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Abstract. We consider the dynamic principal-agent problem under asymmetric information, wherein
a principal sequentially designs contracts to incentivize an agent with unknown preferences and hid-
den actions. A fundamental bottleneck in the existing literature is the assumption of deterministic
agent utility, which renders the principal’s expected utility discontinuous and forces computation-
ally intractable discretizations of the contract space. In this paper, we address this limitation by
introducing a stochastic counterpart into the agent’s utility model, capturing the inherent physical
and behavioral variations in realistic subsystems. We formally prove that this stochastic formula-
tion restores the continuity of the principal’s expected utility. Leveraging this continuous geometric
structure, we formulate the interaction as a structured multi-armed bandit problem subject to het-
eroscedastic noise. We propose a Heteroscedastic GP-UCB algorithm that utilizes a Neural Network
(Arcsin) kernel, chosen to capture the non-stationary, sigmoidal geometry of the utility landscape.
For an m-dimensional compact contract space, we establish a high-probability cumulative regret
bound of O

(√
T (log T )m+1

)
. Finally, we demonstrate the practical efficacy of our theoretical frame-

work by formulating the Vehicle-to-Grid (V2G) incentive design problem, proving its equivalence to a
dynamic principal-agent problem, and showing superior economic performance for grid aggregators.

1. Introduction

We study the classical principal-agent problem [21] in a dynamic setting. The broader significance
of this problem—underscored by the 2016 Nobel Memorial Prize in Economic Sciences [37]—lies
in its ability to model asymmetric information. Specifically, a principal sequentially designs con-
tracts to incentivize a strategic agent whose actions are hidden (unobservable to the principal) but
stochastically govern the task outcome and, consequently, the principal’s payoff. Within the control
community, such incentive design has historically been investigated through the lens of Stackelberg
games [17, 16, 24], addressing applications ranging from demand response [40] to network congestion
[5]. While recent works have made rich theoretical strides in adaptive incentive design [33, 29, 24],
they frequently rely on restrictive assumptions that deviate from the classical setting. For instance,
the approaches in [33] and [24] propose no-regret learning algorithms for dynamic Stackelberg games,
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but fundamentally assume that the leader (principal) can directly observe the follower’s (agent’s)
actions at each round, or that the follower’s utility is linearly parameterized.

In contrast to these idealized assumptions, we preserve the structural integrity of the original
principal-agent problem, specifically the core challenge of the agent’s unobservable actions (known
as moral hazard). To navigate this, we cast the dynamic contract design problem as a structured
multi-armed bandit problem [31, 9]. Bandit frameworks naturally accommodate sequential decision-
making under partial feedback among the principal, the agent, and the environment [2, 42, 39, 27].
Recently, bandit-based algorithms have made foundational contributions to automated contract
design on modern crowdsourcing platforms, such as Amazon Mechanical Turk [15, 14]. Beyond digital
markets, this adaptive framework holds immense potential for decentralized cyber-physical systems,
most notably Vehicle-to-Grid (V2G) technology [26]. V2G enables electric vehicles (EVs) to act as
distributed energy storage, providing critical balancing services to the power grid. However, while
the physical infrastructure is increasingly mature [7], widespread adoption is severely bottlenecked
by misaligned economic incentives and unobservable user costs [36]. Motivated by these research
gaps, we focus on developing computationally efficient algorithms while modeling a principal-agent-
compatible incentive framework for the end users of ‘V2G’ technology.

Formally, in each round t, the principal posts a contract xt ∈ X := [0, 1]m, that specifies an
incentive payment (xt)i for the i-th outcome of the task, with i ∈ [m] := {1, . . .m}. An agent
observes the contract, takes an action a⋆t ∈ A, and the outcome of the task is realized. The
uncoupled utility (or payoff) function of the principal is UP : X × A → R and the utility function
of the agent is UA : X × A → R. We assume the agent is rational and always takes an action that
maximizes its utility UA. For simplicity, dropping the time t as a subscript, we compactly formulate
the problem as

a⋆(x) := argmax
a∈A

UA(x, a), (1a)

x⋆ := argmax
x∈X

{
UPA(x) := UP

(
x, a⋆(x)

)}
, (1b)

where a⋆(x) is the best response of the agent against the contract x, UPA : X → R is the principal’s
utility with embedded best response of the agent, and x⋆ denotes the optimal contract. The main
technical challenge is that the principal does not explicitly know UPA because of the agent’s hidden
action a⋆. Our goal is to learn x⋆ via online random feedback from the principal’s utility UPA.
To quantify the sub-optimality of the principal’s strategy in this sequential interaction, we use the
traditional notion of cumulative regret as

RT := T · UPA(x⋆)−
T∑
t=1

UPA(xt), (2)

where x⋆ is as defined in (1b). We are interested in designing an algorithm to propose a sequence of
{xt}t≤T using the available feedback information from the environment so that we ensure the upper
bound of RT grows sub-linearly in T .
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Principal Agent Environment

Contract:

Random reward: 

Hidden action:

Figure 1. Schematic of principal-agent feedback model (1).

1.1. Related literature

Computational Contract Design. While the principal-agent problem is rooted in economic theory
[19], recent literature has focused on its computational aspects. Authors in [3] establish that com-
puting optimal contracts in combinatorial settings is NP-hard in general. Hence, research shifted
towards identifying robust, simple contract structures, such as linear contracts [11], which provide
approximation guarantees in static environments. However, these works assume that the princi-
pal has full knowledge of the agent’s type and payoff function, an assumption that rarely holds
in practice.

Learning Contracts with Bandit Feedback. In the repeated principal-agent setting, the problem
is modeled as a multi-armed bandit with a finite number of arms. Authors in [15] pioneer this
direction with the Agnostic Zooming algorithm. Their approach relies on adaptively discretizing
the contract space; however, the analysis necessitates strong regularity assumptions, specifically
that contracts are monotone and outcomes satisfy first-order stochastic dominance. Authors in [41]
relaxed these conditions, offering guarantees for general utility functions. More recently, authors
in [4] proposed the Discover and Cover algorithm to address the problem with finite agent actions.
While this approach avoids the geometric assumptions of earlier works, it suffers from the curse of
dimensionality, as the complexity scales exponentially with the number of agent actions.

Continuity of principal’s utility. The principal’s expected utility UPA is inherently discontinuous,
formally characterized by [37] as a piecewise-affine function with sharp transitions. Prior dynamic
algorithms [15, 41] treat this discontinuity as an obstacle that requires inefficient contract-space
discretization. In contrast, our work introduces a stochastic utility framework that smooths out
these discontinuities, enabling the application of kernelized bandits [8] directly in the continuous
domain.

1.2. Contributions

(i) Modeling: Resolving discontinuity of UPA. We identify that the discontinuity of the
principal’s utility UPA, a persistent barrier in dynamic contract design, stems from the ide-
alized assumption of deterministic agent utilities. By incorporating a stochastic counterpart
into the agent’s utility function (capturing unmodeled physical transients and behavioral
fluctuations), we prove that the principal’s expected utility ŨPA becomes continuous over
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its domain (Theorem 3.4). This modeling shift provides a more realistic representation of
the problem and fundamentally resolves the need for the intractable discretization relied
upon by existing state-of-the-art methods [4, 15, 41].

(ii) Algorithm: Sub-linear regret via tailored kernel. Leveraging the continuity result
of ŨPA, we propose the Heteroscedastic GP-UCB algorithm paired with a Neural Network
kernel, specifically chosen to capture the non-stationary, sigmoidal geometry of ŨPA. By
bounding the eigenvalue tail sum of this specific kernel (Proposition 4.4), we establish a for-
mal high-probability regret bound of: P

[
R̃T ≤ O

(√
T (log T )m+1

)]
≥ 1− δ (Theorem 4.5),

where m denotes the dimension of contract space X , and δ > 0 is the confidence level.
(iii) Application: V2G incentive design. Finally, we demonstrate the practical relevance

of our framework by addressing the Vehicle-to-Grid (V2G) incentive design problem. We
formulate a smart-charging scheme where aggregators incentivize electric vehicle owners to
provide ancillary services. We prove (Proposition 5.2) that this complex engineering problem,
governed by stochastic battery dynamics and user preferences, formally reduces to a dynamic
principal-agent formulation.

It is noteworthy to mention that our proposed algorithm overcomes the best-known regret bound of
the prior work [4] (i.e., RT ≤ O(mnT 4/5 log T )) by improving the original principal-agent problem
formulation (i.e., from UPA to ŨPA). We do not claim any improvement on RT for the original
(deterministic) problem formulation. Moreover, while RT of [4] scales exponentially with the number
of actions of the agent (i.e., mn), the regret bound of our work (i.e., R̃T ) entirely eliminates this
exponential dependence on n, where n and m denote the number of actions of the agent and the
number of outcomes, respectively. In a nutshell, our methodology establishes that adopting a more
realistic system model enables a faster learning rate.

2. Principal-Agent Feedback Model

Building on the introduction, we now discuss the principal-agent model’s formulation in detail.
After the agent executes the best response following (1a), an outcome i ∈ [m] of the task is realized.
The value for any outcome i ∈ [m] for the principal is denoted by (v)i ∈ [0, 1] and is known
to the principal. Moreover, the outcome of a task is realized following a conditional probability
distribution defined by the production function p : A → ∆m, where ∆m is the probability simplex
over m outcomes. We define agents’ and principals’ utilities, respectively,

UA(x, a) =
∑
i∈[m]

(x)i pi(a)− c(a), (3a)

UP(x, a) =
∑
i∈[m]

(v − x)i pi(a), (3b)

where pi(a) is the probability of the i-th outcome conditional on action a, and c : A → R denotes
the cost function of taking actions by the agent. As stated previously, a⋆(x) is not observable to the
principal; however, the principal observes the following random reward conditioned on a⋆(x):

y = (v − x)i, with the random index’s law i ∼ p(a⋆(x)). (4)
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A schematic of the principal-agent model described in (1)-(4) is shown in Figure 1. We now discuss
state-of-the-art methods for addressing the principal-agent problem. Furthermore, we analyze the
key technical challenges faced by existing solution approaches.

2.1. State-of-the-art results

Authors in [15] propose an adaptive algorithm called Agnostic Zooming for this problem. Their
algorithm provides the following upper bound on regret: RT (Xcand) ≤ O(α log T )T

m+1
m+2 , where

Xcand ⊂ [0, 1]m represents the set of monotone contracts. In addition, they also assume first order
stochastic dominance of contracts, which makes their regret bound to be less attractive.

Authors in [41] recently proposed an algorithm where they lifted the monotonicity and first order
stochastic dominance assumptions of [15]. They provide the upper bound of the regret in expectation
as RT ≤ O(

√
m log(T )T

2m
2m+1 ). However, their proposed algorithm cannot be implemented in reality.

In fact, one of the steps in their algorithm requires X to be discretized using certain methods from
spherical coding in information theory, which remains an open problem to date (Section 3.1 of [41]).

Recently, Authors in [4] propose an algorithm considering A is finite. They provide a probabilistic
regret bound P

[
RT ≤ O(mnI log(T )T 4/5)

]
≥ 1−δ, where I depends on m,n polynomially, and n is

the number of actions available to agent. Here, the constants deteriorate performance significantly
as m and n increase. This algorithm requires the private parameter n. Apart from the main results
above, the survey [10] presents other weaker results on the computational aspects of contracts.

2.2. Main technical challenges

Assuming A is finite, the authors in [37] establish that the principal’s utility function UPA in
(1b) is a piecewise affine function; it can be discontinuous on the boundary of linear pieces, and
the global optimal contract is on the boundary of a linear piece. Let us first understand why UPA

is discontinuous on its domain with the help of a simple example. Our understanding of the root
cause of this technical challenge will eventually help us to resolve it in later sections.

Assuming A is finite, the utility for an agent is UA(x, a) = 〈x, p(a)〉 − c(a), where a ∈ A :=

{a1, a2, . . . , an}. For a fixed contract x, the objective function UA admits multiple optimizers
only if x lies on an indifference hyperplane between distinct actions ai and aj , defined as Hi,j :={
x ∈ X | UA(x, ai) = UA(x, aj)

}
. Consider a contract x ∈ Hi,j such that the optimal action set

is restricted to the pair {ai, aj}, meaning UA(x, ai) = UA(x, aj) > UA(x, ak) for all k /∈ {i, j}.
If p(ai) 6= p(aj), then the principal’s utility UPA exhibits a discontinuity across the hyperplane
Hi,j . Letting hi,j(x) := UA(x, ai)− UA(x, aj) denote the affine function defining the boundary, the
function UPA takes the following piecewise form in the local neighborhood of x:

UPA(x) = 〈(v − x), p(a⋆(x))〉+

〈(v − x), p(aj)〉, if hi,j(x) < 0,

〈(v − x), p(ai)〉, if hi,j(x) > 0.
(5)
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(a) (b) (c)

Figure 2. (High-low example 2.1) (a) Visualization of UPA. (b) Visualization of the variance of het-
eroscedastic noise σ2

ε . (c) Geometry of ŨPA under the Assumption 3.1.

Note that X is partitioned by at most n(n−1)
2 such discontinuous hyperplanes, corresponding to n

actions of the agent. Let us now construct an instance of the so-called ‘High-low example’ [15] to
empirically visualize the landscape of UPA.

Example 2.1 (High-low case study). The principal posts a contract x ∈ [0, 1]2 with two
outcomes (low and high), and the agent takes action a ∈ {al(low effort), ah(high effort)}
with corresponding private costs c(al), c(ah), respectively. Low and high outcomes bring re-
spective values v = [vl, vh]⊤ to the principal. To empirically construct UPA, we consider
p(al) = [0.9, 0.1], p(ah) = [0.1, 0.9], c(al) = 0, c(ah) = 0.3, and v = [0.1, 0.8]⊤. Then we
discretize [0, 1]2 with (1000 × 1000) data points and sample each data point 1000 times to em-
pirically approximate UPA. Figure 2a illustrates the geometry of the empirically constructed
UPA. The x-axis represents contract (x)1 for low outcome, and the y-axis denotes (x)2 for high
outcome. Unsurprisingly, we find it to be discontinuous between two affine pieces.

The second technical challenge is the decision-variable-dependent randomness in the principal’s
reward structure. At round t, we can rewrite the principal’s reward in (4) in the following form:

yt = (v − xt)i, i ∼ p(a⋆(xt)),

=
∑
j∈[m]

(v − xt)jpj(a
⋆(xt)) + ε(xt) = UPA(xt) + ε(xt), (6)

where ε(xt) is the zero-mean heteroscedastic noise with variance Var[ε(xt)] =
∑

j∈[m] pj(a
⋆(xt))[(v−

xt)j−UPA(xt)]
2. Unlike homoscedastic models, the noise variance here depends on xt and is unknown

to the decision maker. Figure 2b illustrates this input-dependent variance, σ2
ε , for Example 2.1.

3. Main Result I: Resolving Discontinuity of UPA

Due to the aforementioned challenges, the authors in [4, 15, 41] prefer to discretize the contract
space X and deal with a finite number of contracts. Instead, our approach is not to discretize X ,
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but to design algorithms that can work in a continuous contract space, thereby freeing us from the
technicality of upper-bounding the discretization error. In this regard, we first make the following
improvement to the agent’s utility.

Consider an embedding δ : A → Rn, and an Rn-valued random variable w. We define the agent’s
best response by adding a stochastic counterpart to the agent’s utility function, and update the
optimal contract, respectively,

ã⋆(x,w) = argmax
a∈A

{
ŨA(x, a) = UA(x, a) + 〈w, δ(a)〉

}
, (7a)

x̃⋆ = argmax
x∈X

{
ŨPA(x) = Ew[U

P(x, ã⋆(x,w))]
}
, (7b)

while the random feedback observed by the principal

ỹ = (v − x)i, i ∼ q(x), (8)

where qi(x) = Ew [pi(ã
⋆(x,w))] .

Note, the updated production function q(x) encodes the probability of any realization i ∈ [m] by
marginalizing over randomness related to w. Moreover, the regret in (2) is updated as

R̃T = T ŨP∗ −
T∑
t=1

ŨPA(xt), (9)

where ŨP∗ = maxx∈X ŨPA(x).
While the modification in (7a) serves to restore the continuity of the principal’s utility, it fun-

damentally reflects the inherent uncertainty of real-world agent behavior. In [4, 37], agent utilities
are assumed to be static for a fixed x and a. However, in practical settings like a crowdsourcing
market, a worker’s cost (effort) fluctuates due to unobserved latent factors such as fatigue, attention
shifts, or external interruptions. Therefore, for the same contract and action pair (x, a), the agent’s
utility could take different values for different instances of time. By introducing stochasticity into
the agent’s utility function, we effectively treat the principal’s problem as an optimization over the
robust expected behavior of the agent, rather than overfitting to a deterministic model that inherently
fails to capture such physical transients.

Assumption 3.1 (Stochastic regularity). For the stochastic addition in the best response (7a), we
assume the following:

(i) One-to-one embedding: For all a1, a2 ∈ A, there exists a continuous embedding δ : A → Rn

such that δ(a1) 6= δ(a2) if a1 6= a2.
(ii) Full-dimensional support: The random variable w ∈ Rn admits a probability density distri-

bution that is absolutely continuous with respect to Lebesgue measure. In particular, for all
v1 ∈ Rn, v2 ∈ R, the probability of any hyperplane is P [w ∈ Rn | 〈v1, w〉 = v2] = 0 (e.g.,
uniform distribution supported on [0, 1]n).
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Example 3.2 (Embedding). If A is finite, then it suffices to choose the embedding image
(i.e., n = 1) as δ(ai) = (i − 1)/|A|. If A is a continuous set, a straightforward embedding is
the identity map: δ(a) = a. To visualize an example of the proposed modification, consider
UA(x, a) = x − (a4 − 2a2) for x = 0, and Figure 3 depicts how the optimizer a⋆ shifts to ã⋆ as
we add the identity embedding.

a⋆ a

UA(x, a)

a⋆ ã⋆
a

ŨA(x, a)
w = 0.3

Figure 3. Left: The agent’s utility UA(x, a) with optimizer marked at a⋆. Right: The modified utility
ŨA(x, a) := UA(x, a)+ 〈w, a〉 with a realization w = 0.3. Angled pointers clearly distinguish the original
optimizer a⋆ from the newly shifted optimizer ã⋆.

We also assume the following standard property for UA and UP.

Assumption 3.3 (Compact and continuous domain). The agent’s utility UA : X ×A → R and the
uncoupled principal’s utility UP : X ×A → R are continuous on their compact domains X and A.

The above assumptions allows us to characterize the following property of the correspondence
ã⋆(x,w) in (7a) and the principal’s utility ŨPA.

Theorem 3.4 (Continuous principal’s utility). Under Assumptions 3.1 and 3.3, the following holds:

(i) The agent’s best response ã⋆(x,w) in (7a) is a singleton and continuous at any x ∈ X almost
surely, i.e., for any x ∈ X , we have

P
[
w ∈ Ω | ã⋆(x,w) is singleton and ∀an ∈ ã⋆(xn, w), lim

n→∞
an = ã⋆(x,w)

]
= 1. (10)

(ii) The principal’s utility ŨPA defined in (7b) is continuous on its domain.

Proof. The proof is decomposed into two parts:
Part (i). Define the value function

V (x,w) := max
a∈A

{
UA(x, a) + 〈w, δ(a)〉

}
.

Since A is compact and UA is continuous on its domain, V is finite everywhere. Moreover, for a
fixed x, V is convex in w as it is the maximum of a family of affine functions. By an extension result
from Danskin’s theorem [6], we have

∂wV (x,w) = co
{
δ(a) | a ∈ ã⋆(x,w)

}
,
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where ∂wV (x,w) denotes the convex subdifferential of V with respect to w, and co{·} denotes the
convex hull of its input. Consequently, we have

V is differentiable at x and w ⇐⇒ ã⋆(x,w) is a singleton.

From Rademacher’s theorem [12, Section 3.1], we know that if the function V is a finite convex
function on Rn, which is the case here, it is differentiable almost everywhere with respect to Lebesgue
measure. Therefore, the set

N := {w ∈ Rn : ã⋆(x,w) is not a singleton}

has Lebesgue measure zero. Because the distribution of w is absolutely continuous with respect to
Lebesgue measure (following Assumption 3.1), then

P[w ∈ N ] = 0 ⇐⇒ P
[
ã⋆(x,w) is a singleton

]
= 1 (11)

By Assumptions 3.3 and 3.1, (UA(x, a) + 〈w, δ(a)〉) is jointly continuous in x and a, which leads us
to apply the celebrated Berge’s maximum theorem [1, Theorem 17.31] on (7a). And we say that
the correspondence ã⋆(x,w) is upper-hemicontinuous at x. At the same time, we just proved in (11)
that ã⋆(x,w) is unique. Thus, ã⋆(x,w) is continuous on x.

Part (ii). For any x ∈ X , and any convergent sequence of {xn} → x, we have

lim
xn→x

ŨPA(xn) = lim
xn→x

Ew[U
P(xn, ã

⋆(xn, w))] = Ew

[
lim
xn→x

UP(xn, ã
⋆(xn, w))

]
= Ew

[
UP(x, ã⋆(x,w))

]
= ŨPA(x)

where the second equality follows from the Dominated Convergence Theorem [12, Theorem 1.19], as
the function UP is continuous (Assumption 3.3), and hence uniformly bounded over any compact
set. The third equality holds true because of the continuity of ã⋆(x,w) in x as shown in the proof
of part (i). This concludes the proof. □

It is noteworthy to mention that Theorem 3.4 is built using the abstract formulation in (1), which
implies that our result is also applicable to the class of repeated Stackelberg games [24]. Any other
utility structure besides the principal-agent model in (3) will follow Theorem 3.4 as long as the
necessary assumptions are met. To address the technical challenge of input-dependent randomness
in (6), we propose a dedicated algorithm in Section 4.2.

4. Main Result II: Tailored Kernel and Sub-linear Regret

In this section, we focus on designing an algorithm for the principal-agent model given by (3)
and (4). Since the previous work [37] has already established geometric characterizations of the
principal’s utility landscape with finite agent actions, we aim to exploit this to achieve a better
regret rate. To this end, we restrict the complexity of our problem with the following assumption.

Assumption 4.1 (Finite action space). The agent has a finite number of actions, i.e., |A| < ∞.
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By Assumption 4.1, a candidate embedding can be δ(aj) = (j − 1)/|A| for aj ∈ A, which
leads to the agent’s best response ã⋆(x,w) = argmaxaj∈A

{∑
i∈[m](x)i pi(aj)− c(aj) +

w(j−1)
|A|

}
,

and the principal’s utility, ŨPA(x) = Ew

[∑
i∈[m](v− x)i pi(ã

⋆(x,w))
]
. We now visualize ŨPA using

Example 2.1 where |A| = 2. Assuming that w ∼ N (0, σ2
w), Figure 2c shows a continuous ŨPA

as stated in Theorem 3.4. In this regard, we identify two key observations: (1) the surface of
ŨPA consists of flat plateaus and steep transitions (see Figure 2c ), and (2) the variance around
ŨPA is still decision-variable-dependent as given in (6). To address both observations, we consider
stochastic bandits [23] over a continuous domain. While parametric bandits [34] assume linear reward
structures, akin to the simpler theory of linear contracts, we adopt a nonparametric approach using
Gaussian Processes (GPs) to capture the complex structure of the principal’s utility.

A GP over the feasibility set X = [0, 1]m, denoted by GPX (µt(·), k(·, ·)), is a collection of ran-
dom variables (ŨPA(x))x∈X , such that every finite sub-collection of random variables (ŨPA(xi))

n
i=1

is jointly Gaussian with mean µt(xi) = E[ŨPA(xi)] and covariance k(xi, xj) = E[(ŨPA(xi) −
µt(xi))(Ũ

PA(xj) − µt(xj))], 1 ≤ i, j ≤ n, n ∈ N. Algorithms use GPX (0, k(·, ·)) as an initial prior
distribution for the unknown function ŨPA over X , where k(·, ·) is the kernel associated with a
suitable Reproducing Kernel Hilbert Space (RKHS) Hk. Algorithms such as GP-UCB [35], GP-PI
[18], and IGP-UCB [8] leverage GPs by imposing regularity assumptions on the objective function
ŨPA: either (1) ŨPA is a sample from a GP prior, or (2) ŨPA resides in the RKHS Hk of a kernel k.
Given the structured geometry of ŨPA, the agnostic RKHS assumption is theoretically more robust
than assuming the function is a random draw from a GP. Consequently, the focus is to identify a
kernel k whose RKHS Hk naturally models flat plateaus and steep transitions.

4.1. Kernel design

Standard stationary kernels, such as the Gaussian kernel, are ill-suited for this problem as their
reliance on a single, global lengthscale fails to adapt to the heterogeneous geometry of ŨPA. While
the underlying deterministic utility (UPA) exhibits distinct affine segments, our stochastic smoothing
transforms them into a non-stationary landscape characterized by flat plateaus and steep transitions
(Figure 2c). To mimic this structure, we employ the Arcsin kernel (aka Neural Network kernel)
[38, Section 3], which arises as the limit of a single-hidden-layer Bayesian Neural Network with
error function (erf) activation. Unlike stationary kernels, this kernel induces a non-stationary prior
inherently designed to model sigmoidal superpositions. This inductive bias allows it to represent
the soft thresholding behavior and varying local smoothness of the principal’s expected utility.

Consider the input-output mapping of a single-hidden-layer neural network fN : Rn → R with an
activation function ϕ : R → R, defined as

ϕ(z) =
2√
π

∫ z

0
exp (−t2)dt, (12a)

fN (x) =
N∑
i=1

ςiϕ(〈ri, x〉+ bi), (12b)
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Figure 4. Representative function of ŨPA, which is built with Neural Network kernel using kernel
regression where the empirical samples are generated from an instance of ‘High-low’ example 2.1.

where the independent Gaussian priors ςi ∼ N (0, σ2
ς /N), ri ∼ N (0, σ2

vI), and bi ∼ N (0, σ2
b ). The

kernel function k(x, y) is derived as the limiting covariance

k(x, y) := lim
N→∞

E[fN (x)fN (y)] = σ2
ςEzx,zy [ϕ(zx)ϕ(zy)],

where the last equality follows by applying the central limit theorem, zx = 〈r, x〉+b and zy = 〈r, y〉+b

are jointly Gaussian variables. The expectation in the above equation admits a closed-form solution
known as the Neural Network (aka ‘arcsin’) kernel [38], described by

k(x, y) =
2σ2

ς

π
arcsin

 σ2
v〈x, y〉+ σ2

b√
(1 + σ2

v〈x, x〉+ σ2
b )(1 + σ2

v〈y, y〉+ σ2
b )

 , (13)

where σ2
v and σ2

b are treated as hyper-parameters. Apart from being symmetric, the positive definite-
ness of this kernel is guaranteed by its construction as an expectation of squares,

∑
i,j cik(xi, xj)cj =

σ2
wE
[
(
∑

i ciϕ(zxi))
2
]
≥ 0. By the Moore-Aronszajn theorem, any symmetric and positive definite

kernel on X induces a unique RKHS Hk defined as

Hk :=
{
h ∈ RX | ∃αi ∈ R, xi ∈ X ∀i ∈ N with h(x) =

∞∑
i=1

αik(xi, x) and
∞∑
i=1

∞∑
j=1

αik(xi, xj)αj < ∞
}
.

To empirically validate the correct hypothesis space of ŨPA, we run a kernel regression on an instance
of ‘High-low’ example (similar to Example 2.1) with k(x, y) in (13). We plot the learned function
in Figure 4, which clearly shows the flat plateaus with sigmoidal transitions we were looking for.
Therefore, the Hk induced by k(x, y) in (13) is a candidate hypothesis space for ŨPA.
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4.2. Description of the algorithm

First, we develop methods to address the heteroscedastic noise in the principal’s utility, which is
denoted as a technical challenge in (6). In particular, we learn the unknown variance of this noise
using feedback from repeated sampling of the principal’s utility at the same input. A good estimate
of the variance helps us obtain a more accurate upper confidence bound for the unknown ŨPA.
Then we detail our main algorithm, based on a upper confidence bound-based acquisition function
constructed using the Neural Network kernel in (13). To start with, similar to (6), we represent the
feedback as a noisy version of ŨPA, and write

ỹt = ŨPA(xt) + ε̃(xt), (14)

where ε̃(xt) is assumed to be a zero-mean heteroscedastic noise with the variance Var(ε̃(xt)) =∑
i∈[m] qi(xt)[(v−xt)i− ŨPA(xt)]

2, and the production function q(xt) is defined in (8). It is straight-
forward to follow that Var(ε̃(xt)) is continuous in xt since the continuity of ã⋆(xt, w) in xt (The-
orem 3.4) makes qi(xt) to be continuous on its argument. Here, we first impose the following
assumption on ε̃(xt) to restrict it within a well-defined function class.

Assumption 4.2 (Noise function class). The noise variance Var(ε̃(xt)) belongs to an RKHS induced
by some kernel κv, i.e., Var(ε̃(·)) ∈ Hκv with its RKHS norm is upper bounded with Bv > 0.

Such assumptions are quite common when dealing with heteroscedastic noise [20, 30]. To learn
Var(ε̃(·)), we construct a repeated setting, where we collect ℓ > 1 samples for each xt and form the
feedback collection {ỹit}ℓi=1. Then, we evaluate the sample mean and variance of ε̃(xt) as

ŷt =
1

ℓ

ℓ∑
i=1

ỹit =
1

ℓ

ℓ∑
i=1

(ŨPA(xt) + ε̃i(xt)), (15a)

v̂t =
1

ℓ− 1

ℓ∑
i=1

(ỹit − ŷt)
2. (15b)

While we have random feedback samples of ỹt, we represent the randomness of sample variance
using a zero-mean noise η(xt). Since (v)i, (x)i ∈ [0, 1], it is straightforward to check that the noise
ε̃(xt) is uniformly bounded as |ε̃(xt)| <

√
χu, which leads to its variance function Var(ε̃(xt)) < χu

with χu > 0. And this allows us to further state v̂t = Var(ε̃(xt)) + η(xt). Moreover, the noise η(xt)

adheres to the following standard assumption.

Assumption 4.3 (Noise process regularity). The noise η(xt) is ρη(xt)-sub-Gaussian with known
ρ2η(xt). Moreover, the process {η(xt)}t≥1 is generated independently in time.

The sub-Gaussianity assumption of η(xt) naturally follows from uniform boundedness of ε̃(xt).
Following a brief introduction of GP models at the start of Section 4, the posterior GP mean
(µt(·)) and variance (σ2

t (·)) of ŨPA are respectively calculated based on the previous measurements
ŷ1:t = [ŷ1, . . . ŷt]

⊤

µt(x) = kt(x)
⊤(Kt + λΣt)

−1ŷ1:t,

σ2
t (x) =

1

λ
(k(x, x)− kt(x)

⊤(Kt + λΣt)
−1kt(x)),

(16)
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where Σt := diag(Var(ε̃(x1)), . . . ,Var(ε̃(xt))), (Kt)i,j = k(xi, xj) is an element of the covariance
matrix Kt, λ > 0 is a parameter trading off the magnitude of prior variance, and kt(x) :=

[k(x1, x), . . . , k(xt, x)]
⊤. Here, k(xi, xj) refers to our proposed Neural Network kernel in (13). As Σt

depends on the unknown variance Var(ε̃(xt)), we construct a separate GP model to learn it. Since
we could not decode any specialized geometry for ε̃(·), we consider a universal kernel, such as a
Gaussian kernel, to define the GP. The corresponding posterior mean µv

t and variance σv
t are calcu-

lated based on (16) by replacing Σt with Σv
t := diag[ρ2η(x1), . . . , ρ2η(xt)], ŷ1:t with v̂1:t = [v̂1, . . . , v̂t]

⊤,
and using Gaussian kernel kv(·, ·). Then, we build the upper confidence bound ucbt(·) as

ucbt(x) := µv
t−1(x) + βv

t σ
v
t−1(x), (17)

where the exploration-exploitation trade-off parameter βv
t =

√
2 log

(
det(λΣv

t+Kv
t )

0.5

δ det(λΣv
t )

0.5

)
+
√
λBv, taken

from [20, Lemma 7]. We can approximate Σt with the upper confidence bound of Var(ε̃(xt)) as

Σ̂t = diag(min{ucbt(x1), χu}, . . . ,min{ucbt(xt), χu})/ℓ. (18)

Now we are in a position to define the upper confidence bound-based acquisition function for ŨPA

using the current posterior mean µt−1 and variance σ2
t−1 as

xt = argmax
x∈X

µt−1(x) + βtσt−1(x)︸ ︷︷ ︸
Acquisition function

, (19)

where xt is the action of the algorithm to maximize the acquisition function, and the exploitation-
exploration trade-off parameter

βt =

√√√√2 log

(
det(λΣ̂t +Kt)0.5

δ det(λΣ̂t)0.5

)
+
√
λB, (20)

which follows from [20, Lemma 7]. In (20), δ is the confidence interval, and B is the upper-bound
of the RKHS-norm of its kernel. Intuitively, βt determines how much we trust the accuracy of the
current posterior mean (µt−1), which is an approximation of ŨPA on the fly, by suitably adding the
posterior variance (σt−1), since the posterior variance quantifies the uncertainty of µt−1 being the
true unknown ŨPA. Note, the role of Σ̂t in (20) is to better estimate the unknown variance matrix
(i.e., Σt), which essentially improves the exploitation-exploration trade-off. Needless to say, the
posterior mean and variance of the acquisition function in (19) is built with our proposed Neural
Network kernel in (13). In Algorithm 1, we explain the operation of our proposed methodology.
Note that the initial dataset X0 is created by sampling any fixed x0 ∈ X for ℓ times.

4.3. Regret bound

The asymptotic performance of Heteroscedastic GP-UCB is based on the regret bound of [30,
Theorem 1] where the authors provide

P

[
R̃T ≤ βT ℓ

√
2γ̂TT

log(1 + ℓ
χ2
u
)

]
≥ 1− δ, (21)
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Algorithm 1: Heteroscedastic GP-UCB
1 Initialization: B,Bv, λ, ℓ, Kernel functions k(·, ·), kv(·, ·), Confidence level δ, Initial

dataset X0 = {(xi0, ỹi0)i∈[l]}, and Prior µ0 = µv
0 = 0.

2 for t = 1, 2, . . . do
3 Compute ŷt and v̂t following (15) (use X0 if t = 1).
4 Update ucbt(·) following (17).
5 Update Σ̂t following (18).
6 Update the posterior µt(·) and σ2

t (·) following (16).
7 Select xt = argmaxx∈X µt−1(x) + βtσt−1(x)

8 for i ∈ {1, . . . , ℓ} do
9 Collect {ỹit}, where ỹit = ŨPA(xt) + ε̃i(xt)

10 end
11 end

where δ is the confidence level, βT is defined in (20), and γ̂T denotes the maximum information gain
[35]. At time T , γ̂T is defined using mutual information I(y1:T , Ũ

PA
1:T ) [28, Equation 2.28] between

the feedback y1:T = [y1, . . . yT ]
⊤ and ŨPA

1:T = [ŨPA(x1), . . . Ũ
PA(xT )]

⊤ as

γ̂T := max
A⊂X ,|A|=T

I(y1:T , Ũ
PA
1:T ). (22)

In other words, maximum information gain is essentially the maximum uncertainty reduction of the
unknown function ŨPA for a set of T sampled data (say, A) in X . The main technical challenge in this
setup is to find an upper bound for γ̂T . γ̂T is kernel-specific, and there exist standard upper bounds
for γ̂T where the kernel k is Gaussian, Matern, or Linear [35]. However, to our best knowledge, no
such upper bound exists for our proposed neural-network kernel in (13). Following [35, Theorem
8], the upper bound of γ̂T is a function of the eigenvalue tail sum Bk(T∗) of the respective kernel,
where Bk(T∗) :=

∑∞
s=T∗+1 λs, and λs is the eigenvalue corresponding to the integral operator of

any kernel k(x, y). For our proposed neural network kernel in (13), the following result provides an
upper bound for Bk(T∗).

Proposition 4.4 (Bound on eigenvalue tail sum). Given the neural network kernel k(x, y) in (13),
its eigenvalues λs, corresponding to the integral operator, decay exponentially. Consequently, the
eigenvalue tail sum Bk(T∗) =

∑∞
s=T∗+1 λs is bounded as

Bk(T∗) ≤ O
(
exp (−βT

1/m
∗ )

)
(23)

for some constant β > 0.

The proof is given in Appendix A.2. The proof of the Proposition 4.4 hinges on the analytic
property of any kernel. The analytic property refers to a certain level of smoothness of any kernel.
It turns out that our proposed kernel enjoys this property (Lemma 1) which leads to its exponentially
decaying eigenvalues. With the help of Proposition 4.4, we manage to derive an explicit upper bound
for γ̂T , which helps us establish the main regret bound of this study.
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Theorem 4.5 (Sub-linear regret). Consider ŨPA ∈ Hk with bounded RKHS-norm (i.e., ‖ŨPA‖Hk
≤

B) and sampling model in (14) with unknown variance Var(ε̃(xt)) that satisfies Assumptions 4.2
and 4.3. Let {xt}Tt=1 denote the set of actions chosen by Algorithm 1. Setting λ = 1 in (20), the
cumulative regret R̃T defined in (9) is bounded as

P
[
R̃T ≤ O

(√
T (log T )m+1

)]
≥ 1− δ (24)

for a chosen confidence level δ > 0.

Proof. The broad idea of the proof is to derive a kernel-specific upper bound of the information gain
for an already existing regret bound in [30]. To bound the information gain, we follow key ideas
from [35] to bound the eigenvalue tail sum of our proposed kernel in (13), and Proposition 4.4 does
this job. To prove Proposition 4.4, we require the analytic property of our kernel, which is given
by Lemma 1. The rest of the proof uses a few known algebraic manipulations to simplify the regret
bound.

We first write from Theorem 1 of [30] for the coefficient of risk α = 0

P

[
R̃T ≤ βT ℓ

√
2γ̂TT

log(1 + ℓ
χ2
u
)

]
≥ 1− δ, (25)

where δ is the confidence level, and the maximum information gain [30, Equation 42] is defined as

γ̂T = max
A⊂D,|A|=T

T∑
t=1

0.5 log

(
1 +

σ2
t−1(xt|diag(χ2

u/ℓ))

χ2
u/ℓ

)
. (26)

One could compare (26) with the information gain of homoscedastic noise (γT in [35, Lemma 5.3])
and state that γ̂T is simply same as γT with a constant noise variance σ2 = (χ2

u/ℓ). Therefore,
making the required modification and replacing the upper bound of βT from equation (25) in [30]

R̃T ≤ ℓ
√
T√

log(1 + ℓ
χ2
u
)

(√
4γT log(1/δ) + 2γ2T +B

√
2λγT

)
. (27)

Now, the key part is to upper bound γT for our proposed kernel k(x, y) in (13). For this, we use the
result in [35, Theorem 8] as

γT ≤ 0.5

1− e−1
max
r≤T

(
T∗ log(rnT /σ

2) + C4σ
−2(1− r/T )(log T )(T τ+1Bk(T∗) + 1)

)
+O(T 1− τ

m ) (28)

for any T∗ ∈ {1, . . . , nT } and τ > 0. Here Bk(T∗) =
∑

s>T∗
λs with {λs} being the operator

spectrum of the kernel k(x, y) with respect to uniform distribution over D, nT = C4T
τ log T with

C4 = 2V(D)(2τ + 1), and V(D) =
∫
x∈D dx.

Absorbing (28) inside ‘Big-O’ notation, we write

γT ≤ O
(

max
r=1,...,T

(T∗ log(rnT )) + (T − r)T τBk(T∗)
)
+O(T 1−τ/m).
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Now setting τ = m converts O(T 1−m/m) = O(1). As T → ∞, we can further compress the upper
bound and write

γT ≤ O
(

max
r=1,...,T

(T∗ log(rnT )) + Tm+1Bk(T∗)
)
,

= O
(

max
r=1,...,T

(T∗ log(rT
m)) + Tm+1Bk(T∗)

)
, (by setting nT = O(Tm log T )),

= O
(
T∗ log(T

m+1) + Tm+1Bk(T∗)
)
, (max is attained at r = T ),

= O
(
T∗ log(T ) + Tm+1Bk(T∗)

)
. (29)

From Proposition 4.4, we know that Bk(T∗) ≤ O(e−βT
1/m
∗ ). Replacing it in the above equation

γT ≤ O
(
T∗ log T + Tm+1e−βT

1/m
∗
)
,

= O
(
(log T )m log T

)
, (by setting T∗ =

(m+ 1

β
log T

)m
, the second term is O(1))

= O
(
(log T )m+1

)
. (30)

Now, simplifying (27) in terms of γT

R̃T ≤ O
(√

T (
√
γT + γ2T +

√
γT )

)
,

= O
(√

T (γT +
√
γT )
)

(as γ2T is dominant over γT ),

= O
(√

T (γT )
)

(as γT is dominant over √
γT ),

= O
(√

T (log T )m+1
)

(replacing equation (30)). (31)

Therefore, we have P
[
R̃T ≤ O

(√
T (log T )m+1

)]
≥ 1− δ, where δ > 0 is the user-defined confidence

level. This concludes the proof. □

5. Application: V2G Incentive Design

In a standard V2G ecosystem, an Aggregator coordinates a fleet of electric vehicle (EV) owners
to trade energy with the Distribution System Operator (DSO). In particular, Aggregators provide
ancillary services to local DSOs in response to time-varying tariffs (λg), while procuring them
from EV users. One key conflict arises because discharging power to the grid accelerates battery
degradation of the EVs. This degradation imposes a private, stochastic cost on the EV owner, driven
by the unobservable decline of battery health. In addition, the EV users impose a subjective cost for
“range anxiety” while participating in V2G. Because the Aggregator cannot directly observe these
individual users’ costs or forcefully command the EVs to discharge, they must rely on incentives.

5.1. Mapping V2G to principal-agent model

To model the interaction between the Aggregator and EV users, we first clarify the research goal
to be addressed in this application. To this end, we ask the following research question.
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Figure 5. V2G incentive design schematic showing sequential interaction between aggregators and EV
users.

Problem. How can an aggregator dynamically learn an adaptive incentive scheme (contract) that
elicits optimal EV participation to maximize the Aggregator’s revenue, despite the unobservable and
stochastic nature of user costs?

The solution approach is to map the V2G ecosystem into our dynamic principal-agent framework
depicted in Figure 1. In particular, we want to mathematically model the interaction between the
Aggregator and EV user in the form of (3), where the Aggregator is the principal and the EV
user is the agent. As depicted in Figure 5, we model the incentive design problem as a sequential
interaction between the Aggregator and an EV user, where at time t, the aggregator offers a contract
xt := [xl, xh] ∈ [0, 1]2, specifying monetary incentives for low (l) and high (h) V2G contribution
outcome set {l, h}. The EV user responds with a decision a(xt) ∈ A := {0, 1}, where 0 denotes
participation and 1 denotes non-participation in the V2G program. Assume there exists a utility
function UA(xt, at) :=

∑
i∈[2](xt)i pi(at) − c(at) for the EV user, where c : A → R denotes the

user’s cost function, and p : {0, 1} → ∆2 is the production function. The EV user optimizes UA to
retrieve the best response a⋆(xt). Based on a⋆(xt), an outcome {l, h} 3 it ∼ p(a⋆(xt)) is realized.
However, the process from the EV user’s optimal action (a⋆(xt)) to the realization of an outcome
(it) includes several steps within the context of V2G operation. In particular, the non-trivial part is
to characterize a production function p(·) that links EV users’ best response a⋆(xt) to a stochastic
outcome (it) for the Aggregator.

5.2. Characterization of p(·)

To formalize the characterization, we split the V2G operation into two parts: (1) smart charging,
and (2) value estimator. The smart charging problem, parameterized in a⋆(xt), provides a stochastic
charging profile, which is passed through a deterministic value estimator to obtain the outcome and
value for the aggregator.

Smart charging: Consider the decision vector z = [P c, P d, δ, E]⊤ where P c ∈ RN is the charging
power, P d ∈ RN is the discharging power for N intervals, E ∈ RN is the EV battery energy profile,
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and δi ∈ {0, 1}, ∀i ∈ [N ] refers the charging (δi = 1) or the discharging (δi = 0) mode of the EV.
Given the user action a⋆(xt), the smart charging problem is compactly given as

max
z

J(z, ζ) s.t. z ∈ Z(a⋆(xt), ζ), (32)

where J encodes net charging benefit for the EV user, Z encodes the operational constraints, and
the uncertain vector is ζ = [N, ηc, ηd, Einitial, Edesired]. A detailed formulation of smart charging is
given in Appendix B, along with an explanation of each parameter in ζ. As the uncertain vector ζ

is chosen by the user, we impose the following assumptions.

Assumption 5.1 (Smart charging setting). Consider problem (32) where the uncertain vector ζ is
defined on the probability space (Ω,F ,P) with support Ξ.

(i) Measurability: For every a ∈ A, the correspondence ζ 7→ Z(a, ζ) has a measurable graph,
while the map (z, ζ) 7→ J(z, ζ) is Borel measurable in ζ.

(ii) Feasibility: We assume that the feasibility set Z(a, ζ) in (32) is non-empty and compact
for all ζ ∈ Ξ and a ∈ A.

Assumption 5.1 helps construct a well-defined production function p(·), as we will show it later.
The smart charging profile {P̂ c(a⋆(xt), ζ), P̂ d(a⋆(xt), ζ)} is used in the next step for the value es-
timator (see Figure 5) where P̂ c(a⋆(xt), ζ) and P̂ d(a⋆(xt), ζ) are part of the solution of (32) for a
realization of the uncertain parameter ζ.

Value estimator: To formalize the value estimator, we first define the net profit of the Aggre-
gator (after transactions with DSO) stands as JP (a⋆(xt), ζ) :=

[
J(z⋆(a⋆(xt)), ζ) + (P̂ d(a⋆(xt), ζ)−

P̂ c(a⋆(xt), ζ))
⊤λg∆t

]
, where z⋆(a⋆(xt)) is the solution of (32). Then we define the value estimator

function V : A× Ξ → {vl, vh} such that, vh ≥ vl, and

V (a⋆(xt), ζ) =

 vh if, JP
t (a⋆(xt), ζ) ≥ J ′,

vl otherwise,
(33)

where the threshold profit J ′ and the values v = [vl, vh]⊤ are chosen by the aggregator. Since ζ

is a well-defined random variable, we assume that vh and vl are realized with probabilities ph and
pl, respectively. Essentially, this translates to defining the production function p(a) := [pl, ph]⊤.
To validate the mathematical correctness of p(a), we need to show that it is possible to define
ph = Pζ [J

P
t (a, ζ) ≥ J ′] and pl = 1− ph for any a ∈ A. Thus, we provide the following Proposition.

Proposition 5.2 (Equivalence to principal-agent). Under Assumption 5.1, the proposed V2G in-
centive scheme constitutes a Principal-Agent problem wherein the smart charging formulation in (32)
and the value estimator in (33) induce a well-defined production function p : A → ∆2.

The proof is given in Appendix A.3. Finally, the Aggregator aims to find the optimal contract
x⋆ = argmaxx∈[0,1]2{UPA(x) =

∑
i∈[2](v − x)ipi(a

⋆(x))} using the reward values (i.e., yt = (v −
xt)i, i ∼ p(a⋆(xt))) from the interaction with sequentially arriving EV users. To apply our proposed
algorithm Heteroscedastic GP-UCB, we consider the stochastic modification in the EV user’s utility
(i.e., from UA to ŨA), in addition to the required Assumptions for the algorithm.
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Table 1. Performance comparison of different methods. Effort levels correspond to a1 (low), a2

(medium), and a3 (high).

Agent Low Med. High
Cost c(ai) N (0, 0.05) N (0.1, 0.05) N (0.2, 0.05)

Production p(ai) [0.95,0.05] [0.2,0.8] [0.05,0.95]

Principal
Outcome i Low (i = 0) High (i = 1)
Value v v0 = 0.1 v1 = 0.8

6. Numerical Experiments

We present two numerical experiments evaluating the performance of our algorithm against state-
of-the-art benchmarks. First, we simulate a complex variant of the ‘High-low’ example discussed
in Section 2.2, where the agent’s action space is expanded to n = 3. Second, we validate the
proposed V2G incentive scheme through a realistic case study. We benchmark our performance
against Agnostic Zooming and Discover and Cover algorithms.

6.1. Performance comparison in ‘High-low’ example

We retain the contract dimension m = 2 while increasing the number of available actions to
n = 3. The detailed parameters of the feedback environment are provided in Table 1. We compare
the algorithms over a horizon of T = 1000 rounds, averaging over 5 independent episodes per
algorithm. Since the exact optimal contract is intractable to compute a priori in complex physical
environments, we follow the convention established by [15] and evaluate empirical performance using
the average utility reward, defined as UT = 1

T

∑T
t=1 Ũ

PA(xt). We explicitly note that this metric
must be interpreted differently from cumulative regret. While cumulative regret ideally flattens
to indicate sub-linear growth, a successful average utility curve converges upward to a positive
horizontal asymptote, which represents the maximum achievable per-round yield. Consequently,
an algorithm whose average utility converges to a higher, stable plateau demonstrates superior
identification and exploitation of the optimal contract.

As illustrated in Figure 6a, our proposed algorithm outperforms the benchmarks. Additionally,
we conduct an ablation study to highlight the impact of heteroscedastic noise modeling and kernel
selection in Appendix C.2. Overall, the observed performance gap validates the efficacy of our two
key contributions: (1) optimization within a continuous domain, and (2) utility geometry-aware
kernel choice paired with heteroscedastic noise modeling.

6.2. Results on V2G incentive design

We evaluate the economic impact of our proposed incentive scheme on the Aggregator’s net profit.
To evaluate the aggregator’s net profit from V2G participation of consecutive T users, we define
net V2G profit as Jnet := ϑ

∑T
t=1 Ũ

PA(xt), where ϑ is the re-normalization constant for conversion
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Figure 6. Performance comparison on the synthetic benchmark and V2G profit analysis: (a) Perfor-
mance comparison of Heteroscedastic GP-UCB on the synthetic benchmark. The y-axis displays the
Average Utility Reward (UT ), not cumulative regret. Therefore, the convergence of our proposed
algorithm (green line) to a high, positive horizontal asymptote (≈ 0.45) indicates successful exploitation
of the optimal contract, outperforming the baselines, which fail to converge to this optimal yield. (b)
Comparison of the net V2G profit (Jnet) for two scenarios, highlighting the impact of V2G incentive
schemes under the benchmarked algorithms.

to Euro (e) currency. Specifically, we compare the net profit under two conditions: (i) a baseline
scenario without an incentive mechanism, and (ii) a scenario where the V2G incentive mechanism is
managed by the benchmarked algorithms. Experimental Setup: We construct a realistic simulation
setup for this problem; detailed implementation specifics are provided in Appendix C. We simulate
two distinct user types, θ1 and θ2. The θ1 user incurs a low internal cost for V2G participation and
is willing to participate without incentives. Conversely, the θ2 user is averse to participation due
to high internal costs. We investigate two scenarios: Scenario 1 (High Aversion) We sample θ2

with probability 0.95. This dominance of reluctance creates an ideal testing ground for the impact
of incentive design. Scenario 2 (Mixed Population): We uniformly sample θ1 and θ2. This
presents a challenging setting where generating profit exceeding the baseline (no-incentive) case is
difficult. We conduct the interaction with T = 1000 sequential users, and gather results over 5

independent episodes.
Discussion of Results: Figure 6b illustrates box plots of the key outcomes. In Scenario 1,

we observe the substantial impact of the incentive design, with the baseline benchmark Agnostic
Zooming achieving a minimum 43% increase in Jnet. Notably, our algorithm Heteroscedastic GP-
UCB outperforms all benchmarks by a significant margin. Even in the challenging Scenario 2, our
algorithm yields a 5% higher profit compared to the absence of any V2G incentive scheme. This
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case study demonstrates that employing specialized learning-based algorithms can unlock diverse,
economically viable business models for V2G technology.

7. Limitations and Future Work

Numerical results demonstrate that our algorithm outperforms existing benchmarks. Further-
more, the V2G application confirms its robustness in complex, real-world settings. Nevertheless, we
acknowledge the following limitations that suggest clear directions for future research.

Computational Scalability. The kernel matrix inversion in (16) incurs a computational complexity
of O(T 3). While feasible for our experimental horizon (T = 1000), this limits long-term deployment.
Future work could integrate sparse GP approximations or variational inference to reduce computa-
tional complexity, enhancing real-time applications.

Finite Agent Action Space. While we eliminate exponential dependence on action count n, our
second contribution still relies on a finite action set (Assumption 4.1). Extending this framework to
continuous agent action spaces would further theoretically improve upon existing methods.

Appendix A. Technical Proofs

A.1. Auxiliary Lemma

We first present a preparatory lemma that will be used to establish the main results of this study.

Lemma 1 (Analytic kernel). Let D = [0, 1]m be the compact domain in Rm. The kernel in (13) is
an analytic function on the domain D ×D.

Proof. We observe that the kernel k(x, y) is a composition of some functions. The broad idea of our
proof is that we will show each composition is an analytic function in the domain D ×D.

(i) The dot-product kernel kdot(x, y) = σv〈x, y〉 + σb is a polynomial in x and y. Therefore, it
is analytic in the domain.

(ii) Say g(x, y) = (1 + kdot(x, x))(1 + kdot(y, y)). We find kdot(x, x) = σ2
b + σ2

v〈x, x〉 > σ2
b > 0

that implies (1 + kdot(x, x)) > 1. Therefore, g(x, y) > 1 is an analytic function as it is the
product of two analytic functions, and √

g is also an analytic function for all g(x, y) > 0.
(iii) Representing z(x, y) = kdot(x,y)√

(1+kdot(x,x))·(1+kdot(y,y))
, it is an analytic function as the ratio of two

analytic functions (kdot and √
g) remain analytic as long as the denominator is non-zero.

(iv) Finally, it is well known that arcsin(z) is analytic if z ∈ (−1, 1). Therefore, we just need to
check the range of z(x, y).

Assume a = kdot(x, y), b = kdot(x, x) and c = kdot(y, y). One could show using Cauchy-Schwarz
inequality, a2 ≤ bc, furthermore it is easy to see that a2

(1+b)(1+c) < 1. Hence |z(x, y)| < 1 implies
z ∈ [−h, h] with h < 1. This completes the proof. □
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A.2. Proof of Proposition 4.4

It is known from the spectral theory of integral operators that analytic kernels have eigenvalues
λs which decay exponentially [25, 32]. Using Lemma 1, we can confirm the same for the eigenvalues
of our proposed kernel k(x, y).

Following the above argument, we bound the tail sum Bk(T∗) as

Bk(T∗) ≤
∞∑

s=T∗+1

Ce−vs1/m ≤ C

∫ ∞

T∗

e−vs1/mds

for some constants C, and v. It can be shown with some calculation that the above integral trans-
forms to

Bk(T∗) ≤ C ′Γ(m, vT
1/m
∗ ),

where Γ is the upper incomplete gamma function and C ′ is some constant. Using the formulae
Γ(m, q) = (m− 1)!e−q

∑m−1
k=0 (q

k/k!) [13], we can show for larger q = vT
1/m
∗ , our bound behaves as

Bk(T∗) ≤ O((vT
1/m
∗ )m−1e−vT

1/m
∗ ). (34)

One can see that the exponential decay of e−vT
1/m
∗ is much stronger than the polynomial growth

of (vT
1/m
∗ )m−1 as T∗ → ∞. Therefore, for any small δ > 0, we can find a constant Cδ such that

(vT
1/m
∗ )m−1 ≤ Cδe

δ(vT
1/m
∗ ). Substituting this into the above equation

Bk(T∗) ≤ O
(
eδvT

1/m
∗ · e−vT

1/m
∗
)
= O

(
e−(1−δ)vT

1/m
∗
)
.

By choosing δ such that β = (1− δ)v > 0, we obtain

Bk(T∗) ≤ O(e−βT
1/m
∗ ).

This concludes the proof. □

A.3. Proof of Proposition 5.2

We first recall the setup of the principal-agent problem with respect to the Figure 5. The principal
(aggregator) shows the contract xt ∈ [0, 1]2 to the agent (EV user), and the agent takes a strategic
action a⋆(xt) in hindsight. As a result, an outcome is realized following the condition in (33). The
main focus here is to understand the existence of a production function p(·) as defined in (1). If we
manage to show that JP (a⋆(xt), ζ) =

[
J(z⋆(a⋆(xt)), ζ) + (P̂ d(a⋆(xt), ζ)− P̂ c(a⋆(xt), ζ))

⊤λg∆t
]
, is

a well-defined random variable in (33), we can confirm the existence of a production function. To
establish that JP (a⋆(xt), ζ) is a random variable, we proceed by the following steps.

(1) Since (35a) indicates that J is continuous in z, we apply Berge’s maximum theorem [1,
Theorem 17.31] to confirm that J(z⋆(a⋆(xt)), ζ) is continuous in ζ.

(2) Moreover, since J(z, ζ) is a Borel measurable function of ζ (Assumption 5.1), both the
optimizer z⋆(a⋆(xt)) and optimal objective value J(z⋆(a⋆(xt), ), ζ) become Borel measurable
in ζ, where the feasibility of the optimizer z⋆(a⋆(xt)) in (32) is ensured by Assumption 5.1.
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Finally, JP (a⋆(xt), ζ) is a linear combination of measurable functions, which makes it a measurable
function of ζ. Hence, it is a well-defined random variable, which makes the definition ph and pl

consistent. This concludes the proof. □

Appendix B. Detailed smart charging formulation

Consider P c ∈ RN is the charging profile, and P d ∈ RN is the discharging profile for N intervals.
The aggregator defines the buying price λb

i = cλg
i , ∀i ∈ [N ], and the selling price λs

i = c′λg
i , ∀i ∈ [N ],

where c, c′ are the aggregator-defined constants resposible for profit margin such that c ∈ (0, 1], c′ ≥
1. E ∈ RN is the EV battery energy profile with E and E being the limits of the energy level.
Furthermore, we use δi ∈ {0, 1}, ∀i ∈ [N ] to refer to the charging (δi = 1) or the discharging (δi = 0)
mode of the EV, and we use ηc/ηd to refer to the charging/discharging coefficients embedding the
efficiency and battery capacity of the EV, respectively. Based on the active load profile up to time t,
we also have the bounds on the charging/discharging power as P t and P t, respectively. Given these
terminologies, the smart charging algorithm solves the following optimization problem:

max
P c,Pd,δ,E

J := (P c(λs)⊤ − P d(λb)⊤)∆t

− α(‖P c‖22 + ‖P d‖22), (35a)

s.t. Ei+1 = Ei + ηcP c∆t− ηdP d∆t, ∀i ∈ [N ], (35b)

0 ≤ P c
i ≤ δiP t,i, ∀i ∈ [N ], (35c)

0 ≤ P d
i ≤ (1− δi)P t,i, ∀i ∈ [N ], (35d)

E ≤ Ei ≤ E, ∀i ∈ [N ], (35e)

E1 = Einitial, EN+1 = Edesired, (35f)

δj = 1, ∀j ∈ [N ], if a⋆(xt) = 1, (35g)

where the objective is to maximize the net profit J ∈ R for the EV user, the constraints include
energy dynamics of the EV battery, limiting bounds for charging/discharging power and energy, α
is a regularizer coefficient, ∆t is the time interval, and finally, N,Einitial, Edesired are the parameters
given by the EV users.

Appendix C. Implementation details of numerical experiments and additional re-
sults

C.1. Implementation details

We have used Assumption 5.1 to construct the random vector ζ in Table 2 such that its realized
values appear realistic for the application, while maintaining the feasibility of the smart charging
problem in (35). The values of the fixed parameters in (35) and (33) are given in Table 2. In
addition, the tariff data from DSO (λg) is taken from Figure 7 of [22]. Given λg, one can easily
construct λb and λs using the profit margin constants c and c′ from Table 2.
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Figure 7. Assessing performance of Heteroscedastic GP-UCB (paired with Neural Network kernel)
under two scenarios. In scenario 1, it outperforms GP-UCB [35] with a Neural Network kernel, validating
the effect of considering heteroscedastic noise. In scenario 2, it also outperforms the radial basis function
(RBF) kernel, validating our kernel choice.

Table 2. Details of uncertain and fixed parameters for numerical simulation.

(a) Uncertain parameters

Uncertain parameters Distribution
N Uniform(20, 24)
ηc and ηd Uniform(0.9,0.98)
Einitial Uniform(10,15)
Edesired Uniform(20, NP tη

c∆t)

(b) Fixed parameters

Fixed parameters Values
E 5 kWh
E 90 kWh
P t and P t 11 kW
c 0.7

c′ 1.2

J ′ 80 e

∆ 10 e

vh 0.9

vl 0

∆t 15 minutes

C.2. Additional results

We present an ablation study in Figure 7 to decouple the contributions of heteroscedastic variance
modeling and kernel selection. First, to isolate the impact of the noise model, we compare our
approach against standard homoscedastic GP-UCB [35] equipped with the Neural Network kernel.
Second, to validate the kernel geometry, we substitute the NN kernel with the standard Radial
Basis Function (RBF) kernel within our framework. The results demonstrate that our proposed
method outperforms both variations, confirming that both the heteroscedastic structure and the
non-stationary kernel are essential for our problem setup.
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