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ABSTRACT

Multi-agent discussion produces reasoning collaboratively, while deployment still
relies on a smaller student that must answer alone. Full-graph distillation trans-
fers such discussions by treating each correct solution as a separate training tar-
get, but what teachers provide need not match what the student learns. This mis-
match appears in two ways: several correct solutions may amount to the same
lesson in the student’s representation (over-teaching), while some training ques-
tions remain missed after learning (under-learning). We quantify both with rates
that are high on discussion graphs. To address them, we introduce FAR (Fold–
Attempt–Revisit), a learner-centered distillation procedure that organizes supervi-
sion around the student’s own state. Before training, FAR folds solutions within
each discussion state into representative lessons. After training, the student’s
own attempts identify missed questions, while poorly represented clusters indicate
where folding may have lost useful variation; FAR then writes targeted lessons
from retained discussion contexts. Across two students and four reasoning tasks,
FAR outperforms full-graph distillation with far fewer training targets and lower
under-learning. Further analyses examine the behavior of FAR and the sources of
its gains. Overall, the results show that organizing discussion supervision around
the student can make distillation both more effective and more efficient.

1 INTRODUCTION

Multi-agent discussion distillation transfers reasoning from interacting language models into a
smaller student that can answer alone (Chen et al., 2024a). When the teachers exchange solutions
over several rounds, their discussion records proposed answers, peer feedback, and subsequent re-
visions. These interactions can improve reasoning (Du et al., 2024), but repeating them for every
query is costly. Distillation seeks to retain their value in a single model for independent inference.

A discussion preserves several routes to the same answer (Subramaniam et al., 2025), together with
the disagreements, mistakes, and corrections that emerge as teachers respond to one another. Each
response remains linked to its round and to the solutions its author had seen, so the trace records
both what was concluded and the conditions under which the reasoning was kept or revised. Methods
such as MAGDi draw on this structure to distill multi-agent reasoning into a single student (Chen
et al., 2024a). Teaching every correct solution is a natural way to preserve the breadth of a discussion.
It also makes the number of training targets follow how much the teachers wrote. Several targets
can repeat the same reasoning, while questions covered by correct targets can remain unsolved after
training (Figure 1). The correct material leaves two decisions open: which solutions deserve separate
study, and which questions need further teaching. This raises a central question: what should the
student be taught, and who should decide?

Over-teaching occurs when correct solutions repeat a lesson in the student’s representation; its rate
is the share treated as repetitions rather than separate targets within comparable discussion histories.
Under-learning occurs when the trained student still misses a training question with at least one
correct discussion solution under the deployment prompt; its rate is the share of such questions.
Held-out tests assess whether learning extends beyond them.
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Figure 1: Learner-centered distillation from multi-agent discussion. Repeated correct solutions
can over-teach the student while leaving questions unsolved. The human-learning sequence moti-
vates two learner-centered decisions: which solutions need separate study, and which questions need
another lesson after an unaided attempt.

The first decision is which correct solutions need separate study. The left panel of Figure 1 records
both initially correct answers and a correction after an error: these have different teaching histories,
even when their wording is similar. Within comparable histories, the initial student’s representation
identifies overlapping solutions. A representative carries their shared content into the first study
stage. The allocation keeps additional representatives to cover variation within each group, and the
other solutions remain available for later use. The graph records how the solutions arose, while the
student helps determine how much separate instruction they warrant.

The second decision is where to teach again after the student has studied. The upper-right panel
of Figure 1 shows an independent answer that leaves the question unresolved; the lower-right panel
asks what the student still needs to learn. Answering without teacher responses gives the learner a
direct role in choosing its next material: a miss provides a reason to return to the retained discussion
and construct another lesson. This learner-centered view connects the two decisions. The initial
representation organizes what the student receives, and its later answers guide what it studies again.
Student behavior has also guided supervision in other distillation settings (Kim & Baek, 2026).

Inspired by the Feynman technique as described by Young (2011), we place an unaided attempt
between initial study and a targeted return to the discussion, following the human-learning sequence
in the lower middle of Figure 1. Explaining unaided asks the learner to produce an account from
study. A gap gives the return to the source a specific purpose: the linked solutions and corrections
remain available when the student’s answer identifies a question for another lesson.

To reduce repeated supervision, Fold in FAR (Fold–Attempt–Revisit) selects representative solu-
tions within comparable discussion histories using the initial student’s representation. Each repre-
sentative is weighted by the solutions it replaces. Attempt then identifies teachable questions the
Fold student still misses. Revisit uses these misses and retained variation to select sources for fur-
ther lessons: misses call for another explanation, while solved questions can supply material poorly
covered by the first representatives. The Fold student writes the lessons with its parameters held
fixed, and training continues from that student on accepted material. The same discussion supports
both stages; FAR makes teaching responsive to the learner after the discussion ends.

We study these decisions on released discussion graphs for two students and four reasoning tasks,
with joint-training transfer to three further tasks. Our contributions are summarized as follows:
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• We introduce FAR, which organizes a fixed discussion around the learner: Fold selects represen-
tative lessons, Attempt identifies remaining misses, and Revisit writes material for further study.

• We characterize over-teaching and under-learning as two student-dependent gaps: repeated super-
vision in the student’s representation and teachable questions still missed after training.

• FAR improves held-out accuracy over Fold on all eight student–task pairs, reaching four-task
means of 74.29% and 66.61%. Fold first reduces representative targets by nearly 40%, while the
learner’s independent answers guide a single pass of further study.

2 RELATED WORK

Multi-agent discussion and its distillation. Multi-agent discussion lets models build on one an-
other’s responses to improve reasoning (Du et al., 2024); distillation transfers this reasoning to a
single model. MAGDi represents a discussion as a labeled-solution graph and trains on its correct
solutions with next-token, contrastive, and graph objectives (Chen et al., 2024a). Its released graphs
and evaluation protocol provide a common source for comparing how supervision is used. SMAGDi
trains a student to decompose and solve with separate adapters using Socratic debate material (Aluru
et al., 2025). We adapt its material construction to those fixed graphs: each matched student back-
bone writes the Socratic material with its parameters held fixed, then the decomposer and solver
adapters are trained (Appendix C). This makes SMAGDi a useful comparison for student-produced
teaching material. FAR uses student-produced lessons within a different teaching sequence: the stu-
dent’s representation first organizes the discussion, and its later answers guide the return to retained
material.

Trajectory origin, feedback, and material control. On-policy distillation draws on current-student
rollouts but obtains teacher feedback for them (Agarwal et al., 2024). Latent Agents learns from
discussion trajectories through reward-based GRPO updates (Yi et al., 2026). These methods make
student behavior relevant to training through feedback or reward-based optimization. FAR studies
how that behavior can instead govern the use of an already recorded discussion. The shared-source
comparison holds the graph material fixed and evaluates graph-adapted SMAGDi, full-solution SFT,
MAGDi, and the successive FAR stages.

Distillation that listens to the student. Student-aware methods select material through example
difficulty (He et al., 2025), changes in gold-answer perplexity under teacher rationales (Yan et al.,
2025), missing-skill profiles (He et al., 2026b), or diagnosed-gap curricula (He et al., 2026a). STAT
uses teacher-built skill lists, labels, and remedial material to address gaps (He et al., 2026b). FAR
also asks what remains unlearned, but diagnoses missed questions directly from the student’s an-
swers and returns to its existing discussion graph for the next lesson source. The distinction is
where further teaching comes from: FAR reuses the discussion already available to the student, with
its own answers determining where another lesson is needed.

Learning sciences. The human-learning sequence in the lower middle of Figure 1 puts an unaided
attempt between study and revision. Retrieval practice supports the value of an attempt (Roediger &
Karpicke, 2006), while self-explanation motivates developing the relation in one’s own words (Chi
et al., 1994). Mastery learning motivates returning to what remains difficult (Kulik et al., 1990).
These connections motivate the design, while the student evaluations test its effect.

3 METHOD

Given fixed discussion graphs, FAR trains a student to answer alone (Figure 2). Fold selects repre-
sentative lessons; Attempt identifies teachable questions still missed; Revisit writes further lessons
from these misses and retained variation.

3.1 DISCUSSION GRAPHS AND DISCUSSION STATES

The Fixed discussion column of Figure 2 provides the source for all stages: A and B remain correct
across the two illustrated rounds, while C changes from an incorrect to a correct answer.

A discussion graph records n teachers answering question q, with gold answer yq , over rounds
0, . . . , R (Chen et al., 2024b;a). Node v = (a, r, x) is teacher a’s solution in round r; from round 1
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Figure 2: Overview of FAR. Fold selects weighted representatives; Attempt identifies remaining
misses; Revisit uses retained sources and the fixed Fold student θ1 to write further lessons. Residual
denotes variation in the material not fully covered by its representative solution.

onward, the teacher has read all responses from the preceding round. It is correct if its parsed final
answer ans(x) equals yq . Let Q be the training questions, Cq the correct solutions after within-
question exact duplicates are removed (earliest kept), and M =

∑
q |Cq|.

The same correct answer can be initial, sustained, first corrected, or recovered after a lapse. A
majority can explain debate gains (Choi et al., 2025), while earlier errors can persist (Tian et al.,
2026); a final answer alone does not describe the path to a solution. A correction made after seeing
peers’ responses and an answer correct before discussion offer different teaching histories. Thus the
question, teacher transition, and prior peer support determine which solutions to compare.
Definition 1 (Discussion state). For a correct node v = (a, r, x), its transition role τ(v) is INITIAL
and c(v) = 0 if r = 0. For r ≥ 1, it is SUSTAINED if a was correct in round r−1, CORRECTED if
a was wrong in every earlier round, and RECOVERED if a was correct earlier but wrong in round
r−1. Its discussion state is s(v) = (q, τ(v), c(v)), where c(v) counts correct peers in round r−1.

3.2 FOLD: REPRESENTATIVE LESSONS WITHIN A STATE

The State-aware geometry, Representative selection, and Representatives columns of Figure 2 fol-
low Fold from discussion states to training targets. In the example, five correct solutions become
three representatives with masses two, two, and one; the two unselected solutions enter the retained-
context store. The states partition Cq . Write S for one state and nS = |S|; Fold compares solutions
only within S. A state fixes the teaching history, leaving the student’s representation to compare the
content of its correct solutions. Let θ0 be its initial instruct-model parameters, held fixed for repre-
sentation, ev ∈ RD its D-dimensional input embedding of token v, and wv the token’s inverse doc-
ument frequency over correct solutions. These embeddings place candidates in one student-specific
lexical space (Papadimitriou & Prince, 2026). We summarize each solution by frequency-weighted
pooling (Arora et al., 2017), using IDF so terms repeated across correct solutions contribute less.
For tokens x1, . . . , x|x|, define the pooled vector and cosine distance as

ϕ̃(x) =

∑|x|
t=1 wxt

ext∑|x|
t=1 wxt

, ϕ(x) =
ϕ̃(x)

∥ϕ̃(x)∥2
, d(x, x′) = 1− ϕ(x)⊤ϕ(x′). (1)

The unit vector ϕ(x) compares content in the initial student’s input space. The state then needs
a lesson count that follows the variation in its solutions: a concentrated spectrum calls for few
representatives, while a more even spectrum calls for more. Let ΦS ∈ RnS×D contain its unit
vectors ϕ(x) as rows, GS = ΦSΦ

⊤
S , and pi = λi(GS)/nS be its normalized eigenvalues. Since∑

i pi = 1, the lesson count is its rounded effective rank (Roy & Vetterli, 2007):

erank(GS) = exp

(
−

nS∑
i=1

pi log pi

)
, kS = round

(
erank(GS)

)
. (2)
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Here 0 log 0 = 0, half-integers round up, and 1 ≤ kS ≤ nS . Identical vectors yield one lesson. A
deterministic k-medoids search (Kaufman & Rousseeuw, 1990) partitions S into kS clusters CS,j

and takes one member rS,j from each as a complete-solution representative. Its mass mS,j = |CS,j |
counts the solutions it represents. Fold trains on representatives with token-mean cross-entropy;
mass scales each representative’s update learning rate (Appendix C).

The over-teaching rate is the fraction of the shared correct-solution pool omitted as separate targets:

ω = 1− L

M
= 1−

∑
S kS∑
q |Cq|

, L =
∑
S

kS . (3)

This pool-and-θ0 measure differs from actual Fold training-pool compression (Appendix E.3). Fold
yields student θ1; other solutions and discussion contexts remain for Revisit.

3.3 ATTEMPT: ANSWERS AFTER FOLD

The Answer alone panel of Figure 2 shows the independent attempt: the student adds the bag count
to the apples per bag, obtaining 3 + 4 − 5 = 2 instead of counting all twelve apples. Target
loss alone does not tell whether the student can answer unaided. Under the deployment prompt
and task limit, θ1 answers each teachable question q ∈ Q+ once, greedily. The set Q+ ⊆ Q
has at least one correct graph solution per question; N+ = |Q+|. Let Dq be the full response.
Wrong, absent, or unparseable final answers form the missed set F (θ1); its under-learning rate is
υ(θ1) = |F (θ1)|/N+.

Other teachable questions are solved. Responses reaching the output limit are recorded separately; a
parseable correct answer still counts as solved. A miss is observed directly; among solved questions,
the residual of retained solutions can signal unused variation.

3.4 REVISIT: WRITING AND LEARNING FROM WHAT REMAINS

The three steps at the right of Figure 2 connect source selection, lesson writing, and continued learn-
ing. The retained-context store supplies material without repeating the teacher discussion. Multi-
agent strategy learning likewise preserves interaction experience for later reuse (Wu et al., 2026);
here, the student’s progress determines which stored material becomes a new lesson. A missed ques-
tion calls for another explanation; a solved question can still have retained material poorly covered
by its representative. For a miss, an F-source binds the first valid correct witness Eq in graph order
to that question. The attempt determines which question is missed, while the bound reference sup-
plies material for a new lesson. Initial and sustained solutions remain eligible without a correction
edge.

For a solved question, retained solutions can lie far from their representative. The cluster’s residual
discounts its total distance by the fraction of members replaced:

εS,j =
mS,j − 1

mS,j

∑
x∈CS,j

d(x, rS,j), h(q) = arg max
(S,j)∈E(q)

εS,j . (4)

For solved question q, E(q) contains only SUSTAINED clusters with mS,j ≥ 2 and a valid retained
non-representative witness. If E(q) is empty, h(q) is undefined and the question yields no R-source.
Otherwise its highest-residual cluster yields one R-source, using that witness; ties follow graph
order. For solved questions, we prioritize retained sources with large residuals, so supplementary
lessons draw on variation poorly covered by the first representative.

Writing lessons. Step 2 in Figure 2 uses the Fold student θ1, with parameters held fixed during
writing, to produce a lesson from the original question and its bound reference. The figure’s “At-
tempt result” denotes an answer-level record, rather than the full failed reasoning. For F-sources,
the answer-level diagnostic records the student’s parsed wrong answer or the absence of a complete
final answer. An actual same-teacher answer transition into the bound reference is also supplied
when available. R-sources provide only the question and reference.

A new lesson should make the decisive relation explicit: the rule, calculation, or evidence that con-
nects the question to its answer. The illustrated lesson first multiplies three bags by four apples and
then subtracts five, making the counting relation explicit. We ask the writer to check the reference
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against the question and explain that relation through its application. When the question supports a
contrast with an observed wrong answer, the lesson explains why that answer fails and how the cor-
rect condition applies, then develops a complete positive solution. Otherwise it gives the complete
positive solution directly. Work on bias-corrected question generation separates human-like style
from question quality (Zhao et al., 2025). Here, explanatory clarity guides writing, while answer
and consistency checks determine acceptance. We request one greedy candidate per source and re-
tain lessons that pass the checks in Appendix C.1. Each accepted lesson stands alone and ends with
one legal final answer.

Continuing the student. Step 3 in Figure 2 trains on the accepted lessons to obtain θfinal. Let KF

and KR be the accepted F- and R-lessons, with K = KF ∪ KR. Training resumes from θ1 and its
optimizer state, with θ denoting the continuing student. A lesson Yq = (yq1, . . . , yqTq

) includes
the worked solution, final answer, and end-of-sequence token. Token-mean cross-entropy trains on
every response token, with the question masked and equal weight for F- and R-lessons; Fold’s cluster
mass does not scale these updates. The diagnostic and reference shape the lesson, and the student
learns to produce it from the question alone. Revisit uses a single pass over the accepted lessons with
ordinary cross-entropy; the final student is evaluated after the prescribed schedule. Appendix C.1
gives the writing and continuation settings.

At test time. The final student answers only the task prompt and question once, greedily, under the
fixed output limit; no submission check, graph, discussion context, or writer is used.

4 EXPERIMENTS

4.1 SETUP

Discussion source and students. We use the graphs released by Chen et al. (2024a), with 1,000
training graphs each for StrategyQA (SQA) (Geva et al., 2021), ECQA (Aggarwal et al., 2021),
ARC-Challenge (ARC) (Clark et al., 2018), and GSM8K (Cobbe et al., 2021). ReConcile produced
the discussions with GPT-4, Claude 2, and Bard (Chen et al., 2024b). The students are Mistral-7B-
Instruct-v0.2 (Jiang et al., 2023) and Qwen1.5-4B-Chat (Qwen Team, 2024). Each task uses its own
trained student.

Comparison and evaluation. Base is the initial instruct model. Full-solution SFT learns from all
correct graph solutions; MAGDi adds graph objectives; graph-adapted SMAGDi constructs Socratic
material and uses separate decomposition and solving adapters. Fold and complete FAR expose the
two successive learning stages. All methods use the same released source, task test sets, and answer
scorer; SMAGDi retains its multi-call inference. We compare uses of a common supervision source;
preference-based alignment under privacy or corrupted labels addresses a different feedback setting
(Weng et al., 2026). Scores are run means; gains are percentage-point differences. TPC divides
all generated output tokens, including wrong-answer tokens and every inference call, by correct
answers. Appendix B specifies prompts, output limits, and training settings.

4.2 LEARNER-CENTERED TEACHING IMPROVES INDEPENDENT ANSWERS

FAR improves both students on every task. Table 1 gives FAR four-task accuracies of 74.29%
for Mistral and 66.61% for Qwen. These are 4.54 and 2.92 points above MAGDi, the strongest
full-graph baseline by four-task mean, and 23.36 and 16.30 points above Base. FAR is also above
every comparison on each individual task. The result holds across yes/no reasoning, commonsense
and science multiple choice, and arithmetic word problems, with the final student answering alone.

The gains extend beyond representative selection. Fold reaches 69.41% and 64.10%, within half
a point of MAGDi, while compressing the initial targets. Revisit raises these means by 4.88 and
2.51 points. Its task gains range from 1.21 to 7.42 points, with improvement on all eight student–
task pairs. The sequence therefore provides two outcomes from the same recorded discussion: a
compact initial study set, followed by higher accuracy after learner-guided further study.

Independent answers remain economical after folding. Fold’s four-task TPC is 134.7 for Mistral
and 158.6 for Qwen, close to full-solution SFT at 136.8 and 161.4. Revisit reduces these means to
125.7 and 113.1, the lowest among the compared methods. FAR therefore improves mean accuracy
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Table 1: Held-out accuracy and answer efficiency. Accuracy and ULR are percentages; Avg and
TPC equally weight their four task values. Fold is FAR’s first stage. Bold marks the best accuracy,
ULR, and TPC; ‡ denotes multi-call inference. Task-specific TPC appears in Appendix Table 11.

Method SQA ECQA ARC GSM8K Avg ↑ ULR ↓ TPC ↓

Mistral-7B-Instruct-v0.2
Base 61.57 55.79 42.83 43.52 50.93 45.80 347.3
SMAGDi ‡ 66.81 56.15 60.92 41.32 56.30 39.22 1065.3
SFT 69.00 71.83 77.30 56.56 68.67 14.89 136.8
MAGDi 72.93 71.74 77.47 56.86 69.75 14.40 135.7
Fold 70.31 72.97 77.65 56.71 69.41 14.84 134.7
FAR 77.73 76.62 82.17 60.65 74.29 14.29 125.7

Qwen1.5-4B-Chat
Base 56.77 59.98 41.64 42.84 50.31 42.94 261.3
SMAGDi ‡ 58.95 62.72 58.28 36.54 54.12 39.77 673.6
SFT 61.57 67.64 69.45 53.45 63.03 21.51 161.4
MAGDi 62.01 68.96 69.80 53.98 63.69 20.40 155.0
Fold 63.32 69.10 70.48 53.53 64.10 21.26 158.6
FAR 67.25 72.70 71.76 54.74 66.61 20.33 113.1

Table 2: Joint training transfers beyond the source tasks. Accuracies and train ULR are percent-
ages; Avg equally weights the three transfer tasks. ∆ is the gain over Fold. TPC counts generated
tokens per correct transfer answer, including tokens from wrong answers. Bold marks the best value
within each student.

Method PIQA SVAMP MedMCQA Avg ↑ ∆Fold ↑ Train ULR ↓ TPC ↓

Mistral-7B-Instruct-v0.2
Base 72.80 60.90 40.76 58.15 −5.88 39.70 198.0
SFT 77.58 70.70 43.65 63.98 −0.06 15.67 169.6
MAGDi 77.09 69.70 43.80 63.53 −0.51 14.93 163.3
Fold 77.64 70.70 43.77 64.04 0.00 15.91 167.0
FAR 78.00 72.50 44.81 65.10 +1.06 14.60 160.0

Qwen1.5-4B-Chat
Base 58.32 59.70 34.88 50.97 −7.68 39.39 242.9
SFT 73.01 66.40 38.49 59.30 +0.65 21.84 175.3
MAGDi 72.91 65.40 38.66 58.99 +0.34 18.82 170.7
Fold 72.69 64.70 38.56 58.65 0.00 22.82 171.8
FAR 73.03 66.83 38.89 59.58 +0.93 18.15 127.6

while reducing generated tokens per correct answer. SMAGDi’s multi-call answers cost 1065.3 and
673.6 tokens per correct answer; FAR uses one response. TPC includes every generated answer, so
it measures the work needed for a correct result rather than response length alone.

Further study also improves transfer to unseen tasks. We jointly train on the four source tasks
and evaluate on PIQA (Bisk et al., 2020), SVAMP (Patel et al., 2021), and MedMCQA (Pal et al.,
2022), without training on these datasets. FAR leads every comparison on all three tasks for both
students (Table 2). Its transfer means reach 65.10% and 59.58%, improving on Fold by 1.06 and
0.93 points. The gains extend from arithmetic to physical commonsense and medical questions:
learner-guided further study benefits tasks outside the source discussions.

Transfer gains accompany fewer unresolved training questions. In the joint setting, Revisit low-
ers train ULR by 1.31 points for Mistral and 4.67 for Qwen. Transfer TPC falls from 167.0 to
160.0 and from 171.8 to 127.6, respectively. Thus, the return to source material improves inde-
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pendent answers on unseen tasks while reducing generated tokens per correct answer. Appendix D
distinguishes the source-question diagnostic from the transfer measures.

Transfer is strongest on arithmetic problems. Relative to Fold, SVAMP accuracy rises by 1.80
points for Mistral and 2.13 for Qwen. The corresponding gains are 0.36 and 0.34 on PIQA, and 1.04
and 0.33 on MedMCQA. Both students thus gain most on the transfer task closest to their arithmetic
training material, while also improving in physical commonsense and medical reasoning. Further
study of the source discussions benefits new questions across all three target tasks.

4.3 FOLD REDUCES REPEATED STUDY WHILE RETAINING PERFORMANCE

Compression follows the discussion’s variation. Across the eight task-specific settings, exact
deduplication and state-wise folding reduce target counts by 35.15–52.71% and response tokens
by 32.38–49.53% (Appendix Table 6). The savings are largest on GSM8K, where nearly half the
response tokens are removed for both students, and smaller on ECQA. Fold thus changes the amount
of study according to the material rather than imposing one retention fraction on every task.

Representatives retain the value of the first study stage. Against full-solution SFT, Fold improves
mean accuracy by 0.74 points for Mistral and 1.08 for Qwen. It remains close to MAGDi while using
fewer complete-solution targets. GPU-hours count accelerators multiplied by elapsed training hours.
Recorded Fold training GPU-hours are 24.79–60.35% lower than SFT across the task runs. These
values describe initial training: discussion generation, lesson construction, and the later Revisit stage
have separate costs (Appendix G).

4.4 ATTEMPT EXPOSES A DIFFERENT GAP FROM REPEATED MATERIAL

Repeated supervision and unresolved questions coexist. The shared correct-solution pool has
mean OTRs of 39.00% for Mistral and 40.24% for Qwen (Appendix Table 7). Yet full-solution
SFT and MAGDi still miss 14.40–14.89% and 20.40–21.51% of their respective teachable training
questions. A correct solution in the source thus supplies an opportunity to learn; the student’s
independent answer establishes whether that opportunity has been realized. The two measures locate
the teach–learn gap in different objects, the material offered and the questions answered.

A compact study set leaves a clear target for further teaching. After Fold, ULR is 14.84%
for Mistral and 21.26% for Qwen. GSM8K has the largest miss rate, 28.34% and 27.62%, even
though it also has the greatest over-teaching. Conversely, ECQA has less repeated material and
lower under-learning. The task pattern shows why material volume alone does not determine the
next lesson. Attempt supplies an answer-based decision after training: it selects missed questions
from the teachable pool for another explanation.

Retained variation supplies a second source of lessons. Revisit also draws on solved questions
whose retained solutions are poorly represented. Residual and retained-target NLL correlate posi-
tively on GSM8K for both students (rs = 0.173 and 0.142) and on ECQA (0.087 and 0.067), with
question-bootstrap intervals above zero. The corresponding representative-target correlations on
GSM8K are negative (−0.140 and −0.145). The residual therefore identifies a relation to retained
content that the representative alone does not show in those tasks; it gives Revisit a source signal
alongside the directly observed misses. Appendix E reports all task correlations and intervals.

4.5 REVISIT COMBINES MISSED QUESTIONS WITH RETAINED VARIATION

Both sources contribute to further learning. Table 3 examines Revisit on Mistral. F-only raises
accuracy from Fold’s 69.41% to 72.53%, while R-only reaches 71.42%. Their combined use reaches
74.29%: removing R loses 1.76 points, and removing F loses 2.87. The full method also has the
lowest ULR among these controls, at 14.29%. Missed questions provide the larger individual gain,
while retained variation adds value beyond returning only to failures. Attempt and the Fold residual
thus identify complementary sources for further study.

Writing a lesson adds value beyond replaying a reference. E-replay reaches 69.87%, only 0.46
points above Fold and 4.42 below complete FAR. Its TPC is also higher, at 150.3 compared with
FAR’s 125.7. Correct source material alone therefore does not account for the gain from further
study. FAR turns a selected reference into an independent explanation written by the student, then
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Table 3: Revisit ablations on Mistral. Avg and ULR are four-task percentages; TPC averages
task ratios. ∆ is the accuracy difference from complete FAR. F selects missed questions; R selects
retained variation on solved questions. Bold marks the best result.

Method Further material Avg ↑ ∆Full ↑ TPC ↓ ULR ↓

FAR (Full) F and R lessons 74.29 0.00 125.7 14.29
Fold only No further material 69.41 −4.88 134.7 14.84
F-only Missed-question lessons 72.53 −1.76 128.3 14.68
R-only Residual-selected lessons 71.42 −2.87 126.3 14.89
E-replay Original correct references 69.87 −4.42 150.3 16.26

trains on that explanation. The comparison supports this learner-centered use of the discussion:
selecting a source and converting it into a lesson both matter to the final result. Full FAR also lowers
ULR by 1.97 points relative to E-replay. Together, these changes show a benefit on the questions
used for learning as well as on held-out questions.

Accuracy and efficiency favor the combined lesson set. R-only comes close to FAR in TPC, at
126.3 versus 125.7, yet remains 2.87 accuracy points behind. F-only has higher accuracy than R-
only but uses 128.3 tokens per correct answer. Combining the branches improves both measures
and lowers ULR below either source alone. FAR’s advantage therefore appears in three aspects
of learning: success on held-out questions, unresolved training questions, and generated work per
correct answer.

Further study is concentrated. Revisit uses 125–309 lessons for Mistral and 163–242 for Qwen,
only 5.53–15.34% of the initial representative count. Studying each lesson once adds 0.73–3.59%
to the response-token exposure of Fold’s five passes (Appendix Table 5). Across the two students,
mean ULR falls from 14.84% to 14.29% and from 21.26% to 20.33%. A small additional set of
explanations thus accompanies both fewer unresolved source questions and higher held-out accuracy
in each student’s mean.

The strongest accuracy gains also improve answer efficiency. SQA gives both students their
largest Revisit gain, while TPC falls from 118.1 to 86.0 for Mistral and from 147.0 to 49.9 for
Qwen. On Qwen ARC, accuracy rises by 1.28 points and TPC falls from 124.9 to 94.6 (Appendix
Table 11). The student answers more questions correctly with fewer generated tokens per successful
answer. All of these results use one independent response, with no teacher discussion repeated at
evaluation.

Response changes reveal what a correct answer requires. The test cases in Appendix I make
several gains concrete. FAR includes an omitted quantity in a total, distinguishes element types
from atom counts, and connects stated premises to the answer they imply. These are changes in the
use of information already present in the question or earlier response. They illustrate why learning
must be checked through the student’s own answer, and why another explanation can be useful after
the student has already seen correct teaching material.

5 CONCLUSION AND LIMITATIONS

Summary. Correct supervision can be plentiful while learning remains incomplete. FAR makes the
student guide how a fixed discussion is used: Fold organizes repeated material, Attempt identifies
missed questions, and Revisit turns retained sources into further lessons. Fold retains mean accuracy
within half a point of MAGDi; a single Revisit pass improves all eight student–task results, reaching
four-task means of 74.29% and 66.61%. Joint-training gains extend to three unseen tasks, and the
controls support both revisit sources and student-written lessons. These results support organizing
distillation around the learner’s progress, using the same discussion to reduce repeated study and
address what remains unlearned.

Limitations. The procedure uses answer-verifiable discussion data. Revisit draws its sources from
teachable training questions. The attempt diagnoses answers rather than the validity of each rea-
soning step, and the revisit selects questions rather than shared skills. Step-level diagnosis and
cross-question repair remain future directions.
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REPRODUCIBILITY STATEMENT

The comparison uses the discussion graphs and teacher solutions released by Chen et al. (2024a).
The four graph-training tasks support the task-specific comparison and joint training; PIQA,
SVAMP, and MedMCQA assess transfer without target-task training. Section 3 defines Fold, At-
tempt, and Revisit. Appendix C gives input formats, deterministic construction, baseline adapta-
tions, and continuation settings; Appendix E defines the ablations, diagnostic rates, and their pop-
ulations. Data splits, answer scoring, and analysis populations are specified here. The appendix
reports the completed material diagnostics, construction settings, recorded stage costs, and quoted
test responses.

USE OF GENERATIVE AI

Generative AI tools assisted with literature discovery, language revision, mathematical argument
checks, non-core code writing, and code review. They also supported research execution and pro-
vided feedback in discussions to refine ideas proposed by the authors. The research also uses lan-
guage models to construct teaching material, as described in Section 3.4 and Appendix C. The
authors led the research, made the final decisions, and take responsibility for the methods, imple-
mentation, claims, and results.
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A REMARKS ON THE FOLDING OBJECTIVE

Folding uses effective rank to allocate representatives and residuals to identify clusters whose repre-
sentatives fit poorly. The remarks below characterize these representation quantities. Revisit uses the
residual to prioritize eligible sources. Throughout, S is a nonempty discussion state, and ϕ(x) ∈ RD

is the unit-normalized pooled representation of Section 3.2. The pooled vectors are assumed nonzero
so that normalization is defined. The matrix ΦS contains these vectors as rows, and GS = ΦSΦ

⊤
S

has eigenvalues λ1 ≥ · · · ≥ λnS
≥ 0. Since trGS = nS , the values pi = λi/nS sum to one. Write

k̃S = expH(p) for the effective rank before rounding, where H is Shannon entropy in nats and
0 log 0 = 0.

A.1 WHAT THE EFFECTIVE RANK COUNTS

The effective rank depends on how a state’s vectors occupy the representation space, including their
relative multiplicities. The first result gives its range and two cases in which the lesson allocation
can be read directly from the geometry.

Remark 1. (i) (Range.) 1 ≤ k̃S ≤ rankΦS , with k̃S = 1 exactly when the vectors span one
dimension; in particular, a singleton state has kS = 1.

(ii) (Orthogonal groups.) If the vectors assume c pairwise orthogonal values with multiplicities
n1, . . . , nc, then k̃S = expH(n1/nS , . . . , nc/nS) ≤ c, with equality exactly for equal multi-
plicities; a state consisting entirely of copies of one vector has kS = 1.

(iii) (Near-identical vectors.) For nS ≥ 2 and 0 ≤ δ ≤ 1, suppose every pair has cosine similarity
at least 1− δ, and let t̄ = (nS − 1)δ/nS . Then

k̃S ≤ exp(Hbin(t̄) + t̄ log(nS − 1)) , Hbin(t) = −t log t− (1− t) log(1− t),

with Hbin taking its continuous endpoint values. At nS = 3 and δ = 0.15 the bound is
approximately 1.48 < 1.5, so three solutions with pairwise similarity at least 0.85 round to
kS = 1.

Proof. (i) Entropy is nonnegative and is at most the logarithm of the number of nonzero probabil-
ities. That number is rankGS = rankΦS , giving both bounds. Entropy is zero exactly when one
eigenvalue carries the full trace, equivalently when the row span is one-dimensional.

(ii) Group the rows by their orthogonal values. The Gram matrix is block diagonal with all-ones
blocks of sizes n1, . . . , nc, so its nonzero eigenvalues are precisely n1, . . . , nc. The entropy formula
follows. Entropy on c points equals log c exactly for the uniform distribution; at c = 1 it is zero.
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(iii) Set n = nS . The Rayleigh quotient of the all-ones vector gives

λ1 ≥ 1⊤GS1

n
≥ n− (n− 1)δ.

The remaining probability mass t = 1 − λ1/n therefore satisfies t ≤ t̄ = (n − 1)δ/n. Grouping
the largest component separately yields H(p) ≤ Hbin(t) + t log(n − 1) =: g(t). The function g
increases on [0, (n − 1)/n], and t̄ lies in this interval. Hence H(p) ≤ g(t̄), proving the bound. For
n = 3 and δ = 0.15, t̄ = 0.1 and exp g(t̄) ≈ 1.48.

Effective rank summarizes how spectral mass is distributed across the occupied directions, and
part (ii) shows how unequal multiplicities lower the count. How well a chosen representative fits its
cluster is a separate question, measured by the distortion below.

A.2 WHICH REPRESENTATION DIFFERENCES THE RESIDUAL COVERS

For a cluster C = CS,j , write rC = rS,j and mC = mS,j . Its total representation distortion is

DC =
∑
x∈C

d(x, rC) =
1

2

∑
x∈C

∥ϕ(x)− ϕ(rC)∥22.

The medoid objective of Section 3.2 is therefore one-half of the total squared displacement intro-
duced by replacing cluster members with their representatives, and each nearest-assignment and
medoid-update step of the deterministic search does not increase this objective within a state. The
residual in equation 4, εC = (mC − 1)DC/mC , discounts the distortion by the fraction of mem-
bers actually replaced. A singleton has DC = εC = 0, and every cluster with mC ≥ 2 satisfies
DC/2 ≤ εC ≤ DC . These bounds describe the ordering score.

B DATA AND EXPERIMENTAL SETTINGS

Original-graph split. The four MAGDi/ReConcile training-graph collections each contain 1,000
questions. The comparisons use fixed graph versions, test questions, student models, task prompts,
and answer scorers; the output limits are specified below. Accuracy is the fraction of test ques-
tions answered correctly under the task-specific answer format and scorer for StrategyQA, ECQA,
ARC-Challenge, or GSM8K. The four-task mean in Table 1 equally weights these tests. The graph
statistics in Table 10 are recomputed from the four MAGDi training collections (Chen et al., 2024a),
using their original correct response nodes before exact-completion deduplication.

Teachable questions. The learning quantities are computed on the training questions that have at
least one correct teacher solution, Q+ in Section 3.3: 931 on SQA, 885 on ECQA, 988 on ARC,
and 974 on GSM8K, 3,778 in all. The untrained and the trained student answer the same questions
under the deployment prompt, and every question is paired by its identity in the released graphs.

Reported performance. The scores in Table 1 are run means, with Base denoting the initial instruct
model. ULR averages the task-specific rates over the same teachable-question populations. Material
sizes and recorded costs describe their specified construction and training spans; they are not pooled
question counts for the accuracy means.

Training settings and final models. Fold uses five training epochs, a base learning rate of 10−5,
and one example per training step. The LoRA rank 16, scale 32, dropout 0.05, and query and value
projections follow MAGDi’s released implementation (Chen et al., 2024a).1 We evaluate the model
obtained at the end of each prescribed training schedule, without validation-based model selection.
Evaluation is greedy with 128 questions per batch. Reported means and differences are rounded for
display.

The Mistral-7B-Instruct-v0.2 release is documented in its model card at https://
huggingface.co/mistralai/Mistral-7B-Instruct-v0.2, and Jiang et al. (2023)
describes the Mistral 7B family. Exact McNemar tests and question-bootstrap intervals, when re-
ported, use the same held-out questions, with Holm correction across the prespecified task com-
parisons; they quantify variation across questions for a fixed trained student, rather than run-to-run
standard deviation.

1https://github.com/dinobby/MAGDi/blob/main/train.py
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Table 4: Fold and Revisit settings. The representative count follows the state spectrum; cluster
mass is a count of represented solutions, not a searched parameter. Acceptance uses training gold
and mechanical checks, without held-out test answers.

Component Setting

Fold Five epochs; base learning rate 10−5; mass-scaled AdamW steps
Fold optimizer AdamW moment coefficients (0.9, 0.999), stabilizer 10−8, zero decay;

linear schedule, 3% warmup; gradient norm cap 1
Revisit One pass; 5 × 10−6; complete-response token-mean CE, including

EOS; equal F/R weights; no mass scaling
Adapters LoRA (Hu et al., 2022) rank 16, scale 32, dropout 0.05; query and

value projections
Training batch One example; gradient accumulation one
Lesson writer Fixed θ1 during writing; greedy; batch eight; 512 new tokens
Formal answers Greedy; batch 128; GSM8K 1,024 new tokens, other graph tasks 512
Medoid search Deterministic initialization and ties; at most 25 alternations
Acceptance Natural termination; legal training-gold final answer; format, length,

structural and arithmetic checks

C INPUTS, LESSONS, AND BASELINE ADAPTATIONS

Deployment and attempt. Each input uses the student’s native chat template with one task instruc-
tion and one question. The student explains its reasoning and ends with one scored final answer:
a number for GSM8K, yes/no for StrategyQA, an index from 1 to 5 for ECQA, or a letter from A
to D for ARC-Challenge. The completed Base, SFT, MAGDi, and Fold graph-protocol rows use
greedy decoding with output limits of 512 new tokens for StrategyQA, ECQA, and ARC-Challenge
and 1,024 for GSM8K. The final FAR evaluation uses the same question-only task instructions,
greedy decoding, batch size 128, and task limits of 512 new tokens for StrategyQA, ECQA, and
ARC-Challenge and 1,024 for GSM8K, without a submission check. SMAGDi keeps the stage-
specific prompts of its decomposition-and-solving procedure. After folding, the student attempts
each teachable training question once under the same prompt. An attempt whose parsed answer is
correct counts as solved even when it reaches the output limit; wrong or absent answers enter the
numerator of υ (Section 3.3), and limit-reaching attempts are counted separately as out of budget.

Lesson inputs. The writer is a frozen copy of the task-matched Fold student θ1. Every request
includes the original question, conditions, and answer choices, together with its bound teacher refer-
ence. F-requests also include the attempt’s parsed wrong answer, or the absence of a complete final
answer, with its termination and length-cap indicators. F-requests include an actual same-teacher
answer transition from the preceding round into the bound reference when available. No failed stu-
dent or previous teacher reasoning is provided. R-requests use only the question and reference. Gold
is not a separate writer field; the reference answer remains visible. Each lesson must stand alone
and end in the task’s Final answer: <answer> format.

Full-solution SFT trains on each correct graph solution as a response to the bare question. MAGDi
uses the authors’ next-token, graph-node classification, and correct-versus-incorrect ranking ob-
jectives. SMAGDi ‡ adapts Socratic material construction to the released graphs while retaining
its language-model, graph-node, and chain objectives. For each evaluated student backbone, a
frozen copy writes material from the common fixed graph pool, and separate decomposer and solver
adapters are trained. The original method generates interactive Socratic graphs; this comparison
derives its chains and material from the fixed pool. At evaluation, the student makes one decompo-
sition call, one solver call per parsed sub-question (up to five), and one final synthesis call. All 2+k
calls for k sub-questions contribute to its token and time cost, and the common task scorer evalu-
ates the final answer. The main table uses accuracy gain over Base for the common comparison;
SMAGDi’s adapted initial references differ from ordinary Base and do not define the same paired
acquisition and forgetting population.

Deterministic construction. Two solutions count as exact repeats when they coincide after Unicode
normalization, whitespace collapsing, and case folding; within each question, the earliest occurrence
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is kept. Repeats are removed before the state partition, so identical text that appears under different
histories is kept once, at its earliest occurrence, and the history then restricts which of the remaining
solutions are compared. The medoid search first selects the member with the smallest total distance
to the rest of the state, then adds the member farthest from the medoids already chosen until kS
are placed, and finally alternates nearest-medoid assignment with minimum-total-distance medoid
updates within each cluster until nothing changes or 25 rounds have passed. Ties are broken by
graph order. Fold minimizes token-mean target loss with AdamW. Each representative is visited
once per epoch; its mass scales that step’s AdamW learning rate, including decoupled weight decay.

Count-based weighting. Cluster mass records how many solutions a representative replaces. Fold
retains one target per cluster and scales its learning rate by that count. AdamW uses adaptive
moments and decoupled weight decay (Loshchilov & Hutter, 2019). To state the single-step ef-
fect, let gC be the representative gradient after any clipping, st the pre-step optimizer state, and
at(gC , st) = ût/(

√
v̂t+ ϵopt) the Adam normalized direction. Here ût and v̂t are the bias-corrected

first and second moments obtained from gC and st, and ϵopt > 0 is a numerical stabilizer. For base
learning rate η and decay coefficient λ, the post-update parameters θ+ are

θ+ = θ − ηmC

[
at(gC , st) + λθ

]
.

For the same parameters, gradient, moments, and step counter, replacing η by mCη scales both the
current direction and decoupled decay. The recorded Fold runs use λ = 0, so their decay term is
zero. The moments are updated once. Weighting the loss instead changes the gradient supplied to
the moments; repeated sampling changes parameters and optimizer state over several steps. Mass
scaling therefore gives count-based weight to compressed material, without exactly reproducing
either procedure.

C.1 REVISIT SOURCE AND TRAINING DETAILS

Source witnesses. On each question missed by θ1, the F-branch scans correct graph nodes in
(round, teacher, unit index) order and takes the first valid witness. This deterministic order makes
selection reproducible: the student’s miss identifies the question, while the order selects a reference
without a further score-based search. A valid witness has nonempty reasoning, one strictly parseable
final answer at the end matching gold, and a question–witness input within training length; the ex-
isting mechanical arithmetic check also applies. The bound answer passes source qualification, but
this does not establish the validity of every reasoning step. Identified invalid reference content is
withheld before writing while its source identity and answer are retained.

For a solved question, the R-branch considers only SUSTAINED Fold clusters with at least two mem-
bers and an already-bound valid retained non-representative witness. It keeps the highest-residual
eligible cluster per question, with ties by graph order. Eligible sources are ordered by decreasing
residual, with original question index breaking ties. The branches use disjoint question sets.

Writing and acceptance. Both branches use the same broad writing instruction: identify the de-
cisive rule, calculation, or evidence, check the reference against the question, and give a complete
positive worked solution. A shown wrong answer may guide an explanation of why it fails and how
to apply the correct condition, but only when that distinction is verifiable. An answer pair does not
establish the student’s hidden error cause. Otherwise the writer gives the positive solution alone,
or abstains when no answer is supported. The output omits failed reasoning and narratives about
student, teacher, or source identities.

One candidate is requested per source, with greedy decoding, batch size eight, and at most 512
new tokens. Acceptance requires natural end-of-sequence termination, nonempty reasoning, exactly
one legal gold-matching final answer at the end, complete question–lesson encoding within training
length, and the structural and arithmetic checks. Rejection triggers neither a quality retry nor source
backfill. At most one lesson is accepted per source. Our acceptance checks focus on the answer,
format, and mechanical consistency of the lesson; they do not certify every reasoning step. They use
training gold rather than held-out test answers. We record calls, acceptances, and tokens.

Lesson cross-entropy. For Yq = (yq1, . . . , yqTq ), the token-mean response loss is

L(q)
CE = − 1

Tq

Tq∑
t=1

log pθ(yqt | q, Yq,<t). (5)
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The question supplies context but is masked from the loss. The Tq targets include all reasoning
tokens, the final answer, and the end-of-sequence token; division by Tq normalizes each lesson by
its response length.

Continuation. Revisit resumes each dataset’s matched Fold student θ1 with its full AdamW mo-
ments and optimizer state. The Fold LoRA rank, scale, dropout, and projection targets are preserved,
and the base learning rate is 5× 10−6. The lower rate reflects Revisit’s role as supplementary learn-
ing after Fold. Training uses only the cross-entropy in Equation 5, with the question as input and the
complete lesson as the response target. F- and R-lessons have equal weight; batch size and gradient
accumulation are both one, and Fold’s cluster mass does not scale the updates. Revisit makes one
pass over the accepted lessons, training on each lesson once.

Training settings. The graph comparison matches the initial backbone, source questions, and task
scorer, with each method’s training stages described separately. The training and evaluation settings
are those of Appendix B, and the revisit fields are collected above. Costs are reported as GPU-hours.

D JOINT-TRAINING TRANSFER PROTOCOL

The joint comparison pools the four discussion-graph training collections: StrategyQA, ECQA,
ARC-Challenge, and GSM8K. Each method trains a single student on this pooled source. Fold is the
initial stage of the corresponding joint FAR run, and FAR continues from it using accepted Revisit
lessons. The jointly trained students are evaluated on PIQA’s physical commonsense questions (Bisk
et al., 2020), SVAMP’s arithmetic word problems (Patel et al., 2021), and MedMCQA’s medical
multiple-choice questions (Pal et al., 2022). No examples from these three datasets are used for
training. PIQA and MedMCQA use their publicly labeled validation splits. Methods share each
transfer task’s prompt, greedy decoding, output limit, and answer scorer.

Accuracy and unresolved source questions. Table 2 reports run means. Avg gives each of the
three transfer tasks equal weight; ∆ is the percentage-point gain relative to the same student’s Fold
result. Train ULR measures missed questions in the pooled teachable source population Q+, using
the definition in Section 3.3. It excludes the three transfer tests. These joint-training rates describe
the jointly trained student, while Table 1 aggregates results from separately trained students.

Tokens per correct answer. For the transfer tasks Dtrf = {PIQA,SVAMP,MedMCQA}, let
Od(θ) count all generated answer tokens on task d and Cd(θ) count correct answers. The pooled
measure is

TPCtrf(θ) =

∑
d∈Dtrf

Od(θ)∑
d∈Dtrf

Cd(θ)
.

Tokens from wrong and unparseable answers remain in the numerator. TPC thus measures generated
work per successful answer, combining answer length and correctness. It is undefined if no answer
is correct and does not measure training cost or inference latency.

E CONSTRUCTION AND DIAGNOSTIC ANALYSES

E.1 REVISIT CONTROLS

Table 3 compares complete FAR with four controls on the Mistral student across the four source
tasks. Fold only ends after representative training. F-only retains lessons from missed questions and
removes R lessons; R-only retains residual-selected lessons from solved questions and removes F
lessons. E-replay uses original correct teacher references for further training in place of student-
written lessons. Avg equally weights the four task accuracies, and ULR follows the common
teachable-question population used in Table 1. The full and Fold-only rows reuse that table’s re-
sults.

These comparisons separate the two sources of further teaching and the form in which selected
material is studied. Complete FAR has the highest mean accuracy and lowest ULR among these
controls. The additional reported four-task TPC values are 128.3 for F-only, 126.3 for R-only, and
150.3 for E-replay; Fold’s corresponding value is 134.7. TPC follows the generated-output definition
in Appendix G.
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Table 5: A single Revisit pass improves held-out accuracy. Counts and response tokens describe
the selected one-pass lesson sets. Lesson fraction is relative to Fold’s representatives; added expo-
sure is relative to all five Fold passes. ∆Acc is FAR minus Fold in percentage points.

Student Task Lessons Lesson fraction Response tokens Added exposure ∆Acc ↑

Mistral SQA 166 8.92% 12,983 1.28% +7.42
Mistral ECQA 163 6.83% 11,871 1.17% +3.65
Mistral ARC 125 5.53% 15,543 1.36% +4.52
Mistral GSM8K 309 15.34% 47,828 3.59% +3.94

Qwen SQA 215 11.56% 6,768 0.73% +3.93
Qwen ECQA 163 7.01% 10,990 1.17% +3.60
Qwen ARC 186 8.40% 11,966 1.16% +1.28
Qwen GSM8K 242 12.66% 36,054 2.91% +1.21

Table 6: Fold changes the volume of initial study. Original nodes precede exact deduplication;
representatives are the actual Fold training targets. Target-token reductions compare those repre-
sentatives with the original correct-node pool. GPU-hour reductions use recorded Fold and SFT
training spans.

Student Task Original nodes Representatives Tokens saved ↑ GPUh saved ↑

Mistral SQA 3,223 1,861 40.63% 24.79%
Mistral ECQA 3,678 2,385 32.38% 34.25%
Mistral ARC 3,738 2,261 38.80% 31.24%
Mistral GSM8K 4,043 2,014 48.08% 60.35%

Qwen SQA 3,223 1,860 40.90% 42.86%
Qwen ECQA 3,678 2,325 33.96% 27.07%
Qwen ARC 3,738 2,215 40.38% 32.81%
Qwen GSM8K 4,043 1,912 49.53% 50.91%

E.2 REVISIT MATERIAL AND EXPOSURE

E.3 ANALYSIS OF FOLD

Task-level accuracy. Among the first-stage comparisons, Mistral Fold is the best on ECQA (+1.14
over SFT) and ARC (+0.17 over MAGDi), and MAGDi leads on SQA and GSM8K. For Qwen,
MAGDi is the strongest baseline on every task, and Fold leads those first-stage comparisons on
SQA, ECQA, and ARC (+1.31, +0.14, and +0.68 over MAGDi) and within half a point on GSM8K
(−0.45). The strongest baseline is determined separately for each task; the main-text comparison
uses the method with the highest four-task mean. Differences are computed before rounding.

Discussion states preserve how a solution arose. The state partition separates initial, sustained,
corrected, and recovered answers before content is compared. In the actual training pools, most
states receive one or two representatives; only Mistral GSM8K has two states allocated three, and
Qwen GSM8K has one. The mean cross-state minus within-state distance is slightly negative in
every task for both students. The partition preserves the teaching history even when solutions under
different histories have similar wording. Effective rank then allocates representatives to variation
within that history.

What the two rates count. Over-teaching ω in equation 3 is the fraction of the shared pool not
chosen as a representative. It is computed once, within discussion states, from the initial student’s
input-token embeddings with IDF pooling, and it describes the training material in that student’s
representation. Independent performance is measured separately: each student answers the same
teachable questions once under the deployment prompt and output limit. The numerator of υ(θ)
(Section 3.3) counts wrong or absent parsed answers, a correct answer counts as solved even when
generation reached the limit, and attempts that reached the limit have a separate count and rate.
Held-out test accuracy is reported separately from this training-question rate.
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Table 7: Over-teaching by task. OTR describes repeated solutions in the shared
correct-solution pool under each initial student’s representation. Values are per-
centages; Mean equally weights the four tasks.

Student SQA ECQA ARC GSM8K Mean

Mistral 39.53 31.50 36.92 48.06 39.00
Qwen 39.34 33.08 37.86 50.66 40.24

Table 8: State allocation and distances. k lists state counts at rounded effective rank 1/2/3. n
counts paired questions; ∆ is cross-state minus within-state distance with a 95% interval. dr is
mean representative-to-member distance.

Student Task States k: 1/2/3 n ∆ Lower Upper dr

Mistral SQA 1379 897/482/0 195 -0.006 -0.018 0.005 0.055
Mistral ECQA 1982 1579/403/0 490 -0.007 -0.012 -0.002 0.054
Mistral ARC 1542 823/719/0 252 -0.012 -0.019 -0.005 0.058
Mistral GSM8K 1767 1522/243/2 393 -0.014 -0.019 -0.009 0.049

Qwen SQA 1379 898/481/0 195 -0.007 -0.017 0.004 0.055
Qwen ECQA 1982 1639/343/0 490 -0.008 -0.012 -0.004 0.055
Qwen ARC 1542 869/673/0 252 -0.011 -0.016 -0.005 0.058
Qwen GSM8K 1767 1623/143/1 393 -0.012 -0.016 -0.008 0.046

State structure and fold. Table 8 describes the actual Fold pools. For each question with both
pair types, we subtract its mean within-state cosine distance from its mean cross-state distance, then
average across questions. The intervals use 10,000 question-bootstrap draws.

Residual and learning. Table 9 separates representative-target NLL from the NLL of retained
non-representative targets at the Fold student. A singleton has no non-representative target, so its
retained-target NLL is n.a.; it remains in the representative analysis with zero residual. Task-wise
Spearman correlations use 10,000 question-bootstrap draws.

F RELEASED TASK STATISTICS
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Table 9: Residual–target NLL correlations. C and Q count clusters and questions for each target
object. Z counts zero-residual clusters in the full representative pool. rs is Spearman correlation;
bounds form a 95% question-bootstrap interval.

Student Task Target C Q Z rs Lower Upper

Mistral SQA Rep. 1861 931 916 -0.045 -0.093 0.003
Mistral SQA Nonrep. 945 839 n.a. -0.003 -0.069 0.061
Mistral ECQA Rep. 2385 885 1401 -0.072 -0.111 -0.032
Mistral ECQA Nonrep. 984 727 n.a. 0.087 0.028 0.148
Mistral ARC Rep. 2261 989 1109 0.088 0.045 0.130
Mistral ARC Nonrep. 1152 967 n.a. 0.048 -0.008 0.104
Mistral GSM8K Rep. 2014 975 761 -0.140 -0.184 -0.095
Mistral GSM8K Nonrep. 1254 941 n.a. 0.173 0.120 0.224

Qwen SQA Rep. 1860 931 919 -0.076 -0.123 -0.027
Qwen SQA Nonrep. 941 836 n.a. -0.005 -0.071 0.060
Qwen ECQA Rep. 2325 885 1312 -0.040 -0.079 0.002
Qwen ECQA Nonrep. 1013 737 n.a. 0.067 0.006 0.125
Qwen ARC Rep. 2215 989 1053 0.035 -0.010 0.080
Qwen ARC Nonrep. 1162 969 n.a. 0.046 -0.011 0.102
Qwen GSM8K Rep. 1912 975 654 -0.145 -0.192 -0.099
Qwen GSM8K Nonrep. 1259 944 n.a. 0.142 0.088 0.195

Table 10: Released training graphs (1,000 per task). Counts use correct nodes before deduplica-
tion. Single-round graph means include zero-correct graphs; multi-round state means exclude empty
states. The last column gives the single-round share of all correct nodes.

Task
Single-round

graphs
Correct nodes / graph

(single-round)
Correct nodes / state

(multi-round)
Share of

correct nodes

GSM8K 557 2.98 1.90 41.0%
StrategyQA 719 2.71 1.60 60.5%
ARC 736 2.96 1.89 58.3%
ECQA 306 2.58 1.58 21.5%

G COST, COMPLEXITY, AND MATERIAL QUALITY

We distinguish shared upstream discussion generation, preparation, training, and evaluation. Prepa-
ration includes failed attempts, rejected lessons, and calls used to select or write material. Unmea-
sured spans remain unreported. Output tokens per correct answer include all test output tokens,
including incorrect answers; the ratio is undefined when none are correct.

Task-specific answer efficiency. Table 11 reports TPC for each task-specific student. Input tokens
are excluded; every generated output in a multi-call method is included. Mean takes the arithmetic
mean of the four task ratios, giving each task equal weight. This differs from the pooled transfer
ratio in Appendix D. FAR’s four-task mean is 125.7 for Mistral and 113.1 for Qwen; each task value
is reported alongside its baseline comparisons.
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Table 11: Generated tokens per correct answer by task. Lower is better. TPC in-
cludes output tokens from incorrect answers and all calls of multi-call inference. Mean
equally weights the four task ratios.

Method SQA ECQA ARC GSM8K Mean

Mistral-7B-Instruct-v0.2
Base 175.7 220.9 369.8 622.6 347.3
SMAGDi 868.9 851.5 711.2 1829.8 1065.3
SFT 125.6 107.4 104.9 209.2 136.8
MAGDi 119.0 108.7 103.9 211.0 135.7
Fold 118.1 103.1 104.4 213.4 134.7
FAR 86.0 84.2 106.6 225.9 125.7

Qwen1.5-4B-Chat
Base 103.5 150.7 275.9 515.0 261.3
SMAGDi 353.5 495.6 426.0 1419.2 673.6
SFT 151.1 142.6 124.3 227.8 161.4
MAGDi 144.6 128.4 117.5 229.7 155.0
Fold 147.0 130.7 124.9 232.1 158.6
FAR 49.9 75.0 94.6 232.9 113.1

Training time as recorded. Table 12 sums recorded training GPU-hours over the four tasks. SFT,
MAGDi, and Fold task runs each used one NVIDIA A800-SXM4-80GB. GPU-hours measure de-
vice effort. SFT includes model initialization and training; MAGDi additionally includes fixed-
feature preparation. Their elapsed spans also include CPU preprocessing. Fold uses the enclosing
training invocation, while SMAGDi reports successful-training GPU-hours only. These subtotals
are separate from the performance means and from supervision counts in Table 13.

Table 12: Recorded training subtotals across four
tasks. GPU-hours sum the recorded stage spans described
above. These are training subtotals, not end-to-end FAR
costs.

Method Mistral GPUh Qwen GPUh

SFT 4.28 4.87
MAGDi 9.77 11.33
Fold 2.55 2.97
SMAGDi 1.59 2.14

For non-overlapping stage spans Is, device effort and elapsed pipeline time are distinct:

HGPU =
1

3600

∑
s

∫
Is

ns(t) dt, Twall = tend − tstart,

where ns(t) counts active devices. An enclosing timer and its child spans are counted only once.
A complete FAR boundary includes representation and clustering, Fold training, Attempt, source
qualification, lesson writing including rejected and failed calls, continuation, and evaluation, with
upstream discussion generation stated separately when charged.

Recorded supervision. Table 13 sums actual optimizer steps and response-token targets across the
four task-specific runs and all five passes. Each repeated exposure is counted; cluster mass does not
multiply token counts.
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Table 13: Recorded task-training exposure. Counts sum the
four task-specific runs over all epochs. Targets are response
tokens used in next-token supervision.

Student Method Optimizer steps Target tokens

Mistral SFT 72,245 7,756,040
Mistral MAGDi 80,535 8,582,935
Mistral Fold 42,605 4,506,535

Qwen SFT 72,245 7,277,905
Qwen MAGDi 80,535 8,059,635
Qwen Fold 41,560 4,134,770

H EXTENDED RELATED WORK

Prior work makes different choices about what material a student receives. Corpus deduplication
removes repeated passages before language-model training (Lee et al., 2022), while LESS selects
instruction examples using gradient similarity to target-skill demonstrations (Xia et al., 2024). FAR
instead starts with an already recorded multi-agent discussion. It first preserves each solution’s
correctness history and compares correct solutions within the same discussion state in the initial
student’s representation, so the unit of selection is a representative teacher solution rather than a
corpus passage or an independent instruction example.

Student information can also act on other parts of distillation. DistiLLM-2 contrasts teacher and
student responses in its training objective (Ko et al., 2025); GRACE uses student-gradient properties
to select a teacher for a student-task pair (Panigrahi et al., 2026). FAR holds the recorded teachers
fixed, uses the student’s initial geometry to allocate representatives, and then reads its independent
answers to choose questions for another lesson. Example-forgetting studies measure transitions from
correct to incorrect predictions on training examples (Toneva et al., 2019). FAR records acquired
and broken training-question answers; its revisit prioritizes questions still missed after Fold.
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I ILLUSTRATIVE TEST-SET CASES

We compare Base, Fold, and FAR on nine held-out questions: six cases in which FAR corrects a Fold
error, one persistent failure, and two regressions. Each comparison uses the same student family and
test item under question-only greedy evaluation. These examples show changes in the responses
after the single Revisit pass. They were chosen to make the reasoning changes inspectable; their
counts do not estimate the frequency of those changes.

Table 14: Answers in the nine test cases. Labels follow the task scorer. C01–
C06 are repairs, C07 remains incorrect, and C08–C09 are regressions. In C07,
Base reports a loss, while its answer is parsed as 38000.

Case Student / task Gold Base Fold FAR

C01 Mistral / GSM8K 140 40 120 140
C02 Qwen / GSM8K 5 3 10 5
C03 Qwen / SQA yes no no yes
C04 Mistral / ARC B C D B
C05 Mistral / ECQA 4 3 3 4
C06 Qwen / ECQA 1 5 2 1

C07 Mistral / GSM8K 70000 38000 40000 40000
C08 Qwen / GSM8K 28 28 28 22
C09 Mistral / ARC B B B D

Questions and quoted responses retain their original wording and errors. An Excerpt contains con-
tiguous passages, with bracketed ellipses marking omissions. The observations distinguish the visi-
ble reasoning from the scored final answer.

I.1 REPAIRS AFTER REVISIT

I.1.1 C01: INCLUDING EVERY CONTRIBUTION

Mistral-7B-Instruct-v0.2; GSM8K; test; gsm8k-836. Gold: 140.

Question (verbatim). Jada, Rory, and Kora make clay dishes to present as art for their school
project. Jada makes twice as many clay dishes as Rory, while Rory makes 20 more clay dishes than
Kora. If Kora made 20 dishes, how many clay dishes they all make together?

Base (Excerpt). [. . . ] Total dishes = Jada’s dishes + Kora’s dishes
Total dishes = 2R + (R - 20)
Total dishes = 3R - 20 [. . . ] Substituting R = 20 (since Kora made 20 dishes) into
the equation:
Total dishes = 3 * 20 - 20
Total dishes = 60 - 20
Total dishes = 40 [. . . ]

Fold (verbatim). Rory makes 20 + 20 = 40 dishes. Jada makes 2 * 40 = 80 dishes.
Together they make 40 + 80 = 120 dishes.
Final answer: 120

FAR (verbatim). Reasoning: Kora made 20 dishes. Rory made 20 + 20 = 40
dishes. Jada made 2 * 40 = 80 dishes. Together they made 20 + 40 + 80 = 140
dishes.
Final answer: 140

Observation. Base confuses the quantities and returns 40. Fold computes Rory’s 40 and Jada’s
80 correctly but omits Kora’s 20 from the total. FAR includes all three contributions. The visible
change is in which quantities enter the sum.
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I.1.2 C02: SEPARATING EXPENDITURE FROM UNIT PRICE

Qwen1.5-4B-Chat; GSM8K; test; gsm8k-1115. Gold: 5.

Question (verbatim). Anna is trying to buy books for her local library. She had a budget of $16,
and she has already spent $4. She also bought 2 books today, and both books cost her the same
amount of money. If Anna has $2 left in her budget, how much did each of the books cost?

Base (Excerpt). [. . . ] We know that she spent $4 on the books and has $2 left in
her budget, so the total amount she spent on the books is $4 + $2 = $6. [. . . ] So
each book cost $6 / 2 = $3. [. . . ]

Fold (verbatim). Anna had a budget of $16 and spent $4, so she had $16 - $4 =
$12 left after buying 2 books. Since she has $2 left in her budget, each book must
have cost $12 - $2 = $10.
Final answer: 10

FAR (verbatim). Anna had a budget of $16. She spent $4. She has $2 left. So
she spent $16 - $4 - $2 = $10. She bought 2 books that cost the same amount. So
each book cost $10 / 2 = $5.
Final answer: 5

Observation. Base combines the previously spent $4 with the remaining $2. Fold finds the $10
expenditure but labels it as the cost of each book. FAR divides that expenditure by two, giving $5
per book.

I.1.3 C03: CONNECTING PREMISES TO THE ANSWER

Qwen1.5-4B-Chat; StrategyQA; test; sqa-76. Gold: yes.

Question (verbatim). Would it be unusual to find a yellow perch in the Red Sea?

Base (Excerpt). No. [. . . ] Therefore, it would be unusual to find a yellow perch
in the Red Sea.

Fold (verbatim). Yellow perch are freshwater fish that are native to North Amer-
ica. They are found in lakes, rivers, and streams. The Red Sea is a saltwater body
of water that is located in the Middle East. It is home to a variety of fish species,
including some that are not found in freshwater environments. Therefore, it is not
unusual to find yellow perch in the Red Sea.
Final answer: no

FAR (verbatim). The Red Sea is a saltwater body of water located between Africa
and Asia. Yellow perch is a freshwater fish that is native to North America. There-
fore, it would be unusual to find yellow perch in the Red Sea.
Final answer: yes

Observation. Base opens with ‘No’ but later says the occurrence would be unusual; its parsed
answer follows the opening. Fold states the freshwater and saltwater premises yet reverses the
conclusion. FAR connects those premises to ‘unusual’ and answers yes. The change is in linking
the stated premises to the final conclusion.

I.1.4 C04: COUNTING ELEMENT TYPES RATHER THAN ATOMS

Mistral-7B-Instruct-v0.2; ARC-Challenge; test; arc-233. Gold: B.

Question (verbatim). How many elements are in the compound Mg(OH)2? A) 2 B) 3 C) 4 D) 5

Base (Excerpt). The compound Mg(OH)2 is composed of one magnesium ion
(Mg2+), two hydroxide ions (OH-), and two water molecules (H2O). [. . . ] There-
fore, the answer is C) 4 elements.
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Fold (verbatim). Mg(OH)2 is a compound made up of one magnesium atom, two
oxygen atoms, and two hydrogen atoms. Therefore, there are a total of 1 + 2 + 2
= 5 elements in the compound.
Final answer: D

FAR (verbatim). Reasoning: Mg(OH)2 is a compound made up of magnesium
(Mg), oxygen (O), and hydrogen (H). So the number of elements is 3.
Final answer: B

Observation. Base introduces water molecules that are not part of the given formula and selects
four elements. Fold counts the five atoms as five elements. FAR instead names the three element
types, Mg, O, and H, and selects B.

I.1.5 C05: RESOLVING AN ACCESS CONSTRAINT

Mistral-7B-Instruct-v0.2; ECQA; test; ecqa-112. Gold: 4.

Question (verbatim). The house wasn’t connected to anything but rather was randomly plopped
down in the woods, what did it need to have visitors?. The options are (1) city (2) residential area
(3) milk man (4) street (5) subdivision Please select 1, 2, 3, 4 or 5 as your answer.

Base (Excerpt). [. . . ] The most likely answer is (3) milkman. A milkman delivers
milk and other dairy products to households, so if there were no other nearby
residences or infrastructure, a milkman would be the most reasonable way for the
house to have visitors.

Final answer: 3. milkman.

Fold (verbatim). The house was randomly plopped down in the woods, so it
would need a way to attract visitors. A milk man would be the most likely way to
attract visitors to the house.
Final answer: 3

FAR (verbatim). A house needs a street to have visitors. A city, residential area,
milk man, or subdivision do not directly facilitate visitors coming to the house. A
street provides access and makes it easier for people to visit. Final answer: 4

Observation. Base and Fold frame the problem as attracting visitors and choose a milkman. FAR
uses the disconnected location of the house to identify a street as a means of access among the given
options.

I.1.6 C06: USING THE STATED EVENT

Qwen1.5-4B-Chat; ECQA; test; ecqa-102. Gold: 1.

Question (verbatim). Sometimes the garbage men are sloppy, the garbage waste seems to miss the
truck and end up in the where?. The options are (1) street (2) sewer (3) landfile will not use for
garbage (4) landfile (5) garbage dump Please select 1, 2, 3, 4 or 5 as your answer.

Base (Excerpt). [. . . ] The most likely answer is (5) garbage dump, as this is
where the garbage is typically disposed of after it has been collected from the
streets. [. . . ]

Fold (verbatim). Garbage is typically collected and taken to a landfill. The other
options like the street, sewer, landfile, and garbage dump are not places where
garbage is typically collected. A landfill is a place where garbage is stored and
disposed of.
Final answer: 2
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FAR (verbatim). The garbage men are responsible for collecting and disposing
of garbage. If the garbage waste misses the truck, it will end up in the street. The
other options are not likely places for the garbage to end up.
Final answer: 1

Observation. Base selects a garbage dump using the routine disposal destination. Fold also dis-
cusses routine disposal, but its final choice 2 denotes sewer rather than the landfill described in its
rationale. FAR uses the specific event of waste missing the truck and selects street.

I.2 PERSISTENT FAILURE

I.2.1 C07: A PERSISTENT ERROR IN PERCENTAGE INCREASE

Mistral-7B-Instruct-v0.2; GSM8K; test; gsm8k-2. Gold: 70000.

Question (verbatim). Josh decides to try flipping a house. He buys a house for $80,000 and then
puts in $50,000 in repairs. This increased the value of the house by 150%. How much profit did he
make?

Base (Excerpt). [. . . ] New value = $80,000 + ($80,000 * 0.15) [. . . ] Final answer:
<$38,000 loss>

Fold (Excerpt). [. . . ] The house increased in value by 150%. So the new value of
the house was $80,000 * 1.5 = $120,000. [. . . ] Therefore, the profit was $120,000
- $80,000 = $40,000.
Final answer: 40000

FAR (Excerpt). [. . . ] The house increased in value by 150%. So the new value
of the house was $80,000 * 1.5 = $120,000. The profit was the new value minus
the investment. So profit = $120,000 - $130,000 = -$10,000. However, this an-
swer is incorrect because the profit cannot be negative. The house value increased
by 150% of the original cost, not the investment cost. So the profit should be
$120,000 - $80,000 = $40,000.
Final answer: 40000

Observation. Base converts 150% to 0.15 and reports a $38,000 loss; the native parsed answer is
38000. Fold and FAR both interpret a 150% increase as a final value of 1.5 times the purchase price,
then omit the repair cost when changing the negative result to a profit. The correct calculation is
80,000 × 2.5 − 80,000 − 50,000 = 70,000. The unresolved steps are the percentage baseline and
the subtraction of total investment.

I.3 REGRESSIONS

I.3.1 C08: APPLYING A MULTIPLIER TO THE WRONG PERSON

Qwen1.5-4B-Chat; GSM8K; test; gsm8k-91. Gold: 28.

Question (verbatim). Jan has three times the number of pets as Marcia. Marcia has two more pets
than Cindy. If Cindy has four pets, how many total pets do the three have?

Base (Excerpt). [. . . ] So, the three have a total of 28 pets.

Fold (verbatim). Marcia has 4+2=6 pets. Jan has 3*6=18 pets. So the total
number of pets is 4+6+18=28.
Final answer: 28

FAR (verbatim). Jan has three times the number of pets as Marcia. Marcia has
two more pets than Cindy. If Cindy has four pets, how many total pets do the three
have? Jan has 3*4=12 pets Marcia has 4+2=6 pets Total pets = 12+6+4 = 22
Final answer: 22
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Observation. Base and Fold obtain 28. In the full Base output, one sentence incorrectly says ‘Since
Marcia has four pets’, although its equations use Cindy’s four and Marcia’s six. FAR applies Jan’s
multiplier to Cindy’s four rather than Marcia’s six, yielding 22. This is a reversal of a previously
correct answer with a visible error in the multiplicative relation.

I.3.2 C09: A RATIONALE–OPTION MISMATCH

Mistral-7B-Instruct-v0.2; ARC-Challenge; test; arc-713. Gold: B.

Question (verbatim). Students test different model airplane wing designs to determine which de-
sign allows for the greatest flight distance. The flight tests take place in a gymnasium. Which of the
following is the most appropriate SI unit to use for measuring the flight distance? A) feet B) meters
C) miles D) kilometers

Base (Excerpt). The most appropriate SI unit for measuring flight distance is
meters (B). SI units are the standard units used in science, and meters is the base
unit for length. [. . . ] Therefore, the answer is B) meters.

Fold (verbatim). The SI unit for distance is meters.
Final answer: B

FAR (verbatim). The SI unit for measuring distance is meters. Meters are the
standard unit of measurement for distance in the metric system.
Final answer: D

Observation. Base selects B and explains that meters is the SI base unit of length. Fold also selects
B. FAR’s rationale still says meters, but its final choice D denotes kilometers. The stated unit is
correct, but its mapping to the final option fails.
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