibility variation at § = 0.5. For a,b, n = 5 seed trajectories per system, 50 states per
seed, and four directions at each of four nonzero compatibility levels. ¢, Ten-seed compatibility slopes for the
convolutional network, original vision transformer, stronger vision transformer and text transformer; n = 10
seed trajectories per system and intervals use 100,000 deterministic seed-bootstrap resamples. d, Multiscale
compatibility slopes in the designed local expansion; n = 5 seed trajectories per system and 50 states per
seed. The scale coordinate is an enlargement of the local intervention and is not a percentage of a natural
training update.
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under a common predictive-base and learner-visible-information interface, AFM had the highest dataset-mean
primary score on CLEAR-10 and CLAD-C; FGH(Michel et al., 2026) was the only dataset-level reversal,
exceeding AFM on CORe50 by 2.8% (Table 15). On the equal-weighted three-dataset primary summary, AFM
exceeded CCL-DC(Wang et al., 2024), MKD(Michel et al., 2024), LPR(Yoo et al., 2024), FGH, aL.-SAR(Seo
et al., 2025) and OCAR (Urettini & Carta, 2025) by 7.0%, 11.4%, 16.3%, 21.7%, 31.7% and 36.8%, respectively.
These are not equal-compute or equal-storage claims, and the benchmark representation prefix was frozen after
initial learning. They establish that the certified retention-plasticity frontier is executable and empirically
competitive, while the causal experiments address the broader scientific question of why persistent learning is
possible in some directions and not others.

4.3 Nonlinear geometry sets the boundary

The strongest challenge to a local compatibility law is finite update scale. The largest controlled multiscale
update was about 12,170-fold smaller than the median natural update for the convolutional network and
1,118-fold smaller for the vision transformer, whereas the gap was 13.5-fold in text (Fig. 4a). We therefore
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Table 15: AFM chronological retention-plasticity benchmarks

Dataset AFM CCL-DC MKD FGH aL-SAR LPR OCAR

COReb50 0.2478 0.2016 0.1799 0.2546 0.1801 0.1640 0.1436
CLEAR-10 0.3807 0.3731 0.3513  0.3773 0.3572 0.3485 0.3164
CLAD-C 0.5129 0.4921 0.4931  0.3058 0.3296 0.4694 0.3747

Dataset AFM  Strongest classical non-oracle Mean difference 95% paired CI
CORe50 0.2478 No protection 0.2388 +0.0090  [0.0059,0.0126]
CLEAR-10 0.3807 No protection 0.3740 +0.0068  [0.0053,0.0082]
CLAD-C 0.5129 A-GEM 0.5019 +0.0110  [0.0054,0.0166]

Primary score is the protocol-specific retention-plasticity hypervolume. Modern challengers use frozen
method-native configurations; this comparison controls predictive base and learner-visible information
but is not an equal-compute/storage study.

Table 16: Near-zero theorem-aligned boundary assessment

System Negative requested-zero empirical margins
CNN 52
ViT 1
Text transformer 12
Total 65

Every row lacked certification of the relevant finite curvature or step condition. Numerical verification
agreed with the reported & values to within 1.5883 x 10~? and with the persistent-ratio values exactly.

constructed a fixed-norm bridge in the two vision systems using ten seeds and 500 preselected states per
architecture. At each state we attempted four compatibility levels at exactly 1%, 10%, 50% or 100% of the
median natural unrestricted update norm. The admissibility criterion required all four same-norm directions
to produce positive unrestricted finite progress; Ay was measured, not matched.

At 1% natural norm, 231 of 500 vision-transformer states across all ten seeds supported the four-level
comparison, whereas only one convolutional-network state did. At 10% and above, neither system supported
a jointly feasible four-level continuum (Fig. 4b). This is not a zero or negative compatibility effect: the
matched intervention itself ceases to exist because finite nonlinear geometry makes one or more same-norm
directions non-descending.

Where the bridge remained feasible, compatibility still increased the absolute amount of persistent learning.
In the 231 vision-transformer states, the slope of Apjergistent 00 £ Was 3.064 x 10~* with a 95% interval of
[3.031,3.093] x 10~* (Fig. 4c). The normalized ratio, however, had slope —0.572 with an interval crossing zero
because A itself changed with compatibility. Stratifying states by A heterogeneity made the distinction
explicit: the absolute persistent slope was essentially unchanged across low, medium and high heterogeneity,
whereas the ratio slope shifted from 42.25 and +3.15 to —7.54 (Fig. 4d). The original matched-A, experiment
therefore identifies the fraction of an equal learning opportunity that can persist; at fixed finite norm, absolute
persistent progress is the cleaner causal outcome.

The following sections report the prespecified robustness tests, the near-zero boundary assessment, the fixed-
norm bridge, and the decomposition that distinguishes absolute persistent progress from denominator-sensitive
normalized ratios.
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Table 17: Fixed-norm bridge feasibility and decomposition

System Natural-norm Feasible / attempted Seeds with feasibility Target norm
fraction
CNN 0.01 1/500 (0.2%) 1 0.00060570
CNN 0.10-1.00 0/1500 0 0.00605702-
0.06057018
ViT 0.01 231/500 (46.2%) 10 0.00039144
ViT 0.10-1.00 0/1500 0 0.00391441-
0.03914410
Method, ViT 1%, Absolute persistent-progress slope Normalized-ratio slope [95% CI]
B=05 [95% CI]
EWC-prox 4.3693 x 107° [3.5585,5.1115]x 1075 —7.895 [—10.701,—5.197]
Linearized distillation 2.59767 x 10~4 —3.494 [—5.588,—1.502]
[2.54328,2.65080] x 10~*
Projection / AFM base 3.06428 x 1074 —0.572 [-1.591,0.455]
[3.03053,3.09322] x 10~4
Unrestricted 4.38287 x 10~° —7.891 [—10.717,—5.190]

[3.55718,5.12805] x 10~°

Bridge admission requires positive unrestricted finite progress for all four same-norm compatibility
directions. Across 4,000 attempted state-scale conditions, 232 were feasible. Maximum absolute
compatibility error was 9.656 x 107¢ and maximum relative update-norm error was 3.674 x 107°.

4.4 Purpose and scope

These follow-up experiments test direction specificity, intervention scale, seed and architecture generality, the
near-zero diagnostic boundary, and finite-norm extension toward ordinary update magnitudes. Positive, null
and infeasible outcomes are reported because each defines part of the empirical scope of the compatibility
claim.

The experimental claim under investigation is deliberately narrower than a universal statement that compati-
bility alone determines learning. The causal proposition is:

At a fixed neural state and under a fixed retention criterion, changing the functionally
compatible component of the incoming learning signal changes how much new learning
can be stored persistently. The magnitude of that effect depends on the retention budget
and learning rule, and finite nonlinear geometry can limit how far the local compatibility
intervention can be extended.

The experiments below distinguish three questions:

1. Is the observed effect specific to one constructed direction or does it survive independently generated
directions with the same compatibility?

2. Does the local effect persist as the intervention is enlarged, across more seeds and more architectures?

3. What happens when the intervention is brought toward ordinary update magnitude, where finite
nonlinear loss geometry is no longer negligible?
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4.5 Notation and common estimands

Let ¢ denote the incoming functional learning signal and let P denote the projection onto the locally
protected-compatible subspace. The realized compatibility used throughout the causal interventions is

P 2
oo | q|2| . (116)
llqll
The unrestricted finite learning opportunity from the same pre-update state is denoted
Ag > 0, (117)

and the amount of current learning that remains stored in ordinary parameters after enforcing the retention
criterion is denoted Apersistent- When the unrestricted denominator is appropriate for comparison, the
normalized persistent-progress ratio is

A ersisten
persistent (118)

The retention budget is indexed by . In the original causal suites, the grid was
B € {0,0.01,0.05,0.1,0.25,0.5,1}. (119)

Unless stated otherwise, causal slopes are estimated within a fixed neural state across the compatibility
intervention levels, state-level slopes are averaged within seed, and inference is performed at the seed level
rather than treating states as independent replicates.

A theorem-aligned diagnostic used in the native AFM analyses is

Ak
M=p——. (120)
3
This quantity is an empirical alignment diagnostic. It is not interpreted as a newly certified finite nonlinear

theorem bound unless the required finite curvature and step conditions have themselves been certified.

4.6 Reference: original controlled causal experiment

The follow-up studies were motivated by the original controlled causal experiment. That experiment used a
fully unfrozen CIFAR-10 CNN, a fully unfrozen CIFAR-10 ViT, and a fully unfrozen character-level text
transformer. There were five seed trajectories (11, 29, 47, 71, 101), 50 causal states per seed, and six requested
compatibility levels

k* € {0,0.1,0.25,0.5,0.75, 1}. (121)

The seven method branches were AFM /projection, unrestricted, replay, linearized distillation, EWC-prox,
DER++, and the native AFM mechanism. The controlled analysis contained 31,500 wide method outcomes,
while the nonlinear frontier analysis contained 220,500 rows; validation reported complete expected coverage.

In this experiment, the unrestricted finite decrease Ay was deliberately matched across the compatibility
intervention levels within a state. Therefore p directly compared the fraction of approximately equal
unrestricted learning opportunities that survived the retention requirement. At 8 = 0.5, the matched k — p
slope for the projection/AFM-base branch was near one in all three systems (Table 18).

These reference results established the phenomenon in a deliberately local, Ag-matched regime. The four
experiments below were run specifically to challenge alternative explanations and test generality.

4.7 Experiment 1: multiscale causal compatibility

4.7.1 Question

The first stress test asked whether the matched compatibility effect survives when the intervention is expanded
beyond the original very local operating scale. The design retained the same three systems, five seeds, seven
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Table 18: Reference causal slopes at retention budget 5 = 0.5.

System Matched slope 95% CI

CIFAR-10 CNN 1.01377 [1.01171, 1.01611]
CIFAR-10 ViT 1.00082 [1.00029, 1.00135]
Text transformer 0.96497 [0.95283, 0.97710]
Equal-system pooled 0.99319 [0.98831, 0.99781]

methods, six requested compatibility levels, and seven retention budgets. Four intervention scale indices were
used:
s € {0.05,0.2,0.5,0.9}. (122)

The multiscale design defines these values as a logarithmic expansion from the original local intervention to a
common peak. They are therefore intervention-scale coordinates and must not be interpreted as 5%, 20%,
50%, or 90% of a natural training update.

Validation reported 882,000 expected and observed frontier rows, 15/15 completed runs, and no validation
failures.

4.7.2 Key result

For AFM/projection at a moderate retention budget (8 = 0.5), the matched compatibility slope remained
close to one throughout the designed multiscale range in both vision systems (Table 19).

Table 19: AFM /projection matched « slopes across the designed multiscale range at 8 = 0.5.

System s=0.05 s=02 s=05 s=09

CIFAR-10 CNN  1.01290 1.01032 1.00359 0.99390
CIFAR-10 ViT 1.00135 0.99886 0.99567 0.98347

The CNN also illustrates the interaction between compatibility and the retention budget. At the tight budget
B = 0.01, the AFM /projection matched slope rose from 0.10272 at s = 0.05 to 0.16003 at s = 0.2, 0.48762 at
s =0.5, and 0.96935 at s = 0.9. At 8 = 0.05, the corresponding CNN slopes were 1.01171, 1.01032, 1.00359,
and 0.99390. Thus compatibility is not the sole determinant of attainable persistent progress: the path
fraction permitted by the retention budget also matters.

4.7.3 Scale calibration against natural updates

A calibration compares the multiscale intervention norms with ordinary unrestricted update norms measured
in the natural-state validation. Update norm is the meaningful cross-experiment scale quantity because
the causal and natural experiments use different current objectives; their raw A, values are not directly
commensurate.

At the largest multiscale index s = 0.9, the causal updates were still much smaller than ordinary natural
updates, especially in vision (Table 20).

Table 20: Largest designed multiscale intervention compared with the median natural unrestricted update
norm.

System Mean causal norm  Median natural norm  Causal/natural ratio
CIFAR-10 CNN 4.9766 x 10~° 0.0605702 8.2163 x 10~°
CIFAR-10 ViT 3.5026 x 10~° 0.0391441 8.9479 x 10~*
Text transformer 1.0863 x 1073 0.0146534 0.0741306
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Figure 5: Native AFM multiscale dose responses. a—c, Native-AFM responses across the designed local
multiscale suite for the a, CIFAR-10 convolutional network, b, CIFAR-10 vision transformer, and c, text
transformer. Internal scale indices are logarithmic expansion coordinates and must not be interpreted as
percentages of a natural update.

These correspond approximately to gaps of 12,170-fold for the CNN, 1,118-fold for the ViT, and 13.5-fold for
the text transformer. The resulting scale gap motivates the fixed-norm natural-scale bridge in Section 4.11.

4.7.4 Interpretation

The multiscale experiment supports robustness over a deliberately enlarged local causal regime. It does not
establish natural-update-scale invariance. Its principal value is that the compatibility effect is not confined to
one single infinitesimal numerical setting, while the calibration makes clear where the local experiment still
sits relative to ordinary training updates.

4.8 Experiment 2: independently constructed directions at fixed compatibility
4.8.1 Question and design

The second stress test addressed a construction-specific confound: perhaps the original dose response was a
property of the particular generalized-eigenmode direction used to realize each k, rather than of compatibility
itself. Four independently constructed directions were therefore generated for each nonzero requested
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compatibility level

Kk* €{0.1,0.25,0.5,0.75}. (123)

The experiment used the CNN, ViT, and text transformer; five seeds; all seven retention budgets; and seven
method branches. Validation reported four directions per &, 147,000 fixed groups, and 588,000 expected and
observed frontier rows, with all 15 runs complete.

The principal diagnostic compares variability across independently generated directions at a fixed k with

variability across k. Let

within-x SD across directions
Rairjw = . 124
dir/ between-x SD (124)

Small values indicate that changing the direction while holding compatibility fixed produces much less
variation than changing compatibility itself.

4.8.2 Results

Table 21 records the AFM /projection results across retention budgets. At nontrivial budgets, the matched
compatibility slope approaches one and the within-x directional variation is generally far smaller than
the between-x variation. The text transformer is the most budget-limited system at tight budgets, but it
approaches the same near-unit regime as the retention budget is relaxed.

Table 21: Independent-direction robustness for AFM/projection. Each cell gives Rgi, /. / matched « slope.

I} CIFAR-10 CNN CIFAR-10 ViT = Text transformer

0.01 0.3718 / 0.0725 0.2467 / 0.2740 0.4353 / —0.0066
0.05 0.0922 / 0.6876 0.0409 / 0.8535  0.5321 / 0.0927
0.10 0.0577 / 0.8917 0.0220 / 0.9566  0.3445 / 0.3367
0.25 0.0400 / 1.0130 0.0254 / 1.0133  0.1151 / 0.8285
0.50 0.0379 / 1.0465 0.0206 / 1.0294  0.0302 / 0.9861
1.00  0.0347 / 1.0556  0.0205 / 1.0295  0.0178 / 1.0033

At 8= 0.5, the 95% seed-level confidence intervals for the matched slope were [1.03046, 1.06024] in the CNN,
[1.02516, 1.03442] in the ViT, and [0.97849, 0.99454] in the text transformer. The mean fraction of states
whose within-x direction SD was below the between-x variation was 1.0 for all three systems at this budget.

4.8.3 Interpretation and reporting limitation

This experiment substantially weakens the explanation that the effect is tied to a single specially chosen
generalized-eigenmode recipe. It does not imply that all directions sharing the same x are equivalent; rather,
at the tested local scale and ordinary retention budgets, direction-to-direction variation is much smaller than
the systematic variation induced by changing compatibility.

The independent-direction analysis does not assume exact equality of realized k, update norm or Ag across the
four constructed directions. The reported inference is based on the observed within-compatibility directional
variation relative to the systematic between-compatibility effect.

4.9 Experiment 3: 10-seed generality and a stronger ViT

4.9.1 Question and design

The original controlled causal experiment used five seeds. The generality experiment doubled the number of
seed trajectories to ten and added a stronger CIFAR-10 ViT, yielding four systems:

1. CIFAR-10 CNN,
2. original CIFAR-10 ViT,
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3. stronger CIFAR-10 ViT,
4. text transformer.
Uncertainty was summarized with a deterministic Monte Carlo seed bootstrap using 100,000 resamples.

4.9.2 System-level results

At g = 0.5, all four AFM /projection matched slopes were strongly positive and near one (Table 22).

Table 22: Ten-seed AFM /projection matched slopes at 8 = 0.5.

Text transformer 0.95950 0.95049, 0.96863

System Mean matched slope 95% CI
CIFAR-10 CNN 1.01544 [1.01324, 1.01778]
CIFAR-10 ViT 1.00064 [1.00010, 1.00114]
Stronger CIFAR-10 ViT 0.99883 [0.99824, 0.99942]
[ ]

4.9.3 Equal-system pooled dose response

The four-system equal-weight pooled AFM slope increased with the retention budget (Table 23). This
pattern is consistent with a compatibility signal whose exploitable persistent fraction is itself retention-budget
dependent.

Table 23: Equal-system pooled AFM /projection slope across ten common seeds.

B Pooled slope 95% CI

0.0l 036331  [0.35075, 0.37667]
0.05 077171  [0.76572, 0.77759]
0.10  0.82114  [0.81433, 0.82756]
[ ]
[ ]
[ ]

0.25 0.93121 0.92425, 0.93841
0.50 0.99360 0.99123, 0.99600
1.00 1.00379 1.00326, 1.00442

4.9.4 Interpretation

The generality experiment addresses the small-seed concern and shows that the dose response is not specific
to a single CNN, a single ViT implementation, or a single modality. The stronger ViT result is especially
useful because it tests a distinct vision-transformer configuration without changing the scientific intervention.
It is not a foundation-model-scale demonstration and should not be described as one.

4.10 Experiment 4: near-zero-compatibility boundary assessment
4.10.1 Boundary cases

Among accepted native-AFM rows near requested x = 0, 65 have a negative empirical margin relative to the
coarse theorem-aligned reference A\x/3. The minimum recorded margin is approximately —0.003857. Because
the empirical reference is not itself a certified bound unless the relevant finite assumptions hold, these cases
were assessed explicitly for certification status.

4.10.2 Assessment result

All 65 rows were classified as
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lacking certification of the relevant finite curvature or step condition.

The system breakdown is given in Table 24.

Table 24: Classification of all negative theorem-aligned-margin cases near requested x = 0.

System Count
CIFAR-10 CNN 52
CIFAR-10 ViT 1
Text transformer 12
Total 65

Numerical verification agreed with the reported x values to within 1.5883 x 10~ and with the reported p
values exactly across all 65 cases.

4.10.3 Interpretation

This assessment does not prove the nonlinear theorem assumptions for these rows. Its conclusion is narrower:
the negative empirical margins occurred outside the set for which the finite curvature/step assumptions
had been certified. Therefore these rows cannot legitimately be counted as certified theorem violations.
The quantity Ax/3 is accordingly described as a theorem-aligned empirical reference unless the relevant
assumptions are checked for that row.

4.11 Natural-update-scale bridge
4.11.1 Motivation

The calibration in Section 4.7 showed that the largest designed causal interventions remained far below
ordinary unrestricted update norm in the two vision systems. The fixed-norm bridge therefore targets update
norms defined directly as fractions of the median natural unrestricted update norm. Only the CIFAR-10
CNN and existing CIFAR-10 ViT are used, because these are the systems with the largest scale gap. Ten seed
trajectories and 50 preselected states per seed are used; the states are fixed independently of the resulting
feasibility outcomes.

The requested compatibility levels were
k* €{0.1,0.25,0.5,0.75}, (125)
and the target update norms were
R* € {0.01,0.1,0.5,1.0} X Ryatural,median- (126)
The primary intervention therefore controls two quantities:
KA K, IId]] = R*. (127)

For a state-scale condition to support a four-level within-state comparison, all four same-norm compatibility
interventions must yield positive unrestricted finite progress,

Ag(k) >0 for all four tested k. (128)

4.11.2 Admission criterion

Because the bridge fixes both update direction and update norm, finite unrestricted progress Ag is an
outcome of the nonlinear loss surface. A state-scale condition supports the four-level within-state comparison
when all required x interventions have positive unrestricted finite progress at the prescribed common norm.
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Within-state variation in Ag is reported descriptively because it can affect normalized ratios, but it is not an
admission variable.

Across 4,000 attempted state-scale conditions, 232 satisfied the positive-endpoint criterion. Validation
reported:

o 232 feasible state-scale conditions among 4,000 attempted conditions;
« maximum absolute compatibility error 9.656 x 10~6;

e maximum relative update-norm error 3.674 x 10~°;

o 14,848 expected and observed merged frontier rows;

e 928 expected and observed native-AFM rows;

« 1o validation failures.

4.11.3 Feasibility

The feasibility result is shown in Table 25. The ViT supports a substantial four-level comparison at 1% of
natural update norm: 231/500 states across all ten seeds. The CNN supports only one such state. At 10%,
50%, and 100% of natural update norm, neither architecture has a state for which all four target-compatibility
directions remain positive same-norm finite endpoints.

Table 25: Fixed-norm bridge feasibility.

System  Natural-norm fraction Target norm Feasible/attempted Seeds with any feasible

CNN 0.01  0.00060570 1/500 (0.2%) 1
CNN 0.10  0.00605702 0/500 0
CNN 0.50  0.03028509 0/500 0
CNN 1.00  0.06057018 0/500 0
ViT 0.01  0.00039144  231/500 (46.2%) 10
ViT 0.10  0.00391441 0/500 0
ViT 0.50  0.01957205 0/500 0
ViT 1.00  0.03914410 0/500 0

Among the 231 feasible ViT states at 1%, the mean within-state Ay coefficient of variation is 0.22586 and
the maximum is 0.58485. This is direct evidence that finite unrestricted progress varies appreciably across
same-norm compatibility directions once the intervention reaches this regime.

4.11.4 Why the raw ratio appears to fail

In the 1% ViT bridge, the raw fixed-norm & +— p slope for projection/native AFM is
—0.57177, Clgse, = [—1.59,0.46], (129)

so the ratio does not show a positive dose response. If the analysis stopped at p, the bridge would appear to
undermine a naive universal claim that compatibility must always increase the normalized ratio.

However, this fixed-norm intervention does not hold Ay constant. Because

Apersistent

p=—1") (130)
Ao

its derivative with respect to compatibility is

dApersistent dA
dp . AO 4})3:5 = — Apersistent dno

dk A2

A flat or negative ratio slope can therefore coexist with strongly increasing absolute persistent learning if the
unrestricted denominator also increases with compatibility.

(131)
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4.12 Decomposition of the fixed-norm bridge

4.12.1 Primary decomposition

The bridge was decomposed into three within-state effects across the four compatibility interventions:

1. k> Ao,
2. K> Apersisten‘w

3. K= p.

The state-level slopes were averaged within seed and summarized across the ten ViT seeds.

For native AFM /projection at 1% natural update norm, the decomposition is:

dAg

—— =7.78981 x 1075 132
dr x ’ (132)
dA ersisten _ _
#” =3.06428 x 1074, Clgsy = [3.03053,3.09315] x 10~ (133)
d
ﬁ = —0.57177,  Clgsy, = [—1.59145, 0.45542]. (134)

The mean persistent-update acceptance fraction is 1.0 and the mean finite-completion fraction is 0.994118.

Table 26 shows that the positive absolute-persistent effect is not restricted to one method, although its
magnitude is method dependent.

Table 26: ViT at 1% natural update norm, 3 = 0.5: absolute persistent-progress and normalized-ratio slopes.

Method K+ Apersistent slope [95% CI] K +— p slope [95% CI]

EWC-prox 4.3693 x 1075 [3.5585, 5.1115]x10~5  —7.895 [~10.701, —5.197]
Linearized distillation  2.59767 x 10~* [2.54328, 2.65080]x 104  —3.494 [—5.588, —1.502]
Projection / AFM base  3.06428 x 10~* [3.03053, 3.09322]x10~*  —0.572 [~1.591, 0.455]

Unrestricted branch 4.38287 x 1077 [3.55718, 5.12805]x10~°  —7.891 [—10.717, —5.190]

A separate regression that adjusts for realized finite Ay yields a positive compatibility coefficient for the
projection branch (about 2.694 with a 95% interval of roughly [2.36, 3.08]). This is useful as a decom-
position/sensitivity analysis but should not be treated as the primary causal estimand because A is a
post-intervention quantity in the fixed-norm experiment.

4.12.2 Aj-heterogeneity stratification

The 231 feasible ViT states were divided into low-, medium-, and high-Ay-CV strata using the first and second
tertile boundaries, 0.07620 and 0.33483. The key projection result is striking: the absolute persistent-progress
slope is essentially unchanged across all three strata, while the normalized ratio slope changes dramatically
and reverses sign in the high-heterogeneity stratum (Table 27).

For example, at § = 0.5, the 95% intervals for the absolute persistent-progress slope are approximately
[3.03618, 3.09315]x10~% in the low band, [3.02131, 3.12192]x10~* in the medium band, and [2.99120,
3.12784]x10~* in the high band. By contrast, the ratio-slope intervals are [1.945, 2.561], [2.192, 4.298], and
[—13.001, —3.271], respectively.

4.12.3 Interpretation

The stratification provides a direct explanation for the apparent ratio failure. The absolute amount of persis-
tently stored learning responds to compatibility with nearly the same slope regardless of how heterogeneous
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Table 27: Projection branch at ViT 1% natural update norm, stratified by Ag heterogeneity. Values are
identical across the tested projection retention budgets because the projection endpoint saturates to the same
branch in this setting.

Ao-CV band  States &+ Apersistent Slope & +— p slope

Low 78 3.06394 x 10~4 2.2463
Medium T 3.06677 x 10~4 3.1477
High 76 3.06452 x 1074 —7.5366

the unrestricted finite denominator is. The normalized ratio, however, is highly sensitive to denominator
heterogeneity and can reverse sign even when absolute persistent progress continues to increase strongly.

This does not make p an invalid quantity in general. In the original Ap-matched experiment it answers
a clean question: what fraction of an approximately equal unrestricted learning opportunity survives the
retention constraint? In the fixed-norm bridge, by contrast, Ag is itself an outcome of changing direction, so
p is no longer a stable standalone causal summary.

4.13 Finite-step feasibility boundary

The natural-scale bridge also exposes a second phenomenon that is distinct from the ratio decomposition.
Increasing the fixed update norm eventually destroys the ability to construct a common four-level continuum
of positive-descent directions at the target compatibilities. This happens before 10% of the median natural
update norm in both tested vision systems under the present direction construction and current objective.

The correct interpretation is therefore conditional:

1. Where the four-level intervention is jointly feasible, compatibility can be causally varied at
fixed state and fixed update norm, and the ViT 1% data show a strong positive effect on absolute
persistent progress.

2. Where joint feasibility disappears, there is no matched four-level causal slope to estimate. Those
cases are not negative slopes; they are failures of the local compatibility continuum to remain a
positive finite descent construction at that step magnitude.

This boundary is itself informative. It separates the locally controlled functional geometry from a larger-
step regime in which finite curvature and nonlinear loss-surface structure determine whether the nominally
compatible direction remains a useful descent endpoint.

4.14 Integrated interpretation of the follow-up experiments

Taken together, the follow-up studies support the following evidence chain.

1. The effect is not tied to one intervention direction. Four independently generated directions at
each nonzero compatibility level produce much less within-x variation than the systematic between-x
effect at ordinary retention budgets.

2. The effect is robust over a designed local multiscale range. In the CNN and ViT,
AFM /projection slopes remain near one as the intervention is enlarged within the multiscale con-
struction.

3. The effect generalizes across more independent seed trajectories and architectures.

Ten-seed results in the CNN, original ViT, stronger ViT, and text transformer reproduce a positive
dose response, with a pooled slope of 0.9936 at 5 = 0.5.
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4. Near-zero theorem-aligned margins are separated from certified theorem violations. All
65 negative theorem-aligned margins occur where the relevant finite curvature/step condition is not
certified; numerical verification agrees with the reported quantities to the stated precision.

5. At a fixed finite update norm, absolute persistent progress remains compatibility-
sensitive even when the normalized ratio does not. In 231 feasible ViT states at 1% natural
update norm, the absolute AFM /projection slope is 3.06428 x 10~# with a narrow positive confidence
interval, whereas the raw ratio slope crosses zero.

6. Denominator heterogeneity explains the ratio instability. Across low-, medium-, and high-Ag
heterogeneity strata, the absolute persistent slope is nearly invariant while the ratio slope changes
from positive to strongly negative.

7. Finite nonlinear geometry imposes a scale boundary. Above the 1% target, the present
four-level same-norm positive-endpoint construction becomes infeasible in the CNN and ViT; no
causal slope should be claimed there.

The combined evidence supports the following synthesis:

Functional compatibility is a causal determinant of retention-constrained persistent learning
in the locally feasible regime. The amount of compatibility that can be exploited depends
on the retention budget and learning rule. At finite fixed norm, compatibility continues to
increase absolute persistent learning where the intervention remains feasible, but unrestricted
finite progress also becomes compatibility-dependent, making the normalized ratio an unstable
summary. At still larger step magnitudes, nonlinear geometry can eliminate the common
positive-descent compatibility continuum itself.

This synthesis is intentionally different from two stronger statements that the data do not establish: (i) that p
must increase with x at every finite scale, or (ii) that a four-level compatibility intervention remains realizable
at ordinary full natural update magnitude.

4.15 Additional statistical considerations

1. Seed as inferential unit. The original, multiscale, and independent-direction analyses aggregate
state-level effects within seed and use seed-level uncertainty. The generality and bridge analyses use
ten seeds with 100,000 deterministic Monte Carlo bootstrap resamples where reported.

2. No state selection on large-scale success. Bridge states are fixed before attempting large-scale
interventions. Feasibility rates are reported over all attempted states rather than replacing failed
states until a balanced successful sample is obtained.

3. Positive-endpoint conditioning. A bridge slope is conditional on joint feasibility: all tested
target-x directions must produce positive same-norm unrestricted progress. The unconditional
feasibility rate is therefore a separate result and must accompany conditional slopes.

4. A is post-intervention in the fixed-norm bridge. Analyses that adjust for realized Aq are
decompositional /sensitivity analyses, not the primary causal estimand.

5. Fixed-norm inclusion criterion. A similarity is not an admission variable because finite
unrestricted progress is an outcome at fixed direction and norm. Feasibility is defined by positive
unrestricted finite progress for all tested same-norm compatibility directions and is reported over all
4,000 attempted state-scale conditions.
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5 Experimental methods and reproducibility

5.1 Study design and inferential unit

The study contains three linked experimental layers. The first is the original AFM chronological evaluation
on CORe50, CLEAR-10 and CLAD-C, which establishes the framework as an executable retention-plasticity
mechanism. The second is a controlled causal experiment in fully unfrozen neural networks that intervenes
directly on functional compatibility. The third consists of follow-up stress tests addressing direction specificity,
seed and architecture generality, local intervention scale, the near-zero diagnostic boundary and fixed-norm
extension toward ordinary update magnitudes. Causal rows are repeated measurements within neural states
and seed trajectories; they are never treated as independent observations merely because the row count is
large. Unless otherwise stated, a slope is estimated within state across compatibility levels, state slopes are
averaged within seed, and uncertainty is computed across seed-level effects.

5.2 Causal systems and reconstruction

The controlled experiment used a CIFAR-10 convolutional network, a CIFAR-10 vision transformer and a
character-level text transformer trained on WikiText-2. All trainable representations remained unfrozen. The
original causal suite used seeds 11, 29, 47, 71 and 101, with 50 causal states per seed and system, giving
750 states. A saved pre-probe parent checkpoint contained the complete model, optimizer, stream position,
replay reservoir and random-number-generator state. Every method and compatibility intervention at one
causal state was reconstructed from that identical parent checkpoint. The generality experiment used ten
seed trajectories and added a stronger CIFAR-10 vision transformer.

5.3 Functional compatibility intervention

At a fixed state, the current-learning signal was modified in function space rather than by inserting an
arbitrary parameter-space vector. Residual modes were constructed from the generalized eigenproblem

JPJIr = X\J.Jlr, (135)

and low- and high-compatibility modes were mixed to target six requested levels from 0 to 1 (0, 0.1, 0.25, 0.5,
0.75 and 1). Realized compatibility was recomputed as k = ||Pq||?/||¢||* and used in every analysis. The
requested-zero condition is a minimum-compatibility boundary condition rather than exact zero in the two
vision systems: mean realized values were 0.010681 for the convolutional network, 0.041266 for the vision
transformer and 8.3 x 107° for text. For nonzero requests, mean absolute compatibility error was at most
1.1 x 10™° across systems.

5.4 Matching unrestricted learning

Changing direction can change the finite improvement available without protection. In the original causal
experiment, the weakest attainable unrestricted endpoint at each state defined a common positive target
decrease. A one-dimensional bisection along each original direction matched this target without rotating the
direction. The resulting denominator was

A0 = Ecurrent (epre) - Ecurrent (eunrestricted)~ (136)

The mean within-state relative spread of Ay was 0.283%, 0.282% and 0.268% in the convolutional network,
vision transformer and text transformer, with maxima below 0.40%. This matched-Ag design makes
p = Apersistent/ Ao interpretable as the fraction of an approximately equal unrestricted learning opportunity
that remains persistent.

5.5 Retention budgets and methods

At each causal state, the reference protected drift was the maximum unrestricted drift across compatibility
interventions. Every method and compatibility level was evaluated under the same absolute budget D <
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max (1078, BD,f) for B € {0,0.01,0.05,0.1,0.25,0.5,1}. Because nonlinear protected drift need not be
monotone in step scale, generic branches evaluated 33 candidate endpoint scales from zero to the full proposal
and selected the best feasible persistent endpoint. The seven evaluated branches were unrestricted learning,
replay, projection, linearized distillation, EWC-proximal updating, DER++ and an AFM-compatible projected
proposal. The generic AFM proposal is identical to the projection family in this controlled suite and is
collapsed with it for cross-system slope summaries. Native AFM was evaluated separately with its accepted
backtracking fraction, finite functional completion and endpoint checks.

5.6 AFM framework and protected transaction

AFM operates on a nonanticipating supervised stream without learner-visible task, session, episode, segment,
intervention or boundary identifiers. It separates persistent model parameters from bounded structural state.
A protected transaction begins with a genuine same-state no-protection comparator: the declared unrestricted
learner is run from the identical predictive and optimizer state, with the same current minibatch, active
coordinates, learning-rate and backtracking rules, mutable buffers and declared private randomness, but
without retention constraints. The accepted endpoint is used only as a counterfactual reference and is never
installed as the persistent base model.

Protected behaviour is represented functionally. Committed records retain bounded whole-behaviour sensitivity
sketches, formed by streaming Jacobian rows through Frequent Directions,(Ghashami et al., 2016) rather
than a permanent scalar importance value for every parameter. A finite family of timescale and spectral-rank
policies predicts which protected sensitivities remain relevant. The controller is charged both for residual
protected leakage and for current gradient energy blocked by protection. Task-free routing uses only declared
observable signatures; outcome evidence may trigger reopening, but creation of a new observable route
requires separately controlled signature evidence. When observables do not distinguish semantic states, AFM
reports the resulting routing obstruction rather than using evaluator identities.

For a protected update, AFM forms the compatible projection v; = I;d? of the same-state comparator. A
predeclared assimilation coordinate n; allocates a fraction of the certified retention charge along this reference
path. The safe-base operator accepts only a persistent endpoint satisfying the retention, descent, trust-region,
collinearity and normalized-assimilation checks. Under the assumptions stated and proved in the methods
below, A\; > 1, and the scalar-gradient comparator yields Eq. 2. The protected projector also has an exact
first-order rank-plasticity characterization: for protected Jacobian J with singular values o1 > - -+ > oy, the
smallest worst-case first-order leakage over any (d — r)-dimensional plastic subspace is 0,41 (J).

The persistent safe-base move generally does not reproduce the unrestricted finite endpoint. AFM therefore
performs a second, explicitly separate function-space operation. A bounded compact-cardinal residual restores
active finite protected outputs, safeguards unselected certified candidates, serves a selected finite transfer
target when requested, and completes the current minibatch to the same logits as the no-protection comparator
when finite consistency, support, capacity and numerical checks pass. The residual is zero outside its finite
support union. Failed checks reject the transaction atomically; they do not authorize installation of the
unrestricted base endpoint or reduction of the declared persistent-assimilation requirement.

AFM additionally supports function-preserving structural renewal through a fixed pool of dormant zero-gated
modules. Resetting internal parameters while the functional gate is exactly zero leaves the deployed predictor
and active protected behaviours unchanged. After reset, AFM recomputes the gradient, protected projector
and certificates, and a module is activated only through an accepted protected update. The integrated
theory combines these deterministic mechanisms with time-uniform consolidation, evidence-based reopening,
route-refinement conditions, bounded resources, a non-convex projected-stationarity identity and a separate
convex dynamic-regret specialization. Complete definitions, proofs, obstruction results, algorithm pseudocode,
benchmark protocols, ablations, runtime analysis and controlled mechanism tests are provided throughout
this paper.
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Figure 6: Full AFM protected-update transaction. Detailed original AFM transaction showing same-
state comparator construction, compatibility projection, normalized persistent assimilation, finite functional
constraints, compact-cardinal shield, endpoint checks and accept/reject logic.

5.7 Natural-state validation

The natural validation removed compatibility targeting. Starting from the same parent trajectories, 50 pre-
update states were sampled at a fixed every-tenth-step schedule over the next 500 ordinary supervised updates
for each system and original seed. No state was selected using its measured compatibility. Validation branches
were discarded after measurement; only the ordinary parent update was committed, so the measurement
branch did not alter subsequent trajectory state. The 750 natural states recorded the supervised gradient,
naturally occurring x, unrestricted decrease, method-specific persistent decrease, protected drift and retention
pass. The common stored tolerance was D < 0.005.

5.8 Independent-direction experiment

For each requested nonzero compatibility {0.1,0.25,0.5,0.75}, four independently constructed directions were
generated in each of the three original systems and five seeds. All seven retention budgets and seven proposal
branches were retained. Validation reported 147,000 fixed groups and 588,000 expected and observed frontier
rows. Direction sensitivity was summarized by

R _ SD across directions at fixed & (137)
dir/r = "SD across compatibility levels

At = 0.5, the mean fraction of states whose within-compatibility directional standard deviation was below
the between-compatibility variation was 1.0 in all three systems.

5.9 Multiscale and generality tests

The multiscale experiment retained the original three systems, five seeds, seven methods, six requested
compatibility levels and seven retention budgets. Internal scale coordinates s € {0.05,0.2,0.5,0.9} form a
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logarithmic expansion from the original local intervention to a common peak and are not fractions of a
natural update. Validation reported 882,000 expected and observed frontier rows with all 15 runs complete.
A separate calibration compared update norms with the median unrestricted update norm from natural
states. The ten-seed generality experiment doubled seed trajectories and added a stronger vision transformer;
reported confidence intervals use 100,000 deterministic Monte Carlo bootstrap resamples over seeds.

5.10 Near-zero boundary assessment

Among accepted requested-zero native-AFM rows, 65 had a negative empirical margin M = p — X/-@/ 3: 52
convolutional-network, one vision-transformer and 12 text rows. None of these rows had certification of the
relevant finite curvature or step condition. Numerical verification agreed with the reported compatibility
values to within 1.5883 x 1079 and with the persistent-ratio values exactly. These cases are therefore not
counted as certified theorem violations; Ak/3 is called a theorem-aligned empirical reference when finite
assumptions were not independently certified.

5.11 Fixed-norm bridge

The bridge used the convolutional network and CIFAR-10 vision transformer, ten seeds and 50 preselected
states per seed. Target compatibilities were {0.1,0.25,0.5,0.75} and target update norms were 1%, 10%, 50%
and 100% of the architecture-specific median natural unrestricted update norm. A state-scale condition was
feasible only when all four target-compatibility directions produced positive unrestricted finite progress at
the same target norm. States were preselected independently of the resulting feasibility outcomes.

At fixed norm and direction, finite unrestricted progress is an outcome of the nonlinear loss surface and
is therefore measured rather than constrained to match across compatibility levels. The bridge admission
criterion is that all four target-compatibility directions produce positive unrestricted finite progress at the
prescribed common norm. Under this criterion, 232 state-scale conditions were feasible among 4,000 attempted
conditions. Validation reported maximum compatibility error 9.656 x 10—, maximum relative norm error
3.674 x 1075, 14,848 expected and observed frontier rows, 928 native-AFM rows and no validation failures.

For the 231 feasible vision-transformer states at 1% natural norm, primary bridge slopes were estimated
within state and summarized across ten seeds. Because A is post-intervention in the fixed-norm experiment,
absolute persistent progress Apersistent 1S the primary causal outcome and p is a secondary decomposition. The
231 states were additionally divided into tertiles of within-state Ag coeflicient of variation with boundaries
0.07620 and 0.33483. Regression adjustment for realized Ag is treated only as a sensitivity /decomposition
analysis, not a primary causal estimand.

5.12 Chronological AFM benchmarks

The original AFM evaluation used CORe50, CLEAR-10 and CLAD-C, the chronological object-classification
component of CLAD built from labelled SODA10M imagery.(Han et al., 2021) All compared methods used the
same compact convolutional predictive base and seed-specific initialization. A common representation prefix
was learned and then frozen; thereafter methods operated on the same available head and adapter coordinates
without learner-visible task or boundary identifiers. AFM was evaluated at n € {0.10,0.50,1.00}. Classical
controls included no protection, matched SGD, replay, A-GEM(Chaudhry et al., 2019) and online EWC.
The modern comparison used OCAR, LPR, al-SAR, FGH, CCL-DC and MKD. The common predictive
base, stream, representation-freeze boundary, checkpoints and five seeds were held fixed, but method-native
auxiliary state was retained; the comparison is therefore not an equal-storage or equal-compute study.

Retention R was one minus mean peak-to-final forgetting, clipped to [0,1]. Plasticity P was the mean
prequential online accuracy over the first and last quarters of predeclared adaptation episodes. The primary
family score was origin-referenced hypervolume of non-dominated (R, P) operating points. Raw hypervolume
is protocol-specific and is not interpreted as directly comparable across datasets. Paired five-seed primary
benchmark comparisons used percentile bootstrap intervals; additional five-seed analyses used exact enumera-
tion of all 5° resamples. Full protocol definitions and benchmark result tables are provided in the detailed
evaluation sections below.
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5.13 Statistics

For the original causal analysis, a least-squares slope of p on realized x was computed within each causal
state across the six interventions. Fifty state slopes were averaged within each seed; the five seed means were
the inferential replicates for each system, with two-sided 95% Student-¢ intervals (four degrees of freedom).
Follow-up five-seed suites use the same state-to-seed aggregation. Ten-seed generality and bridge intervals use
a deterministic 100,000-resample seed bootstrap. The bridge feasibility rate is reported over all attempted
states and is not replaced by conditional resampling of successful states. No method-level row count is used
as an independent-sample size.

6 Chronological AFM evaluation and benchmark evidence

6.1 Experimental evaluation

The experiments address three questions: whether the AFM transaction yields a useful retention-plasticity
frontier on real chronological streams, whether that frontier remains competitive against recent continual-
learning methods under a common predictive architecture, and whether the internal execution behaves
consistently with the theorem-aligned quantities. The nonlinear experiments use complete empirical endpoint
checks; they are not presented as outward-rounded pre-step numerical certificates of the full nonlinear theorem.

6.1.1 Datasets, architecture, and protocol

We evaluate on CORe50 (Lomonaco & Maltoni, 2017), CLEAR-10 (Lin et al., 2021), and CLAD-C (Verwimp
et al., 2023), the chronological object-classification component of CLAD built from labeled SODA10M imagery
(Han et al., 2021). Table 28 summarizes the frozen protocols. All methods use the same compact convolutional
predictive base and seed-specific initialization. A common representation prefix is learned and then frozen;
after that boundary, all methods operate on the same available head and adapter coordinates. No method
receives task or boundary identifiers, and no challenger receives an external pretrained representation in the
controlled comparison.

AFM is evaluated at the predeclared coordinates n € {0.10,0.50,1.00}. The classical comparison matrix
includes the genuine no-protection counterpart, matched SGD, experience replay (Rolnick et al., 2019),
A-GEM (Chaudhry et al., 2019), online EWC, and a task-aware oracle EWC reference (Kirkpatrick et al.,
2017). Five paired seeds are used throughout. Benchmark protocol specification and the separation between
exploratory and confirmatory runs are documented in Section 6.2.

6.1.2 Metrics and primary analysis

For semantic regime 7, let A;, denote checkpoint-j accuracy, with i(r) its introduction checkpoint and e(r)
its final valid checkpoint. Forgetting and backward transfer are

Fy»: max A _Aer rs BWT :Aer T_Air - 138
ir<i<e) T A, r = e, (), (138)

The retention score is
1
R = clip (1 — > F,.0, 1) . (139)
| ‘ reR

Plasticity P is the mean online accuracy over the first and last quarters of the predeclared adaptation
episodes. Online accuracy is prequential: for each incoming minibatch, predictions and minibatch accuracy
are recorded before that minibatch is used for the learning update. The same prediction-before-update
ordering is used during the initial representation-learning prefix. The primary score for a method family is
the origin-referenced area dominated by its non-dominated (R, P) operating points,

HV(Q) = 1 U [0.RIx[0,P]]|. (140)
(R,P)END(Q)
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Table 28: Experimental protocols. All learners receive labels for supervised updates but no task, session,
episode, bucket, segment, intervention, or boundary identifiers.

CORe50 CLEAR-10 CLAD-C
Dataset Official 128 x 128 COReb0  Official CLEAR-10 CLAD-C chronological
structure stream Lomonaco & imagery Lin et al. (2021); object

Learner stream

Maltoni (2017); 10 classes
and 12 predeclared
episodes covering new
contexts, recurrence,
long-dormancy return, an
explicit 0 «> 1 target
conflict, gradual visual
drift, and capacity
pressure.

Batch size 32;
task/session/episode
metadata withheld;
evaluator-only semantic
regimes and validity
intervals.

11 labels including
background, 10
chronological supervised
buckets, and natural
temporal drift.

32960 learner examples,
3296 per bucket, batch size
32, 1030 updates; bucket
and period metadata
withheld.

classification Verwimp et al.
(2023) on labeled
SODA10M Han et al.
(2021); 6 classes and 6
official chronological
training segments. Only
labeled object crops are
used: no SODA10M
unlabeled pretraining, no
CLAD-D, and no external
pretrained backbone.
22249 official object crops
in six preserved segments
with item counts 5157,
1154, 6742, 2560, 4517 and
2119; maximum batch size
10 with partial boundary
batches retained. Segment
metadata and original
labels remain
evaluator-only.

Representation 20 batches / 640 images, Complete first supervised Complete first official
prefix then backbone freeze. episode: 103 batches / training segment: 516
3296 images, then batches / 5157 crops, then
backbone freeze. Optional  backbone freeze.
unlabeled bucket-0
pretraining is not used.

Candidate 256 routed examples, 20 256 routed examples, 100 256 routed examples, 100

fitting fixed epochs, validation fixed epochs, validation fixed epochs, validation
horizon 2048, risk horizon 4096, risk horizon 4096, risk
threshold 0.7. threshold 0.7. threshold 0.7.

Evaluation Checkpoint matrix over Checkpoint at every bucket Checkpoint after every
active semantic regimes; boundary; 1137 validation  official training segment;
held-out test and complete and 4363 held-out test the official data loader
original-semantics examples from supervised yields 32967 validation and
evaluator. buckets 1-10; next-bucket 46915 held-out test object

evaluation for near-future Crops.
accuracy.
Matrix 17 variants per seed and 5 seeds: 85 jobs per dataset, 255 jobs total across the three

frozen matrices.

Raw hypervolume is protocol-specific and is not interpreted as directly comparable across datasets. The paired
primary statistic is the within-dataset difference between AFM and the strongest eligible non-oracle family.
For the original five-seed primary comparisons, 95% confidence intervals are paired percentile-bootstrap
intervals over the five seedwise AFM-minus-comparator differences. We use 20,000 resamples with fixed RNG
seed 20260729; each resample draws five paired differences with replacement and recomputes their mean, and
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Table 29: Primary paired retention-plasticity hypervolume results across five seeds. Confidence intervals are
paired across seeds; relative improvement is normalized by the comparator mean.

Dataset Comparator AFM HV Comparator HV Mean A 95% CI Wins Relative
CORe50 No protection 0.2478 0.2388 +0.0090 [0.0059, 0.0126] 5/5  3.76%
CLEAR-10 No protection 0.3807 0.3740 +0.0068 [0.0053, 0.0082] 5/5 1.81%
CLAD-C A-GEM 0.5129 0.5019 +0.0110 [0.0054, 0.0166] 5/5 2.20%

Table 30: Five-seed mean family hypervolume for AFM and the classical comparison families. Oracle EWC
receives task information and is reported only as a task-aware reference.

Family CORe50 CLEAR-10 CLAD-C
AFM 0.2478 0.3807 0.5129
No protection 0.2388 0.3740 0.4872
Matched SGD 0.2031 0.3596 0.4714
Replay 0.1839 0.3503 0.4797
A-GEM 0.1845 0.3521 0.5019
Online EWC 0.1829 0.3511 0.4834
Oracle EWC 0.1823 0.3506 0.4478

the interval endpoints are the 2.5% and 97.5% order-statistic positions. For subsequent five-seed ablation and
modern-comparison analyses, the paired bootstrap is evaluated exactly by enumerating all 5° = 3125 possible
resamples and taking the 2.5th and 97.5th percentiles with linear interpolation.

6.1.3 Classical comparison

Table 29 reports the confirmatory primary comparison. AFM exceeds the strongest eligible non-oracle family
on every paired seed in all three protocols. The five-seed mean hypervolumes are 0.248 on CORe50, 0.381 on
CLEAR-10, and 0.513 on CLAD-C. The corresponding paired mean advantages are approximately 0.0090,
0.0068, and 0.0110, and each paired confidence interval remains above zero.

Table 30 places the result in the complete classical comparison matrix. No protection is the strongest classical
non-oracle family on CORe50 and CLEAR-10, while A-GEM is the strongest on CLAD-C. The task-aware
oracle EWC reference is not eligible for the primary non-oracle comparison.

AFM is a frontier rather than a single fixed operating point. Table 31 shows the expected movement from
stronger preservation at 7 = 0.10 toward greater acquisition at 7 = 1.00. On CLEAR-10, all three coordinates
reduce forgetting relative to no protection while maintaining similar plasticity. On CLAD-C, the conservative
coordinate substantially reduces forgetting and improves final-test accuracy, whereas the full-assimilation
coordinate approaches unrestricted acquisition and exhibits more peak-to-final forgetting. That reversal is
examined at class level in Section 6.2.

6.1.4 Comparison with modern continual-learning methods

The modern comparison includes OCAR (Urettini & Carta, 2025), LPR (Yoo et al., 2024), aL-SAR (Seo
et al., 2025), FGH (Michel et al., 2026), CCL-DC (Wang et al., 2024), and MKD (Michel et al., 2024). These
methods span curvature-aware replay, layerwise proximal replay, adaptive freezing and retrieval, learned
hypergradient reweighting, collaborative distillation, and momentum-teacher distillation. Each challenger
uses one frozen operating configuration. The challengers are not themselves defined by a common predeclared
three-point retention-plasticity coordinate analogous to AFM’s n; accordingly, the comparison uses their
frozen method-native operating configurations rather than constructing method-specific sweeps over unrelated
tuning axes solely to equalize frontier cardinality. The common predictive base, learner-visible chronological
stream, representation-freeze rule, checkpoints, and seeds are held fixed. Method-native auxiliary state is
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Table 31: Five-seed mean operating points. Fgt. denotes mean forgetting, BWT backward transfer, Test
held-out final-test accuracy, Online chronological stream accuracy, and NF CLEAR-10 next-bucket accuracy.

Dataset Point R P Fgt.l, BWTY Test? Onlinet NF?t
CORe50 AFM 0.10 0.9648  0.2088  0.0352 -0.0186  0.2291 0.2125 -
CORe50 AFM 0.50 0.9185  0.2458  0.0815 -0.0658  0.2362 0.2594 -
CORe50 AFM 1.00 0.9020  0.2595  0.0980 -0.0842 0.2398 0.2764 -
CORe50 No protection  0.8866 0.2693  0.1134 -0.0991  0.2341 0.2866 -
CLEAR-10 AFM 0.10 0.9933 0.3750 0.0067 0.0056 0.3412 0.3753  0.3263
CLEAR-10 AFM 0.50 0.9828 0.3793  0.0172 -0.0013 0.3417  0.3799  0.3309
CLEAR-10 AFM 1.00 0.9768 0.3834  0.0232 -0.0065 0.3386 0.3835  0.3329
CLEAR-10 No protection  0.9756  0.3834  0.0244 -0.0073  0.3376 0.3834 0.3338
CLAD-C AFM 0.10 0.8534 0.5706 0.1466 -0.0081 0.5732 0.5713 -
CLAD-C AFM 0.50 0.7915 0.5874  0.2085  0.0293  0.5440 0.6025 -
CLAD-C AFM 1.00 0.7433  0.6040  0.2567 0.0382  0.5457  0.6155 -

CLAD-C No protection ~ 0.7685 0.6341  0.2315 0.0370  0.5497 0.6409 -

Table 32: Five-seed mean retention-plasticity hypervolume for AFM and six modern challengers. AFM
contributes its predeclared three-point frontier; each challenger contributes the RP area of its fixed operating
configuration.

Dataset AFM HV CCL-DCHV MKDHV FGHHV al-SARHV LPRHV OCAR HV

CORe50 0.2478 0.2016 0.1799 0.2546 0.1801 0.1640 0.1436
CLEAR-10 0.3807 0.3731 0.3513 0.3773 0.3572 0.3485 0.3164
CLAD-C 0.5129 0.4921 0.4931 0.3058 0.3296 0.4694 0.3747

retained rather than removed: for example, CCL-DC keeps its second learner and replay state, and MKD
keeps its EMA teacher and replay state. The comparison is therefore controlled for the predictive base and
information interface, but it is not described as equal-storage or equal-compute. Detailed compatibility
decisions are reported in Section 6.2.

Table 32 gives the dataset-level primary scores. These values compare AFM’s declared operating family with
the challengers’ frozen method-native configurations; they are not estimates of the challengers’ complete
achievable hypervolumes under arbitrary hyperparameter sweeps. AFM has the highest mean primary score
on CLEAR-10 and CLAD-C. FGH is the sole dataset-level mean reversal, exceeding AFM on CORe50 by
about 2.8% while operating at a more acquisitive point with lower retention and greater forgetting than every
AFM coordinate. AFM exceeds FGH slightly on CLEAR-10 and substantially on CLAD-C.

For a compact description of conventional metrics, one AFM coordinate is selected per dataset using AFM’s
own five-seed mean final-test accuracy, independently of challenger identity: n = 1.00 on CORe50, n = 0.50
on CLEAR-10, and 7 = 0.10 on CLAD-C. Table 33 shows the equal-weighted descriptive summary. AFM
has the highest aggregate plasticity, online accuracy, and primary score; CCL-DC has the highest final-test
accuracy, OCAR the highest retention and lowest forgetting, and al.-SAR the highest mean BWT. The
comparison therefore does not support a claim that AFM maximizes every scalar metric. Its advantage is a
stronger joint acquisition-retention profile.

Table 34 quantifies that trade-off against each challenger. The closest aggregate primary challenger is CCL-DC:
AFM is about 7.0% higher in the descriptive primary score, with about 4.7% greater plasticity and 3.5%
higher online accuracy, while CCL-DC retains higher mean retention and final-test accuracy. Against the
six-challenger mean, AFM has a 19.9% higher primary score, together with higher plasticity, online accuracy,
and final-test accuracy, but lower mean retention.
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Table 33: Equal-weighted descriptive summary of conventional metrics across the three datasets. AFM uses
the coordinate with highest AFM five-seed mean final-test accuracy on each dataset; the Primary column
remains the mean of the declared benchmark-level primary scores.

Method RT P17 Fgt.l BWT1 Onlinet Test? Primaryt
AFM 0.9127 0.4031 0.0873 -0.0312 0.4092 0.3849 0.3805
CCL-DC  0.9424 0.3850 0.0576  0.0081 0.3955 0.3950 0.3556
MKD 0.9634 0.3604  0.0366  0.0175 0.3714  0.3916 0.3414
LPR 0.9538  0.3512  0.0462  0.0202 0.3634  0.3799 0.3273
FGH 0.8716  0.3592  0.1284 -0.0215 0.3816  0.3591 0.3126

al-SAR 0.9625  0.3018  0.0375 0.0343 0.3277  0.2934 0.2890
OCAR 0.9952  0.2799 0.0048  0.0050 0.3041  0.2791 0.2782

Table 34: AFM gain or loss relative to each modern challenger in the equal-weighted descriptive summary. R,
P, Online, Test, and Primary are relative changes; Fgt. and BWT are AFM-minus-challenger percentage-point
differences.

Comparison AR AP AFgt. ABWT  AOaline ATest APrimary
AFM vs CCL-DC -3.14%  +4.72% 4296 pp -3.93pp  +3.46% -2.55%  +7.01%
AFM vs MKD -5.26% +11.86% +5.07pp -4.87pp +10.19% -1.70%  4+11.44%
AFM vs LPR -4.31% +14.80% +4.11pp -5.14pp +12.62% +1.32% +16.26%
AFM vs FGH +4.72% +12.24%  -412pp -097pp +7.22% 4+719% +21.73%
AFM vs al-SAR -5.17% +33.58% +4.98 pp -6.55pp +24.88% +31.20% +31.67%
AFM vs OCAR -8.29% +44.00% +825pp -3.62pp +34.54% +37.93% +36.76%

AFM vs mean of six challengers  -3.74% +18.72% +3.54pp -4.18pp +14.53% +10.08% +19.90%

Contemporary methods outside the common-architecture comparison. The primary comparison
is designed to isolate differences in continual-learning strategy while holding the predictive architecture,
representation source, and learner-visible stream fixed. We therefore distinguish between methods that can be
instantiated on the common compact network without removing their defining mechanism and methods whose
contribution is intrinsically coupled to a different architecture, pretrained representation, or method-specific
structural capacity. The latter remain important scientific comparators, but including them in the same
numerical table would change more than the continual-learning rule itself.

DEMD is a task-free method that represents past experience through a dynamic memory distribution whose
structure is expanded, augmented, and reduced as streaming novelty changes (Ye & Bors, 2025). AdaLin
addresses a different aspect of the stability-plasticity problem by adaptively controlling neuronal linearity
to maintain useful gradient propagation during continual learning (Rohani et al., 2026). Both methods
were considered for direct empirical comparison. However, when the experimental protocol was frozen, a
reproducible authors’ implementation suitable for integration into the controlled same-network evaluation was
not available for either method. Their published experiments also use datasets and evaluation protocols that
are not directly commensurate with the CORe50, CLEAR-10, and CLAD-C streams used here. Importing
their reported accuracies would therefore mix results obtained under different architectures, data streams,
tuning procedures, and evaluation rules, while an independent reimplementation would introduce an additional
implementation variable into an otherwise controlled comparison. We consequently discuss DEMD and
AdalLin as relevant contemporary approaches but do not assign them numerical entries in the primary table.

SinglePrompt is excluded for a different reason. Its task-free adaptation mechanism places learned prompts
inside Transformer self-attention blocks (Park et al., 2026). The common predictor used in our controlled
comparison is a compact convolutional network with residual adapter capacity and contains no self-attention
blocks in which the SinglePrompt mechanism can be instantiated. Adding a Transformer solely for this
comparator would replace the shared predictive architecture and alter both parameterization and representation
geometry. Conversely, replacing SinglePrompt’s prompt mechanism by an adapter compatible with the
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common network would no longer constitute an evaluation of the published method. We therefore regard
SinglePrompt as a relevant task-free architectural alternative rather than a valid member of the same-base
numerical comparison.

Online-LoRA likewise relies on assumptions that conflict directly with the frozen experimental interface. The
method performs online low-rank adaptation of an externally pretrained Vision Transformer (Wei et al., 2025).
External pretrained representations are deliberately excluded from the primary protocol: every evaluated
method receives the same representation learned from the declared learner-visible prefix before the backbone
is frozen. Supplying a pretrained Vision Transformer only to Online-LoRA would therefore change both
the initial representation and the model architecture, whereas removing the pretrained Transformer would
remove a defining component of the published method. Its reported results are consequently not numerically
combined with the common-network comparison.

The remaining structural methods also change the learner in ways that cannot be separated cleanly from
their continual-learning mechanisms. SERENA creates and freezes specialized concept cells within an over-
parameterized architecture (Yildirim et al., 2026); hence its stability mechanism is tied to method-specific
structural capacity rather than to an update rule that can be applied unchanged to the common predictor.
EG-CNN makes continual evolution of its feature extraction, refinement, and classification components part
of the learning process itself (Leite, 2026). Evaluating EG-CNN on the fixed common architecture would
therefore suppress the structural evolution that defines the method, while permitting that evolution would
break the architecture-matched control.

S6MOD augments the learner with an additional state-space-model branch and class-conditional routing
after the backbone (Liu et al., 2025). These components introduce both additional adaptive capacity and a
different routing mechanism, so a comparison against the unchanged common network would conflate the
continual-learning strategy with an architectural expansion. Dual-Arch makes this distinction still more
explicit by assigning stability and plasticity to separate lightweight networks with different functional roles (Lu
et al., 2025). Collapsing the method into the single common predictor would remove its defining dual-network
construction; retaining both networks would instead compare different model systems and different adaptive
capacities.

For these reasons, SinglePrompt, Online-LoRA, SERENA, EG-CNN, S6MOD, and Dual-Arch are not omitted
because they are considered less relevant or less competitive. They answer the stability-plasticity problem
partly through architectural or representation choices that lie outside the controlled question addressed by the
primary experiment: how different continual-learning rules behave when the underlying predictive network,
representation source, learner-visible information, and chronological stream are held fixed. Their proper
empirical assessment would require a separate architecture- and resource-aware comparison in which model
capacity, pretraining, computational cost, and auxiliary state are treated as experimental variables rather
than held constant.

6.1.5 Ablation and theorem-aligned execution evidence

The main ablation asks whether the joint AFM transaction improves on a persistent protected base update
alone. Table 35 reports the paired CORe50 result at n = 0.50. Full AFM improves the single-point R x P
score by about 18.6% relative to both base-only variants, with positive paired intervals. In contrast, collapsing
the multiscale trace bank to one timescale produces essentially the same aggregate score at this operating
point. The latter result does not invalidate the multiscale theorem; it shows that this particular CORe50
coordinate does not empirically require the full timescale bank. Complete conventional metrics for the
ablation are given in Section 6.3.

Table 36 summarizes the execution-level checks over all protected AFM coordinates. Across the three datasets,
accepted finite restorations keep the maximum endpoint error below 10~¢. The minimum deployed progress
ratio remains extremely close to one, and the realized persistent-base progress ratio exceeds the analytic
lower bound on every accepted protected update examined. The near-one deployed ratio verifies execution
of the finite endpoint-completion mechanism; it is not interpreted as evidence of population retention away
from the finite shield support. The high precision in this table is retained because the numerical margins
themselves are the object being audited.
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Table 35: Paired five-seed CORe50 R x P ablation results. Differences are full AFM at n = 0.50 minus the
indicated ablation.

Ablation Full AFM Ablation Mean A 95% CI Wins Relative gain
Base-only, finite normalized 0.2257 0.1903 +0.0354 [+0.0276,-+0.0445] 5/5 +18.61%
budget
Base-only, fixed-absolute 0.2257  0.1903 +0.0354 [+0.0266,-+0.0446] 5/5 +18.59%
budget
Single-timescale AFM 0.2257  0.2257 +40.0000 [-0.0008,4+0.0005] 4/5 +0.01%

Table 36: Execution-level mechanism audit over the three protected AFM coordinates and five seeds on each
real-world benchmark. The analytic margin is the minimum realized persistent-base progress ratio minus the
theorem lower bound.

Dataset Runs Certs Commits Protected nonzero Exact restore accepted/attempts Max endpoint error Min deployed ratio Min analytic margin
CORe50 15 90 90 8621 8636/8829 4.768 x 1077 0.99999494 +2.107 x 1073
CLEAR-10 15 99 99 10416 10431/10494 9.537 x 1077 0.99999718 +2.940 x 1072
CLAD-C 15 488 488 22917 22932/24980 9.537 x 1077 0.99993644 +1.378 x 1074

Component-level computational cost. The present AFM implementation has substantial wall-clock
overhead: median runtime is approximately 35x matched SGD on CORe50, 15x on CLEAR-10, and 184 on
CLAD-C. To identify the source of this cost, we instrumented the existing implementation without changing
the learning rule, frozen hyperparameters, data streams, or operating-point selection. Profiling used the
independently selected conventional-metric operating points, 7 = 1.0 on CORe50, n = 0.5 on CLEAR-10, and
7 = 0.1 on CLAD-C, over the same five frozen seeds used elsewhere in the study. For each profiled operation
we recorded its accumulated host-observed elapsed time, invocation count, and per-invocation duration, while
recording CUDA-event elapsed time separately. The default profiling mode deliberately avoids per-region
CUDA synchronization to limit instrumentation-induced perturbation.

Table 37 shows that the host-observed execution cost is highly concentrated. The component-wise median
shares of protection geometry, finite counterfactual completion, and endpoint verification sum to 94.82%
on CORe50, 91.70% on CLEAR-10, and 95.78% on CLAD-C. Ordinary learning accounts for only 0.36%,
0.44%, and 0.24%, respectively, while construction and evaluation of the same-state no-protection comparator
accounts for 0.52%, 0.27%, and 0.25%. The host-timing decomposition is therefore concentrated in constructing
and verifying protected executable updates rather than in the ordinary forward/backward regions or the
counterfactual-comparator region. Because CUDA execution is asynchronous in this profiling mode, these
component shares characterize host-observed execution time and are not interpreted as a synchronized
decomposition of device execution time.

The dominant category varies with the stream. Protection geometry is largest on CORe50 at 37.33% and on
CLAD-C at 42.06%, whereas endpoint verification dominates CLEAR-10 at 52.68%. Finite counterfactual
completion remains substantial on all three datasets, accounting for 25.95%, 22.90%, and 28.55%, respectively.
The operation-level CLAD-C decomposition in Section 6.3 separates these costs into invocation frequency
and per-call duration and identifies the principal implementation-level bottlenecks.

6.1.6 Empirical scope and limitations

The empirical evidence supports a restricted claim. AFM yields a positive paired frontier advantage over
the strongest tested classical non-oracle family on all five seeds of each frozen protocol, and its primary
performance remains competitive or superior across six recent challengers under the common predictive-
base interface. The evaluated neural protocols learn a common representation prefix and then freeze that
representation, so the empirical results establish continual adaptation over the shared learned representation
rather than unrestricted end-to-end continual representation learning. The experiments do not establish
universal empirical dominance or strict outward numerical certification of the nonlinear theorem.
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Table 37: Component-level host-timing decomposition of AFM at the independently selected operating
points. Entries are median percentages across the five frozen seeds. Profiling uses low-perturbation host
timers without per-region CUDA synchronization; CUDA-event timing is recorded separately. Because each
component is summarized independently, columns need not sum exactly to 100%.

Component CORe50 CLEAR-10 CLAD-C
Ordinary learning 0.36% 0.44% 0.24%
Same-state no-protection comparator 0.52% 0.27% 0.25%
Protection geometry 37.33% 16.12%  42.06%
Candidate machinery 1.94% 2.17% 2.00%
Finite counterfactual completion 25.95% 22.90% 28.55%
Endpoint verification 31.54% 52.68% 25.17%
Routing/metaplastic/control 1.05% 1.77% 0.88%
Other/unattributed 1.87% 3.48% 1.39%

Two limitations are particularly informative. First, all protected CLAD-C runs report insufficient signature
calibration for a positive route-identification conclusion, so CLAD-C supports the assimilation, restoration,
transfer, and finite-protection mechanisms but not a positive routing claim. Second, the CLAD-C full-
assimilation forgetting increase is concentrated in Pedestrian and reflects a population-level collapse that
also occurs in the no-protection learner after a Pedestrian-free chronological interval. Exact finite Pedestrian
evidence can remain protected while held-out population accuracy collapses. The classwise analysis and an
inverse-frequency diagnostic are reported in Section 6.2.

6.2 Complete experimental results and protocol details
6.2.1 Benchmark protocol specification and analysis separation

All reported five-seed benchmark results use protocols fixed before analysis of the corresponding benchmark
outcomes. For CLEAR-10, protocol-development diagnostics conducted before the five-seed evaluation
determined the shared representation prefix and candidate-fitting budget using candidate-side fitting and
activation behaviour only; held-out test accuracy and hypervolume were not used. The resulting protocol uses
the complete first supervised chronological episode as the shared representation prefix and 100 candidate-fitting
epochs. Protocol-development runs are excluded from all reported five-seed benchmark summaries. The risk
threshold, counterfactual comparator, normalized assimilation rule, and finite restoration construction follow
the specification given in this paper.

For CLAD-C, the study uses the chronological object-classification stream defined by CLAD (Verwimp
et al., 2023) over labeled SODA10M data (Han et al., 2021). Ounly labeled bounding-box crops are used;
unlabeled pretraining and the detection task are excluded. The official loader version used here yields 22,249
training crops, 32,967 validation crops, and 46,915 test crops; these are the exact cardinalities used in the
reported experiments. The official ordering is preserved, and examples are not moved or discarded to match
cardinalities from earlier benchmark releases. Segment identity and original-label side information remain
evaluator-only. Loader and frontier integrity checks use a separate development seed that is excluded from all
reported five-seed results; no CLAD-C test score or exploratory classwise diagnostic is used to tune AFM.

Finite-shield support and guards. The finite shield uses the predeclared compact-address support
construction of Section 2.5. The replay envelope g, was fixed at 108, the support multiplier was fixed
at k = 4, and the label-free guard bank was bounded by Qu.x = 640 addresses. These quantities are
shield support parameters rather than task-routing thresholds. Conditional on an accepted transaction, the
requested value at each constraint center is reproduced exactly; changing the support parameters does not
define an approximate center-matching tolerance. Instead, they determine the spatial extent of the finite
residual and whether the required center-center and center-guard separation conditions are satisfied, thereby
affecting acceptance or obstruction of a shield transaction.
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Table 38: Per-seed hypervolume for AFM and the strongest non-oracle comparator within each protocol.
Hypervolume magnitudes are not compared across datasets.

Seed CORe50 AFM  CORe50 no-prot. A CLEAR AFM CLEAR no-prot. A CLAD AFM CLAD A-GEM A
11 0.2481 0.2403 +0.0078 0.3852 0.3763 +0.0089 0.5065 0.4961 +0.0104
29 0.2281 0.2205 +0.0076 0.3693 0.3652 +0.0041 0.5001 0.4951 +0.0051
47 0.2520 0.2371 +0.0149 0.3836 0.3778 +0.0058 0.5231 0.5198 +0.0033
71 0.2621 0.2586 +0.0036 0.3752 0.3684 +0.0069 0.5216 0.5010 +0.0207

101 0.2489 0.2377 +0.0111 0.3903 0.3822 +0.0081 0.5133 0.4977 +0.0156

Table 39: AFM operating-point trade-offs relative to no protection. Test differences are percentage points;
positive values favor AFM.

Dataset Coordinate Forgetting reduction Relative reduction Test difference
CORe50 0.10 0.0783 69.00% -0.499
CORe50 0.50 0.0319 28.12% +0.205
CORe50 1.00 0.0154 13.59% +0.565
CLEAR-10 0.10 0.0177 72.66% +0.358
CLEAR-10 0.50 0.0072 29.42% +0.408
CLEAR-10 1.00 0.0012 5.06% +0.101
CLAD-C 0.10 0.0850 36.70% +2.356
CLAD-C 0.50 0.0231 9.96% -0.569
CLAD-C 1.00 -0.0252 -10.87% -0.394

6.2.2 Classical seedwise results and operating-point trade-offs

Table 38 gives the paired seedwise comparison underlying the classical primary analysis. The sign of the
difference is positive for every seed in all three protocols.

Table 39 expresses the operating-point trade-offs relative to no protection. The conservative AFM coordinate
strongly reduces forgetting on all three datasets. Higher 7 shifts the frontier toward acquisition, as intended.

For CLEAR-10 at n = 0.50, the paired 95% interval for the final-test difference relative to no protection is
approximately [+0.11, 40.77] percentage points. This interval is computed by exact paired bootstrap over the
five seedwise AFM-minus-no-protection final-test differences: all 5> = 3125 resamples with replacement are
enumerated, each replicate is the mean of five resampled paired differences, and the 2.5% and 97.5% order-
statistic endpoints are used without percentile interpolation. Next-bucket accuracy is about 0.29 percentage
points lower. Thus the balanced coordinate improves retained/final performance without dominating the
unrestricted trajectory on every temporal generalization metric. On CLAD-C, A-GEM with memory 32
attains lower mean forgetting than AFM n = 0.10 but also lower plasticity; the family hypervolume therefore
evaluates the complete retention-plasticity trade-off rather than selecting the single lowest-forgetting operating
point.

6.2.3 Modern challenger compatibility

All six modern challengers are run on the same chronological observations, common predictive base,
representation-freeze boundary, checkpoint schedule, and five seeds as AFM. The method-native state
required by each algorithm is retained. OCAR and LPR use replay reservoirs of 128 learner-visible examples.
al.-SAR retains its larger 4000-example memory; CCL-DC and MKD retain 1000-example replay memories
together with, respectively, a second collaborating learner and a complete EMA teacher. Consequently, this
experiment controls architecture and learner-visible information but not total storage or compute.

Only interface adaptations required by the common base are made. OCAR’s curvature preconditioning
and LPR’s proximal preconditioning act on the available affine adapter and classifier coordinates. FGH’s
architecture-agnostic gradient-reweighting and prototype mechanisms are applied to the same trainable path
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Table 40: Frozen configurations used for the six modern challengers. Settings are method-native unless a
shared benchmark value is stated.

Method  Persistent auxiliary Optimization Principal frozen settings
state

OCAR Replay memory, 128  Shared learning rate ~ Curvature/Fisher, damping, and replay rules

examples 1073 retained
LPR Replay memory, 128  Learning rate 0.01 wo = 1, B =1, preconditioner refresh every
examples 100 iterations
alL-SAR  Replay memory, 4000 Adam, 3 x 10~* Update batch 16, online factor 0.015625,
examples unfreeze rate 0.5, temperature 0.125, k = 4,
warm-up 50
FGH Prototype state Adam, 5 x 1073 Hypergradient rate 1, gradient-weight clamp
1000, one online epoch, prototype coefficient 1
CCL-DC  Second learner, AdamW, 5 x 1074, Replay batch 64, one memory iteration,
replay memory 1000  weight decay 104 distillation weight 2, temperature 4
MKD EMA teacher, replay Adam, 5 x 1074 Replay batch 64, distillation weight 5.5,
memory 1000 temperature 4, EMA 0.01, correction interval
10

because its complete published prompt configurations require pretrained Transformer architectures that
would violate the common-base condition (Michel et al., 2026). CCL-DC retains both collaborating peers
and MKD retains the teacher; removing these components would change the methods (Wang et al., 2024;
Michel et al., 2024).

Two compatibility consequences are reported because they affect interpretation. First, al.-SAR’s public
coordinate-sampling rule selects 0.01% of the weights of a layer after integer truncation. On the 4096-weight
adapter matrices used here this gives zero sampled similarity coordinates, so retrieval on those blocks reduces
to the method’s frequency-balancing component. The rule is not altered to improve al-SAR under the
compact architecture (Seo et al., 2025). Second, FGH’s prototype state is indexed by numeric class label. The
CORe50 protocol contains an explicit 0 <+ 1 target conflict, but FGH receives neither the conflict boundary
nor evaluator-side semantic remapping. This preserves the same learner-visible information restriction as

AFM.

All 90 modern-challenger runs completed with valid evaluation records. The frozen configurations are
summarized in Table 40.

Table 41 gives the complete seedwise primary scores. Across the 90 matched seed-dataset-challenger
comparisons, AFM has the higher primary score in 84. At the dataset-mean level it is higher in 17 of
18 pairwise comparisons. Relative to CCL-DC, AFM’s dataset-level mean primary scores are higher by
approximately 22.9%, 2.1%, and 4.2% on CORe50, CLEAR-10, and CLAD-C, respectively. The corresponding
gains over MKD are 37.8%, 8.4%, and 4.0%; over OCAR, 72.6%, 20.3%, and 36.9%; over LPR, 51.1%, 9.3%,
and 9.3%; and over al.-SAR, 37.6%, 6.6%, and 55.6%. FGH is the only dataset-level reversal: it is about
2.8% higher on COReb50, whereas AFM is about 0.9% higher on CLEAR-10 and 67.8% higher on CLAD-C.

Table 42 reports the equal-weighted mean of the three benchmark-level primary scores. It is included only as
a cross-protocol descriptive summary because the raw hypervolume scale is dataset specific.

Table 43 gives the complete conventional metrics for every AFM coordinate and modern challenger. It shows
explicitly that several challengers exceed AFM on individual stability or final-accuracy measures even when
AFM has the stronger joint primary profile.
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Table 41: Per-seed retention-plasticity hypervolume for AFM and the six modern challengers. AFM contributes
its three-point family hypervolume and each challenger its fixed-configuration RP area.

CORe50
Seed AFM CCL-DC MKD FGH aL-SAR LPR OCAR

11 0.2481 0.2004 0.1854 0.2632  0.1875 0.1702 0.1483
29 0.2281 0.1904 0.1739 0.2452  0.1763 0.1618 0.1428
47 0.2520 0.2030 0.1827 0.2520  0.1878 0.1592 0.1345
71 0.2621 0.2030 0.1817 0.2620 0.1729 0.1672 0.1497
101 0.2489 0.2111 0.1758 0.2509  0.1761 0.1616 0.1427

CLEAR-10
Seed AFM CCL-DC MKD FGH alL-SAR LPR OCAR

11 0.3852 0.3698 0.3413 0.3832  0.3573 0.3499 0.3101
29 0.3693 0.3747 0.3492 0.3736  0.3455 0.3379 0.3181
47 0.3836 0.3763 0.3646 0.3847  0.3641 0.3584 0.3303
71 0.3752 0.3639 0.3431 0.3658  0.3558 0.3432 0.3111
101 0.3903 0.3807 0.3582 0.3794  0.3635 0.3531 0.3124

CLAD-C
Seed AFM CCL-DC MKD FGH alL-SAR LPR OCAR

11 0.5065 0.4970 0.4914 0.2995 0.2989 0.4611 0.3499
29 0.5001 0.4960 0.4765 0.3413  0.3136 0.4599 0.3490
47 0.5231 0.5035 0.4974 0.3062 0.3526 0.4826 0.4221
71 0.5216 0.4818 0.4867 0.2905  0.3300 0.4628 0.3419
101 0.5133 0.4820 0.5136 0.2913  0.3526 0.4804 0.4105

Table 42: Equal-weighted mean of the three benchmark-level primary scores. This descriptive summary
complements, but does not replace, the dataset-specific primary analysis.

Method  Equal-weighted three-benchmark primary score

AFM 0.3805
CCL-DC 0.3556
MKD 0.3414
LPR 0.3273
FGH 0.3126
al-SAR 0.2890
OCAR 0.2782

6.2.4 CLAD-C Pedestrian analysis

The full-assimilation coordinate has more peak-to-final forgetting than no protection on CLAD-C. Classwise
checkpoint analysis localizes most of the difference to Pedestrian. As shown in Table 44, AFM 7 = 1.00 reaches
substantially higher Pedestrian accuracy before the third chronological segment, after which both AFM and
no protection collapse to zero held-out Pedestrian accuracy at the same boundary. The corresponding margin
shift is negative for both learners and predictions are taken over by Car or Truck. The larger AFM forgetting
value therefore reflects a higher acquired peak before a collapse shared with the unrestricted learner, not a
collapse unique to AFM.

Finite protection and population performance coexist in a way consistent with the theorem. In individual
seeds, active protected Pedestrian evidence remains present while held-out Pedestrian accuracy falls to zero.
The theorem protects the declared finite evidence, not the complete unseen class distribution.
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Table 43: Five-seed mean conventional continual-learning metrics for AFM and the six modern challengers.
Fgt. denotes forgetting, BWT backward transfer, Test held-out final-test accuracy, and Online chronological
stream accuracy.

Dataset Method RT Pt Fgt.l BWTT Test? Onlinet

COReb50 AFM 0.10 0.9648 0.2088 0.0352 -0.0186 0.2291 0.2125
AFM 0.50 0.9185 0.2458 0.0815 -0.0658 0.2362 0.2594
AFM 1.00 0.9020 0.2595 0.0980 -0.0842 0.2398 0.2764
CCL-DC  0.9756 0.2066 0.0244 0.0339 0.2648 0.2240

MKD 0.9952 0.1808 0.0048 0.0374 0.2415 0.1929
FGH 0.8755 0.2910 0.1245 -0.1088 0.2493 0.3087
al-SAR 0.9862 0.1827 0.0138 0.0392 0.2338 0.1914
LPR 0.9934 0.1651 0.0066 0.0273 0.2091 0.1698

OCAR 0.9991 0.1437 0.0009 0.0023 0.1469 0.1474

CLEAR-10 AFM 0.10 0.9933 0.3750 0.0067  0.0056 0.3412 0.3753
AFM 0.50 0.9828 0.3793 0.0172 -0.0013 0.3417 0.3799
AFM 1.00 0.9768 0.3834 0.0232 -0.0065 0.3386 0.3835
CCL-DC  0.9906 0.3766 0.0094 0.0102 0.3515 0.3769

MKD 0.9931 0.3537 0.0069 0.0106 0.3337 0.3509
FGH 0.9698 0.3891 0.0302 -0.0095 0.3407 0.3911
al-SAR 0.9918 0.3602 0.0082  0.0109 0.3350 0.3586
LPR 0.9969 0.3496 0.0031 0.0167 0.3414 0.3486

OCAR 0.9989 0.3168 0.0011  0.0020 0.3045 0.3173

CLAD-C AFM 0.10 0.8534 0.5706 0.1466 -0.0081 0.5732 0.5713
AFM 0.50 0.7915 0.5874 0.2085 0.0293 0.5440 0.6025
AFM 1.00 0.7433 0.6040 0.2567 0.0382 0.5457 0.6155
CCL-DC  0.8608 0.5716 0.1392 -0.0198 0.5685 0.5856

MKD 0.9020 0.5467 0.0980  0.0044 0.5995 0.5703
FGH 0.7694 0.3974 0.2306  0.0538 0.4872 0.4451
al-SAR 0.9095 0.3625 0.0905 0.0529 0.3113 0.4330
LPR 0.8710 0.5388 0.1290  0.0165 0.5892 0.5717

OCAR 0.9878 0.3793 0.0122  0.0106 0.3857  0.4477

Table 44: Exploratory CLAD-C Pedestrian diagnostic from saved checkpoints, reported as five-seed means
unless stated otherwise. This diagnostic is not part of the primary benchmark analysis, and no retraining is
involved.

Quantity AFM 1 =1.00 No protection
Pedestrian peak accuracy at boundary 2 77.24% 60.34%
Pedestrian accuracy at boundary 3 0.00% 0.00%
Final Pedestrian accuracy 1.58% 1.76%
Pedestrian peak-to-final forgetting 75.66% 58.59%
Mean Pedestrian margin at boundary 2 +0.482 +0.053
Mean Pedestrian margin at boundary 3 -4.202 -5.587
Mean boundary-2-to-3 margin change -4.684 -5.640
Dominant wrong class at boundary 3 Car 3/5; Truck 2/5 Car 5/5

A separate exploratory inverse-frequency diagnostic tested whether aggregate post-prefix class frequency
alone explained the full-assimilation penalty. Four paired seeds completed. The mean excess forgetting of
AFM n = 1.00 over no protection increased from about 0.0269 in the primary benchmark runs to about
0.0837 under inverse-frequency weighting, giving a mean attenuation of approximately —0.0568 with paired
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Table 45: Five-seed mean COReb0 metrics for full AFM at n = 0.50 and the targeted ablations. The final
column is the single-operating-point R x P product, not the AFM family hypervolume.

Method R =) Fgt.] BWT{ Onlinet Testt Rx P17
Full AFM, n=0.50 0.9185 0.2458 0.0815 -0.0658 0.2594 0.2362 0.2257
Base-only, finite normalized budget 0.9984  0.1906 0.0016 -0.0005 0.1885  0.2007 0.1903
Base-only, fixed-absolute budget 0.9977  0.1908  0.0023 -0.0004 0.1886  0.2016 0.1903
Single-timescale AFM 0.9205 0.2452  0.0795 -0.0638  0.2589  0.2354 0.2257

bootstrap interval [—0.1113, —0.0023]. The weighting was itself extreme and degraded both learners. This
result rejects the simple explanation based only on global class counts. It does not establish temporal class
absence as the unique cause; proving that stronger causal claim would require a dedicated reordering or
replay intervention.

6.2.5 Resource accounting

The modern comparison preserves method-native auxiliary state. In particular, CCL-DC carries two complete
learners and replay, while MKD carries the student, a complete EMA teacher, and replay. AFM carries
candidate, projector, metaplastic, event, and finite-shield state. Runtime and memory are therefore interpreted
together with predictive performance rather than normalized away. The present AFM implementation has
substantial runtime overhead, especially on CLAD-C, as reported in the main text.

6.3 Ablations, execution audit, and controlled mechanism tests
6.3.1 Transaction ablation

The component ablation is performed at the predeclared CORe50 coordinate 7 = 0.50. Because the normalized
persistent update and finite residual are coupled inside the transaction, the experiment does not claim to isolate
either component individually. Instead, full AFM is compared with two base-only protected transactions, one
using the normalized finite budget and one using an absolute budget, together with a single-timescale AFM
variant. Table 45 gives the conventional metrics.

The base-only variants obtain near-perfect retention by suppressing acquisition. Relative to the normalized
base-only transaction, full AFM increases plasticity by approximately 0.0551, online accuracy by 0.0708, and
held-out final-test accuracy by 0.0354; the corresponding paired intervals remain positive. The two base-only
budget parameterizations are almost indistinguishable in R x P, so the ablation supports the importance
of completing the deployed AFM transaction beyond the persistent base step, not a claim that one budget
parameterization alone explains the gain. The single-timescale result is nearly identical to full AFM at this
coordinate, indicating that the observed COReb0 aggregate performance is not sensitive to the multiscale
bank in this particular setting. This empirical equivalence does not conflict with the multiscale results
in Section 2.9. Theorems 2.32 and 2.33 establish a worst-case representational separation when temporal
relevance must be represented over a long age range with a broad, approximately scale-free profile; they do
not imply that every finite stream induces such a profile or that the resulting approximation gap must alter
downstream accuracy. A practical multiscale advantage is therefore expected when protected relevance spans
sufficiently separated ages and the resulting allocation decisions are sensitive to those temporal weights. The
present CORe50 coordinate does not provide empirical evidence that this regime is active.

6.3.2 Execution-level audit

Across the 45 protected real-world AFM runs, there are 677 certifications and commits and 41,954 nonzero
protected base updates. Finite restoration is accepted 41,999 times out of 44,303 attempts; failed attempts
are rejected rather than committed. The maximum accepted finite endpoint error remains below 1076 on
every dataset. The minimum realized-minus-requested path-fraction margins are at floating-point roundoff
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Table 46: Invocation frequency and host-observed per-call cost of the principal AFM operations on CLAD-C
at n = 0.1. Values are medians across the five frozen seeds. Host timing uses the low-perturbation profiling
mode without per-region CUDA synchronization; CUDA-event timing is recorded separately. The final
column reports the median share of profiled host-observed elapsed time.

Operation Median calls Median host-observed time/call Host-timing share
Protected-projector construction 1,711 2861.552 ms 37.89%
Compact-cardinal shield construction 1,526 1611.751 ms 20.58%
Safe-base backtracking 1,665 613.933 ms 8.60%
Finite-address preparation 1,665 601.503 ms 8.08%
Protected prestate evaluation 1,711 599.454 ms 8.06%
Protected poststate evaluation 1,664 599.695 ms 8.05%
Frontier evaluation 25,665 16.670 ms 3.46%
Candidate fitting 37 4846.976 ms 1.86%
Sketch update 142 356.499 ms 0.47%
Post-restoration re-evaluation 1,526 28.977 ms 0.39%
Comparator endpoint/backtracking 1,665 15.096 ms 0.24%
Ordinary backward pass 1,711 4.122 ms 0.07%
Ordinary forward pass 1,711 3.930 ms 0.07%

scale, while the persistent-base progress ratio remains above the analytic theorem floor on every accepted
protected update examined.

A tighter finite-smoothness diagnostic is deliberately more aggressive than the analytic theorem bound. On
CLAD-C it exceeds the realized decrease in 11 of 22,932 accepted restoration events, with maximum ratio
discrepancy 3.8 x 10~% and maximum absolute loss-decrease discrepancy 9.1 x 107%. These events do not
violate the analytic lower bound, whose margin stays positive. No corresponding negative tight-diagnostic
events occur on COReb0 or CLEAR-10.

The routing audit also matches the declared information conditions. No protected CORe50 or CLEAR-10 run
reports the calibration obstruction, whereas all protected CLAD-C runs do. The implementation therefore
withholds the positive route-identification conclusion on CLAD-C. No evaluator-side segment information is
introduced.

6.3.3 Runtime bottleneck analysis

The component-level decomposition in Table 37 identifies protection geometry, finite counterfactual completion,
and endpoint verification as the principal runtime categories. CLAD-C provides the clearest operation-level
decomposition because it also has the largest overall runtime overhead. Table 46 therefore separates invocation
frequency from per-call cost for this protocol.

Protected-projector construction is the largest individual component of the CLAD-C host-timing profile,
accounting for 37.89% of measured host-observed time. It combines a median of 1,711 invocations with an
approximately 2.862s host-observed duration per invocation. Compact-cardinal shield construction is the
second largest component, accounting for 20.58% across 1,526 median invocations at approximately 1.612s
per call. Safe-base backtracking, finite-address preparation, and protected prestate and poststate evaluations
each account for approximately 8-9% of the host-timing profile.

The invocation analysis distinguishes operations that are individually expensive in the host-timing profile
from operations that dominate aggregate execution. Candidate fitting has the largest median host-observed
duration per invocation among the listed operations, approximately 4.847s, but occurs only 37 times and
therefore contributes 1.86%. Frontier evaluation occurs 25,665 times but has a median host-observed duration
of only 16.67ms per call and contributes 3.46%. Protected-projector construction is therefore the largest
host-visible implementation bottleneck because substantial per-call duration is combined with repeated
invocation.
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Table 47: Controlled AFM mechanism tests on three seeds. These experiments test recurrence, conflict,
route refinement, capacity pressure, and observational indistinguishability rather than external predictive

performance.

Scenario Seeds passed  Structural events Observed behavior

Favourable recurrence 3/3 commits 6/6/6; protected recurrent protected learning
steps 20/13/10 completed

Semantic conflict 3/3 reopenings 2/3/1; splits 0/0/0  conflict handled without an

unsupported route split

Observable shift 3/3 commits 3/3/3; protected observable-shift control
steps 41/27/27 completed

Within-route observable 3/3 splits 1/1/1 positive route splitting

shift exercised on every seed

Capacity pressure 3/3 commits 11/11/11; protected bounded-capacity control
steps 30/18/21 completed

Identical-observation 3/3 commits 3/3/3; protected indistinguishable observations

impossibility

steps 12/8/11

did not induce a false

semantic resolution

These host-timing measurements identify protected-projector construction, compact-cardinal shield con-
struction, finite-address preparation, and protected-state evaluation as the principal host-visible targets for
implementation optimization. Such optimization can focus on reducing repeated construction and reevaluation
costs without changing the same-state comparator, persistent-assimilation rule, or finite endpoint constraints
that define the AFM transaction. The separately recorded CUDA-event timings provide the corresponding
device-side diagnostic.

Profiling validity. The profiling instrumentation does not modify the AFM learning rule, frozen hyperpa-
rameters, prepared streams, or operating-point selection. The default profiler uses low-perturbation host
timing and deliberately avoids per-region CUDA synchronization; CUDA-event elapsed times are recorded
separately. This design reduces synchronization-induced perturbation while requiring the host-region per-
centages to be interpreted as a decomposition of host-observed execution rather than synchronized device
execution. CORe50 and CLEAR-10 reproduce the corresponding unprofiled metrics exactly. CLAD-C uses
the same AFM configuration and byte-identical prepared training and evaluation streams, but its frozen
execution mode is nondeterministic. Independent unprofiled CLAD-C executions with the same nominal seed
and AFM settings likewise produce distinct numerical trajectories. The profiling results therefore characterize
execution of the frozen AFM algorithm rather than reproduction of one particular numerical realization.

6.3.4 Controlled mechanism tests

The controlled experiments exercise recurrence, semantic conflict, observable route change, capacity pressure,
and observational indistinguishability. Table 47 summarizes the results. The within-route observable-shift
condition produces a route split on every seed. Semantic conflict produces reopening but no unsupported split,
and the identical-observation condition remains unresolved, consistent with the absence of learner-observable
distinguishing information.

The transfer-conflict diagnostic did not instantiate the required theorem precondition: no transfer attempt
occurred on any of its three seeds, so the designed zero-dimensional feasible subspace was not exercised. It is
therefore non-informative for the transfer theorem and is reported only to delimit the empirical coverage of
the mechanism tests.

85



Table 48: AFM transaction ablation and execution validation

Retention-plasticity summary

Method R P RxP
Full AFM, n =0.50 0.9185 0.2458 0.2257
Base-only, normalized budget 0.9984 0.1906  0.1903
Base-only, fixed absolute budget 0.9977  0.1908  0.1903
Single-timescale AFM 0.9205 0.2452  0.2257

Forgetting and predictive metrics

Method Forgetting BWT  Online Test

Full AFM, n = 0.50 0.0815 -0.0658 0.2594 0.2362

Base-only, normalized budget 0.0016 -0.0005  0.1885  0.2007

Base-only, fixed absolute budget 0.0023 -0.0004 0.1886  0.2016

Single-timescale AFM 0.0795 -0.0638  0.2589  0.2354

Execution-level quantity across 45 protected benchmark runs Recorded value

Certifications and commits 677

Nonzero protected base updates 41,954

Finite restorations accepted / attempted 41,999 / 44,303

Maximum accepted finite endpoint error < 1075 on every dataset

Accepted protected updates below analytic theorem floor 0

CLAD-C tighter finite-smoothness diagnostic exceedances 11 / 22,932 accepted restoration
events

The ablation uses n = 5 frozen CORe50 seed trajectories at the predeclared n = 0.50 coordinate.
Base-only variants attain near-perfect retention by suppressing acquisition; full AFM increases plasticity,
online accuracy and held-out final-test accuracy. The single-timescale variant is nearly identical on this
particular finite stream, which does not contradict the worst-case multiscale representation theorem.
Failed finite-restoration attempts are rejected rather than committed. Runtime decomposition and
controlled mechanism tests are reported earlier in this section.

7 Discussion

AFM changes the unit at which the stability-plasticity trade-off is quantified. The protected learner is not
compared with a nominal unconstrained direction but with the actual same-state endpoint that the declared
no-protection learner would accept. This creates a meaningful denominator for persistent plasticity. The
resulting guarantee separates the requested assimilation coordinate 7; from the compatibility fraction k;: a
large n; does not imply that an incompatible gradient can be stored persistently, and the theorem exposes
rather than conceals that loss of compatibility.

The second conceptual distinction is between persistent learning and finite functional completion. Exact
restoration of protected outputs and exact reproduction of the current comparator endpoint are useful
deployed properties, but they do not imply that the unrestricted parameter trajectory has been stored.
Outside the finite support of the residual, future behavior is governed by the protected base. This separation
is also what makes the empirical ablation interpretable: a base-only learner can preserve almost everything by
suppressing acquisition, whereas the complete transaction recovers substantially more plasticity and predictive
performance while the finite residual remains distinct from persistent base learning.

The finite/population distinction is equally important. AFM gives exact finite protection for declared evidence
and bounded certificates for broader behavior maps when the corresponding assumptions are available. The
CLAD-C Pedestrian result shows why these claims must remain separate. A finite set of protected Pedestrian
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observations can be preserved exactly while the unseen Pedestrian population is overtaken by classifier
interference. Treating finite interpolation as population retention would therefore overstate the theorem.

Task-free operation also has an information-theoretic boundary. AFM can route exactly under observable
separation and can control false route refinement with separately allocated sequential evidence, but no learner
can identify a semantic distinction that induces the same observation law. AFM therefore withholds the
positive routing claim when observable separation is insufficient and does not use evaluator boundaries as
learner-visible information.

The main practical limitation is computational overhead. The profiling analysis in Table 37 localizes the
host-observed execution cost primarily to protection geometry, finite counterfactual completion, and endpoint
verification rather than ordinary learning or construction of the same-state comparator. The detailed CLAD-C
analysis in Section 6.3 further identifies repeated protected-projector construction and compact-cardinal
shield construction as the two largest individual components of the host-timing profile. These results provide
concrete optimization targets, including reducing redundant projector construction, finite-address preparation,
shield construction, and protected-state reevaluation. Such optimizations must preserve the same-state
comparator and the distinction between persistent learning and finite functional completion. Reducing these
implementation costs while preserving the certified AFM transaction is therefore an important direction
for future work. The bounded-resource theorem concerns structural state and explicit precision, not low
wall-clock cost.

Finally, the convex dynamic-regret specialization and the nonconvex neural experiments have different status.
The former supplies a global tracking statement under a supplied exact convex projection oracle; the latter
are empirical executions of the complete endpoint transaction with numerical verification, not a claim that
the real neural network satisfies all outward-certified convex or interval assumptions. Keeping these levels
separate is necessary for the theorem and experiments to reinforce rather than overstate one another.

These experiments identify functional compatibility as an experimentally controllable property of incoming
learning, not merely a retrospective description of forgetting. The finding reframes the stability-plasticity
problem. A neural state does not offer a single undifferentiated capacity for learning: some incoming functional
changes are more compatible with protected behaviour than others, and learning rules differ in how effectively
they capture that opportunity. This perspective complements replay, regularization, gradient projection
and plasticity-preservation approaches rather than replacing them.(Schwarz et al., 2018; Dohare et al., 2024;
Stork, 2026; Abbes et al., 2026)

The result also defines its own boundary. Compatibility does not determine persistent learning independently
of retention allowance, method or finite curvature; p is not a universal function of k; exact finite output
restoration is not population-level retention; and the present fixed-norm construction does not establish
a four-level causal continuum at ordinary full update magnitude. The near-zero compatibility assessment
similarly showed that 65 negative theorem-aligned empirical margins occurred where the required finite
curvature or step condition had not been certified, rather than constituting certified theorem violations
(Table 16). These qualifications are part of the result: they distinguish a causal local learning geometry from
the nonlinear regime in which that geometry can no longer be realized by the same matched intervention.

Together, the theory, intervention and constructive mechanism support a concise principle: functional
compatibility controls the local persistent-learning frontier, retention constraints determine how much of that
frontier can be used, and nonlinear geometry determines how far it extends. This offers a measurable way to
ask not only how an artificial learner should protect the past, but which components of new learning can
safely become part of its persistent future.
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