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ABSTRACT

Data-centric scaling of RLVR has largely focused on collecting or generating ver-
ifiable training problems. However, corpus size alone does not determine whether
the dataset provides a useful learning signal for a target policy. To guide the syn-
thesis of effective RLVR data, we analyze the RLVR objective and experimentally
characterize dataset effectiveness as a function of its problems, the target policy,
and the training rollout budget. Under this characterization, we show that a large
open-source math corpus pooled from widely used RLVR datasets falls almost
entirely into a zero-advantage trap: for a fixed target policy and rollout budget,
roughly 88% of its problems are solved in every rollout or failed in every roll-
out. Filtering concentrates what remains, but it can only select, discarding the
hard problems. Effective synthetic problems should therefore require the reason-
ing operations and compositions required to solve those hard problems. Yet their
difficulty must be calibrated, so that some target-policy rollouts succeed, some
fail, and at least one complete correct solution fits within the training budget.
Prompting a teacher to vary hard problems directly does not achieve this. Guided
by these empirical design principles, we introduce MagicBeanStalk, a top-down
decomposition and bottom-up recursive data-synthesis algorithm that grows seed
problems into families of substantively new, policy- and budget-calibrated train-
ing problems while preserving the seeds’ reasoning blueprints. Across 8 math
reasoning benchmarks, continual RLVR on MagicBeanStalk problems improves
gpt-0ss-120b from 61.2 to 69.8 (+8.6) and DeepSeek v4 Flash from 72.4 to 77.9
(+5.4) on a 16K-token budget. Training on the full 78K source corpus improves
gpt-0ss-120b by only +1.1 and its best filtered subset by +5.8. In finance, we syn-
thesize over 14K verifiable training problems from only 340 solutions and improve
Qwen3 by +6.9 and +2.4 points on SecQue and FinanceBench, respectively.

1 INTRODUCTION

Reinforcement learning with verifiable rewards (RLVR) has become key for improving reasoning
models, but as policies become stronger, scaling RLVR increasingly becomes a data problem re-
quiring a continual supply of verifiable data. Existing efforts have expanded this supply by collect-
ing human-authored problems for math, coding and other domains (Chen et al., 2025} |[Luo et al.,
20255 |Albalak et al., 2025; (Cui et al., 2025} [Lu et al., [2025) , as well as by developing procedu-
ral environments that can generate multiple problems per environment (Stojanovski et al.l 2025
Lacombe et al.| 2025} Zeng et al., [2025) . However, sourcing high-quality human problems become
increasingly hard as we run out of internet data. And procedural environments are typically hand-
engineered, limited to a set of domains, and often produce problems that vary surface details within
a fixed reasoning structure. As a result, recent approaches synthesize surrogate tasks from Inter-
net data (Lu et al.| 2026) , yet more data does not necessarily ensure the problems provide useful
learning signal for a target policy and training budget.

In this work, we return to the binary-reward RLVR objective and characterize dataset effectiveness
as a function of three interacting components: the problems it contains, the target policy, and the
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Figure 1: MagicBeanStalk synthesizes RLVR data from hard seeds to escape the zero-
advantage trap. (a) For a fixed policy 7 and budget L, all-failure and all-success rollout groups
yield zero advantage; ~~ 88% of a 78K math corpus falls in this trap for gpt —oss-120b at 32K.
(b) Three empirical principles: hard seeds specify what to synthesize; synthetic problems must be
substantively new yet preserve the seed’s reasoning operations and their composition; and useful-
ness is relative to m and L. (c¢) MBS applies them in order: the seed’s verified teacher trace is
decomposed top-down into subproblems that help a student solve their parent (1); harder new leaves
are synthesized and recursively composed bottom-up into parallel trees p’, p”’ (2); synthetic root
problems with mixed target-policy rollouts and a complete correct response within L are kept (3).

training rollout budget. Using this characterization and a set of controlled experiments, we design
key principles to guide the synthesis of effective RLVR data. We demonstrate that more data does
not necessarily lead to better downstream performance, and a large corpus can provide little learning
signal when most problems fall into what we call the zero-advantage trap (i.e. problems are either
too easy or too hard for the target policy under the training budget). Specifically, in a corpus of ap-
proximately 78 K open-source math problems, roughly 88% fall into this trap for gpt—0ss-120b
at a 32K rollout budget. Filtering alone is limited to selection, and disregards the hard problems that
sits at the frontier of the target policy and expose the reasoning capabilities the policy lacks.

Our key insight is to repurpose the hard problems as seeds from which to grow substantively new
problems whose solutions require the same reasoning operations, but whose difficulty is calibrated to
produce mixed rollout outcomes and admit at least one complete correct solution within the training
budget. However, the obvious baseline—directly prompting a strong teacher to produce variations of
the hard seed— performs no better than training on the best problems already present in the corpus.

This motivates a more structured construction, MagicBeanStalk (MBS). MBS is a top-down de-
composition and bottom-up recursive synthesis method that grows a small collection of seeds into
families of policy- and budget-calibrated RLVR problems. MBS decomposes each seed into a val-
idated tree of simpler subproblems, synthesizes substantively new leaf problems, and recombines
them while preserving the seed’s reasoning blueprint (Figure [I). MBS escapes the trap where di-
rect synthesis does not: from hard seeds on which gpt-oss—120b scores 0/8, it produces in-
budget Goldilocks problems for 74.7% of seeds versus 43.8% for direct synthesis. In a matched
training control on a shared seed population, MBS reaches 69.2, versus 63.9 for direct synthesis
and 65.3 for training on the seeds themselves. On gpt-oss-120Db, continual RLVR raises the
avg across 8 math reasoning benchmarks (AIME 24/25, AMC, HMMT-F/N, Minerva, Olympiad,
Omega-500) from 61.2 to 69.8 (+8.6 points) at a 16K-token budget. The same data applied to
DeepSeek v4 Flash raises its average from 72.4 to 77.9 (45.4 points) under the same budget.
Further, MBS gains persist at 24K and 32K and on MathArenaApex (Dekoninck et al.l [2026)) they
exceed the best baseline’s gain at every budget. Beyond math, we also apply MBS to finance, a
specialized domain where annotation is expensive and verifiable RL data is scarce. Starting from
only 340 expert-curated seed questions, MBS synthesizes over 14,000 grounded financial reasoning
problems. Continual RLVR on this data improves Qwen3-4B by 4+-6.9 pass@1 on SecQue and +2.4
on FinanceBench.

2 DESIGN PRINCIPLES FOR EFFECTIVE RLVR DATA SYNTHESIS

To derive design principles for useful RLVR data synthesis, we first characterize when a problem
provides learning signal for a target policy under a fixed training rollout budget. Consider a verified
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Figure 2: Effective RLVR data synthesis must account for the problem, target policy, and
response budget. Difficulty distributions (left): Empirical success-rate distributions from 8
gpt-o0ss—120Db rollouts per problem in math and finance. We denote problems with 0/8, 1-7/8,
and 8/8 correct responses as hard, Goldilocks, and stale/mastered, respectively; each bar height
is the fraction of problems in that row. Roughly 88% of the corpus falls in the zero-advantage
trap providing no learning signal, whereas MagicBeanStalk places 58.2% of its math problems and
56.7% of its finance problems in the Goldilocks band. Policy and budget dependence (right): The
two panels on (b) use the problem subset that GPT-5-nano does not solve in every rollout excluding
most of the stale mass on the left. Holding the problems and 32K response limit fixed, changing
the target policy reclassifies 32.3% of problems. Holding gpt-oss—-120b fixed, increasing the
response limit from 16K to 64K reduces the fraction of hard problems from 33.1% to 10.6%. Black
curve reports avg accuracy. Difficulty depends on the problem, policy, and rollout budget.

problem (p, a*), a target policy 7, and a rollout budget L. We sample N responses (7;,a;) ~ (- |
p; L), where 7; is the reasoning trace and a; is the final answer. We score each answer with a binary
verifier, r; = R(p, a;) € {0, 1}, using the reference answer a*. The empirical success rate and the
corresponding group-relative advantage estimate are:

1 N
Prr(p) =5 D i Aip) =7i(p) = w1 (p): (1)
j=1

In a mixed group, A; is positive for a successful response and negative for an unsuccessful response.

When all responses receive the same reward, A; = 0 for every response, and the sampled group
provides no within-problem advantage signal. We refer to this failure mode as the zero-advantage
trap. These are empirical finite-sample classifications depending on rollout counts, they do not
establish absolute inability/mastery. Further, we call problems satisfying 0 < 7, r(p) < 1 the
policy’s Goldilocks band. This implies some rollouts succeed and others fail, yielding a nonzero
group-relative learning signal. The definition is explicitly relative to the target policy 7 and the
rollout budget L and counts.

The zero advantage trap and the goldilock bands. More data does not always means better per-
formance. We characterize the learning signal available in a large corpus of open-source mathemat-
ical reasoning problems using the success rate. The corpus combines problem from DAPO-Math-
17K (Yu et al.| 2025b), Skywork-OR1-RL-Data (He et al.l |2025)), Turing Open-RL (Patil et al.,
2026)), and a subset of StackMathQA Zhang| (2024)), and contains approximately 78,000 prob-
lems. For each problem, we sample N = 8 responses from gpt-oss—120b using rollout budget
L. Despite the size of the corpus, only 12.2% of its problems fall within the observed Goldilocks
band (L = 32K). As shown in Figure 2] most problems are solved in all rollouts and therefore have
empirical success rate 7 r,(p) = 1 while a 6.3% are not solved in any rollout. Therefore, roughly
88% of the corpus falls in the zero-advantage trap. They contribute no group-relative advantage.
A matched downstream control experiment further shows that the Goldilocks subset and a stricter
subset that additionally demonstrates in-budget solvability outperform a proxy preserving the full
corpus distribution, despite using an order of magnitude fewer problems. (Figure 3[(b)) Thus, more
RLVR data does not necessarily means better downstream performance. (Appendix for more)

Difficulty is relative to the policy and training budget. Crucially, whether a problem provides
useful signal depends on both the target policy and the rollout budget. Holding the problems and a
32K response limit fixed, changing the target policy reclassifies 32.3% of problems among the zero-
success, Goldilocks, and fully solved regions. Holding the policy fixed, increasing the response
limit from 16K to 64K reduces the fraction of apparently hard problems from 33.1% to 10.6%
(Figure 2). A truncated response therefore does not establish that the policy lacks the required
reasoning capability. It establishes only that no complete solution was produced within budget. We
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Figure 3: MBS improves beyond seed training and direct synthesis. Filtering shows that
more data alone is not enough but discards the hard problems the target policy is not able to
solve yet. (a) Starting from the same base policy, we compare one epoch of training on fixed seed
problems and the same amount of qualified seed-synthesis and MBS problems. All derived from
the same fixed seed population. Seed synthesis does not surpass seed-only training, whereas MBS
provides a clear additional gain. In this control experiment, the seed population mixes goldilocks
and hard problems, so that seed-only training is a meaningful baseline. (b) Holding the base policy,
training recipe, and evaluation fixed, we train on a 6,922-problem proxy that preserves the source
mixture’s difficulty distribution, on its 862-problem Goldilocks subset, and on the 696-problem
subset that additionally demonstrates in-budget solvability. Both filtered subsets outperform the full
proxy while using fewer problems.

say that a problem has demonstrated in-budget solvability if at least one correct response terminates
normally (i.e. without reaching the rollout limit). Difficulty is consequently a property of the tuple.
Therefore, generated problems should be calibrated to the target policy and training rollout budget,
producing both successful and unsuccessful rollouts while admitting at least one complete correct
response within budget. Filtering alone, however, can only select from problems a corpus already
contains. Filtering cannot create new problems targeting capabilities absent from the filtered subset.

Hard problems are specifications for what data to synthesize. Hard problems play a paradoxical
role in RLVR. Problems with zero observed success provide no group-relative advantage in the
sampled group, yet their verified solutions identify reasoning operations and compositions to target
through synthesis. We refer to the essential reasoning operations exposed by a verified solution
and how those operations are composed as reasoning blueprints. We define a verified hard problem
as a solvable problem for which 7 r,(p) = 0 and the sampled responses terminate normally. The
termination requirement ensures that the observed failures are not artifact of the rollout budget.
To test whether these blueprints provide actionable specifications, we study 98 hard math seeds
and obtain verified traces from a pool of 5 frontier models. For each seed, we generate one simpler
subproblem instantiating some of its blueprint operations and provide its verified solution as a single
in-context example. We verify that it does not reveal the original solution. This intervention enables
the target policy to solve at least one rollout for 78,/98 seeds (79.6%) and raises mean accuracy on the
original problems from 0% to 46.9%. Thus, hard problems are not merely training examples. Their
verified solutions provide specifications of what skill a synthetic problem should target. Moreover,
among the 43 seeds with at least two verified blueprints obtained with different teachers, 90.7%
produce the same blueprint or a compatible variant. This further suggests that the blueprint primarily
reflects the problem’s structure rather than a particular teacher style. (See Appendix for more)

Direct prompting a teacher to generate variations is not enough. Filtering can only select from
problems a corpus already contains while hard seeds specify the reasoning the policy is missing and
left out during filtering. A simple way to synthesize problem starting with hard seeds is to provide the
problem, reasoning trajectory, and its verified solution to a strong teacher . Then perform rejection
sampling on quality control, goldilocks and in-budget solvability. This baseline is straightforward
and we experimentally observed it often retains the mathematical techniques used by the seed. In a
controlled set of experiments, however, we observed seed synthesis provides no clear gain beyond
the seeds. Figure[3[a) shows the training curves. We experimentally found two main reasons for this.
(1) seed synthesis preserves techniques but often makes shallow variants. We study this behavior
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Figure 4: Direct prompting a teacher to generate variants is limited by both the problems it
constructs and the number of useful candidates it yields. Left: We evaluate 300 same-seed pairs
in math and 100 in finance for each approach. A judge scores each generated problem for reasoning-
blueprint preservation and problem novelty. Blueprint preservation measures if the solutions to the
synthetic problem requires the seed’s essential reasoning operations and dependencies. Novelty
measures if the synthetic problem is new rather than a paraphrase, contextual rewrite, or numerical
substitution. Higher is better. Right: Cumulative qualified problems as source seeds are added,
(both methods evaluated on the same seeds). Qualification requires 1-7/8 correct and at least one
correct response that terminates normally . In finance, we use same qualification. Finance curves
are observed through 340 seeds and linearly projected thereafter. MBS produces more qualified
descendants per seed while more often preserving the blueprint in a new problem.

with a blinded judge study over 300 generated problems in math and 100 in finance. Figure @] (left)
shows that seed synthesis often retains recognizable reasoning techniques, particularly in math, but
frequently does so through a shallow variation of the original problem rather than a substantively
new instantiation. And (2) post-hoc filtering calibrates difficulty but cannot repair the candidate
pool. Filtering is subtractive and cannot turn a shallow variant into a substantively new problem, nor
produce a candidate for a seed that yielded none. Seed synthesis consequently returns below one
qualified problem per seed (Figure ] right). We study the full yield and seed-coverage comparison
in Section[d.] Also, see appendix [C|for more details.

Takeaway. Three principles follow. First, hard problems are specifications. Their verified solutions
name the reasoning operations and skills synthesis should target. Second, synthesis must do what
filtering cannot and should be complementary to dynamic sampling. Synthetic problems should be
substantively new and preserve the hard seed’s reasoning operations and their composition. Third,
usefulness is relative. A problem carries signal for a given target policy and rollout budget, so
generated problems must be calibrated to both. They should yield mixed target-policy rollouts with
a complete correct response within the training budget.

3 MAGICBEANSTALK: EFFECTIVE DATA SYNTHESIS FROM HARD SEEDS

We now introduce MagicBeanStalk (MBS), a data synthesis algorithm motivated by the findings in
in[2] Each stage in the following subsections is inspired by those principles.

3.1 PRELIMINARIES AND NOTATION

We assume access to a collection of teacher models 7 := {T,T5,...,Ta}. In our setting, these
are strong reasoning LLMs used to solve, decompose, synthesize, and verify problems. Additionally,
we define an ordered pool of student models S := {S1,Ss,..., S}, ranked from strongest (S7)
to weakest (Sy), and a target policy 7. In our setting, 7 is part of the student pool. A problem
is a tuple (p,a*) where p is a question and a* € A is its ground-truth answer. In document-
grounded settings (e.g. finance), we let the p = (¢, d) where d is a document snippet that contains the
information required to answer ¢g. Decomposition tree. A decomposition tree G, := (p, 7, a*,C)
is rooted at (p, a*) with its verified teacher trace 7, and recursively contains a set of K children
C={Gp,s---,Gpy }, cachitself a tree on an easier subproblem. A node n with C,, = () is a leaf.



3.2 REIJECTION-SAMPLE TEACHER TRACES

Given a set of verified problems (p, a*), we use a collection of teachers to sample reasoning traces.
Formally, for each problem p, we iterate through teachers 7' € T in order and, from each, draw up
to N, reasoning traces and answers (7, a) ~ T'(p) withi € {1,..., N;}. A trace is verified when
its final answer matches the GT. We accept the first trace satisfying verified(r,a*) = 1 and store
it as the root’s verified trace in G,,. Here, verified represents a verification function either answer
matching or an LLM-as-a-judge. Problems for which no trace verifies after |7 - N, attempts are
discarded. A collection of teacher reduces the number of discarded problems due to solvability.
Section [B.3] motivates why multiples teacher are beneficial for solution coverage.

3.3 Tor-DOWN PROBLEM DECOMPOSITION

We treat a verified (p, 7,a*) as the root of a decomposition tree G,. The teacher is then asked
to identify the key skills and knowledge required to solve p, and emit K easier self-contained
subproblems that collectively teach those skills, each with its own answer and reasoning trace:
{(pg,Tiyaf) Y, ~ T(p,7,a*). Each subproblem is itself rejection-sampled and verified as
in the previous stage. Each verified subproblem becomes a child node G, that is in turn used as a
parent in the recursive decomposition. In our experiments K < 3.

Does the subproblem help a student solve the harder problem? At each node, we evaluate the
student pool from weakest to strongest and select the strongest evaluated student with zero empirical
accuracy as the evaluated student. We then run an effectivity test. Specifically, each evaluated student
is given the K subproblems and their traces as in-context worked examples and re-tested on the
parent. Let S,, C S denote the students evaluated at node n. A decomposition is effective when
conditioning raises accuracy for at least one student: 35 € S, :  acc® (S, p | {pk, T, a} k) >
acc(S, p). Here acc(S, p) is the fraction of N sampled solutions whose answer matches a*. We
keep effective decompositions and recurse on each child. If the student pool does not show an
improvement, we re-prompt the teacher for a fresh decomposition with the previous failed attempts
as negative context, up to Ny retries. Nodes whose decompositions remain ineffective are dropped.
In our experiments N = 8 and N; = 3, and we recurse up to depth D = 3. The effectivity test is
motivated by the second design principle (See[2and [B.3).

3.4 BOTTOM-UP SYNTHESIS OF CALIBRATED PROBLEMS

At this stage, every retained seed has a decomposition tree G, rooted at (p, T,a*), with verified
subproblems at its descendant nodes. We now walk this tree bottom-up to synthesize a paral-
lel synthetic tree of new problems that share the original’s reasoning structure. At each leaf, we
explicitly ask the teacher to generate harder variants of the leaf problem, and recursively gener-
ate a synthetic parent problem by combining the retained synthetic children. Formally, a syn-
thetic parent (p, 7, a*) is obtained recursively from its K synthetic child problems: (p,7,a*) ~
T ({(Pr, T, a}) Y1 ; B(Gn)). where B(G,) denotes the original parent—children configuration at
the current node. The original (parent, children) tree is provided to the teacher as a demonstra-
tion pattern that the combination should mirror in logical structure and difficulty. Each candidate
synthetic parent is itself rejection-sampled and verified, and is discarded when its accuracy on the
weakest student S ; exceeds avparent. Propagating upward, every node ends up with synthetic versions,
yielding a complete synthetic tree that parallels the original. In our experiments cparene = 0.625 and
up to N, = 10 child-combination trials are attempted per parent.

Leaf synthesis. For each leaf (py, 7o, a; ), the teacher samples NN, harder variants of the question:
{(]3(;), ?é(s) , Ez(s))}i\zl ~ T(pe,Te,a}). We experimentally noted that explicitly requiring harder
variants at the leaves was beneficial. Without this constraint, the teacher tends to default to easy
paraphrases that lose both difficulty and diversity of the synthetic tree. Variants whose accuracy on
the weakest student .S; exceeds aye,r are discarded, and we retry up to R rounds with the remaining
teachers. In our experiments, R = 3, and ae,r = 0.8.

Grounding on new documents. In document-grounded scenarios (e.g., finance), each synthetic
must remain answerable from a document. We retrieve top-Ky unseen documents from a corpus
by embedding similarity to the seed’s document summary, then ask the teacher to extract from each



Table 1: Main math results at 16K output tokens. Pass@1 accuracy (%) across AIME 24/25,
AMC, HMMT-F/N, Minerva, Olympiad, and Omega-500. Reference API models use 4 samples per
problem and are included as context; gpt—-oss-120b uses 16 and DeepSeek v4 Flash uses one.
AVG is the mean across all 8 benchmarks and A is the within-base-model improvement.

Model AIME24 AIME25 AMC HMMT-F HMMT-N Minerva Olympiad Omega \ AVG A

Reference API models

Claude Opus 4.6 98.3 68.3 97.0 52.5 61.7 60.9 88.6 452 716  —

Gemini 3.1 Pro 825 63.3 93.4 59.2 69.2 60.8 76.4 482 69.1 —

Gemini 3 Flash 66.7 48.3 86.1 50.0 55.0 59.4 72.6 355 592 —

GPT-5.2 62.5 50.0 79.2 28.3 45.8 533 67.9 36.5 530 —

MiniMax M2.7 56.7 60.0 84.9 45.0 48.3 54.1 64.7 39.0 56.6 —

Base model: gpt-o0ss-120b

gpt-0ss-120b (base) 70.0 63.3 89.0 40.0 50.0 55.1 71.4 50.8 612 —
+ RL (full source mixture) 80.0 56.7 93.9 433 46.7 52.9 72.3 524 623  +1.1
+ RL (Golden Goose (Lu et al.|[2026)) 80.0 60.0 91.5 433 50.0 54.8 72.0 532 63.1 +1.9
+ RL (in-budget Goldilocks source subset) 79.2 74.6 93.7 49.2 57.7 54.5 73.6 53.5 67.0 +5.8
+ RL (Seed synthesis Goldilocks, synthetic) 733 73.1 92.9 51.2 60.0 54.7 76.1 53.2 66.8 +5.6
+ RL (MagicBeanStalk, synthetic) 80.2 78.8 93.4 57.5 59.0 55.5 78.2 55.9 69.8 +8.6

Base model: DeepSeek v4 Flash

DeepSeck v4 Flash (base) 76.7 80.0 92.7 73.3 76.7 57.0 75.4 476 | 724 —
+ RL (MagicBeanStalk, same data) 93.3 83.3 92.7 83.3 83.3 59.2 71.5 50.2 719 +54

a relevant snippet d’ together with an entiry of interest ¢’ . The synthetic tree is then re-grounded
on d’ with every node threaded around e’. In our experiments K4 € {35, 75} documents per seed.
Finally, we retain only synthetic problems that fall in the Goldilocks band of the target policy and
that satisfy in-budget solvability.

4 EXPERIMENTAL RESULTS

In this section, we first quantify qualified yield, blueprint preservation, data quality, and downstream
performance relative to the source seeds and seed synthesis in a control experiment. We then evaluate
continual RLVR across 8 math benchmarks, transfer to a different target policy, performance beyond
the training response budget, and document-grounded finance. Unless specifically mentioned, for
most experiments involving training, we use as 16K rollout budget due to computational constrains.

4.1 FROM ZERO-ADVANTAGE SEEDS TO EFFECTIVE RLVR DATA

Qualified synthesis yield from zero-signal seeds. We randomly sample approximately 1,250
source seeds on which gpt—oss-120b obtained 0/8 correct rollouts at 16K. From the same seeds,
MBS produces 3,370 descendants and seed synthesis produces 2,494. A descendant is qualified if it
lies in the Goldilocks band and has at least one correct rollout that terminates normally within 16K.
MBS yields qualified descendants from 74.7% of the seeds, compared with 43.8% under seed syn-
thesis; its candidate-level qualified rate is also higher (42.8% versus 31.7%; Table[8)). Our algorithm
notably converts more zero-signal hard seeds into usable training data.

Blueprint preservation and novelty. For each method, GPT-5.6 scores 300 math and 100 finance
seed—candidate pairs from 1 to 5 for blueprint preservation and substantive novelty. In math, our
method preserves the blueprint comparably to seed synthesis while producing more novel problems.
Concretely, 19.7% of MBS pairs score at least 4 on both criteria, compared with 3.0% for seed
synthesis. In finance, the corresponding rates are 86.0% and 17.0% (Figure@ left).

Data quality analysis. Three frontier models (GPT-5.6, Opus 4.8 and Gemini 3.1 Pro) assess
whether each of 150 math and 50 finance randomly sampled problems are well-posed and its GT an-
swer is correct. For finance,we also include the source document. All three judges reject only 8.0%
of the math answers and none of the finance answers (Table[d). We report all agreement metrics but
emphasize the usage of unanimous rejection. Failure to verify an answer may also reflect the judge’s
limitations on difficult problems. Our hard-seed control experiment shows this.

Downstream performance analysis. Starting from the same gpt-o0ss-120b checkpoint, we
analyze the training dynamics for one epoch on data derived from the same fixed seed population,
and report the average over the 4 core benchmarks (AIME 24/25, HMMT-F/N). The average is 65.3
for source-seed training, 63.9 for Goldilocks-filtered seed synthesis, and 69.2 for MBS (Figure [3|
left). Seed synthesis does not improve over the source seeds, whereas MBS improves over both.
This is a separate control run and is no the full-budget results in Table



Table 2: Inference-budget evaluation of 16K-trained checkpoints. Parentheses report the dif-
ference from the base policy at the same inference budget. Top: average pass@1 across the 8 math
benchmarks, average over 3 samples. Botfom: pass@ 1 on MathArena Apex-Shortlist (47 problems),
average over 16 samples per problem, evaluated from the 16K training budget upward.

Training condition 8K 16K 24K 32K

8 math benchmarks

gpt—-0ss-120b (base) 49.7 61.3 72.5 75.9
+ RL (in-budget Goldilocks source subset)  54.0 (+4.3) 67.1 (+5.8) 69.6 (-2.9) 72.0 (-3.9)
+ RL (Seed synthesis, Goldilocks synthetic) 54.2 (+4.5) 66.4 (+5.1) 72.5 ( 0.0) 75.6 (—0.3)

+ RL (MagicBeanStalk, synthetic) 58.3 (+8.6) 69.6 (+8.3) 73.5(4+1.0) 77.4(+1.5)
MathArena Apex-Shortlist
gpt-o0ss—-120b (base) - 1.5 6.8 16.2
+ RL (in-budget Goldilocks source subset) - 7.4 (+5.9) 15.0 (+8.2) 18.9 (+2.7)
+ RL (Seed synthesis, Goldilocks synthetic) - 4.7 (+3.2) 12.9 (+6.1)  20.6 (+4.4)
+ RL (MagicBeanStalk, synthetic) - 12.5 (+11.0) 20.1 (+13.3) 27.1 (+10.9)

Performance on the original hard seeds after synthetic training. We reevaluate approximately
1,250 source seeds on which the initial gpt—-oss-120b sample obtained 0/8 at 16K. A fresh
base sample recovers 9.5% of these seeds, compared with 23.2% after seed synthesis training and
25.0% after MagicBeanStalk training. MagicBeanStalk also yields 840 correct rollouts and masters
14 seeds, compared with 694 and 6 under seed synthesis (Table [9). Both methods transfer learning
back to their source seeds, while MBS produces more correct rollouts and more fully mastered seeds.

4.2 CONTINUAL RLVR ON MATH

Training data and baselines. We draw math seeds from an approximately 78K-problem open-
source mixture of DAPO-Math-17K (Yu et al., 2025b)), Skywork-OR1-RL-Data (He et al., [2025)),
Turing Open-RL (Patil et al., |2026), and a subset of StackMathQA (Zhang| [2024). We compare
MBS with the full source mixture, its in-budget Goldilocks subset, Goldilocks-filtered seed synthe-
sis, and Golden Goose (Lu et al., [2026) . Our work focus is on the effectiveness of the synthesized
data rather than to minimize synthesis cost or algorithm hyperparams. Therefore, training set sizes
are each subset Goldilocks counts(Fig[2h) refiltered to match 16K training rollouts . RL implemen-
tation and hypers are fixed. We stop when a decline is not recovered within 10 subsequent iterations
on the same held-out synthetic subset.

Training setup. We train gpt—oss-120b with GRPO on 2 nodes (16 H100 GPUs), using LoRA
(rank 32), a constant Ir of 4 x 107°, and a 16K response limit. Each step samples 16 responses
for each of 32 prompts , with an optimization batch size of 32. DeepSeek v4 Flash uses full-model
GRPO on 10 nodes (80 H100 GPUs), with a 1076 Ir and 8 responses under the same 16K limit.
We use miles with Megatron-LM training and SGLang inference engine. To reject sample correct
solutions, we use a pool of teachers including: Gemini 3 Flash, Claude Opus 4.6, DeepSeek V4 Pro,
GPT 5.2 and Kimi K2.6. We use the same pool for both seed synthesis and MBS.

Evaluation. We report pass@1 with a 16K limit on the complete 8-benchmark suite:
AIME 2024/2025, AMC, HMMT February and November, Minerva, Olympiad, and Omega-500.
gpt-0ss—-120b uses 16 rollouts per problem. API rows use 4. Answers are checked using nor-
malized string matching , numeric equivalence and GPT-5.2 as a judge.

Main result. Continual RLVR on MBS data raises the gpt —oss—120b average from 61.2 to 69.8
(+8.6 points) and improves most benchmarks (Table[I). Training on the full source mixture reaches
62.3 and on Golden Goose 63.1, while the in-budget Goldilocks source subset and seed synthesis
reach 67.0 and 66.8. We use the released Golden Goose corpus as-is, without regenerating or re-
filtering it for gpt —0ss-120Db, so this row is a published-data reference rather than a re-run of that
method under our target policy. Transfer to a different target policy. We train DeepSeek v4 Flash
on the same MBS data, without regeneration or target-specific re-filtering, and evaluate with 1 rollout
per problem at 16K. Its 8-benchmark average rises from 72.4 to 77.9 (4-5.4 points. Table[I).

Does the improvement persist beyond the training response budget? In this experiment, we hold
each checkpoint and the evaluation protocol fixed and vary only the inference response length. All 3



Table 3: Continual RLVR on MagicBeanStalk financial data. Table 4: Judge-assessed quality
Pass@1 and pass@5 (%) on SecQue and FinanceBench using 8 of our data. Three frontier judges
rollouts and an 8K maximum response length. MBS improves classify synthetic problem—answer

on both benchmarks.

as correct, incorrect, or uncertain.

SecQue FinanceBench At least one Majority AJ1 3
Model Pass@1 Pass@5 Pass@l Pass@5 Domain  verifies  verifies reject
Qwen3-4B-Instruct 324 43.1 65.9 76.0 Math 89.3%  80.0% 8.0%
+ RL (MagicBeanStalk) 393 525 683 76. Finance  100.0%  80.0% 0.0%
Table 5: Qualified yield from hard seeds. Table 6: Recovery on the original hard seeds.

We synthesize descendants from approximately
1,250 seeds on which gpt-oss—-120b ob-
tained 0/8 correct rollouts at 16K. A qualified
descendant is Goldilocks and admits a normally
terminated correct rollout; seed conversion mea-
sures whether a seed yields at least one such de-
scendant. MBS improves both candidate-level
yield and seed-level conversion, turning substan-
tially more hard seeds into usable RLVR data.

Evaluation of the models trained with seed syn-
thesis and MBS on approx 1,250 source seeds
that received 0/8 at 16K. Recovery requires at
lest one correct rollout; correct rollouts aggregate
all attempts. Both strategies transfer to the orig-
inal hard seeds. This is expected for seed syn-
thesis as variations effectively augments the seed
problem neighborhood. MBS preserves transfer,
master more source seeds, and generalizes better.

Goldilocks Qualified Seed Policy Recovered > 1/8 Correct rollouts Mastered 8/8
Method Desc. rate rate  CONVersion g pacconrol 118 (9.5%) 164 (1.7%) 0 (0.0%)
Seed synthesis 2,494 36.8%  31.7%  43.8% SecdSynthesis 288 (23.2%) 694 (1.0%) 6 (0.5%)
MagicBeanStalk 3,370 55.4%  42.8%  747% MBS 310 (25.0%) 840 (8.5%) 14 (1.1%)

trained policies improve over the base policy at 16K. At 24K and 32K, however, source-seed training
falls below the base policy and seed synthesis converges to it, whereas MBS remains above base by
1.0 and 1.5 points, respectively (Table [2] top). Next, we evaluate the same checkpoints at the same
budgets on a substantially harder set known to benefit from larger responses. MathArena Apex-
Shortlist (Dekoninck et al., [2026) contains 47 competition problems. MBS improves over base by
11.0, 13.3, and 10.9 points at 16K, 24K, and 32K (Table@ bottom).

4.3 MAGICBEANSTALK FOR FINANCE DATA

Training data. Starting from 340 expert-collected questions grounded in 17 corporate credit agree-
ments, MBS generates approximately 25K document-grounded candidates from the same seeds.
MBS yields 14.2K Goldilocks problems (Figures 2]

Training setup. We use GRPO in veRL to train Qwen3-4B-Instruct on the MBS corpus with an 8K
response limit. We use a batch size of 512 prompts, 16 responses per prompt, and a Ir of 1076, Two
additional nodes host Qwen3-30B-A3B-Instruct-2507, which assigns binary rewards by comparing
each extracted final answer with the reference under a finance-aware equivalence rubric. Evalua-
tion. We evaluate the Qwen3-4B-Instruct , and MBS-trained policy on SecQue (BenYoash et al.,
2025)) and FinanceBench (Islam et al., [2023). We follow each benchmarks eval protocol, sample 8
responses per problem at temperature 1.0 with an 8K response limit and report pass@1 and pass@5
and use GPT-5.2 as a judge.

Main result. Table [3| reports continual RLVR of Qwen3-4B-Instruct on the MBS finance corpus.
Training on MBS improves pass@1 by 6.9 points on SecQue and 2.4 points on FinanceBench.

5 RELATED WORK

Scaling Training Data for RLVR. Collected corpora supply verified math and code prob-
lems (Albalak et al.| [2025; |Gao et al., [2024; |Chen et al.| 2025} [Luo et al., [2025; (Cui et al.| 2025}
Lu et al., 2025 [Jain et al., 2024; |[Liu et al., 2025} Jung et al., [2025; [Lin et al.| [2026} [Lu et al.).
Others generate tasks in hand-designed environments (Lacombe et al., 2025} |Stojanovski et al.}
2025)), adapt difficulty to the policy (Zeng et al.| 2025} Xu et al., 2026), or mine tasks from In-
ternet text (Lu et all 2026). Closest to us, a teacher writes new problems from seeds or con-



cepts for SFT (Toshniwal et al., [2024; |Zhao et al [2025), VLMs (Liao et al., 2025} |Acuna et al.,
2025b; Jung et al.l 20265 |Acuna et al.l [2025a), and RLVR (Yu et al., 2025a; |[Liang et al.| 2025;
2026). Rather than collecting problems, hand-engineering environments, scaling quantity, or asking
a teacher to synthesize based on seeds, we analyze what makes a synthetic problem useful for RLVR,
then design a top-down, bottom-up recursive algorithm that turns hard seeds into new, policy- and
budget-calibrated problems.

Algorithmic RL for Hard Problems. Dynamic sampling discards zero-advantage groups (Yu et al.,
2025b), BroRL scales rollouts per prompt (Hu et al., [2025). Recent work guide exploration with
oracle prefixes, hints, or off-policy traces (Qu et al.L[2026; |Li et al., 2026} Zhang et al.,[2026). These
methods modify the training algorithm or optimizer. Our work is complementary and focuses on the
data rather than the modifying the algorithm with the same problems.

6 CONCLUSION

We show the value of RLVR data is relative to the problem, target policy, and rollout budget. We also
show hard problems should guide the type of problems to synthesize. Based on these findings, we
design key principles to guide effective data synthesis algorithms. MBS instantiates these principles
by decomposing hard seeds into validated reasoning trees and regrowing them into substantively
new, policy- and budget-calibrated problems. Our data improves gpt—-oss-120b by +8.6 and
DeepSeek v4 Flash by +5.4 points across 8 math benchmarks. In finance, 340 expert questions
yield over 14,000 verifiable training problems and improve Qwen3 by +6.9 and +2.4 points on
SecQue and FinanceBench, respectively.

Al USE STATEMENT

We used generative Al tools to help with language polishing and improve clarity. We additionally use
LLM to generate synthetic datasets as this is the core of our work. The Al tools did not contribute
to the intellectual content. We reviewed all Al-assisted edits and take responsibility for the final
content of this work.

REPRODUCIBILITY STATEMENT

We use publicly available models and benchmarks with dataset splits and training hyperparame-
ters, implementation details, and checkpoint selection disclosed in Section[d] Prompt templates for
synthesis and evaluation appears in Section [E|and [} Other reproducibility details are in Section
Reported results are averaged over multiple rounds as disclosed in in Section 4] One caveat may
limit exact reproduction of the synthesis algorithm from scratch. Some of teachers used to reject
sample solutions are proprietary models served behind APIs whose updates we do not control, so
solutions and problems synthesized using them may differ if APIs change. We will the release the
generated MagicBeanStalk datasets upon acceptance.

6.1 ETHICS STATEMENT

We use LLM to generate training problems, so the resulting data may contain errors. We audit a
sample with three additional models and report their agreement and rejection rates, while recogniz-
ing that these judgments may also contain mistakes. Our finance experiments evaluate benchmark
performance and are intended to showcase the strength of the proposed algorithms. Further testing
would be needed before relying on synthetic data to train models for financial decisions.
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A APPENDIX

B WHAT MAKES A PROBLEM USEFUL FOR RLVR?

B.1 A LARGE CORPUS CAN PROVIDE LITTLE LEARNING SIGNAL

We next use the empirical success rate to characterize the learning signal available in a large
corpus of open-source mathematical reasoning problems. The corpus combines problems drawn
from DAPO-Math-17K (Yu et al., 2025b)), Skywork-OR1-RL-Data (He et al., 2025), Turing Open-
RL (Patil et al 2026)), and a subset of StackMathQA Zhang| (2024), and contains approximately
78,000 problems. For each problem, we sample N = 8 responses from gpt-oss—-120b using
rollout budget L. Despite the size of the corpus, only 12.2% of its problems fall within the ob-
served Goldilocks band (L = 32K). As shown in Figure[2] most problems are solved in all rollouts
and therefore have empirical success rate 7, 1,(p) = 1 while a 6.3% are not solved in any roll-
out. Therefore, roughly 88% of the corpus falls in the zero-advantage trap. They contribute no
group-relative advantage.

We then test whether the empirical Goldilocks criterion identifies problems that are more useful
for downstream RLVR. Starting from the same initial gpt—0ss—-120b policy, we compare three
computationally tractable training sets. We first construct a ~7K-problem proxy whose propor-
tions of hard, Goldilocks, and stale problems match those of the full open-source corpus. From
this proxy, we extract the ~862 Goldilocks problems and a stricter 696-problem subset that also
demonstrates in-budget solvability under the 16K training rollout limit. All conditions use the same
training recipe and are evaluated after approximately one epoch. As shown in Figure [3(b), both
the Goldilocks-only and the Goldilocks plus in-budget subsets reach a higher average accuracy than
the full-mixture proxy, while training on an order of magnitude fewer problems. Thus, Goldilocks
filtering concentrates useful RLVR signal. Filtering, however, can only select. It retains the small
fraction of a corpus that already yields mixed outcomes and discards the rest, including the hard
problems on which the policy never succeeds. Most importantly, filtering cannot produce a problem
for a capability the corpus does not already cover.

B.2 DIFFICULTY IS RELATIVE TO THE POLICY AND TRAINING BUDGET

Problem difficulty in RLVR depends on both the target policy and the rollout budget used dur-
ing training. We demonstrate each dependence through a controlled experiment. Let f; €
{stop, length} indicate whether response terminates normally or reaches the rollout limit L. We
say that a problem has demonstrated in-budget solvability if at least one correct response terminates:

Qrr(p)=1[Fi: r,=1A f; = stop]. (2)

Dependence on the target policy. We first hold the problem set and rollout budget fixed and
vary only the policy. We use the 15,470 problems that GPT-5-nano does not solve in every rollout,
discarding those it has already mastered, and evaluate them also with gpt-o0ss—120b using 8
rollouts per problem and 32K response limit. Changing only the policy causes nearly one third of
the problems (32.3%) to move between the zero-success, Goldilocks, and fully solved regions. Thus
relative to a target policy, the same problem can provide different learning signal.

Dependence on the rollout budget. We next hold the policy and evaluation set fixed and vary
only the maximum response length. Increasing the rollout budget of gpt-0ss—-120b from 16K
to 64K reduces the fraction of hard problems from 33.1% to 10.6% and raises the average accuracy
on the 8 math benchmarks from 61.2% to 78.9% (Figure ). Thus, the same problems appear
substantially harder under a smaller rollout budget, even though the policy is unchanged. Therefore,
a truncated response does not establish that the policy lacks the reasoning capability required by the
problem. It only establishes that no complete solution was produced within budget. We therefore
treat a problem as providing a clean in-budget group-relative learning signal only when:

0<7rr(p) <1 and  Qnrr(p)=1. 3)

Difficulty is consequently a property of the tuple (p, 7, L), rather than of the problem alone.

14



B.3 VERIFIED HARD PROBLEMS SPECIFY FRONTIER CAPABILITIES

Hard problems play a paradoxical role in RLVR. Problems with empirical success rate zero provide
no direct group-relative advantage signal. Yet, these problems may still reveal reasoning capabilities
that the target policy lacks. We argue that a verified solution trace exposing the essential reasoning
operations together with how those operations are composed reveals the capability the target policy
lack. We refer to this structure as the problem’s reasoning blueprint. It provides a specification of ca-
pabilities at the frontier of the current policy. We define a verified hard problem as a solvable/correct
problem for which 7, 1,(p) = 0 and all sampled responses terminate normally:

Txr(p) =0 and fi=stop Vie{l,...,N} )

This termination requirement ensures that the observed failures reflect a reasoning limitation rather
than an artifact of the rollout budget.

Extracting reasoning blueprints. We study 98 math hard seed problems randomly selected from
the open corpus. For each seed, we obtain a verified solution and reasoning trace from a pool of
frontier models. We use a pool of teacher ( Gemini 3 Flash, Claude Opus 4.6, DeepSeek V4 Pro,
GPT 5.2 and Kimi K2.6) as we found with one attempt per model, the strongest individual teacher
solved only (59/98) seeds. From each trace, we then extract the essential reasoning operations and
how they are composed (i.e. we extract their reasoning blueprint).

Controlled in-context experiment. For each seed, we generate a simpler subproblem that instan-
tiates some of the operations in the reasoning blueprint and provide its verified solution as a single
in-context example to the target policy. We use an LLM as a judge to verify the subproblem does
not explicitly reveal the solution of the original problem. For simplicity, and to avoid best-of-K se-
lection effects, we use only the first generated subproblem. After this intervention, the policy solves
at least one rollout for 78/98 seeds (79.6%), while mean accuracy on the original hard problems in-
creases from 0% to 46.9%. These results suggest that hard problems provide no direct RLVR signal
while still serving as useful specifications of missing reasoning capabilities.

Are blueprints consistent across frontier models? Among the 43 seeds with at least two verified
blueprints, we find 90.7% produce the same reasoning blueprint or a compatible variant. This sug-
gests that the blueprint primarily reflects the structure of the problem rather than the idiosyncrasies
of a particular frontier model.

Observation. Hard problems are not merely training examples; they can be specifications of ca-
pabilities at the frontier of the current policy. We call a verified problem a capability-frontier seed
when the target policy cannot solve it reliably and its solution specifies a reasoning capability, or
composition of capabilities, beyond the policy’s current competence. The in-context experiment
shows one of the many actionable insights: a simpler, subproblem requiring a capability observed in
the blueprint of the original problems solution can substantially improves the target policy’s success
on the hard problem.

C SEED SYNTHESIS: WHY DIRECT SEED SYNTHESIS IS NOT ENOUGH

Filtering can only select from problems a corpus already contains , while hard seeds specify the
reasoning the policy is missing and left out during filtering. The natural next step is therefore
to generate new (easier) problems directly from those hard seeds. A simple way to synthesize
problem starting with hard seeds is to provide the problem, reasoning trajectory, and its verified
solution to a strong teacher , and perform rejection sampling on quality control, goldilocks and in-
budget solvability. If (p, 7, a*) denotes the seed problem, reasoning trace, and verified answer, seed
synthesis samples:

(ii ;76*) NT(p7T7a'*>‘ (5)
This baseline is straightforward and we experimentally observed it often retains the mathemati-
cal techniques used by the seed. In a controlled set of experiments, however, we observed seed
synthesis provides no clear gain beyond the seeds. Starting from the same base policy and the
same fixed seed population, we compare training on the 2,195 source seeds with training on ap-
proximately the same number of Goldilocks-filtered synthetic problems derived from those seeds.
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Figure[3[(a) shows the training curves. The best average accuracy across the 4 core math benchmarks
(AIME 24/25, HMMT-F/N) is 65.3 for seed-only training and 63.9 for seed synthesis. Therefore,
this simple method produces additional problem instances, but does not provide a clear downstream
improvement in unseen benchmarks. We then investigate why:

Seed synthesis preserves techniques but often makes shallow variants. We study this behavior
with a blinded judge study over 300 generated problems in math and 100 in finance. The judge
takes in the seed, the reasoning blueprint and one generated problem with its reference solution,
but not the synthesis method. It evaluates whether the generated solution requires the operations
and dependencies in the seed blueprint, and whether the problem is substantively new rather than a
paraphrase, contextual rewrite, or numerical substitution. Figure |4 shows that seed synthesis often
retains recognizable reasoning techniques, particularly in math, but frequently does so through a
shallow variation of the original problem rather than a substantively new instantiation .

Post-hoc filtering calibrates difficulty but cannot repair the candidate pool. Filtering is sub-
tractive. It can calibrate the difficulty and response length of the candidates it retains, but it cannot
turn a shallow variant into a substantively new problem, nor produce a candidate for a seed that
yielded none. Seed synthesis consequently returns below one qualified problem per seed (Figure {4}
right). We study the full yield and seed-coverage comparison in Section @1}

What changes when direct synthesis receives the MBS inference budget? We compare direct
synthesis and MBS on the same 64 seeds. For the matched control, we repeatedly generate and verify
direct-synthesis candidates from each seed until reaching or exceeding MBS’s per-seed construction
budget. The resulting control receives 16.0M estimated construction tokens, compared with MBS’s
14.3M reference budget. We evaluate blueprint preservation and novelty using the same protocol as
above, and estimate Goldilocks difficulty from N = 8 gpt-o0ss—-120b rollouts with a 16K limit.
As shown in Table[7] additional sampling improves direct synthesis’s Goldilocks coverage, but does
not close its novelty gap. MBS yields an all-three candidate for 28 seeds, compared with 13 under
the matched direct-synthesis control.

Table 7: Direct synthesis under the MBS construction budget. Samples is the number of evaluated
candidates. Blueprint and novelty require judge scores of at least three, and Goldilocks denotes 1-7
correct responses among N = 8 gpt—oss-120b rollouts at 16K.

Method Samples Blueprint Novelty Goldilocks All three
Direct synthesis 64 48/64  17/64 32/64 3/64
Direct synthesis (oversampling) 387 61/64  29/64 56/64 13/64
MBS 64  52/64 45/64 48/64  28/64

Observation. With todays frontier models, a single call from the hard seed does not produce
enough valid, new, blueprint-preserving problems for subsequent policy- and budget-based filtering.

Together with the preceding analysis of policy- and budget-relative learning signal, this result sug-
gests a simple separation of roles. Hard problems specify the reasoning to target; the target policy
and training rollout budget determine which generated problems are useful for RLVR. Ideally, we
should aim to generate substantively new problems that preserve the hard seed’s essential reason-
ing operations and their composition, then retain those that yield both successful and unsuccessful
target-policy rollouts and at least one correct target-policy rollout within the training budget.

D SUPPLEMENTARY REPRODUCIBILITY DETAILS

Teacher, student, and target-policy roles. The teacher pool solves seed and synthetic problems,
proposes decompositions, generates new problems, and supplies candidates for verification. The
ordered student pool S is used for the decomposition effectivity test. For an evaluated student .S, we
compare rollouts on a parent problem with rollouts obtained after conditioning on the verified child
problems and their worked solutions; a decomposition is effective when this conditioning raises the
empirical accuracy of at least one evaluated student. This test decides whether the proposed children
are useful scaffolds. It does not decide whether a final synthetic problem is in the Goldilocks band.
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Table 8: Qualified yield from hard seeds.
We synthesize descendants from approximately
1,250 seeds on which gpt-oss—-120b ob-
tained 0/8 correct rollouts at 16K. A qualified
descendant is Goldilocks and admits a normally
terminated correct rollout; seed conversion mea-
sures whether a seed yields at least one such de-
scendant. MBS improves both candidate-level
yield and seed-level conversion, turning substan-
tially more hard seeds into usable RLVR data.

Table 9: Recovery on the original hard seeds.
Evaluation of the base policy and models trained
with seed synthesis and MBS on approx 1,250
source seeds that received 0/8 at 16K. Recovery
requires at lest one correct rollout; correct roll-
outs aggregate all attempts. Both strategies trans-
fer to the original hard seeds. This is expected for
seed synthesis as variations effectively augments
the seed problem neighborhood. MBS preserves
transfer, master more source seeds, and general-

Goldilocks Qualified  Seed izes better to math benchmarks (see main table).

Method Desc. rate rate  conversion pgjicy Recovered > 1/8 Correct rollouts Mastered 8/8
Seed synthesis 2,494 36.8% 31.7% 43.8%  Fresh base control 118 (9.5%) 164 (1.7%) 0 (0.0%)
MagicBeanStalk 3,370 55.4% 42.8% 74.7%  Seed Synthesis 288 (23.2%) 694 (7.0%) 6 (0.5%)
MBS 310 (25.0%) 840 (8.5%) 14 (1.1%)

The target policy 7 has a separate role. Final Goldilocks membership and in-budget solvability are
determined only from target-policy rollouts at the training response limit. In the reported setup, a
retained problem has 1-7 correct responses among 8 target-policy rollouts and at least one correct
response that terminates normally within the response budget. The target policy can also be a mem-
ber of S, but a positive effectivity test from any student never substitutes for this final target-policy
screen.

Document-grounded finance. For finance, the document is part of the problem: p = (g, d). It is
not auxiliary metadata that may be dropped after synthesis. Decomposition and verification use the
supplied snippet, and a re-grounded tree uses a new snippet throughout. Every synthesized question
and its answer must be supported by that snippet alone; facts from the seed document cannot be
carried into the new problem unless they also appear in the new document.

E CORE PROMPT TEMPLATES

The following are condensed task-defining templates. Bracketed text denotes runtime fields. Pro-
duction wrappers also enforce serialization and answer formatting, while generic solving, retry,
solution-rewriting, and parsing instructions are omitted here. A “verified solution” is teacher-side
construction context, not an RLVR training target.

Problem decomposition.

Input: [PARENT PROBLEM], [VERIFIED TEACHER SOLUTION], [GROUND-TRUTH ANSWER],
and, when applicable, [DOCUMENT] .

Identify the key skills and knowledge required by the parent. Produce two or three easier, independent,
self-contained subproblems that collectively teach those skills. Give each subproblem a correct worked
solution and one concise final answer. If a document is supplied, every subproblem must be answerable
using only that document.

Conditioned solving for the effectivity test.

Input: [VERIFIED CHILD PROBLEMS AND WORKED SOLUTIONS], [PARENT PROBLEM], and,
when applicable, [DOCUMENT].

Study the solved child problems. Then solve the parent problem using the skills and techniques demon-
strated by those examples. Return a complete solution and final answer.

Harder leaf synthesis.

Input: [LEAF PROBLEM], [VERIFIED SOLUTION], and, when applicable, [DOCUMENT].
Generate diverse variants that test the same core skills but are harder than the leaf and require more rea-
soning steps. Each variant must be self-contained and have exactly one verifiable final answer. Supply a
correct worked solution. If a document is supplied, use no facts outside it.

Bottom-up parent composition.
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Input: [ORIGINAL PARENT--CHILD CONFIGURATION], [SYNTHETIC CHILD PROBLEMS,
SOLUTIONS, AND ANSWERS], and, when applicable, [DOCUMENT].

Combine the synthetic children into one new parent problem. Require the skills from all children and mirror
the logical dependency pattern by which the original children form the original parent. Match the original
parent’s difficulty and level of abstraction; do not simplify. Return one problem, a worked solution that
composes the child results, and one final answer. A document-grounded parent must be answerable solely
from the supplied document.

Finance document re-grounding.

Input: [SEED SUMMARY OR SNIPPET], [SEED ENTITY],and [NEW DOCUMENT].

Locate an analogous entity in the new document and copy a sufficiently complete supporting passage,
preserving its numbers, tables, definitions, and surrounding conditions. Re-ground the synthetic tree on
this new passage and entity. Preserve the reasoning roles of the seed tree, but import no seed-document
facts. Every resulting node must be answerable from the copied passage alone.

Direct seed synthesis.

Input: [SEED PROBLEM], [VERIFIED REASONING TRACE],and [VERIFIED SOLUTION AND
FINAL ANSWER].

Generate diverse, self-contained problems that test the same underlying skills identified in the original
problem and its verified solution. The problem must be novel and not a simple rewrite. For each problem,
provide a correct worked solution and one final answer.

F JUDGE-BASED ANALYSIS PROTOCOLS

F.1 BLUEPRINT PRESERVATION AND PROBLEM NOVELTY

The reported study uses same-seed candidate pairs: one bottom-up MagicBeanStalk candidate and
one direct seed-synthesis candidate. The two candidates are selected in the observed Goldilocks
band and matched on the recorded target-policy correct-rollout count. The reported samples contain
300 math pairs and 100 finance pairs. A fixed reasoning blueprint is first extracted from the seed
problem, its verified solution, and its reasoning trace. Candidate scoring by GPT-5.6 is then sym-
metric and method-label blinded. The judge receives the seed, the fixed blueprint, and one generated
problem with its reference solution and answer, but no method name. The two methods are scored
in separate calls under the same rubric. The synthetic MBS tree is not exposed during candidate
scoring.

Reasoning preservation (1-5).

1. The required reasoning is different; any overlap is only topical or surface-level.

2. One minor or peripheral component overlaps, but the main reasoning is not preserved.

3. A meaningful subset of the core operations is required, with an important operation or depen-
dency omitted or changed.

4. Most core operations and their principal dependencies are required; additional reasoning is al-
lowed.

5. The same core operations and their composition are clearly required by the generated problem.

Problem novelty (1-5).

—

. The candidate is effectively a duplicate or paraphrase of the seed.

2. The candidate mainly substitutes numbers, names, entities, documents, line items, or superficial
context.

The candidate is a meaningful variation of substantially the same setup.

The candidate is a substantively new setup that still instantiates the seed reasoning.

The candidate is a clearly new construction or composition that cannot be recovered through
superficial substitutions.

kW

The scores are assigned independently. Novelty without blueprint preservation does not count as
successful transfer. The joint criterion reported in the paper is met only when both reasoning preser-
vation and problem novelty are at least 4 for the same candidate.
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Table 10: Component analyses. Teacher coverage uses 100 hard seeds under an equal four-call
budget. The leaf comparison uses 10 fixed seeds. Qualified problems produce mixed outcomes over
N = 8 gpt—-o0ss—-120b rollouts and at least one complete correct response within 16K.

Component Without component With component Change

Teacher pool Single teacher: 63.0% Equal-call pool: 71.5% +8.5 pp seed coverage

Effectivity test 22 teacher-valid decompositions 6 effective decompositions 16 non-helpful decompositions removed
Harder-leaf synthesis ~ Ordinary variants: 1/10 Harder variants: 3/10 +2 qualified seeds

Recursive depth D = 1: 1,345 roots / 840 seeds D < 3: 1,533 roots / 956 seeds  +188 roots / +116 seeds

G MBS ADDITIONAL ABLATION

Which MBS components matter? Table [I0] evaluates four design choices at their correspond-
ing construction stage. With the same four teacher calls per seed, the heterogeneous teacher pool
covers more seeds than the strongest single teacher. Teacher verification alone retains all 22 valid
decompositions, whereas the effectivity test removes the 16 whose solutions do not improve parent
solving. Explicitly requesting harder leaf variants increases rollout-qualified coverage in the con-
trolled construction audit, and recursive composition adds qualified problems from 116 source seeds
not covered by one-level composition.
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