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Non-Abelian anyons, strange particles forming the basis of fault-tolerant topological quantum
computing, are predicted to emerge in fractional quantum Hall states at even-denominator filling
factors. Identifying which topological order is realized has proven to be a challenging problem
that requires an accurate, non-perturbative treatment of realistic Landau level mixing, which has
so far been missing from theoretical studies. Here we present the first complete solution of non-
Abelian quantum Hall problem that includes all electrons and all Landau levels, for spin-polarized
electrons at filling factor v = 3/2. We develop a momentum-resolved neural-network variational
wave function, optimized solely on the microscopic Hamiltonian, which gives direct access to the
topologically degenerate ground states. Without any physics input about the expected outcome,
it discovers a degenerate ground-state manifold whose entanglement reveals anyons with quantum
dimension v/2, the hallmark of Ising-type non-Abelian order. By directly computing the overlap
with trial wave functions, we further show that Landau level mixing favors the anti-Pfaffian over
other candidate states. Our results demonstrate the power of neural-network wave functions in
finding and characterizing non-Abelian anyons from first principles, in regimes of strong Landau
level mixing, relevant to many recent experiments.

Introduction.— Non-Abelian anyons are strange parti-
cles that emerge in quantum many-body systems: their
quantum state depends on the order in which they are
exchanged. Exchanging two of them does not merely
multiply the underlying wave function by a phase, as for
bosons and fermions, but rotates it within a degener-
ate manifold of states [IH3]. Because these states can-
not be distinguished by any local measurement, informa-
tion stored in them is protected from decoherence, which
makes non-Abelian anyons potentially useful for fault-
tolerant topological quantum computation [3,4]. Among
the possible platforms, fractional quantum Hall states at
even-denominator filling factors are arguably the most
promising.

The first even-denominator fractional quantum Hall
state was observed at v = 5/2 in GaAs, where the low-
est Landau level is completely filled for both spin species
and the first excited Landau level is half filled [5]. It
was proposed that this state is the Moore-Read Pfaf-
fian [Il [6], a paired state of composite fermions host-
ing non-Abelian anyons. The Pfaffian, however, is not
the only possibility. In the absence of Landau level mix-
ing, the half-filled Landau level has a particle-hole sym-
metry that maps the Pfaffian onto a distinct topologi-
cal order, the anti-Pfaffian [7, [§]. In addition to these
two candidates, a third, particle-hole Pfaffian (the PH-
Pfaffian), which can be particle-hole symmetric, has been
proposed [9]. Which of these topological orders is realized
has proven remarkably subtle. Thermal transport mea-
surements are consistent with the PH-Pfaffian [T0HI3], in
contrast to numerical studies [I4H20]. This tension has
motivated various proposals involving disorder and edge
physics [2TH26], and more than three decades after its
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discovery, the nature of the v = 5/2 state remains an
open question.

Beyond the v = 5/2 state in GaAs, even-denominator
states have been recently observed in a growing number
of platforms, in which Landau level mixing is often much
stronger. In wide and double GaAs quantum wells, a
state at v = 1/2 forms in the lowest Landau level [27-
30], with an energy gap which reached about 6 K, the
largest reported for any even-denominator state [31]. In
GaAs hole systems, fractional quantum Hall states ap-
pear at several even-denominator fillings of the lowest
Landau level, in the presence of significant Landau level
mixing [32]. Even-denominator states have also been ob-
served in ZnO [33], in AlAs [34], in bilayer graphene [35-
39], and in monolayer WSey [40l 4I]. In platforms such
as ZnO and WSe,, the large effective mass makes the
Coulomb energy comparable considerably larger than the
cyclotron energy, so that Landau level mixing cannot be
treated as a small perturbation.

Previous studies of the fractional quantum Hall prob-
lem have not been able to fully tackle Landau level mix-
ing, which is crucial for resolving distinct topological or-
ders at even-denominator fillings. Numerical calculations
have either truncated the Hilbert space to a single or a
few Landau levels [T7],[18], or treated Landau level mixing
perturbatively [19, 20, 42H46]. These approaches cannot
treat the fractional quantum Hall problem at strong Lan-
dau level mixing.

In recent years, a new approach based on neural-
network wave functions has been developed for solving
the fractional quantum Hall problem directly in con-
tinuum real space [47H50]. Remarkably, without any
physics pre-knowledge, the self-attention neural network,
optimized purely by energy minimization, achieves very
high accuracy beating Landau level projected exact diag-
onalization [47]. Furthermore, the same neural network
discovers the transition to electron crystal states at very
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FIG. 1. Schematic illustration of the momentum-resolved MagNet ansatz. FElectron coordinates are mapped to high-

dimensional features {h;} that are periodic on the torus and then passed through L layers combining self-attention and

multilayer perceptrons. The network outputs the periodic amplitudes F}* and the winding maps n;

() , which parametrize the

zeros (crosses) of the quasiperiodic factor xj, shown on the supercell Wlth its phase encoded in color Together, F}" and x7
form the many-body orbitals of the variational wave function ¥y in Eq. ( . The momentum eigenstate @y is then obtained
by summing the translated copies of Wy over the Ny center-of-mass magnetic translations 7T'(a), as in Eq. (5.

strong Landau level mixing [49)].

In this work, we present the first solution of the non-
Abelian fractional quantum Hall problem in the full
Hilbert space, which include all electrons in all Landau
levels. Our neural network solution encompasses the full
range of Landau level mixing values from weak to ultra
strong. This allows us to study the stability of a non-
Abelian state against strong Landau level mixing and
determine its topological order, all from first-principles
alone and without any physics input about the expected
ground state.

Setup— We consider N spin polarized electrons con-
fined to a plane with perpendicular magnetic field By
and interacting with Coulomb repulsion. The Hamilto-
nian reads

N .
B [—ihV; +eA(r;)]> 1 e?
H_; 2m +2;47re|ri—rj| (1)

where A = By(Z x r)/2. The problem has two energy
scales: the cyclotron energy hw. = heBy/m, which sets
the spacing between Landau levels, and the Coulomb
energy U = e?/(4melp), where {g = \/h/eBy is the
magnetic length. Their ratio defines the Landau level
mixing parameter k = U/hw.. We further define the
filling factor v = N/Ny, where N, is the number of
magnetic flux quanta through the system. Equivalently,
k = {p/ap x By Y2 where ap = 4meh?/(me?) is the
effective Bohr radlus. In terms of the electron density
ne = v/(2nl%), k = re\/v/2 with ry = 1/(ap\/7n.), so
that x is experimentally tunable with the density and the
magnetic field.

We work on a torus spanned by two vectors L; and
Lo, defining a supercell that encloses an integer num-
ber Ny = |Ly x La|/(2m¢%) magnetic flux quanta. On

this geometry, any wave function ¥(ry,...,ry) must
satisfy the magnetic boundary conditions ¥(ry,...,r; +
L,....,ry) = ) W(ry, ... ry) for any supercell
translation L = pL; + gqLs with integers p and ¢, where
the position-dependent magnetic phase &r(r) satisfies
VeL(r) = (¢/h) [A(r + L) — A(r)).

Here we build on the MagNet neural network wave-
function introduced in Ref. [49], which satisfies these
boundary conditions exactly. We consider a variational
ansatz of the form

Naet

Z det

where 6 denotes the variational parameters and
@7 (ri;{rxi}) is a many-body orbital for particle i that
depends on the positions of all particles. It is symmetric
under permutations of the remaining coordinates {r;},
so that antisymmetry under particle exchange is real-
ized entirely by the determinant. Importantly, the de-
pendence on the remaining coordinates allows to capture
correlation effects beyond mean field [51H55].
In MagNet [49], each orbital factorizes as

@5 (ris{rei}) = Ff' (vi; {rzi}) X (vis {ri}),  (3)

where F7' is periodic on the torus in all particle coordi-
nates and X7 is quasiperiodic in r;, carrying the mag-
netic boundary conditions. The quasiperiodic part is
parametrized as

\119(1‘1, R o rz; {r;«éz})) ) (2)
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where z; = x; + iy; is the complex coordinate of particle
i, f is a fixed quasiperiodic function with unit winding



around the supercell boundary, and n](-a’n)(ri; {r.;}) are

learnable winding maps, periodic in all particle coordi-
nates, that control the zeros of the orbital while fixing
its total winding to Ng. We refer to Ref. [49] and the
Supplemental Material (SM) [56] for details.

A hallmark of topologically ordered states, such as
fractional quantum Hall states, is topological ground-
state degeneracy on surfaces of nonzero genus, such as
the torus [57]. In the presence of translation symme-
try, the degenerate ground states are further labeled by
momentum eigenvalues [58], whose pattern provides an
additional fingerprint of the topological order.

A generic variational wave function Wy, however, need
not carry definite momentum and can mix different sec-
tors. To construct states of definite momentum, we ex-
ploit the magnetic translation symmetry of the Hamilto-
nian in Eq. (1. We first choose two generators of single-
particle magnetic translations, ¢(a;) and ¢(ag), where the
vectors a; and as are chosen to enclose a single flux quan-
tum, |a; X as| = 27¢%, so that the generators commute.
Together they define Ny distinct translations t(a), with
a = maj + nay for integers m and n, that span the su-
percell. From these we build the center-of-mass (COM)
translations T'(a) = Hfil t;(a), which displace all parti-
cles simultaneously by a. They commute with each other
and with H, and their simultaneous eigenstates are la-
beled by a center-of-mass momentum k taking N, dis-
tinct values.

We construct COM momentum eigenstates from ¥y by
summing its translated copies over the IV, translations
T(a):

1 ,
Oy (ry,...,rn) = N, Zem‘(a) T(a) Uy(ry,...,rn),
a
(5)

where i (a) are appropriately chosen phases such that
Py carries momentum k [56] [59].

We use a neural network based on self-attention [49]
52, 53], 160, [61] to represent the many-body orbitals ¢} in
Eq. . In Fig. we present a schematic overview of
the architecture. In neural-network variational Monte
Carlo (NN-VMC), the network parameters 6 are op-
timized to minimize the variational energy Ex(0) =
(P |H|Pk)/(Pk|Pk), which, together with its gradients,
is estimated by Monte Carlo sampling.

Non-Abelian FQH at v = 3/2.— Next, we study filling
factor v = 3/2. In the absence of Landau level mixing,
such a filling corresponds, in our fully spin-polarized set-
ting, to a completely filled lowest Landau level (LLL) and
a half-filled first excited Landau level (1LL). We optimize
®y independently in each of the Ny momentum sectors,
which yields a momentum-resolved low-energy spectrum
that can be compared directly with exact diagonaliza-
tion (ED). For the latter, we diagonalize Eq. with the
Hilbert space restricted to the LLL and 1LL.

Figure [2] shows the resulting spectra for N = 21 elec-
trons and Ny = 14 at Landau level mixing x = 1.0. Re-
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FIG. 2. (a) Lowest energy in each momentum sector k =

(k1,k2), labeled by k1 + Nika, for N = 21 electrons and k =
1.0, obtained from NN-VMC and from ED restricted to the
LLL and 1LL. We use a hexagonal supercell spanned by L; =
Nia; and Ly = Nzag with N1 = 7 and N2 = 2, so that
ki =0,...,N; — 1. The NN-VMC energies lie well below the
ED energies in all sectors, and both show a twofold degenerate
ground state at k = (0,0) and (0,1). (b) Pair correlation
function ¢(r) of the two NN-VMC ground states.

markably, in every momentum sector the NN-VMC ener-
gies are significantly lower than the ED energies. In addi-
tion, the spectrum features a twofold degenerate ground
state, separated by a gap from the excited states. This
is precisely the degeneracy expected for a Moore-Read-
type non-Abelian state with an odd number of electrons
in the half-filled active Landau level. On the torus, the
Moore—Read state is sixfold degenerate for an even num-
ber of particles but only twofold degenerate for an odd
number [62H64]. Counsistently, for N = 18, where the
1LL hosts an even number of electrons, we find a sixfold
degenerate ground-state manifold [Fig. [3[(a)].

Moreover, the pair correlation function g(r) =
(2nl% JuN) (Y, ;0(r—r;+r;)) of the two ground states,
shown in Fig. b)7 exhibits a correlation hole at short
distances and is otherwise featureless, confirming the ex-
pected liquid nature of the ground states.

Minimally entangled states and quantum dimen-
sions.— Having established ground-state degeneracy
consistent with the non-Abelian Moore-Read state, we
now turn to probe its anyon content directly. In addi-
tion to topological degeneracy, topological order exhibits
long-range entanglement in the ground states, which can-
not be detected by any local observable [65, 66]. In
particular, the quantum dimensions of the anyons are
imprinted in the topological entanglement entropy [67-
69]. On the torus, it was shown that this information
can be extracted from the minimally entangled states



(MESSs), which are linear superpositions of the underly-
ing degenerate ground states that minimize the entan-
glement entropy for a noncontractible bipartition [70].
Each MES carries a definite quasiparticle type a thread-
ing the cut, and its Rényi entanglement entropy 5, =
(1 —n)~tlog Tr p%, with p4 the reduced density matrix
obtained after tracing out one part of the system, takes
the form [70} [71]

D
so-ar-2(D) e

a

where L is the total length of the boundary between the
two parts, a, is a nonuniversal coefficient, d, is the quan-
tum dimension of anyon a, and D = />, d2 is the
total quantum dimension. Differences between the en-
tropies of MESs therefore cancel the boundary contribu-
tion and directly measure ratios of quantum dimensions,
S — 8 = 21og(da/dy) [72).

The quasiparticles of the fermionic Moore-Read state
combine the Ising anyons {1,v, 0}, where 1 is a neutral
Majorana fermion and o the non-Abelian Ising anyon,
with a U(1) charge sector [1 62] [73]. Its six ground
states on the torus correspond to six quasiparticle types:
four Abelian ones, built from 1 and 1 with charge 0 or
e/2, which have d, = 1, and two non-Abelian ones, con-
taining o with charge e/4 or 3e/4, which have d, = v/2.
The total quantum dimension is thus D = 2+/2. The
four Abelian MESs are therefore expected to have equal
entropies, while the two non-Abelian MESs should have
larger entropies by

AS, =2logV2 =log2. (7)

To access all six topological sectors, we perform this
analysis for N = 18, where the 1LL hosts an even num-
ber of electrons and the ground-state manifold is sixfold
degenerate. In this case, some of the six ground states
share the same momentum sector [Fig. [3[a)]. These de-
generate states are distinguished by their eigenvalues un-
der a finer center-of-mass magnetic translation, and we
resolve them by an additional projection onto these eigen-
values [56]. As an independent check, we also obtain the
degenerate partners by including in the loss function a
penalty on the overlap with previously converged states,
which yields the same results [56]. We then construct the
MESs as normalized superpositions

6
|Qa>:ch”)‘(I)a>, azla"'767 (8)
a=1

of the six NN-VMC ground states |®,), and evaluate the
second Rényi entropy Sy for a noncontractible cut of the
torus using the replica (swap) estimator [0, [74] [75]. The
coefficients ) are then optimized to minimize S, [50].
As shown in Fig. B|b), the entropies of the six MESs
are arranged exactly as predicted for the Moore-Read
state: four MESs have nearly equal entropies, identifying
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FIG. 3. (a) Lowest energies in each momentum sector
k = (ki,k2), labeled by k1 + Niks, for N = 18 electrons
and k = 1.0, obtained from NN-VMC and from ED restricted
to the LLL and 1LL. We use a hexagonal supercell spanned
by Li = Nja; and Ly = Nsaz with Ny = 4 and N2 = 3.
Numbers indicate twofold degenerate ED levels within a sec-
tor. The blue labeled states are orthogonal ground states
obtained with NN-VMC. (b) Differences AS,, between the
second Rényi entropies of the six MESs and the smallest one,
for three inequivalent noncontractible cuts of the torus (bot-
tom). For each cut, four MESs have AS, = 0, consistent
with Abelian sectors, while the remaining two lie close to
log 2 (dashed line), as expected for d, = v/2.

them with the Abelian sectors, while the remaining two
are larger by an amount consistent with log 2, which fixes
their quantum dimension to d, = /2. This structure of
the entropies provides direct evidence of the Ising-type
non-Abelian topological order of the Moore-Read state.

Landau-level mizing.— So far, we have identified the
topological order of the ground state at kK = 1. We now
study the evolution of the many-body ground states with
Landau level mixing. Its importance is already visible in
Fig.[2(a), where the NN-VMC energies lie well below the
ED energies obtained within the LLL and 1LL, show-
ing that the higher Landau levels substantially lower the
energy.

To quantify the effect of Landau level mixing on the
non-Abelian state, we extract the occupation v, of the
nth Landau level from the one-body density matrix of the
converged states [56], with Y v, = v = 3/2. Figure[lfa)
shows v, for k = 1, 2, and 5, for both N = 18 and
N = 21. Without Landau level mixing, vo = 1, v1 =
1/2, and all higher levels are empty. With Landau level
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FIG. 4. (a) Occupation v, of Landau level n, on a logarithmic
scale, for N = 18 and N = 21 electrons at x = 1,2 and 5.
Inset: deviation Av, from the unmixed occupations vy = 1,
vi = 1/2, and v,>2 = 0. Both the LLL and the 1LL are
depleted, with the weight transferred to higher levels. (b)
Pair correlation function computed at x = 5 and 20 (see [56]
for more details).

mixing, the higher levels acquire a sizable occupation,
which decays with n and grows with x. The occupations
for the two system sizes nearly coincide, indicating that
finite-size effects are small.

Moreover, the inset of Fig. [4] shows the deviation Av,
of each Landau level occupation from its value in the ab-
sence of Landau level mixing. As expected, the LLL is
depleted. Less obviously and more interestingly, the 1LL
is depleted as well, even though its occupation could in
principle increase due to electrons scattering from the
LLL. The weight lost from both levels is instead trans-
ferred ton > 2. We find this feature to persist for various
values of k for both system sizes.

Beyond redistributing the electrons among the Landau
levels, strong Landau level mixing eventually changes the
nature of the ground state [49, [76]. Figure[db) contrasts
the pair correlation function at kK = 5 and k = 20. At
k =5, g(r) shows only a correlation hole and is otherwise
featureless, as expected for a liquid. At x = 20, it instead
develops pronounced peaks arranged on a triangular lat-
tice, consistent with a Wigner crystal.

Candidate topological order.— In the absence of Lan-
dau level mixing (k — 0), the electrons in the LLL at
v = 3/2 are frozen and the problem reduces to a half-
filled 1LL. In this limit, the Hamiltonian has an exact
particle-hole symmetry about half filling of the 1LL [7,[8].
However, this symmetry is broken by Landau level mix-
ing at nonzero  [42H45].

Two leading candidates for the non-Abelian topologi-
cal order are the Moore-Read Pfaffian and its particle—
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FIG. 5. Overlap O between the NN-VMC ground-state

manifold and the Moore-Read Pfaffian, the anti-Pfaffian, the
PH-Pfaffian, and the exact Coulomb ground state of the 1LL-
projected Hamiltonian, as a function of Landau level mixing
K, for N = 18 electrons. Open symbols with dashed lines show
overlaps with the bare trial states, defined within the LLL and
1LL, and filled symbols with solid lines show overlaps with
dressed trial states, which include a cloud of virtual inter-
Landau-level excitations [56]. In both cases, the overlap with
the anti-Pfaffian exceeds that with the other trial states at all
K.

hole conjugate, the anti-Pfaffian [I], [7, [§]. They describe
distinct topological phases that differ in their edge struc-
ture: all edge modes of the Pfaffian propagate in the
same direction, whereas the anti-Pfaffian hosts counter-
propagating neutral modes [7, [§]. Being related by
particle-hole conjugation, the two states are degenerate
only when this symmetry is exact, that is, in the absence
of Landau level mixing. A third proposal, the particle—
hole symmetric Pfaffian (PH-Pfaffian) [9], is instead in-
variant under particle-hole conjugation. To study the
competition between these candidates as Landau level
mixing is turned on, we compare the manifold of opti-
mized NN-VMC ground states with the corresponding
trial manifolds. We define the overlap between the NN-
VMC and trial manifolds as O = d~1 Ziﬁ:l [(Pa]X5)]2,
where {|®,)} and {|Xg)} are orthonormal bases of the d-
dimensional NN-VMC and trial ground-state manifolds,
respectively, with X labeling the trial state. Since the
trial wave functions are usually defined in the LLL, we
promote them to the 1LL and add a background of a
frozen, completely filled LLL [56]. Because the NN-VMC
states also have weight outside the LLL and 1LL, we fur-
ther consider dressed trial states, in which a cloud of
virtual inter-Landau-level excitations is attached to each
trial state through a Schrieffer—Wolff rotation to first or-
der in Landau level mixing, whose strength is optimized
at each k [56].

Figure [5] shows O for N = 18, where d = 6, as a func-
tion of k up to k = 5 for the Pfaffian, the anti-Pfaffian,



the PH-Pfaffian, and, as a particle-hole symmetric ref-
erence, the exact Coulomb ground state obtained by ED
within the 1LL, both for bare and dressed trial states.
The overlap with the anti-Pfaffian is consistently larger
than with the Pfaffian, showing that Landau level mixing
favors the anti-Pfaffian. As x decreases, the two overlaps
approach each other, as expected from the restoration of
particle-hole symmetry in the limit x — 0. In contrast,
the overlap with the PH-Pfaffian remains small for all «,
ruling it out as a possible candidate for the ground state.
As is evident, dressing the trial states increases all over-
laps, highlighting the importance of Landau level mixing,
which the NN-VMC states take into account.

Generally, the overlaps decrease with increasing &, re-
flecting the growing weight of the NN-VMC states out-
side the LLL and 1LL [Fig. [[a)]. Remarkably, at large
K, the overlap with the anti-Pfaffian becomes compara-
ble to, and even exceeds, that with the 1LL-projected
Coulomb ground state.

Discussion.— In this work, we have studied the non-
Abelian fractional quantum Hall state of spin-polarized
electrons at v = 3/2, taking all Landau levels into ac-
count non-perturbatively. Starting from the microscopic
Hamiltonian of interacting electrons in a magnetic field,
and without any input about the expected ground state,
our approach captures the topological order, the Lan-
dau level mixing, and the competition between candi-
date states within a single framework. We find that Lan-
dau level mixing favors the anti-Pfaffian topological order
over other candidate states.

Our approach differs from neural-network methods
that build physical input into the variational wave func-
tion states [(7H79]. Here, our variational wave function
is initialized randomly and optimized solely by minimiz-
ing the energy, so that none of the competing topological
orders is favored from the start. This is essential for de-
termining which of them is realized.

Our results are directly relevant to recent experiments.
An even-denominator state at v = 3/2 has been observed
in monolayer WSe,, both in compressibility [40] and in
transport [4I] measurements. In this material, spin—

valley locking together with a large spin splitting makes
the low-lying Landau levels fully spin and valley polar-
ized, so that the state at v = 3/2 forms in a half-filled
1LL on top of a completely filled LLL, as in the setting
studied here. An even-denominator state at v = 3/2 has
also been reported in ZnO [33], where it appears when
the partially filled level has the orbital character of the
1LL. In both materials, the large effective mass makes
Landau level mixing substantial, which calls for a non-
perturbative treatment such as ours.

A natural extension of this work is the v = 5/2 state
in GaAs [5]. There, Landau level mixing differs from the
fully spin-polarized case at v = 3/2 studied here, since
it also involves electrons of the opposite spin. Extending
our approach to spinful electrons would allow Landau
level mixing at ¥ = 5/2 to be treated on the same footing.
Including disorder [80] would further allow studying its
effect on the competing topological orders.

Our approach is equally suited to even-denominator
states in the lowest Landau level, which have been ob-
served in wide quantum wells and in GaAs hole sys-
tems [3I, B2]. There, Landau level mixing has been
proposed to induce pairing of composite fermions [81].
Since our approach treats Landau level mixing non-
perturbatively, it can address the nature of these states
directly.
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Note added— An upcoming preprint [82] will report
related results.
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I. MAGNETIC BOUNDARY CONDITIONS AND MOMENTUM PROJECTION

In this section, we describe how the magnetic boundary conditions are imposed on the torus and how we construct
states of definite center-of-mass momentum. Two lattices play a role. The supercell, spanned by L; and Ls, defines
the torus and encloses Ny flux quanta. The unit cell, spanned by a; and as, encloses a single flux quantum, and Ny
unit cells tile the supercell.

A. Magnetic translations

In a magnetic field, ordinary translations do not commute with the Hamiltonian, because the vector potential is
not translation invariant. They are replaced by magnetic translations, which combine a translation with a gauge
transformation. In the symmetric gauge A = By(Z x r)/2 of the main text, the single-particle magnetic translation
by a vector a acts as

i

— - %-(axr)

ta)y(r)=e > Y(r+a) (S1)
and commutes with the kinetic energy. Two magnetic translations compose up to an Aharonov-Bohm phase,

—i-2.(axb i 5.(axb
t(a)t(b) = e*5 (e )t(a +b), so that t(a)t(b) = e'B (ax )t(b) t(a). They therefore commute if and only if
the parallelogram spanned by a and b encloses an integer number of flux quanta.

B. Supercell and boundary conditions

Since the supercell encloses an integer number IV, of flux quanta, translations by any two supercell vectors commute
and can be diagonalized simultaneously. The magnetic boundary conditions fix their eigenvalues for every electron.
We use the convention of Ref. [83],

1 if L/2 is a supercell vector,

L) = ¥, o= { (2)

—1 otherwise,

for every supercell vector L = pLj + gLo, without additional twist phases. The sign 71, = (—1)P9TP*% makes the
conditions for different supercell vectors consistent with the composition rule. Written out with Eq. (S1)), Eq. (S2))
gives the boundary conditions of the main text,

(Lxr)

U m 4 Lyery) = @S0 UL ry), ) = S Nyt (53)
B

The ansatz of Egs. 7 of the main text satisfies Eq. exactly for every electron, since the amplitudes F}* and

the winding maps n(-a’n)

; are periodic on the supercell and the factor xj carries the magnetic phase [49).

C. Unit cell and single-particle generators

The Hamiltonian of Eq. is invariant under magnetic translations of all electrons. As in the main text, we use
this symmetry to label states by a center-of-mass momentum. On the torus, the topologically degenerate ground
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states are then further labeled by their momenta, whose pattern provides an additional fingerprint of the topological
order [58].

Not every translation is compatible with the boundary conditions. A translation ¢(d) maps states obeying Eq. (S2))
onto states obeying it only if it commutes with #(L;) and ¢(Lz), that is, if d spans an integer number of flux
quanta with both Ly and Ly. The smallest such translations are by L;1/N, and La/Ng, which span the fine lattice
Ay = {(mLy1 4+ nL2)/Ny}. These two translations do not commute, since the cell they span encloses only 1/Ny of a
flux quantum. To define a momentum, we therefore choose a set of commuting translations on Ag. We divide the
supercell into Ny = NNy unit cells spanned by a; = L;/N; and a; = Ly/Ny. Each unit cell encloses a single flux
quantum, |a; X ag| = 27¢%, so that t(a;) and t(az) commute. Taking them as generators, we obtain Ny distinct
translations,

t(a) = t(a1)™ t(a2)", a=ma; +nay, m=0,...,.Ny—1, n=0,...,Ny—1, (S4)

since t(a;)M = t(L;) and t(a)V? = t(Ly) are fixed by Eq. (S2). The remaining translations on A, provide additional
quantum numbers, which we discuss in Sec.

D. Single-particle eigenstates

The generators ¢(a;) and ¢(az) commute with each other and with the single-particle kinetic energy fiw. (a'a + 3),
where a' = (2/20p — 205 0.)/+/2 and z = x +iy. The single-particle eigenstates can therefore be labeled by a Landau
level n and a momentum q. Writing g(r) = (27(%)~1/2 e~I#I’/4%5 for the lowest-Landau-level Gaussian centered at
the origin, the orbital of momentum q in the lowest Landau level is the sum of its translated copies over the whole
lattice spanned by a; and as, including the cells of the neighboring supercells [84],

bq(r) =Ng Y e "9 t(a) g(r), (S5)

with ¢(a) defined as in Eq. for every lattice vector a, and a normalization constant Ngy. On the torus, g
obeys the boundary conditions of Eq. , which allows Ny values of q. The higher Landau levels follow by raising,

On.q = (aT)"wq/m, since af commutes with every ¢(a).

E. Center-of-mass momentum

We define the center-of-mass translations as T'(a) = vazl t;(a). They commute with the Hamiltonian, since the

Coulomb interaction depends only on the relative positions of the electrons, and with one another, since the generators
do. By Eq. (S2), T'(a;)™i =T, t:(L;) = (—1)¥M¢, so that the joint eigenvalues of T'(a;) and T'(as) are

(k) = e2milkiTo)/N; kj=0,...,N; — 1, (S6)

with 6 = 0 for even NNy and 6 = 1/2 for odd NN,. They define a two-dimensional center-of-mass momentum
k = (k1, k2) that takes Ny distinct values. In Figs. 2| and |3 the momentum sectors are labeled by ki + Niks.

F. Momentum projection

A variational wave function Wy of the form of Eq. of the main text obeys the supercell boundary conditions
but is in general a superposition of several momentum sectors. We isolate its component in the sector k with the
projector of Eq. of the main text,

1 .
Py (ry,...,rN) = N, > e @ T(a) Wy(ry, ... ry), (S7)

a

where the sum runs over the Ny translations a = ma; + nay of Eq. (S4) and

) = —2r | B, D], (s9)

Since €@ = X\;(k)™™ \y(k)™™ and T'(a;)™s = \;(k)™i, the projected state is an eigenstate of both generators,
T(aj) CI)k = )\j (k) q)k



12
II. NEURAL NETWORK ARCHITECTURE

We use a self-attention neural network to represent Wy. The input of this network consists of N single-particle
streams. In stream ¢ = 1,--- N, the coordinates r; of electron ¢ enter as a periodized feature vector implementing

the periodic boundary conditions for F}* and nja’"). These features f; and their embedding h? in a dj-dimensional

space are given by
f; = (cos Gy -1, cos Go-r;, sin Gy -1, sin Go-r;) hY = WOf;. (S9)

where G; are the supercell reciprocal vectors. The particle streams {h?} are then propagated through L identical
layers, each of which first lets them exchange information through multi-head self-attention and then acts on each

stream individually with a multilayer perceptron. The output streams {hlL } are finally projected to produce the

amplitudes F}' and the winding maps nja’")

Table [l
We improve the expressivity of the network by replacing the purely permutation-symmetric winding maps of [49)
by

. We follow [49] for the explicit forms with hyperparameters listed in

s i) = ™ i By S [l hE e m (810)

with u, v two independent matrices. The first term uses the stream of particle 7 and the second one uses the mean over

the remaining streams. This allows a richer r; dependence of the winding maps without breaking the equivariance of
the orbitals ¢'. The twist constraint Yoa nj(a’") = 0 is imposed as before, by subtracting the o mean.

TABLE I. Hyperparameters used in this work.

Architecture Optimization Monte Carlo
Layers L 4 Optimizer MinSR Walkers 1024
Heads 4 Learning rate 0.02 Steps/sample 10
Attention dim. 32 Iterations 10 to 10* Move width IB
Perceptron dim. 128 Burn-in 300
Perceptrons/layer 2

Determinants 2

Activation GELU

III. LANDAU-LEVEL OCCUPATIONS

Landau-level mixing is what distinguishes the network wave function from a calculation restricted to a few levels.
To measure it, we expand the one-body density matrix of the trained state ®y in the Landau-level orbitals ¢y, q of
Sec. [[D} For a normalized ¥ of N electrons,

Pin,q),(n',q') = IV /dr1 dry dry - --dry Onq(r1) ¥(r1,re,...) @nr g (r]) U(r],ra,...). (S11)

The configurations {r;} are sampled from |¥|?, and the r} integral is done on a uniform grid over the supercell. We
take the Hermitian part (p + p') to reduce the noise. The number of electrons in level n and its filling are

N, = Zp(n,q),(n,q)a Vp = Nn/Nd>7 (812)
q

...), the filling without Landau-level mixing. N,, is a trace over the level and so does

compared with v(®) = (1,20,
f basis within it.

not depend on the choice

O Nl

IV. TRIAL STATES AND SCHRIEFFER-WOLFF DRESSING

To identify the topological order of the NN-VMC ground-state manifold, we compute its overlaps with trial states
for the Pfaffian, anti-Pfaffian, and PH-Pfaffian orders, as well as the ground states of the 1LL-projected Coulomb
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interaction. The latter provide a particle-hole symmetric reference. While these trial states are defined in a Hilbert
space with a completely filled LLL and the remaining electrons restricted to the 1LL, the NN-VMC states include
Landau level mixing. To account for this difference, we also consider trial states dressed by a Schrieffer—Wolff
transformation, which incorporates virtual excitations between Landau levels.

A. Model space

We define the model space P by completely filling the LLL and restricting the remaining electrons to the 1LL. A
basis for this space is given by the Slater determinants

1
Dl(rla .. .,rN) = W det [@0&117- . .,QDQ’qu),(pLPU .. .,QOLPN](I‘l, .. .,I‘N), (Sl-?))

where ¢, 4 are the Landau-level orbitals defined in Sec. and I = {p1,...,py} specifies the occupied 1LL orbitals
of the remaining N=N-— Ny electrons.

We write each trial state as |X) = 3, ¢X|Dy). The coefficients c¥ are obtained from the corresponding state of N
electrons in a half-filled Landau level and are used to construct the state in the 1LL, with the filled LLL treated as
an inert background. For the system sizes considered here, all trial manifolds have the same dimension and occupy
the same momentum sectors as the NN-VMC ground-state manifold [Fig. a)].

B. Pfaffian and anti-Pfaffian

We construct the Pfaffian manifold from the zero modes of the three-body parent Hamiltonian [l [T5]

Hy == 3 8k | VIV (ri ;) 8(x; — i) (s14)

i<j<k

where S;;; denotes symmetrization over the three particles. We diagonalize this Hamiltonian for N electrons in Ny
orbitals using LLL form factors, which gives the Pfaffian zero modes.

The anti-Pfaffian is obtained by particle-hole conjugation of the Pfaffian within the half-filled Landau level [7, §].
We define the antiunitary particle-hole transformation C through CcqC™! = c};. Acting on a Slater determinant,
it exchanges occupied and empty orbitals, C|I) = s(I)|I), where s(I) = +1 accounts for the fermionic sign, while
also complex conjugating the coefficients. The anti-Pfaffian manifold is therefore obtained from C|Pf), or equivalently
as the zero modes of CH3C~'. In practice, we apply particle-hole conjugation to the full many-body matrix of Hs,
including the one-body and two-body terms generated by the transformation.

C. PH-Pfaffian

For the PH-Pfaffian [9], we consider the LLL projection of the wave function Pf[1/(z; — 2;)] [ [, ; (2 — z;)? |85 186].

On the torus, we construct the corresponding unprojected states using the dimensionless coordinates ¢ = z/v/2(p,

\IIS,II;I _ Pf[ga(Ci — Cj)} HO'(Q . Cj)Q O'(Z o Wa,k/2)2 He_|4i|2/2—¥v4€7;2+ba,k Ci’ (815)

1<J 7

where o is the Weierstrass sigma function of the supercell and Z = ). ;. The pair function is given by g,(¢) =
Vo (u|7) /91 (u|T), where ¥, are the Jacobi theta functions, u = 7¢(/2wq, T = wa/w1, and wy 2 = L172/2\@€B are the
complex half-periods of the torus. The index a = 2, 3,4 labels the three even spin structures, while k£ labels the two
independent center-of-mass factors for each spin structure. The parameters A, b, ;, and W, ; are chosen to satisfy
the magnetic boundary conditions in the appropriate gauge.

Without complex conjugation of the Pfaffian factor, Eq. reduces to the Moore-Read state on the torus [62].
The complex conjugation does not affect the magnetic boundary conditions, since the quasiperiodicity multipliers of
go are real. We combine the resulting six states into momentum eigenstates.
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We perform the LLL projection by computing the overlaps of ¥FH with all N-electron LLL Slater determinants

D;O). These overlaps are evaluated by Monte Carlo sampling from |¥FH|2, using

D(O) (2) <D(O)|\IIPH>
<\111£'H(x) >\IJPH|2 - <\IJII)H|\I’PH> . (516)

This procedure projects the full many-body wave function, rather than projecting its individual factors separately.
The resulting expansion coefficients are then used to construct the corresponding states in the 1LL.

D. Coulomb states

As a particle-hole symmetric reference, we use the low-energy manifold obtained by exact diagonalization of the
Coulomb interaction projected to the 1LL. Within P, the filled LLL contributes only a constant to the projected
Hamiltonian. These states are therefore also the lowest-energy eigenstates of Eq. restricted to P.

E. Schrieffer—Wolff dressing

We now incorporate Landau level mixing into the trial states through a Schrieffer—Wolff transformation. In units
of Aw,, the Hamiltonian in Eq. can be written as H = Hy + kV, where Hy = Zi(ajai + 1) is the kinetic energy
and

1 2
V=t (;0 q PV (@) (S17)

is the normal-ordered Coulomb interaction in units of U, with lengths measured in ¢g. Here A is the area of the
supercell and q runs over its reciprocal lattice vectors, with the q = 0 contribution cancelled by the neutralizing
background. Writing the electron position as r = R + R, with the commuting guiding-center coordinate R and
cyclotron coordinate R, the density operator in the Landau-level basis is p(q) = 3, > Frn' (@) R (Q) cjlkcn/k/.
Here Ry (q) = (k|e'*R|K’) is the guiding-center translation matrix between the momentum states k and k’, and

Fon(q) = (n|e’@R|n’) are the Landau-level form factors,

n'! iq e —lq|? n—n' |q|2

for n > n', where L%a) are the generalized Laguerre polynomials, ¢4 = ¢, + igy, and Fyp(q) = Frn/ (—q).

Since all states in P have the same kinetic energy FEj, their coupling to states outside P arises entirely from the
interaction. Introducing the projectors P onto P and Q = 1 — P, we construct a unitary transformation e that
eliminates the off-diagonal couplings PV Q@ and QV P to first order in k [87, [8§]. The transformed Hamiltonian
e~SHe?d is then block diagonal to this order, while the corresponding states in the full Hilbert space are obtained by
acting with e on states in P.

The generator satisfies [Hy, S] = —k(PVQ + QV P), giving

S=-k(T-T"), T=Q(Ho—E) 'QVP (S19)

The operator T contains all interaction-induced pair scatterings from P into states with different Landau-level occu-
pations. These processes involve changes in the Landau-level index of one or two electrons, with a net increase of at
least one cyclotron quantum. They include, for example, excitations from the filled LLL that leave behind a hole, as
well as excitations of electrons from the 1LL to higher Landau levels. The energy denominators are determined by
the change in cyclotron energy, without including interaction corrections.

To dress a trial state | X), we exponentiate the first-order generator, allowing its strength to vary through a parameter
)‘7

1X) = eM™9|X) = cos(AWT)[X) =TT~ 2sin(\WT)[X), T[=TT=PVQ(Hy—Ey) 2QVP. (S20)

The expression follows from the off-diagonal structure of T, which maps P to its complement, while 7T maps these
excitations back into P. Since the transformation is unitary, the dressed states remain normalized.
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For A = k, expanding Eq. (S20) to first order gives
X) = |X) — kQ(Ho — Eo) " 'QV[X) + O(r?). (521)

For the Coulomb states, which are eigenstates of PV P, this reproduces the first-order perturbative correction to the
wave function outside P. For the other trial states, the dressing incorporates the same virtual inter-Landau-level
processes.

We evaluate I' by explicitly enumerating all determinants coupled to P through V', including Landau levels up to
a cutoff n.. We verify convergence with respect to this cutoff by monitoring the weight of the virtual excitations,
k2(X|T|X), which is converged to within a few percent.

For each trial state and value of k, we determine A by maximizing the overlap with the NN-VMC ground-state
manifold. This gives a one-parameter variational dressing of the trial states. We find that the perturbative choice
A = Kk overestimates the Landau level mixing at large &, resulting in substantially smaller overlaps. The optimal \/x
decreases as k increases and takes nearly the same value for the Pfaffian, anti-Pfaffian, and Coulomb states. For the
PH-Pfaffian, the overlaps remain small, making the optimal A poorly constrained at small «.

F. Overlaps

We compare the NN-VMC ground-state manifold with each trial manifold through the overlap defined in the main
text, O = d~1 ZZ,le |(®a]X5)[?, where {|®,)} and {|Xj)} are orthonormal bases of the d-dimensional NN-VMC
and trial manifolds. We evaluate it both for the bare trial states and for the dressed trial states, for which |Xg) is
replaced by |Xs). Since states in different momentum sectors are orthogonal, © is a sum of contributions from the
individual sectors k. The states we compute within a sector are not exactly orthonormal, and we therefore write O
in terms of the Gram matrices Gg and Gx of the two sets,

0= éZTr[G;IM]’ M;; = Z<(I)1|Xt> (G;il)tt/ <Xt’|(I)j>7 (S22)
k

tt

which reduces to the expression above when both sets are orthonormal. The Pfaffian, anti-Pfaffian and Coulomb states
are eigenvectors of Hermitian matrices and are therefore orthonormal, so that Gx is the identity. The PH-Pfaffian
states, obtained by Monte Carlo projection, are neither normalized nor mutually orthogonal, and Gx accounts for
their overlaps. Since the dressing is unitary, the dressed trial states have the same Gram matrix as the bare ones.

The matrix M requires the overlaps of each NN-VMC state ® with the trial states, both bare and dressed. For a
bare trial state, the overlap follows from the projections of ® onto the determinants of P, (®|X) = >, ¢¥ (®|Dy). For
a dressed trial state, Eq. also involves the projections of ® onto the interaction-induced excitations xy = T Dy
of these determinants,

@%) =" {<¢|D1> (cos()\\/f) XY, = (®]xs) (T2 sin(/\\/f) cX)I}, (S23)

which reduces to the bare overlap for A = 0. Both sets of amplitudes, (®|D;) and (®|xs), are estimated by Monte
Carlo sampling from |®|?.

V. FINE MAGNETIC TRANSLATIONS WITHIN A MOMENTUM SECTOR

The momentum projection of Sec. [l uses only the translations generated by a; and as. The remaining translations
on the fine lattice Ay, the grey points of Fig. also commute with H and preserve the boundary conditions. They
carry additional quantum numbers that further organize the spectrum within each sector k. We now describe these
quantum numbers and how we use them to resolve more states and improve convergence.

A. Commuting translations on the fine lattice.

By the composition rule of Sec. |I|, the center-of-mass translations on Ay obey

Z-(axb)

T(a)T(b) = ¢*™Nfab T(b) T(a), fab = R
B

(S24)
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FIG. S1. Supercell tilings and fine-projected spectra, one row per system. (a) The tiling of N = 18 (4 x 3 cells) and (d) of
N =21 (7 x 2 cells). The one-flux cell vectors a;, as are in orange, the fine lattice Ay in grey, and the maximal commuting
set of translations in blue. In one cell the generator T'(az/n2) of the fine projection is drawn with its ns points in dark blue.
The unused a;/3 of N = 18 is dashed. (b, ¢) NN-VMC spectra of N = 18 at x = 2 and x = 5. Each bar is the energy of the
fine-projected state @y, of Eq. in one momentum sector, with its statistical error. Energies are relative to the mean Fy
of the sixfold ground multiplet, Fy = —4.9736 = 0.0001 fiw. (b) and —37.1050 + 0.0002 fiw. (c). The sectors (1,0) and (3,0)
hold two states: the second is drawn in blue, shorter, over the first. (e, f) The same for N = 21 at K = 2 and k = 5. Here Fo
is the mean of the ground doublet (k1 + N1k = 0,7), Eg = —6.5028 £ 0.0003 fiw. (e) and —45.0552 %+ 0.0003 fw. (f).

where fap is the number of flux quanta through the cell spanned by a and b. A cell of A, carries f = 1/Ny, and a
sublattice of Ay whose cell contains s of its points carries f = s/Ny. For v = N/N, = p/q with p and ¢ coprime,
N f =ps/q, so all translations of the sublattice commute when ¢ divides s. The largest commuting sets are therefore
the minimizing s to s = ¢q. They contain Ni/q = NoNy translations, with Ny = ged(N, Ng) = Ny/q.

The translations of Sec. [I| generated by a; and as belong to a maximal set generated by T'(a;/n1) and T(az/n2)
with nine = Np, shown in blue in Fig. Since T'(a;/n;)"™ = T(a;), the eigenvalues of these generators are the
n;-th roots of the eigenvalues A; (k) of Eq. (S6), pu, = A, (k)'/m3 €27/ with I; = 0,...,n; — 1. The integers (I1,12)
are the additional quantum numbers, and each sector k splits into Ny = ning fine sectors, with (n1,n2) = (3,2) for
N =18 on the 4 x 3 tiling and (1,7) for N = 21 on the 7 x 2 tiling.

B. Fine-momentum projection.

Projecting onto a full maximal commuting set would fix every quantum number at once, but would multiply the
cost by NZ, since each amplitude would need NoN, network evaluations instead of Ny, and there would be NoNy
fine sectors to optimize instead of N4. We therefore resolve a single additional quantum number, the eigenvalue p; of
the generator T'(as/n2) (solid arrow in Fig. [S1)), with [ = I, through the projection

n271

1 s )
Py, = . Z ) T(ag/ny)? ®y. (525)
=0

Each @y is an exact eigenstate of T'(az/n2) and states with different ! are orthogonal by construction. For N = 21
this resolves all translation quantum numbers, since n; = 1. For N = 18, as/2 is the finest translation along as that
commutes with T'(a;), and the label I, of T'(a;/3) is left unresolved.
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C. Training.

In each of the Ny sectors we first optimize ®x with the sector projection alone. In general, a single optimization
converges to an uncontrolled mixture of several ! components. The weight of each component ®y ; is its overlap with
the optimized state ®x. To obtain the spectra of Fig. [2] and Fig. [3] we select the [ carrying the largest weight and
continue the optimization with the fine-projected ansatz ®y; of Eq. at that value of . Optimizing ®y; at the
remaining values of [ yields further members of a multiplet, orthogonal to the first by construction. These are the
partners (blue) that complete the ground-state manifold of N = 18 in Fig.

D. Orthogonality penalty.

In a given sector, two states can share every translation quantum number. The N = 21 crystal of Sec. [V]] is
such a case: its ground state and its first excited state lie in the same fine sector, and the fine projection cannot
separate them. We therefore also use an orthogonality penalty to resolve multiplets sequentially. The state ®, under
optimization is penalized for its overlap with the fixed partners {®;} through the modified loss

(Pa|Ps)

L S26
EEY (526)

L=E0)+A) ISl S =
b

which for large enough A drives the minimum orthogonal to the states already resolved [89]. Unlike the fine projection
of Eq. (525)), this route does not fix I: it targets the lowest state orthogonal to those already found regardless of its [
content.

VI. WIGNER CRYSTALS AT N =21

At strong Landau-level mixing the electrons are expected to depart from the liquid state and form a Wigner
crystal [49, 90, 9T]. A triangular lattice of N sites fits the hexagonal torus only if N = a? + ab + b* for integers a, b.
No such lattice exists for N = 18. For N = 21 = 42 4+ 4 + 1 there are two consistent lattices, mirror images of each
other rotated by +10.9° and —10.9° from L, which we call A and B [Fig. [S2|(a) and (b)]. N = 21 thus hosts both
phases without frustration: the ground state is a liquid at k = 5 and a crystal at xk = 20. This section presents the
k = 20 spectrum and explains it with the fine translations of Sec. [V]

A. Fine sectors.

For N = 21 on the 7 x 2 tiling of Fig. Ny =14, Ny = 7, and the maximal commuting set is generated by T'(a;)
and T(a2/7). We write the @y sectors as k = (k1, ko) with k1 = 0,...,6 and ko = 0,1, so that A;(k) = e2mik1/7 and
A2(k) = e?™ 2. The fine-projected states @y ; of Sec. V| are then the eigenstates of the generators with

T(a) Py = M(K) By, T(ag)7) Py = Py, = Ao(k)Y7 2™/ = 2rilhat20/14 1 — g 6. (S27)
For each ko there are 49 fine sectors (k1,1), which form the two grids of Fig. [S2(c).

B. Crystal sectors, Fig. c).

Consider a rigid triangular crystal W4 with the periodicity of lattice A. Its translation symmetries differ in general
from the fine translations of the tiling [Fig. [S1{d)] and a crystal is in general not an eigenstate of the ansatz’s
translations. However, there are fine translations that are lattice vectors of the crystal making special fine sectors
natural hosts for crystal states. Within the maximal commuting set for N = 21 these translations are powers of
Ta = T(a;) T(az/7)*, which translates every electron by a; + 4a,/7 [arrow in Fig. [S2{a)].

A fine sector (k, ) can host the crystal only if the projection Py ;¥ 4 onto that sector is nonzero. The projector can
be written explicitly as

6 13
Pui= g Z SO )T a7 T(ay)? T(az /7). ($28)
p=0 q=0
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The action of T4 on the projection is expressed with Eq. as
Ta [PeyVa] =7 [PeiVal, T =(k) ' (529)
Since T4 commutes with every term in Py ; and Tq¥ 4 = ¥ 4, we have
P Vag=PTaVpg =Ty P Va=7F,;¥Ya (S30)

which imposes the projection vanishes unless 7 = 1. It follows that a rigid crystal of orientation A exists only in the
fine sectors where T4 has eigenvalue 1, and there the projected state keeps the symmetry of the crystal. For B the
same holds with Tp = T'(a;) T'(az/7)%, which translates by a; + 8a,/7. With Eq. the two crystal compatibility
conditions read

Fig. (c) draws the two conditions on the grids of fine sectors: the red line is A, and the blue line is B. Both wrap
around the grid because the labels are periodic modulo 7. Each line passes through seven fine sectors, and the two
lines intersect once for each ks, at k1 = 0 and | = 3k, the black point, which we call the origin. Away from the
origin, a point on a line allows one orientation and excludes the mirror one by its quantum numbers alone. At the
origin both orientations are allowed, and they can mix. Off the lines no rigid crystal of either orientation exists.

C. Spectrum, Fig. d).

In the liquid phase, at k = 1, 2 and 5, the lowest excitations lie off the crystal lines, and every state has the pair
correlations of a liquid. The x = 20 spectrum is different. Figure d) shows the lowest fine-projected state on the
A line and on the B line in each sector.

Twelve of the fourteen sectors do not hold the ground-state manifold; we call them the excited sectors, with ky # 0.
In each excited sector the two lowest fine-projected states are a crystal of orientation A and a crystal of orientation B.
They carry different fine quantum numbers [, one on each line of Fig. c), and they are all degenerate, at +0.14 hw,
above the ground state.

A flat manifold spanned by the translated and mirrored copies of one ordered state is a finite-size signature of
spontaneous symmetry breaking [92]. The crystal breaks the fine translations, down to its own lattice translations,
and the mirror that exchanges A and B. We note that in a magnetic field this mirror is an anti-unitary combination
of reflection with time reversal.

An exception to this symmetry-breaking pattern occurs at the origin of Fig. ¢), corresponding to the ground-
state sectors of Fig. (d) There, the A and B lines cross and both orientations share all quantum numbers allowing
them to hybridize. The resulting ground state G lies 0.14 hw, below the band, and a second lowest state P, obtained
with the penalty method of Sec. [V] against G, lies 0.11 fiw,. above it. The pair correlations of G and P shown in
Fig. e) reveal the hybridization of the A and B orientations. We now show that this pair of states is an Anderson
tower [93].

Let U4 and ¥p be the rigid crystals of the two orientations projected onto the origin, Eq. at k1 =0, 1 = 3k,.
They share all quantum numbers, so H is free to couple them through t45 = (¥ 4|H|¥5) and the eigenstates in the
space they span are superpositions a¥ 4 + bW . The mirror commutes with H and exchanges ¥4 and Vg imposing
|a| = |b|. The eigenstates are then equal-weight superpositions ¥4 + U (cat states) of the two orientations, split by
2|tan|.

This hybridization is a finite-size effect. The two orientations are macroscopically distinct configurations of the N
electrons, so their overlap and the tunneling amplitude ¢4 g both fall exponentially with N. The splitting at the origin
is thus expected to close in the thermodynamic limit.

D. De-Cat, Fig.[S2|e,f).

We now test this picture on the two states themselves, by separating their superposed A, B orientations. G is the
fine-projected ground state at the origin and P its penalty partner at the same quantum numbers, Sec. [V]

To see the two orientations combined in G and P we look at the individual configurations = (ry,...,ry) of the
Monte Carlo sampling drawn from |G|? and from |P|?. Let Qx be the set of the six shortest reciprocal-lattice vectors
of the lattice X = A, B. The structure factor of a configuration on Qx,

1 ANy
Sx(0) =gy 2 [ e

qeQx Jj=1

2

(S32)
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FIG. S2. Wigner crystals at N = 21, k = 20. (a, b) The two 21-site triangular lattices A and B of the 7 x 2 torus,
rotated by +10.9° from Li, and the fine translation that preserves each of them: T4 = T'(a1) T(a2/7)4, by a1 + 4a2/7, and
Tp = T(a1) T(az/7)%, by a1 +8az/7 (arrows). (c) The fine sectors (k1,1) of each sector ke = 0, 1, both labels modulo 7. A rigid
crystal of orientation A (B) can exist only on the red (blue) line, Eq. (S31)); the lines cross only at the origin k1 = 0, I = 3k2
(black). (d) Spectrum relative to Eo = —252.819 hiw., the mean energy of the two ground states G: in each sector the lowest
fine-projected state on the A line (red) and on the B line (blue); at the origin, columns 0 and 7, the cat pair, the ground state
G (A+B) and its penalty partner P (A—B), in black, and the energies of the De-Cat states W1 = (G + e **4 P)/\/2 (open
diamonds). (g) The sign flip in the sector k2 = 0: the phase of P(z)/G(z), measured from its value on the A side, against the
orientation O(z) = [Sa(z) — Sp(x)]/[Sa(z)+ Sp(z)] of the sampled configurations z, with Sx of Eq. (S32). (e) Pair correlation
g(r) and Bragg weights Sa, Sg of G and P: both superpose the two orientations. (f) The same as (e) for \IJ+ and ¥_: single
crystals A and B.

measures the order of orientation X in that one configuration, and its average over the configurations of a state is the
Bragg weight Sx of that state. A single crystal has Sx = 2.0 for its own orientation and 1.2 for the other. G and P
both have S4 ~ Sp ~ 1.6, and their pair correlations in Fig. e) show the two orientations superposed.

If G and P are the cat states of ¥4 and Up, we expect G = (U4 + ¥Up)/V2 and P = ¢%4(V 4 — Up)//2, with
a relative phase ¢4 that the optimization leaves arbitrary. The ratio p(z) = P(x)/G(z) then equals e*®4 on the
configurations where ¥, dominates and —e?®4 where ¥z dominates. To take advantage of this property, we sort the
configurations by their orientation O(x) = [Sa(x) —Sp(x)]/[Sa(z)+ Sp(x)], which is positive for A-like configurations
and negative for B-like ones. Figure [S2[g) shows the phase of p against O(zx). It is constant for O > 0.5, constant for
O < —0.5, and the two values differ by 0.987 in both sectors k.

This reveals the cat-state structure, and it gives reconstructions of ¥4 and Vg as

G+e0ap

Indeed, the pair correlations of ¥y in Fig. [S2(f) are those of single crystals, (S4,S5g) = (2.04,1.16) and (1.15,1.99),
and their energies, the open diamonds of Fig. d), lie at +0.12 to +0.13 hiw,, inside the crystal band, where the pair
is expected to end up as N grows. The pair correlation of ¥, is the one shown in Fig. [d|b) of the main text, where
it makes the crystalline order at x = 20 manifest. The k = 20 ground state is the symmetric resonance of the two
orientations, its partner is the antisymmetric one, and every crystal that cannot resonate sits |t 45| ~ 0.13 hiw, above
it.

v, = (S33)
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