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Abstract

Dimensionality reduction is critical for deploying dense retrieval
systems at scale, yet mainstream post-hoc methods face a fundamen-
tal trade-off: principal component analysis (PCA) preserves dom-
inant variance but underutilizes representational capacity, while
whitening enforces isotropy at the cost of amplifying noise in the
heavy-tailed eigenspectrum of retrieval embeddings. Intermedi-
ate spectral scaling methods unify these extremes by reweighting
dimensions with a power coefficient y, but treat y as a fixed hyperpa-
rameter that requires task-specific tuning. We show that the optimal
scaling strength y is not a global constant: it varies systematically
with target dimensionality k and is governed by the signal-to-noise
ratio (SNR) of the retained subspace. Based on this insight, we pro-
pose Spectral Tempering (SpecTemp), a learning-free method that
derives an adaptive y(k) directly from the corpus eigenspectrum
using local SNR analysis and knee-point normalization, requiring
no labeled data or validation-based search. Extensive experiments
demonstrate that Spectral Tempering consistently achieves near-
oracle performance relative to grid-searched y* (k) while remaining
fully learning-free and model-agnostic. Our code is publicly avail-
able at https://anonymous.4open.science/r/SpecTemp-0D37.
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1 Introduction

Dense retrieval has become the dominant paradigm for first-stage
retrieval in modern search systems [10, 25, 33], where queries and
documents are encoded as high-dimensional embeddings and rele-
vance is computed via similarity functions such as cosine similarity.
While recent encoders based on Large Language Models (LLMs) [14,
17, 36] achieve state-of-the-art (SOTA) performance, they routinely
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Figure 1: Consistent spectral structure of dense retrieval em-
beddings. Eigenvalue distributions from 1M sampled em-
beddings on MS MARCO and NQ exhibit consistent heavy-
tailed decay across diverse retrievers, revealing a head-tail
signal-to-noise ratio (SNR) gradient—leading components
are signal-dominant while tail dimensions grow noise-
prone—motivating dimensionality-adaptive tempering.

produce high-dimensional embeddings (e.g., 1024-4096), increasing
the memory footprint of vector indexes and the cost of similarity
computation in large-scale deployment.

To mitigate these costs, training-based approaches such as learned
projections [35], conditional autoencoders [16], and knowledge dis-
tillation [15] have been explored, but require retraining infrastruc-
ture tied to specific encoders. Consequently, post-hoc compression—
reducing dimensionality without parameter updates—offers a more
practical alternative, yet its dominant baselines occupy flawed ex-
tremes. Principal Component Analysis (PCA) retains maximal vari-
ance [34] but leaves the energy distribution highly skewed, allow-
ing head dimensions to overshadow complementary discriminative
signals. Conversely, standard whitening [28] enforces isotropy by
normalizing all dimensions to unit variance; yet the eigenspectrum
of retrieval embeddings is heavily tailed (Figure 1), and this normal-
ization substantially amplifies noise. Intermediate spectral scaling
methods attempt to resolve this dilemma by weighting dimensions
with a fractional power A, v/2 (y € [0,1]) [27]. However, prior work
treats y as a static hyperparameter that requires per-task tuning,
overlooking that optimal tempering varies systematically with the
target dimensionality k. For instance, aggressive whitening (y ~ 1)
benefits compact subspaces (k = 64) but degrades quality at large k
by amplifying low SNR tail components.

In this work, we formalize this dimensionality-dependent be-
havior through a local SNR analysis of the corpus eigenspectrum.
By estimating a spectral noise floor, we obtain an SNR profile that
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reveals a smooth head-tail transition from signal-dominant to noise-
prone components—explaining why optimal tempering strength
should decrease as target dimensionality k grows to include low-
SNR tail directions. Building on this insight, we propose Spectral
Tempering (SpecTemp), a learning-free method that analytically
derives an adaptive y (k) directly from the SNR profile, automatically
interpolating between variance preservation (PCA) and isotropy
(whitening). The resulting linear transform is computed offline from
corpus embeddings and applied identically to queries at inference
time, requiring no labeled data or validation tuning.

Our contributions are three-fold:

e We characterize the dimensionality-dependent optimality of
spectral scaling, demonstrating that the ideal y is intrinsically gov-
erned by the subspace SNR rather than being a fixed constant.

e We propose SpecTemp, a learning-free method that analyt-
ically derives an adaptive y(k) from the corpus eigenspectrum,
requiring no labeled data or validation-based tuning.

e We conduct extensive experiments across multiple LLM-based
embedding models and diverse retrieval datasets, demonstrating
that SpecTemp consistently achieves near-oracle performance rela-
tive to grid-searched y*(k).

2 Related Work

Dense Retrieval. Dense retrieval has evolved from BERT-based
bi-encoders [3, 6, 10, 33] with compact 768d representations to
massive LLM-based architectures. To capture complex semantics,
recent SOTA models like RepLLaMA [19], E5-Mistral [32], and
Qwen3-Embedding [36] employ billion-scale, often decoder-only
backbones. While yielding superior generalization, this shift often
produces high-dimensional embeddings (e.g., 4096d), creating the
storage bottlenecks that motivate our study.

Embedding Compression. Strategies to mitigate these overheads
fall into two broad categories: training-based and post-hoc.

Training-based methods optimize compression objectives dur-
ing or after training-time. Matryoshka Representation Learning
(MRL) [11] has gained widespread adoption for enabling flexible
truncation by nesting information in prefix dimensions. Other ap-
proaches employ knowledge distillation to transfer capabilities
to smaller students [15], or optimize conditional autoencoders to
compress fixed embeddings into latent codes [16]. While effective,
these strategies require additional training data and incur high
computational costs for retraining, rendering them impractical for
off-the-shelf or API-only models.

Post-hoc methods, in contrast, transform pretrained embed-
dings without parameter updates. Spectral projections dominate
this landscape, scaling dimensions based on their eigenvalues. PCA
(y = 0) maximizes variance but leaves the space anisotropic [18,
34, 37], while Standard Whitening (y = 1) enforces isotropy but
risks amplifying tail noise [7, 28]. Intermediate strategies employ
a fractional exponent y € [0, 1] to interpolate between these ex-
tremes [27], yet they rely on a static hyperparameter requiring
per-task tuning. Alternatively, Random Projection offers dimension-
agnostic compression via the Johnson-Lindenstrauss lemma [9]
but ignores the learned manifold structure.
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A separate line of work targets isotropy via post-processing, such
as removing dominant directions [21, 23, 24] or mapping to uni-
form distributions [13], though these focus on quality rather than
dimensionality reduction. Similarly, Product Quantization (PQ) [8]
and its variants achieve index-level compression via codebooks [4];
being a downstream operation, this approach is orthogonal to and
composable with linear projections like ours.

SpecTemp occupies a distinct position in this landscape: it

is a post-hoc, learning-free linear projection that derives a dimensionality-

adaptive tempering strength y (k) from the local SNR of the retained
subspace, requiring no labeled data, retraining, validation-based
tuning, or index-level modifications.

3 Methodology

We now describe Spectral Tempering (SpecTemp), a post-hoc com-
pression method that derives a dimensionality-adaptive tempering
exponent y(k) directly from the eigenspectrum of corpus embed-
dings. The method proceeds in three stages: spectral decomposition,
SNR-guided exponent derivation, and embedding transformation.

3.1 Spectral Decomposition

Given a corpus embedding matrix X € R"™*?, we first center it by
subtracting the column-wise mean p:

X=X-1u" (1)

Centering reduces the influence of a global offset direction and
yields a more stable covariance spectrum; we apply the same corpus-
derived centering to both queries and documents to preserve geo-
metric consistency. We then compute the eigendecomposition of
the covariance matrix:

1

C= XX =UAU" )
n—1
where A = diag(Ay,...,Ag) with A; > A4, > --- > A3, and U =
[uy,...,uy] are the corresponding eigenvectors.

3.2 SNR-Guided Exponent Derivation

The core insight of Spectral Tempering is that the appropriate
tempering strength should be governed by the signal quality of the
retained subspace. We formalize this through a local SNR analysis.

Noise Floor Estimation. We estimate the noise floor oﬁoise as the
mean eigenvalue of the spectral tail:
1
2 —
Ohoise = ﬁ Z /Ii (3)

ieT

where 7 denotes the last 10% of eigenvalue indices. As shown in
Figure 1, diverse retrieval encoders exhibit a consistently heavy-
tailed eigenspectrum whose tail consistently plateaus into a stable
noise floor, making this region a reliable, model-agnostic anchor
for noise estimation. We verify in Section 4.2.4 that SpecTemp is in-
sensitive to the exact percentile choice, confirming that this default
requires no per-task tuning.

Local SNR Computation. The local SNR at rank i measures the
excess energy above the noise floor:

2
noise

/1,' - O'2 .
SNR(i) = max|0, ——2>¢ (4)
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We note that this quantity is not intended as a generative statis-
tical estimate in the sense of spiked covariance models, but as a
monotonic, spectrum-level proxy for relative signal dominance—
sufficient for calibrating the tempering exponent. This quantity is
large for head components where the signal dominates, and van-
ishes in the tail where eigenvalues converge to the noise floor.

Anchor Point and Adaptive y(k). To derive y(k) without task-
specific tuning, we need a reference point that separates the high-
confidence signal regime from the transitional regime. We identify
this anchor as the knee point of the SNR curve—the rank at which
SNR transitions from rapid to gradual decay—detected via the Knee-
dle algorithm [26]. Let kinee denote this rank and Syef = SNR(kkpee)
the corresponding SNR value.

Since the k-th component defines the noise bottleneck of the
retained subspace, we use its SNR as a conservative proxy for sub-
space signal quality. This ensures that the tempering strength is
constrained by the worst-case noise exposure rather than being
overly influenced by optimistic, high-variance directions. The adap-
tive exponent for target dimensionality k is then:

SNR(K)
Sref )

y(k) = min(l, (5)
Normalizing by S, ensures that all target dimensionalities within
the high-SNR regime (k < kinee) receive full whitening (y = 1),
while dimensions beyond the knee are progressively tempered. We
adopt a linear mapping between SNR and y following the principle
of parsimony, as this simple formulation avoids introducing addi-
tional degrees of freedom and is empirically sufficient and robust.
The resulting behavior is as desired: small k yields y(k) ~ 1 (near-
whitening); as k grows and incorporates noisier components, y (k)
monotonically decreases toward 0 (near-PCA).

3.3 Transformation

Given target dimensionality k, we construct the transformation ma-
trix by combining the top-k eigenvectors with the derived exponent:

Wi = U - diag(17 9%, 0% ®)

where Ug = [uy,...,ux] € RI%K The compressed embedding for
any input x (query or document) is:

y = (x—p) Wy e R ™

The eigendecomposition is computed once on a corpus sample;
the resulting g and Wy, are then applied identically to documents
(offline) and queries (online), ensuring compatibility with standard
ANN indexing. When the downstream similarity metric is cosine
similarity, the transformed vectors are additionally L2-normalized.

4 Experiments

In this section, we present empirical evaluations to validate the
effectiveness of SpecTemp across diverse retrieval datasets.

4.1 Experiment Setup

4.1.1  Datasets. We evaluate on four retrieval datasets: MS MARCO
Passage Ranking [1] for web search, Natural Questions (NQ) [12]
for open-domain QA, FEVER [30] for evidence retrieval in fact
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Table 1: Retrieval model statistics (Params: total parameters;
MRL: Matryoshka Representation Learning support).

Model Params Dim Length MRL Release
Qwen3-8B 8.0B 4096 32k v Jun 2025
Jina-v4 3.8B 2048 32k v/ Jun 2025
Nomic-v2 475M 768 512 v/ Feb 2025
EmbeddingGemma 308M 768 2048 v’ Sep 2025
GTE-7B 7.0B 3584 32k X Jun 2024
BGE-M3 560M 1024 8192 X  Feb 2024

verification, and FiQA [20] for domain-specific financial retrieval,
covering diverse domains and scales.

4.1.2  Retrieval Models. We experiment on six widely used open-
source dense retrievers spanning different scales and embedding di-
mensions, as summarized in Table 1. Four models (Qwen3-8B [36]',
Jina-v4 [5]?, Nomic-v2 [22]°, EmbeddingGemma [31]*) support
Matryoshka Representation Learning, providing strong truncation
baselines. Two models (GTE-7B [14]°, BGE-M3 [2]°) lack native
MRL support, testing the generality of post-hoc compression.

4.1.3 Baselines. We compare against representative learning-free
post-hoc methods that require no labeled data or model fine-tuning.
Prefix Truncation retains the first k dimensions (standard for
MRL-compatible models). Random Truncation subsamples k di-
mensions, a simple strategy shown to be surprisingly competitive
in recent work [29]. Random Projection compresses via a Gauss-
ian random matrix as a theoretical baseline. For spectral methods,
we evaluate PCA (y = 0), Standard Whitening (y = 1), and
y-Whitening with a fixed y = 0.5 to represent static power normal-
ization. All spectral transformations are derived from the corpus.

4.14  Evaluation Protocol. We evaluate all models at target dimen-
sions k € {768,512, 256,128, 64}. For models with a native dimen-
sion of 768, the k = 768 case coincides with no dimensionality
reduction. We report MRR@ 10 for MS MARCO and nDCG@ 10
for the remaining datasets.

4.1.5 Implementation Details. All spectral decompositions and
transformations are implemented in NumPy. Embeddings are gen-
erated using the original model checkpoints with default configura-
tions. The covariance matrix and noise-floor statistics are estimated
from the document corpus of each dataset, using up to 1M randomly
sampled documents or the full corpus when fewer are available. Ex-
periments are conducted on a cluster with 4xNVIDIA H100 GPUs.

4.2 Experiment Results

4.2.1 Main Results. We focus our main analysis on three repre-
sentative models (Qwen3-8B, Jina-v4, GTE-7B) covering diverse
architectures and scales. As shown in Table 2, our SpecTemp method
achieves the best or tied-best performance among spectral meth-
ods in the majority of configurations without any tuning. PCA

Lhttps://huggingface.co/Qwen/Qwen3-Embedding-8B
Zhttps://huggingface.co/jinaai/jina-embeddings-v4
Shttps://huggingface.co/nomic-ai/nomic-embed-text-v2-moe
*https://huggingface.co/google/embeddinggemma-300m
Shttps://huggingface.co/Alibaba-NLP/gte-Qwen2-7B-instruct
®https://huggingface.co/BAAI/bge-m3
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Table 2: Retrieval performance on four datasets at target dimensions k. Bold denotes the best per column within each model.
All results are averaged over three random seeds (1999, 5, 2026). Superscript ™ indicates that, for all three runs, the difference
from Full Dimension is not significant (two-sided paired ¢-test, p < 0.05). Absence of ™ indicates significance in at least one run.

Model MS MARCO NO FEVER FiQA
Method | k— 768 512 256 128 64 '768 512 256 128 64 '768 512 256 128 64 '768 512 256 128 64
Full Dimension 36.8 64.9 91.8 64.7
Prefix Truncation 36.4 357 34.5 324 28.2'63.7 63.2 61.1 57.3 49.1'91.8™ 91.6 91.2 90.1 85.5'63.9 635 61.6 57.4 51.3
Random Truncation 35.9 355 343 31.5 24.8'63.5 625 593 53.2 40.0'91.6™ 913 90.8 89.0 79.6 '63.0 61.6 59.4 53.4 41.7
Random Projection 36.2 357 343 32.0 26.4'63.6 625 604 555 44.2'91.5 913 90.6 89.4 823'63.0 626 59.8 555 455
Qwen3-8B |pcp 36.0 355 34.1 31.3 25.0 '64.6™ 63.8 62.1 57.2 47.0'91.0 90.7 89.6 87.4 83.1'63.7 637 62.1 59.2 53.2
Whitening 349 352 341 323 269'61.9 623 61.8 58.3 49.4'91.0 90.8 89.8 87.1 83.5'584 59.8 60.5 59.0 52.8
y-Whitening 359 355 34.6 323 264'64.1 639 625 58.849.1'91.1 91.0 89.9 87.6 83.6'626 624 625 59.8 53.8
SpecTemp 36.1 356 34.6 32.4 26.8'64.9" 64.1 62.6 58.7 49.4'91.2 909 89.9 87.2 835'64.0 63.7 62.859.7 53.1
Full Dimension 32.1 61.6 87.8 47.7

Prefix Truncation 314 31.1 30.2 28.1 21.9'60.8 60.3 57.8 53.3 41.5'87.4 87.3 858 822 67.0 '47.0™ 46.8™ 44.3 40.6 31.1
Random Truncation 31.4 30.9 29.4 26.7 20.1'604 594 56.1 50.1 35.9'87.0 864 841 784 60.9'464 452 426 37.2 27.7
. Random Projection 31.1 30.7 29.2 26.5 20.8'59.9 594 563 50.7 38.1'86.8 86.1 847 784 63.4'460 455 434 38.0 283
Jina-vd 1pop 31.9% 31.5 304 27.5 18.6 '61.9% 61.6% 60.1 55.8 43.0'87.4 87.0 854 815 69.0'46.8 467 45.6 43.1 37.7
Whitening 290 300 307 29.8 24.2'56.2 57.1 57.8 56.4 49.6'84.9 851 847 82.0 71.4'41.0 416 424 42.1 36.8
y-Whitening 313 31.7% 31.4 295 22.7'60.3 60.6 60.5 58.2 49.3'87.1 87.0 86.0 82.6 71.7'457 457 452 439 37.8
SpecTemp 31.9" 31.8 312 293 237 '62.1 617" 61.0 58.3 49.8'87.5 87.1 858 82.6 71.7'47.2™ 47.0 45.6 43.9 37.2
Full Dimension 39.1 66.8 95.2 61.8

Prefix Truncation 384 380 36.9 34.2 28.7'653 647 62.0 57.0 47.2'950 950 945 93.8 91.2'59.8 585 53.6 48.6 40.3
Random Truncation 38.4 37.9 365 34.1 28.3'653 644 61.4 56.9 45.1'04.9" 946 943 934 89.3'603 594 56.6 50.3 39.4

Random Projection 383 37.8 36.7 34.4 29.1 '65.3 644 625 57.3 47.6'94.8 948 944 935 91.1'60.6 597 567 52.1 41.7

GTE-7B PCA 388 383 36.9 347 29.9'67.1™ 664 64.3 59.7 50.4'95.2" 9515 947  93.8 90.6 '62.3% 61.6™ 58.8 55.9 48.7
Whitening 372 374 366 350 31.0'644 652 645 61.1 52.9'955 953 9507 94.3 924'585 596 593 57.0 51.3
y-Whitening 382 383 37.0 35.230.7'664 66.6™ 65.161.3 52.4'955 954 95.0™ 943 92.0'62.1" 62.0™ 60.5 57.1 50.7
SpecTemp 38.9 38.4 37.0 35.1 31.0167.2 66.8" 65.1 61.3 52.9195.3 95.3"5 95.0 94.3 92.4162.5 62.3" 60.4 57.4 51.3

-#- PCA Whitening ~ —= y-Whitening —8— SpecTemp Table 3: Comparison between oracle y* (k) obtained via grid

Nomic-v2 (768d)

EmbeddingGemma (768d) BGE-M3 (1024d)

60 search and the theoretically predicted y(k) on NQ by GTE-7B.

Target Dimension k (—) 768 512 256 128 64

Oracle )/*rid (Empirical) 015 025 045 055 095

Predicted y(k) (SpecTemp) 0.15 024 049 096 1.00
|A] nDCG@10 (0-100 scale) 0.02 001 0.06 0.11 0.05

nDCG@10 on NQ
P
(=3

w
S

u
1024768 512 256 128 64
Target Dimension

768 512 256 128 64
Target Dimension

768 S12 256 128 64
Target Dimension

Figure 2: Performance consistency across additional models. at high dimensions where it amplifies spectral noise. SpecTemp re-

mains on the Pareto frontier across all dimensions, confirming that

the adaptive y(k) mechanism robustly balances signal preservation

performs well at high dimensions but degrades under aggressive
compression, while Whitening shows the opposite pattern; the
fixed y-Whitening offers a compromise but cannot adapt across
compression regimes. SpecTemp automatically adjusts its temper-
ing exponent and consistently matches or outperforms all fixed-y
alternatives. Prefix Truncation is competitive on FEVER for MRL-
trained models but falls behind on non-MRL models and on tasks
with complex query semantics (e.g., FiQA), as it is restricted to the
first k training-time coordinates. Spectral methods—and SpecTemp
in particular—consistently lead in these settings by projecting onto
corpus-adaptive eigenvectors with richer expressivity.

4.2.2  Consistency across Retrieval Models. To verify that our find-
ings generalize beyond the main evaluation, we test on three ad-
ditional models on the NQ dataset: Nomic-v2, EmbeddingGemma,
and BGE-M3 (Figure 2). We compare spectral methods only, as they
share the same eigendecomposition backbone and isolate the effect
of tempering strategy. The results reveal a consistent pattern: PCA
degrades sharply at low dimensions where its skewed energy dis-
tribution fails to preserve fine distinctions, while Whitening suffers

and noise suppression across diverse architectures and scales.

4.2.3 Alignment with Empirical Optima. To validate that our pre-
dicted y(k) tracks the true optimum, we perform a grid search
over y € {0,0.05,...,1.0} on GTE-7B (NQ), selecting the best-
performing y at each target dimension. As shown in Table 3, the
predicted y(k) closely matches the oracle at most dimensions. At
k=128, despite the divergence in parameter space (0.55 vs. 0.96),
the resulting performance penalty is minimal (|A|nDCG@10 = 0.11
points on a 0-100 scale). This indicates a flat optimization land-
scape where SpecTemp successfully locates a robust operating point
within the near-optimal basin, achieving near-oracle performance
without expensive validation, with an average |A| of just 0.05 points.

4.24 Sensitivity Analysis of 7. We test sensitivity to the tail set
7 in Eq. 3 by varying its size from 5% to 20%. On GTE-7B — NQ,
nDCG@10 varies by at most 0.03 on a 0-100 scale. Given this ro-
bustness, we set 7~ to the last 10% of eigenvalue indices for all exper-
iments without per-task tuning. This confirms that the noise floor
estimate is stable across percentiles and requires no calibration.
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5 Conclusion

We proposed SpecTemp, a learning-free post-hoc compression
method for dense retrieval embeddings. By deriving a dimensionality-
adaptive tempering exponent y(k) from the local SNR profile of
the eigenspectrum, our method effectively bridges the trade-off
between variance preservation (PCA) and isotropy (Whitening). Ex-
tensive experiments across six diverse models show that SpecTemp
closely matches grid-searched oracle y*(k) performance without
any hyperparameter tuning. We hope this work serves as a practical
baseline for learning-free embedding compression.
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