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Abstract

Different optimizers can fit the same training data while selecting classifiers with substantially different
geometries, but whether this difference provably affects population performance remains unclear. We
show that row-wise normalization can achieve strictly higher population accuracy than full-batch Adam,
a proxy for random-reshuffling Adam, and exact-SVD Muon in high-dimensional multiclass classification.
Under an isotropic Gaussian-cloud data model, this advantage arises because row normalization’s class-
wise Euclidean geometry asymptotically preserves the population decision-boundary directions, whereas
Adam’s coordinate-wise geometry and Muon’s spectral geometry introduce nonvanishing distortions.
Beyond isotropy, the advantage persists for full-batch training on class means with independently oriented
class-mean and test-noise covariances. It holds for power-law spectra with class-mean exponent below
one, even under heavily anisotropic test noise. When both covariances are diagonal and sufficiently close,
the advantage over Adam can reverse, while applying the same random rotation to both restores it by
changing only their alignment with Adam’s coordinate axes. Synthetic and last-layer language-model
experiments support the predicted advantage.

1 Introduction

Row-wise normalization has recently emerged as a simple and effective ingredient in optimizers for large
language model training.! SCALE (Glentis et al., 2026) uses row-normalized SGD as its base method and adds
momentum only to the final layer, reporting performance comparable to or better than Adam (Kingma and
Ba, 2015) and Muon (Jordan et al., 2024) while using substantially less optimizer-state memory.? Related
row-level normalization operations also appear in recent methods such as SinkGD, NorMuon, RMNP, and
MOGA (Scetbon et al., 2025; Li et al., 2026b; Deng et al., 2026; Xu et al., 2026). Together, these results
provide growing empirical evidence that normalizing updates separately across output units can be beneficial
for large-scale optimization. Yet what drives the strong empirical performance of row-normalized methods
remains poorly understood.

A natural hypothesis is that this behavior is tied to the geometry induced by the optimizer. Recent
implicit-bias results make this connection concrete: normalized steepest-descent methods can converge toward
max-margin classifiers associated with their underlying norm geometry (Soudry et al., 2018; Gunasekar et al.,
2018a; Fan et al., 2025; Li et al., 2026a; Baek et al., 2026). Under the implicit-bias characterizations used in
this work, row-normalized methods are associated with the row norm?, Muon with the spectral norm, and
full-batch Adam with the entrywise max-norm. These distinct geometries can therefore lead the methods
toward classifiers with substantially different decision boundaries, even when they all fit the training data
well. What remains unclear is whether these geometric differences translate into systematic differences in
population performance. This motivates our central question: can row-wise normalization provably achieve

We use W € RoutXdin: under the transposed convention, row-wise becomes column-wise normalization.
2SCALE uses the transposed weight convention and thus calls the same operation column-wise normalization.
3In our paper, row norm means |W ||row := max; |W; . ||2.
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Figure 1: Geometry of the learned classifiers. Class means are compared with classifier rows learned by
row-normalized GD, Adam, and Muon for 60 classes in 20 dimensions: a 2D projection of two classes, with
mean angles over all classes and their proportional-limit predictions from Proposition 3.2 (left); coordinate
magnitudes at ranks 1,3,...,19 after sorting by class-mean magnitude (middle); and singular values at
indices 1,3,...,19 of the full matrices (right).

higher population accuracy than competing optimizers, and if so, what geometric mechanism explains the
advantage?

Existing theory does not answer this question. The closest results analyze row-normalized methods
through nonconvex convergence or width-scaling properties, but do not establish that they select statistically
better solutions than competing optimizers (Deng et al., 2026; Xu et al., 2026).

To the best of our knowledge, we provide the first such result. We analyze the statistical quality of
the limiting classifiers selected by different optimizer geometries and establish a strict population-accuracy
advantage for row-wise normalization in high-dimensional Gaussian data models. Our analysis also identifies
the geometric mechanism behind this advantage: the class-wise Euclidean geometry of row-wise normalization
better preserves the population decision-boundary directions, whereas coordinate-wise and spectral geometries
introduce systematic directional distortions.

1.1 Owur Contributions

We study how optimizer geometry affects population accuracy in high-dimensional multiclass classification.
Our main contributions are the following.

e Population-accuracy ordering under an isotropic Gaussian-cloud data model. We first establish a
strict population-accuracy advantage of row-normalized optimizers over representative spectral, coordinate-
wise, and adaptive alternatives under our isotropic Gaussian-cloud data model. As an ingredient, we extend
existing normalized steepest-descent implicit-bias analyses (Fan et al., 2025; Li et al., 2026a) to the row
norm. Specifically, we show the advantage in three settings as follows.

— Deterministic full-batch setting. Row-normalized GD and row-normalized GD with momentum
outperform Adam, SignGD, Signum, exact-SVD Muon, and Spectral-GD (Theorem 3.1).

Stochastic random-reshuffling setting. Under random reshuffling, row-normalized SGD with
momentum outperforms stochastic Signum and stochastic exact-SVD Muon (Proposition 3.4).

Random-reshuffling Adam via AdamProxy. We extend the AdamProxy framework of Baek
et al. (2026) from incremental Adam to random-reshuffling mini-batch Adam. We prove that the
resulting proxy approximates the one-epoch displacement of random-reshuffling Adam in the 81, 82 — 1
regime (Proposition 3.5) and show that row-normalized SGD with momentum achieves strictly higher
population accuracy than AdamProxy (Proposition 3.6).

e Extension beyond isotropy. We show that the advantage of row-normalized methods is not limited
to isotropic data distributions. For deterministic full-batch training on the class means, we consider



class-mean and test-noise covariances with independent random eigenbases and power-law spectra, allowing
any class-mean exponent below one and any test-noise exponent. Under these conditions, we prove that
the row-normalized methods continue to outperform Adam and Muon (Theorem 4.2). We further exhibit a
coordinate-aligned anisotropic regime in which row-normalized methods are worse than Adam, and show
that jointly rotating the class means and test-noise covariance by an independently sampled Haar matrix
restores the advantage with high probability (Proposition 4.5).

1.2 Related Work

Here we discuss only the works most directly related to our problem formulation and proof strategy; additional
related work is deferred to Appendix A.

Row-normalized optimizers in practice. Recent LLM optimizers use output-wise row normalization as
a principal matrix update in SCALE, RMNP, and MOGA; as one step of alternating row—column normalization
in SinkGD; and as row-wise adaptive rescaling after Muon orthogonalization in NorMuon (Glentis et al.,
2026; Scetbon et al., 2025; Li et al., 2026b; Deng et al., 2026; Xu et al., 2026). These works establish row
normalization as a practical optimizer component, whereas we theoretically compare the quality of the
solutions it selects against competing optimizer geometries.

Theoretical comparisons involving row normalization. RMNP proves nonconvex convergence guar-
antees for row-normalized momentum methods that match existing guarantees for Muon (Deng et al., 2026).
MOGA compares the width dependence of smoothness and learning-rate transfer across matrix geometries,
showing favorable scaling for row-normalized methods (Xu et al., 2026).

Implicit bias and optimizer-selected solutions. Prior work characterizes the norm-induced max-margin
directions of full-batch SignGD, Spectral-GD, Muon, and Adam in separable multiclass linear classification
(Fan et al., 2025). This framework has been extended to random-reshuffling stochastic optimization, where
batch size and momentum govern approximation to the full-batch margin (Li et al., 2026a). Separately,
Baek et al. (2026) show that incremental Adam can have a distinct stochastic implicit bias and introduce an
AdamProxy characterized by a data-dependent Mahalanobis margin problem. We add the row norm and
extend AdamProxy to multiclass random reshuffling.

2 Preliminaries

Notation. For k > 2, let [k] := {1,...,k} and ey, ..., e, be the standard basis of R¥. For positive integers
b, N, we write b | N if N is divisible by b. For matrices, (A, B) := tr(A" B), ||A|lmax := max, ; |A,;|, and
[Allsum = 3=, |4r,j]; we use [|Allop and [| Al for the spectral and Frobenius norms. For W € R**¢ with
rows w, , define |[W|low = [[W||2,00 := max, e |w,]|2 as a row norm. For a € R* and ¢ € [k], define

Sc(a) = e%/ Z?:l e, the c-th component of the softmax map. We write A®? for entrywise powers and @
for entrywise division, with 0/0 := 0. For nonzero vectors u, v, let Z(u,v) € [0, 7] denote the angle between u
and v. Write ¥ := v/||v||2 for v # 0. For random quantities indexed by d, op(1) denotes a term that converges
to zero in probability as d — oo.

Data model. We collect the structural assumptions on the data distribution in the following Gaussian-cloud
data model; asymptotic and optimization conditions appear separately below. Let d be the input dimension,
k the number of classes, and n; the class-i sample size, N := Zi:l n; and Npip := min; n;.

Assumption 2.1 (Isotropic Gaussian-cloud data model). The training dataset consists of (x;s,1) for i € [k]
and s € [n;] such that

Tis = i + T'Zi,ss where i 1"13 (Oa Id)a Zi,s 1"1\(’1 (07 Id) (1)



A test example X with label Y is
Xte.— wy + rtezte7 P(Y = ’L) = T;.d, 2%~ N(O,Id)7

where (11)¥_1, (2i.5)is, Y, and 2*¢ are mutually independent. Here, r = r(d) > 0, rie = rie(d) > 0, w4 > 0,
and Zle Tid = 1.

We also use the flattened notation {(z,,y,)})_; for the same training set, where x,, = x; ; and y,, =i
under some fixed bijection between {(4,s) : i € [k], s € [n;]} and [N].
Assumption 2.2 (High-dimensional scaling). Along a sequence of models indexed by d, with k = k(d),
n; = n;(d), and Tyin,q == min; m; 4,

k/d — a € (0,00), Nmin — 00, log N = o(d), log(1/mmin,a) = o(d). (2)

Furthermore, ro := sup, r(d) < 00 and rie,o := supy re(d) < 00.

We focus on a proportional regime in which £ and d remain on the same scale, excluding settings where
one asymptotically dominates the other; this is qualitatively compatible with language-model last layers.
The condition log N = o(d) rules out datasets exponential in d, so that the geometry is not dominated by
rare deviations accumulated over exponentially many samples. Meanwhile, log(1/mmin,¢) = o(d) allows class
frequencies following Zipf’s law, as observed in language data.

Classifier and loss. A linear multiclass classifier is W € R¥*?_ with score vector Wz at z € R?. We train
with multiclass cross-entropy

k  ny
L(W) := —% 2 ; logS;(W;.s).

This standard setting (Fan et al., 2025; Li et al., 2026a) abstracts a language model’s final linear layer.

Population accuracy. We measure population performance by the probability that the true class attains
the strictly largest linear score on a test example:

k
Accr (W) = mi g P(w] X' > w] X* for all j € [k]\ {i} |V =1).
i=1
Norm-based update maps. We use three norm-based update maps. For the row norm ¢row := || * |row,
set (Avow (G))r: == Gr./||Gr.:||2 when G,.. # 0, and (Ayow(G))r,: := 0 otherwise. For the entrywise max-norm
Ymax = || * |lmax, let Amax(G) := sign(G) entrywise, with sign(0) := 0. For the spectral norm ¢, := || - |lop,

if G # 0, let G = UXVT be a compact SVD and define Ay, (G) := UV T; set Ay, (0) := 0. For each
g € {row, sp, max}, these choices satisfy A,(G) € arg max%(A)g(G, A), although the maximizer need not
be unique.

Full-batch and random-reshuffling optimizers. For random reshuffling (RR), assume b | N, set
m := N/b, and independently permute and partition the data into m mini-batches of size b each epoch. Let
B be the batch at step ¢, define Lg, (W) := |B,|~* > (s)en, —108Si(Wais), and set Gy := VL(W;) under
full-batch training and Gy := VLp, (W) under RR. For g € {row,sp, max}, 5 € [0,1), and My = 0, we write

My = M + (1 - B)Gy, Wigr = Wi = miAg(Mit1).

Under full-batch training, § = 0 gives row-normalized gradient descent (RowGD), spectral gradient descent
(SpecGD), and sign gradient descent (SignGD) for g = row,sp, max, respectively; with 5 € (0,1), the
corresponding methods are row-normalized gradient descent with momentum (RowGDM), exact-SVD Muon
(Muon),* and Signum. Under RR, we denote the momentum counterparts by RR-RowSGDM, RR-Muon, and

4Practical Muon (Jordan et al., 2024) approximates the orthogonalization step using a finite number of Newton-Schulz
matrix-polynomial iterations. We instead use the exact SVD polar factor UV T ; this is equivalent to adding momentum to
SpecGD and gives the variant we refer to as exact-SVD Muon.



RR-Signum. Thus, throughout the theory, Muon and RR-Muon refer to the exact-SVD variants. Throughout,
Wfpt denotes the parameter iterate of optimizer opt at step ¢.

Assumption 2.3 (Bounded number of mini-batches). Under random-reshuffling training with batch size
b = bg, the number of mini-batches per epoch, mgq := N(d)/bg, satisfies mg := sup;mq < 00.

Adam optimizer. We consider Adam without bias correction or a numerical-stability constant, with
0 < 81 < B2 < 1, using G from the corresponding full-batch or random-reshuffling setting:

Mg = BiMy+ (1= B1)Gy, Vigr = BoVi+ (1= B2)GF?, Wigr = Wi — My @ Vt?rll/z- (3)

We initialize My = Vj = 0, and refer to the full-batch and random-reshuffling versions as Adam and RR-Adam,
respectively. The following condition holds almost surely at W, = 0.

Assumption 2.4 (Full-batch Adam initialization). For full-batch Adam, every entry of VL(Wy) is nonzero.

Learning-rate schedule. We use the following learning-rate conditions.

Assumption 2.5 (Base learning-rate condition). The sequence {n;}i>o is positive and nonincreasing, with
m— 0 and >0y m = 00.

Assumption 2.6 (Momentum learning rate). For every 5 € (0,1) and ¢; > 0, there exist to € N and ¢ > 0
such that ZZ:O 3% (exp(cl > Mh—r) — 1) < comy for all t > tg.

Non-momentum methods require only Assumption 2.5; momentum methods additionally require Assump-
tion 2.6. Both hold for n; = ¢(t +1)7%, ¢ > 0, a € (0,1].

3 Main Results

Section 3.1 establishes the deterministic optimizer population-accuracy ordering and identifies its limiting
geometries. Section 3.2 studies robustness to random-reshuffling stochastic training, while Section 4 extends
the analysis beyond the isotropic Gaussian-cloud data model.

3.1 Comparison of Optimizers in the Deterministic Setting

We first compare the full-batch optimizers defined in Section 2. Our first main result shows that RowGD and
RowGDM achieve strictly higher population accuracy than SpecGD, Muon, SignGD, Signum, and Adam.

Theorem 3.1 (Deterministic optimizer accuracy ordering). Define the full-batch optimizer groups
Orow = {RowGD, RowGDM},  Ocomp := {SpecGD, Muon, SignGD, Signum, Adam}. (4)

Suppose Assumptions 2.1, 2.2, 2.4, 2.5, and 2.6 hold. Then, for every sufficiently large d, with probability at

least 1 — e~V over the training data, the following holds for all momentum parameters 8 € (0,1) of RowGDM,
Muon, and Signum:

min liminf Accr o(WyP') > max  limsup Accr (W) (5)
0ptE€Orow t—00 ' 0pt€Dcomp  t—300

Proof idea. The proof proceeds through the implicit biases of the optimizers. RowGD and RowGDM
approach row-norm margin solutions, SpecGD and Muon approach spectral-norm margin solutions, and
SignGD, Signum, and Adam approach max-norm margin solutions. Here, a ¢-norm margin solution minimizes
(W) among classifiers with training margin at least one; the formal solution sets are defined in Appendix C.
Under the Gaussian-cloud model, these three solution sets have the distinct asymptotic classifier structures
summarized in Proposition 3.2, and Gaussian pairwise-error bounds convert this geometric separation into
the population-accuracy ordering. Because Theorem 3.1 is proven through a uniform comparison over all
norm-induced margin solutions approached by the optimizers, it does not require directional convergence of
optimizers.



Proposition 3.2 (Limiting classifier geometry). Let W " have rows (wOPt) , and let O = k1 Zle ( flt’t, i)
denote the average angle between the class mean and classifier row. Let M, € R*¥*4 have rows p; , let
P=I,—k1117 and ry := min{k —1,d}, and let C,, := PM,, have compact SVD U,,,Z/LVJ and polar factor
Q= UMVMT. Suppose Assumptions 2.1, 2.2, 2.4, 2.5, and 2.6 hold. Then

RowGD/RowGDM:  lim sup mawaOpt — 7|, = op(1),

t—oo
SignGD/Signum/Adam: limsup max P — sign(11:) op(1),
t—o00 ’ \/ﬁ 2
2
1| Pwer
SpecGD/Muon:  limsup — |[——Lt— — = op(1).
P / t—)oop Ta ||PWt0pt||op QU F P( )

Moreover, limsup,_,.. |0 — 6] = op(1), where § = 0 for RowGD/RowGDM and 6 = arccos \/2/n for
SignGD/Signum/Adam. If the aspect ratio o > 1, then 6 = arccosksp(at) for SpecGD/Muon, where
Ksp 1 (0,00) = (0,1) is a positive constant depending only on o.5

Underlying mechanism. Proposition 3.2 makes the source of the accuracy gap explicit. RowGD and
RowGDM preserve each class-mean direction, driving w; toward a positive multiple of p;. In contrast, SignGD,
Signum, and Adam approach the coordinate-wise sign direction of each class mean, effectively equalizing
coordinate magnitudes. SpecGD and Muon approach the polar factor of the centered class-mean matrix,
effectively equalizing its singular values. Both transformations introduce nonvanishing directional distortion
relative to the original class-mean geometry. Under isotropic Gaussian test noise, preserving the class-mean
geometry leads to better separation of unseen examples, while the distortions induced by the other methods
degrade this separation. This yields the population-accuracy advantage of the row-normalized methods in
Theorem 3.1.

Corollary 3.3 (Population-error exponents). Let &5 := 1 — Accy o(W;P"). Suppose Assumptions 2.1, 2.2,
2.4, 2.5, and 2.6 hold. Then

2 gAdam 92 2 5Mu0n 1 2
. Te t,d m— e The t,d — fisp(a)
— = — 1 —op(1
hinsup log ROWGDM 1 op(1), htmlnf pi ogggg SO 1 op(1),

where Kgp s the constant as in Proposition 3.2. The same conclusion holds with RowGDM replaced by RowGD,
Adam by SignGD or Signum, and Muon by SpecGD.

Corollary 3.3 follows from Proposition C.27 in Appendix C. While Theorem 3.1 establishes a strict ordering
of the limiting population accuracies, Corollary 3.3 quantifies the separation. Although all three population
errors vanish as d — oo, RowGDM has exponentially smaller population error than Adam and Muon. This
separation is captured by the logarithms of the error ratios on the scale d/rZ,.

3.2 Robustness to Stochastic Training

Mini-batch updates can alter the implicit bias of an optimizer, so the full-batch ordering does not automatically
extend to stochastic training. Under RR, however, sufficiently large momentum keeps RR-RowSGDM, RR-
Muon, and RR-Signum close to their respective row-, spectral-, and max-norm margin solutions (Li et al.,
2026a). We show that this approximate preservation is enough for the strict population-accuracy ordering to
persist.

Proposition 3.4 (Stochastic optimizer accuracy ordering). Suppose Assumptions 2.1, 2.2, 2.3, 2.5, and 2.6
hold. Then there exists o = So(a, ro,mg) € [0,1) such that, for every sufficiently large d, with probability
at least 1 — e~V over the training data, the following holds for all momentum parameters 8 € [5o, 1) of
RR-RowSGDM, RR-Muon, and RR-Signum, and for every realization of the reshuffling:

(WRR ROWSGDM) > max lim sup Accr g (Wfpt) . (6)
opte{RR-Muon, RR-Signum} t—co

5Tts explicit formula is given in (41). Numerically, xsp(1) & 0.84883 and ksp(2) ~ 0.93280.

hm mf Accr g




The condition mg < mg in Assumption 2.3 means that each mini-batch contains at least a 1/my fraction
of the training set. For mg > 2, the sufficient momentum threshold used in the proof has 1 — 3y proportional
to 1/[mo(m3 — 1)].

Approximating Adam via AdamProxy. Adam requires separate treatment under RR because averaging
squared mini-batch gradients generally differs from squaring the averaged gradient, so its full-batch max-norm
margin characterization need not persist (Baek et al., 2026). To address this, we develop a deterministic
proxy for RR-Adam in the multiclass setting with general mini-batch size, extending the binary incremental
AdamProxy construction of Baek et al. (2026). Using the flattened indexing {(z,,yn)}Y_1, let g (W) :=
—(ey, —S(Wz,))z,l denote the gradient of the cross-entropy loss for sample (z,,,y,). For each batch B C [N]
of size b, set Gp(W) :=b"'Y" _pgn(W) = VLp(W). Thus, under RR, G; = Gp,(W;) in (3).
Drawing B uniformly from the b-subsets of [IV], define the AdamProxy direction

By ,(W) = Eg[Gp(W)] 0 Ep[Gp(W)®2]"* .
Equivalently, letting S(W) := YN, g, (W), QW) := S22 g, (W)®2,
Oy (W) = b(LN’l) S(W) @ ((b—1)S(W)°2 + (N — b)Q(W)) /2. (7)

Proposition 3.5 shows that, in the 51, B2 — 1 regime, this deterministic direction approximates the normalized
one-epoch displacement of RR-Adam.

Proposition 3.5 (One-epoch 1,82 — 1 RR-Adam approximation). For each epoch r = 0,1,2,..., let

T := mr denote the index of its first update and ~, := Z:n:_ol Nr.+s s total learning rate. Fix a training set
with xp[a] # 0 for all n € [N] and a € [d]. Suppose that b < N and that Assumptions 2.5 and 2.6 hold. Then,
for every e > 0, RR-Adam in (3) satisfies

<H RR Adam WRR -Adam

lim lim sup P
(B1,82)—=(1,1) r—oco
0<B1<B2<1

T -Ad
r+1 + (I)N,b(qu—iR am)

>s> =0, (8)

where the probability is over the random reshuffling.

Proposition 3.5 is a one-epoch 1, B2 — 1 approximation at fixed data and dimension. It does not establish
long-horizon agreement between the RR-Adam and AdamProxy trajectories.
Motivated by Proposition 3.5, let 4 := ZT;OI Nmt+s and consider the AdamProxy dynamics

Wt+1 WtAP - ’yt(I)NJ)(WtAP) . (9)

Comparison of AdamProxy and RR-RowSGDM. Although AdamProxy need not approach the exact
sign geometry of full-batch Adam, it retains a weaker coordinate-wise saturation effect. Once the classifier is
scaled to have unit minimum training margin, every coordinate eventually stays within a constant multiple
of the typical coordinate size (Proposition E.8). This forces a nonvanishing distortion from the class-mean
geometry, whereas high-momentum RR-RowSGDM remains close to the class-mean geometry, yielding the
population-accuracy ordering below.

Proposition 3.6 (RR-RowSGDM versus AdamProxy accuracy ordering). Suppose Assumptions 2.1, 2.2,
2.8, 2.5, and 2.6 hold. Then there exists 51 = [1(a, 9, mg) € [0,1) such that, for every sufficiently large d,
with probability at least 1 — e~V over the training data, the following holds for all momentum parameters

B € [p1,1) of RR-RowSGDM and for every realization of the reshuffling:

htm inf Accy g (WHR-RowSGDM) hm sup Acc, g (W{F) .
—00 —00



4 Extensions to Anisotropic (Gaussian Models

In Section 3, we studied an isotropic Gaussian-cloud data model in which both the class means and the
within-class noise are isotropic. In this section, we examine when the advantage of row-normalized methods
persists or reverses beyond isotropy. Motivated by the nontrivial covariance structure that can arise in
language-model representations, we extend the analysis to anisotropic Gaussian distributions.

To simplify the analysis and cover a broader range of anisotropy, we consider clean training, with no
within-class noise in the training data, under the following common data model.

Assumption 4.1 (Anisotropic clean Gaussian model). Let I', %4, ..., X, be positive-definite covariance
matrices with trT' = trY; = d for every i € [k].° Training uses the clean class signals {(j1;,9)}5_,. A test
example with label Y is X% := uy + r 2%, where, conditionally on the covariance matrices, (Y, %) is
independent of (u;)*_, and

i S NOT), PV =i)=mq>0, 2|V ~N(0,Iy).

Along the sequence indexed by d, k/d — a € (0,00) and rie > 0 satisfies rieo = supy rie(d) < 0o.

4.1 Persistence of Row-Norm Advantage under Independent Orientations

We first specialize Assumption 4.1 to trace-normalized power-law covariances with independent Haar eigenbases.
Suppressing dimension subscripts, define Ty := EZ:1 a~” and Dy := diag(1,277,...,d~"?). For 5,8 >0,

set
d d

- T e 0 T
I:.= KU”DS“U“ , Y= T 0;D,0; . (10)
Here Uy, Oy, ..., Oy are mutually independent Haar matrices on O(d); the class-mean draws are independent

of (0;)%_,, and the optimizer initializations are fixed and do not depend on (O;)%_;.

Theorem 4.2 (Accuracy ordering under anisotropy with independent orientations). Let Orow and Ocomp
be as in (4), with fired B € (0,1) for RowGDM, Muon, and Signum. Suppose Assumptions 4.1, 2.4, 2.5,
and 2.6 hold, with the covariances in (10) for 0 < s, <1 and sy, > 0. Assume that log(1/mmin,a) = 0(d/logd)
and that WP J||WP g converges almost surely as t — oo for every opt € Opow U Ocomp- Then there exist
constants ¢, C > 0, independent of d, such that, for every sufficiently large d, with probability at least 1 —Cd™¢
over Uy, Ox,...,0y, and the class means,
min liminf Acer,o(W;™) > | max Jimsup Acerq(W)™). (11)
Here ¢,C can be chosen independently of s, and sy, although the sufficiently-large-d threshold may
depend on them. In particular, under independent test-noise orientations, the advantage of row-normalized
methods persists for arbitrary test-noise anisotropy sy > 0.

Remark 4.3 (Role of directional convergence). Unlike the accuracy comparisons in Section 3, which hold
uniformly over all classifier families that the normalized iterates approach and therefore do mot require
directional convergence, Theorem 4.2 assumes directional convergence for each optimizer. Related directional-
convergence assumptions are common in the implicit-bias literature (Gunasekar et al., 2018b; Nacson et al.,
2019a; Chizat and Bach, 2020; Baek et al., 2026). Under clean training, conditional on the training data,
the limit of W J||WP |r is fized and independent of the test-noise eigenbases, which enter only at test
time. Hence, the concentration bounds over the Haar-random test-noise eigenbases apply to the fized limiting
direction.

Structural intuition: effective signal dimension. The condition s, < 1 keeps the class-distinguishing
signal sufficiently spread across dimensions, so different class means have weak pairwise overlap. This allows
the row-norm margin solutions to remain close to the corresponding class-mean directions, while satisfying
the multiclass margin constraints. If the signal is instead concentrated in only a few directions, some class
means can have small pairwise angles, and margin constraints can push the row-norm margin solutions away
from the class-signal-preserving geometry.

6A fixed trace preserves total variance while allowing covariance spectra and orientations to vary.



Remark 4.4 (Connection to language-model representations). We find that the fitted class-mean spectral
exponents can be smaller than one (s, < 1) in language-model representations; see Appendiz H.3. This
provides a possible connection between the anisotropic regime covered by Theorem 4.2 and representation
geometry in language models.

4.2 Coordinate-aligned Reversal and Recovery under Haar Rotation

We next show that the advantage of row-normalized methods can reverse when the class-mean and test-noise
covariances are diagonal and sufficiently close, but is restored after applying the same independently sampled
Haar rotation to the class means and test-noise covariance.

The underlying issue is the interaction between signal and test-noise geometry. With a common test-noise
covariance X, the normal of the Bayes boundary between classes i and j is proportional to £~ (u; — ;). Thus,
if directions that strongly separate the class means also have large test variance, the Bayes boundary can differ
substantially from the raw class-mean difference that the row-norm margin solution tends to preserve. The
construction below places this signal-noise alignment along the coordinate axes used by Adam’s entrywise
normalization, where Adam’s tendency to equalize coordinate magnitudes can reduce the influence of such
high-variance coordinates.

Let the class-mean covariance be diagonal and let the common test-noise covariance interpolate between
isotropic noise and the same covariance profile:

Iy .= diag(’yLd, . an,d)7 2)\,(1 = (1 — )\)Id + Ay, A€ [O, 1]. (12)
Thus, X, 4 interpolates between isotropic test noise at A = 0 and the class-mean covariance at A = 1.

Proposition 4.5 (Coordinate dependence of the RowGDM-Adam ordering). Let A € [0,1]. Suppose that
Assumptions 4.1, 2.4, 2.5, and 2.6 hold withT =Tgq and ¥ = --- = X = Xy 4 as in (12). Suppose also
that 1og(1/mMmin,a) = o(d), 0 < infq g Ya,q < SUPy g Ya,d < 00, and the limits 7y := limg o0 d™" 22:1 WZ,d exist
Vg € {1/2,2} and satisfy 2’7%/212 > .7 Then A\, = (77/(2%/2) —1)/(72 — 1) lies in (0,1), and the following
hold.®
(i) Diagonal covariance. For every X € [0,1] \ {\.}, there exist cx,Cx > 0 such that, for every sufficiently
large d, with probability at least 1 — Cre~*% over the class means, for all B € (0,1),

lim inf Accr o (WEVEPM) > lim sup Acey ¢ (W/A9%™) ifF A< Ae,
— 00

t—o00

liminf Accy 4 (WtAdam) > limsup Accr q (WtR'OWGDM) if A > Ae.
t—o00

t—o00

(i) Recovery under Haar rotation. Let @ be Haar-uniformly random on SO(d) and independent of the class
means, and replace every training and test input x by Qx. There exist ¢yor, Croy > 0 such that, for every
fized X € [0,1] and every sufficiently large d, with probability at least 1 — Crore % over the class means
and Q, the RowGDM-over-Adam ordering holds.

Implication. Theorem 4.2 shows that anisotropy alone does not eliminate the advantage of row-normalized
methods under independent orientations. Proposition 4.5 identifies a structured failure mode. The RowGDM-
over-Adam ordering can reverse when the high-variance class-mean and test-noise directions align with each
other and with Adam’s normalization coordinates. However, this reversal is coordinate-specific. Applying
the same Haar rotation to the class means and test-noise covariance preserves the covariance spectra and
their relative alignment while randomizing their orientation relative to the coordinate axes. This restores the
RowGDM-over-Adam ordering. Hence, class-mean—test-noise alignment alone is not sufficient; the reversal
additionally relies on its alignment with Adam’s coordinate axes.

"This requires a sufficiently dispersed spectrum. Corollary G.8 gives a sufficient condition.
8The same conclusions hold with RowGDM replaced by RowGD.
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Figure 2: Synthetic and language-model experiments. Left: Final evaluation accuracy of six determin-
istic optimizers on 30 draws of Gaussian-cloud data. Right: Validation perplexity during last-layer-only
LLaMA training with RowSGDM, Muon, and Adam. Lower perplexity is better.

5 Experiments

Synthetic experiment. On isotropic Gaussian-cloud data with & = 60, d = 20, RowGD and RowGDM
outperform SpecGD, Muon, SignGD, and Adam on all 30 paired seeds (Figure 2, left), consistent with
Theorem 3.1. Additional comparisons and details are given in Appendix H.1.

Language model experiment. We freeze a trained LLaMA-60M model, zero-initialize its output head,
and train only this layer with practical implementations of RowSGDM, Muon, or Adam. Figure 2 (right)
shows that RowSGDM attains the lowest final validation perplexity, consistent with the qualitative ordering
our theory predicts. Multi-seed results and details are given in Appendix H.2.

6 Conclusion

Implications. We connect optimizer-induced implicit-bias geometry to population accuracy in high-
dimensional multiclass classification, beyond prior work on optimizer-selected implicit biases (Fan et al.,
2025; Li et al., 2026a; Baek et al., 2026). For linear classification abstracting the language model’s last
layer, row-normalized methods achieve strictly higher population accuracy than spectral and coordinate-wise
alternatives in both full-batch and random-reshuffling settings by better preserving class-mean geometry.
These results complement empirical evidence of competitive performance by row-normalized methods in
language model training (Glentis et al., 2026; Deng et al., 2026).

Limitations and outlook. Our analysis is limited to a linear classification model that can be viewed as a
last-layer readout, together with a stylized data model with Gaussian class means and within-class noise.
Although the data model shares some high-dimensional geometric properties with linguistic collapse (Wu
and Papyan, 2024), modern language-model representations are substantially more complex. This motivates
extensions to richer representation models and multilayer training. Our anisotropic independent-orientation
analysis assumes directional convergence, while our Adam results assume a zero numerical-stability constant
and treat RR-Adam only via AdamProxy.

AT use statement

In this work, we used generative Al tools to assist with improving English writing and readability, identifying
potentially relevant related work that we might have overlooked, and drafting proof sections of the appendix
by converting lengthy mathematical proofs and derivations into clean and readable LaTeX. We additionally
used generative Al tools to assist with debugging experimental code and improving the visual presentation of
figures and tables. All Al-assisted outputs were reviewed by the authors, who take responsibility for the final
content of this work.
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Reproducibility statement

We state the assumptions and settings for our theoretical results in Sections 2 and 4, and provide complete
proofs and supporting technical results in Appendices B-G. For the empirical results, Appendix H provides the
experimental setups and information needed for reproduction, with synthetic experiments in Appendix H.1,
the language-model experiment in Appendix H.2, and the representation analysis in Appendix H.3.
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Overview of the Appendix

The appendix is organized around the proof architecture of the paper. Appendix A provides additional
related work, and Appendix B develops the optimizer-side margin and implicit-bias machinery for full-batch
and random-reshuffling training. Appendices C—E combine this machinery with high-dimensional geometry
to prove the deterministic, stochastic, and AdamProxy population-accuracy results. Appendix F extends
the analysis to anisotropic Gaussian models with independently oriented test-noise covariances, Appendix G
identifies a coordinate-specific RowGDM—-Adam reversal and its recovery under a common Haar rotation,
and Appendix H provides the experimental details and additional empirical evidence.

(1)

In Appendix A, we provide additional related work on implicit bias in separable classification, adaptive
and sign-based optimization, optimizer geometry and population performance, matrix-aware optimization
geometry, row normalization and row—spectral hybrids, high-dimensional classification under mixture
models, and last-layer geometry and neural collapse.

In Appendix B, we establish the optimizer-side margin-convergence results used throughout the paper. We
extend full-batch normalized steepest-descent and momentum arguments to max—sum dominated matrix
norms and establish the max-norm maximum-margin characterization of full-batch Adam under our
learning-rate assumptions. For random-reshuffling momentum methods, we develop a geometry-adapted
analysis through the primal-dual atom radius R, (X), which applies directly to the Row, Spectral, and
Max geometries. Specializing these results to row normalization yields the exact full-batch RowGD and
RowGDM direction-set convergence in Proposition B.14 and the RR-RowSGDM near-margin guarantee
in Proposition B.15.

In Appendix C, we prove the deterministic population-accuracy ordering in Theorem 3.1 uniformly
over the complete Row, Spectral, and Max maximum-margin direction sets. The proof establishes the
all-aspect-ratio geometry of these three families: Row representatives align uniformly with the population
mean differences, Max representatives exhibit a nonvanishing clipped-coordinate angular gap, and Spectral
representatives are controlled through the reduced polar geometry of the centered empirical mean matrix,
including the hard-edge regime at o = 1. We then develop a geometry-to-population-error transfer and
derive quantitative population-error exponents for the three geometries. The same exponent analysis also
yields the full-batch Muon—Adam comparison in Corollary C.28.

In Appendix D, we prove the random-reshuffling stochastic ordering in Proposition 3.4. The geometry-
adapted momentum result from Appendix B places RR-RowSGDM, RR-Muon, and RR-Signum in
near-maximum-margin direction sets for the Row, Spectral, and Max geometries. We reduce these
near-margin directions to near-minimum-norm representatives, prove quantitative stability of the three
near-minimizer families, and obtain a dimension-independent momentum threshold under which the
deterministic geometric separation persists. The population-error transfer from Appendix C then gives
the claimed stochastic accuracy ordering.

In Appendix E, we analyze RR-Adam and AdamProxy. We first prove the one-epoch 51, 82 — 1 RR-Adam
approximation in Proposition 3.5; this result connects RR-Adam to the deterministic proxy over one
epoch and does not assert long-horizon agreement of their trajectories. For AdamProxy itself, we establish
positive margin growth and a trajectory-level coordinate cap, use the resulting coordinate saturation
to obtain a nonvanishing boundary-direction gap, and combine this gap with the high-momentum RR-
RowSGDM geometry and the population-error transfer from Appendix C to prove Proposition 3.6 without
directional convergence. Separately, Proposition E.10 characterizes the limiting AdamProxy classifier
through a self-consistent semidefinite quadratic margin problem when the normalized proxy direction
converges.

In Appendix F, we prove the anisotropic accuracy ordering in Theorem 4.2 under its directional-convergence
assumption. Because training is clean, each optimizer-selected limiting direction depends only on the
class means and is independent of the Haar eigenbases of the test-noise covariances. We characterize the
selected Row, Spectral, and Max directions, expose the independent test-noise orientations, and compare
their standardized Gaussian test signals. This establishes the Row advantage throughout 0 < s, <1 and
sy > 0, including arbitrarily strong test-noise anisotropy.
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(7) In Appendix G, we prove the coordinate-specific RowGDM-Adam reversal in Proposition 4.5. Working
uniformly over the complete Row and Max maximum-margin solution sets, we derive an explicit transition
point A, for diagonal class-mean covariance with aligned anisotropic test noise, below which Row
dominates and above which the ordering reverses. We then show that applying a common independent
Haar rotation to the same class-mean and test-noise geometry restores the Row-over-Max, and hence
RowGDM-over-Adam, ordering while preserving the rotation-invariant geometry. We also give a sufficient
spectral-dispersion condition under which the transition regime is nonvacuous.

(8) In Appendix H, we provide the full experimental setup and additional empirical evidence. This includes
expanded deterministic and random-reshuffling synthetic optimizer comparisons, auxiliary optimizer
geometries, robustness studies across data and noise settings, synthetic experiments for the anisotropic
independent-orientation and coordinate-aligned predictions, controlled last-layer language-model experi-
ments with RowSGDM, Muon, and Adam, and measurements of class-mean and within-class covariance
spectral exponents in language-model representations.

A Additional Related Work

Implicit bias in separable classification. The modern implicit-bias literature begins with the observation
that, on linearly separable data, gradient descent on unregularized logistic or cross-entropy loss diverges
in norm while converging in direction to a hard-margin classifier (Soudry et al., 2018). More generally,
the geometry of the update rule can determine the norm with respect to which the limiting margin is
maximized, as formalized for steepest-descent and mirror-descent methods by Gunasekar et al. (2018a). For
Euclidean methods, this picture has been extended from gradient descent to fixed-step stochastic gradient
descent and momentum methods (Nacson et al., 2019b; Wang et al., 2022), and recent work gives multiclass
convergence results for broad families of exponentially tailed losses (Ravi et al., 2024). In homogeneous neural
networks, norm-dependent steepest-descent dynamics generally converge to first-order stationary points of
the corresponding margin problem rather than necessarily to its global optimum (Tsilivis et al., 2026), and a
recent extension treats normalized and momentum variants of SignGD, Muon, and Adam (Gronich and Vardi,
2026). The results closest to ours characterize the max-margin directions selected by entrywise and Schatten
geometries in multiclass linear models, their approximation under random reshuffling, and the data-dependent
direction selected by incremental Adam (Fan et al., 2025; Li et al., 2026a; Baek et al., 2026). Our analysis
complements these directional results by adding the row norm and by comparing the population accuracy of
entire optimizer-selected margin faces rather than only identifying a limiting direction.

Adaptive and sign-based optimization. Adam combines momentum with coordinate-wise second-
moment normalization (Kingma and Ba, 2015), whereas signSGD and Signum retain only coordinate-wise
gradient signs, with or without momentum (Bernstein et al., 2018). This relationship is not merely cosmetic:
Adam can be decomposed into a sign direction and a variance-dependent magnitude, which helps explain both
its robustness and its sensitivity to the coordinate system (Balles and Hennig, 2018); signSGD can also exhibit
distinct compute-optimal scaling behavior from SGD (Kim et al., 2026a). The asymptotic classifier also
depends on algorithmic details that are often suppressed in informal comparisons. For example, AdaGrad can
converge to a margin solution determined by its path-dependent diagonal conditioner (Qian and Qjian, 2019),
adaptive methods with a positive stability constant can become asymptotically Fuclidean in homogeneous
models (Wang et al., 2021a), and Adam without a stability constant selects an /,,-max-margin direction in
binary linear classification (Zhang et al., 2024). Decoupled weight decay changes the problem again: the
implicit regularization of AdamW is related to an £,.-constrained objective rather than to the unregularized
margin limit (Loshchilov and Hutter, 2019; Xie and Li, 2024). Accordingly, our full-batch Adam statement
concerns the zero-stability-constant, no-weight-decay dynamics used in our theoretical model, while our
AdamProxy analysis isolates the additional data dependence created by incremental or mini-batch updates
under random reshuffling (Back et al., 2026).

Optimizer geometry and population performance. Implicit-bias results do not by themselves imply
that one optimizer generalizes better than another. Constructed separable problems show that Euclidean
gradient methods and adaptive coordinate-wise methods can interpolate the same training data yet have
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sharply different test errors (Wilson et al., 2017), and norm-based analyses relate such differences to the
interaction between an optimizer’s geometry and the geometry of the data (Vaswani et al., 2020). Experiments
on transformers further suggest that the sign-like component of Adam, rather than stochastic noise alone, can
account for part of its difference from SGD (Kunstner et al., 2023). Our contribution is a distribution-specific,
high-probability ordering of row, spectral, and entrywise geometries in a multiclass model, uniform over the
corresponding complete margin faces.

Matrix-aware optimization geometry. Several optimizer families exploit matrix or tensor structure
without implementing the normalized steepest maps studied here. Shampoo uses Kronecker-factored, mode-
wise preconditioners for tensor parameters (Gupta et al., 2018), while SOAP applies Adam in an evolving
Shampoo eigenbasis (Vyas et al., 2025). The modular-duality framework instead assigns layerwise operator
norms from the semantics of a module and derives corresponding duality maps (Bernstein and Newhouse,
2025), and norm-constrained linear minimization oracles provide a related route to architecture-aware updates
(Pethick et al., 2025). Muon can be viewed as the matrix duality map obtained from the polar factor,
commonly approximated by Newton—Schulz iterations (Jordan et al., 2024; Bernstein and Newhouse, 2025).
By contrast, our spectral comparator is the exact polar update UV T for a gradient with compact singular
value decomposition ULV T; our theorems do not automatically transfer to preconditioned methods such as
Shampoo or SOAP, or to finite-iteration approximations of the polar factor.

Row normalization and row—spectral hybrids. The row-structured methods summarized in Section 1.2
are algorithmically distinct even when they contain a superficially similar normalization step. In particular,
SinkGD alternates row and column normalization, NorMuon performs neuron-wise adaptation after Muon
orthogonalization, RMNP analyzes row-normalized momentum through nonconvex convergence guarantees,
and MOGA studies width scaling and hyperparameter transfer for the corresponding operator geometry
(Scetbon et al., 2025; Li et al., 2026b; Deng et al., 2026; Xu et al., 2026). Recent hybrid proposals further modify
the polar update by projecting momentum before row alignment, equilibrating rows before orthogonalization,
or imposing leverage-aware row uniformity while retaining spectral structure (Yuan et al., 2026; Chang et al.,
2026; Dewulf et al., 2026). SWAN is also a relevant stateless optimizer that combines column normalization
with whitening (Ma et al., 2025). These methods strengthen the practical motivation for studying row
geometry, but the extra projection, whitening, equilibration, or orthogonalization steps make them different
dynamical systems. Our results should therefore be read as an analysis of exact row-normalized steepest
descent and momentum, and as a controlled comparison that isolates the row normalization component rather
than as an implicit-bias theorem for every row—spectral hybrid.

High-dimensional classification under mixture models. Gaussian and sub-Gaussian mixture models
have been used to obtain sharp asymptotic formulas or risk bounds for regularized convex classifiers and
binary max-margin classifiers (Mignacco et al., 2020; Cao et al., 2021). In the multiclass setting, prior
work relates the hard-margin multiclass SVM to minimum-norm interpolation and studies benign overfitting
under Gaussian designs (Wang et al., 2021b), including regimes in which the number of classes grows with
dimension (Subramanian et al., 2022). These works primarily fix an estimator geometry, usually Euclidean,
and characterize when its interpolation or maximum-margin bias generalizes. We instead hold the data model
fixed and compare the distinct margin geometries selected by several optimizers in the proportional regime
k/d — a € (0,00). The uniform statements over complete margin faces are important in this regime because
a norm-specific margin problem need not have a unique optimizer, so identifying one convenient solution
would not establish an optimizer-level population comparison.

Last-layer geometry and neural collapse. The class-conditional mean geometry in our model is also
related to neural collapse, where terminal-phase representations approach within-class concentration, centered
class means form a simplex-like frame, and classifier weights align with those means (Papyan et al., 2020).
Generalized neural-collapse formulations extend this viewpoint to settings with many more classes than
feature dimensions by replacing the simplex equiangular tight frame with a one-versus-rest margin criterion
(Jiang et al., 2024). Related geometric regularities have been reported for the unembedding representations
of language models under the name linguistic collapse (Wu and Papyan, 2024). Our model does not attempt
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to explain the feature-learning dynamics that create such configurations. Instead, it conditions on a fixed
last-layer representation with random Gaussian class centers and isotropic or anisotropic residual variation,
and asks which optimizer-induced norm produces the most accurate off-sample decision regions once that
representation has been formed.

B Implicit Bias of Row-Normalized Methods: Full-Batch and
Random Reshuffling

This appendix collects the optimizer-side implicit-bias results used throughout the paper. For full-batch
normalized steepest descent, we extend the analysis of Fan et al. (2025) from entrywise and Schatten norms to
every max—sum dominated matrix norm. For random-reshuffling momentum methods, we extend the analysis
of Li et al. (2026a) and use a sharper geometry-adapted analysis based on the primal-dual atom radius Ry (X),
which avoids the common entrywise ¢; feature bound and applies directly to the Row, Spectral, and Max
geometries. We then specialize these general results to row normalization, thereby proving Proposition B.14
and the RR-RowSGDM margin result used in the stochastic accuracy theorem.

B.1 Common setup and auxiliary lemmas

Let X = {(zn,yn)})_, be a fixed linearly separable multiclass dataset with z,, € R? and y,, € [k]. A linear
classifier is W € R¥*4 and the cross-entropy loss is

N
1
W)im 5 3 GW), () = —logS(Wa),,.
n=1

Define
marx (W) := min min(w, —w.)' @, X):= max marx(W
*(W) = min minwy, —we) @, p(X) = max marx(W)
for any matrix norm ), and define the standard cross-entropy proxy

N

G(W) = % > (1 =S(Wap)y,).

n=1
For 0 < e < 74(X), define the near-max-margin direction set

mar x (W)
»(W)

For a nonzero matrix A and a nonempty set S C R¥*4\ {0}, let

Uy, = {W #0: > 7, (X) —5}7 Uy =Up,.

(A, V)
deos(A,S) i =1 —sup ————.
(4,8):=1 =00 AV

Lemma B.1 (Effective margin implies direction-set convergence). Suppose Wy # 0 eventually and, for some
0<e<yy (X)),
lim inf 7marX(Wt)

minf 25N > 9 (X) - < (13)

Then
deos(We, Uy ) — 0.

Proof. By scale invariance of dcos, consider Wy /¢¥(W;), which lies on the compact 1-unit sphere. If the
conclusion failed, a subsequence whose cosine discrepancy from L{ . is bounded below by a positive constant
would have a further subsequence converging to some Uy, Contlnulty of the margin and (13) give marx (Us) >
Y (X) —¢€,50 Uy € udas’ contradicting continuity of the cosine discrepancy. O
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Lemma B.2 (Exact margin implies direction-set convergence). If

marx (W)

'(/)(Wt) —>’WJ(X)7

then
deos(We, Uy ) — 0.
Proof. Apply Lemma B.1 with € = 0. O
t—1

For a learning-rate sequence, write S; := >~ 7.

Lemma B.3 (Cumulative remainders for general learning rates). Suppose Assumption 2.5 holds. Then
Sy — 00, and for every q > 1, ¢ > 0, and fixed ty € N,

th . t—1 s—1
s=0"Is
=== 0, Z s €XP (—c Z 777) =0(1).
St s=to T=1o
Proof. Fix ¢ > 0 and choose T so that 77‘51*1 < e for all s > T. Then
Do Semo Ml
S - St

&

which proves the first limit. For the second assertion, enlarge T' > ty so that cns < 1 for s > T, and set
Ay = 23_10 nr. Since 1 —e™* > /2 for z € [0, 1],

T=

—cAg —cA c —cA
e s —e st > inse s,

The tail therefore telescopes to a bounded quantity, while the finite prefix is harmless. O

Lemma B.4 (Normalization of a cumulative margin bound). Let m : R¥*? — R be continuous and positively
homogeneous, let 'y := maxy <1 m(W) > 0, and suppose 0 <T' < T',. Assume S; — oo. If

m(Wt) Z FSt — Tty ’(/J(Wt) S C() + St; Tt = 0(5,5)7

then

A m(Wt)
lim inf >T.
t—o00 QZJ(Wt) -

IfT' =T, then m(Wy) /Y (W;) — T, and every accumulation point of Wy /y(W:) maximizes m over the
p-unit ball.

Proof. Since r; = 0(S;) and S; — oo, the lower bound I'S; — r; is positive for all sufficiently large ¢. In
particular, Wy # 0 eventually. For such ¢,

m(Wt) > l—‘St — T

— I
(W) = Co+ St

This proves the liminf statement without imposing a sign condition on ;. When I' = T, positive homogeneity
gives m(W,) /v(W,;) < T, proving convergence. Compactness of the ¢-unit sphere and continuity of m give
the accumulation-point statement. O
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B.2 Full-batch max—sum dominated norms

For a matrix A, write

1A lmax = max|Arjl, [ Afloum = > 1A
: ,
%

We call a matrix norm v maz—sum dominated if
Al max < ¥(A) < || Allsum for every A. (14)
Let R (X) := max,¢n] |nl[1 < 0.

Lemma B.5 (Consequences of max—sum domination). Let ¢ satisfy (14), and let ¢* be its dual norm. Then,
for every matriz G, every h with ||h||; < R1(X), and every A € R¥*4,

PH(G) < IGllsums  [[AR[loo < Ra(X)3p(A).
Moreover, if s € RF is a probability vector and H(s) := diag(s) — ss ', then for every c € [k],
hTATH(s)Ah < 4R1(X)*(1 — s.)(A)2. (15)
Proof. Since the y-unit ball is contained in the entrywise max-norm unit ball,

(@) = G, A) < G, A) = |Glsum-
P (G) w?i?§1< ) \|Ar\|riif§1< ) =Gl

Also, [|Ah|lco < || A]lmax||Pll1 < R1(X)9(A). For v = Ah, the softmax covariance bound gives v H(s)v <
4(1 — s¢)|[v||%,, which proves (15). O

Theorem B.6 (Full-batch max—sum dominated margin convergence). Let 1 be maz—sum dominated. Under
Assumption 2.5, normalized steepest descent

Ay € argmax(VL(Wy), A), Wipr = Wy — ey
P(A)<1

satisfies
marx (W)
»(Wh)

Under Assumptions 2.5 and 2.6, the same conclusion holds for every fixred € (0,1) under normalized
momentum descent with Mgy = 0:

— Yy (X).

M1 = BM; + (1 - 5)VL(Wt)7 Ay € ar(gI?aX<Mt+17 A>7 Wip1 = Wy — Ay,
P(A)<1

In either case, every accumulation point of Wi /1w(Wy) is a -mazimum-margin solution.

Proof. The geometry-dependent steps in the normalized steepest-descent and momentum proofs of Fan et al.
(2025, Appendices D and E) use only norm duality, the lower bound ¢*(VL(W)) > ~,(X)G(W), the upper
bound ¢*(VL(W)) < 2Ry (X)G(W), and the logit and Hessian controls in Lemma B.5. Substituting these
bounds into their pre-rate scalar argument gives

marx (W;) > vy (X)S; — 1y, V(W) <p(Wo) + Sy,

where 7 is a finite-prefix term plus sums of the forms Y- 72 and Y nsexp(—c>_,  7-); in the momentum
case, Assumption 2.6 controls the additional geometric-memory term. Lemma B.3 gives r, = o(S;), and
Lemma B.4 with m = marx and I' = Iy, = 7, (X)) proves the result. O

The full-batch Adam characterization used in Theorem 3.1 also extends to the learning-rate assumptions
of the present paper.
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Theorem B.7 (Full-batch Adam under the present learning-rate assumptions). Consider full-batch Adam
without bias correction or a numerical-stability constant, initialized by My = Vo = 0:

My = BiMy + (1 = B1)VL(Wy),

Vigr = BaVi + (1 = B2) VL(W,) 22,

Wipr =Wy — M1 © Vt?Lll/z.
Assume 0 < 1 < B2 < 1, Assumptions 2.5 and 2.6, and min.cy, jeiq |VL(Wo)lc, 31?2 > w for some w > 0.

Then, with

X):= w
’Ymax( ) HWr\rﬁxi}iSl marX( )7

one has
marx (W)

||Wthax

and every accumulation point of Wi/||[Wellmax S a maz-norm mazimum-margin solution.

— Ymax(X), (16)

Proof. The pre-rate part of Fan et al. (2025, Appendix G) gives

marX(Wt) Z ’Ymax(X)St — Tt HWt”max < CVO + St7

where 7, consists of a finite prefix, > n;q'/ 2, and an exponentially weighted remainder. Lemma B.3 gives
ry = 0o(S¢), and Lemma B.4 proves (16) and the accumulation-point conclusion. O

B.3 Geometry-adapted random-reshufiling momentum

The full-batch max—sum argument above is sufficient for deterministic optimization, but using the same
common feature radius max,, ||z, |1 in the stochastic analysis is unnecessarily coarse when comparing different
geometries. We therefore work directly with the primal-dual pair (¢, 9*) and define the atom radius

Ry(X) := “(eex)). 17
»(X) gﬁgﬁw®xw (17)

The stochastic results below hold for an arbitrary matrix norm ; max—sum domination is not required.
Assume b | N, set m := N/b, and for every mini-batch B C [N] of size b define Lp(W) := b~ 3" _p £y (W).

Lemma B.8 (Geometry-adapted cross-entropy bounds). For every matriz norm 1, every sample x,,, every
matriz A, and all classes a,c € [k],

1Az nlloe < Ry (X)9(4), 9" ((ea = ec)z,) < 2Ry(X). (18)
For every W,
Yy (X)GW) < H(VL(W)) < 2Ry (X)G(W). (19)
For every sample n, every W, and every perturbation A,
D0, (W)[A, A] < 4Ry (X)* (1 = S(Wan)y, )1 (A)*. (20)
Moreover, for all U, W,
[L(U) = LW)| < 2Ry (X)p(U = W). (21)

Proof. For every c € [k], norm duality gives
lec Axn| = [(A, ecwy )| < P(A)* (ecar, ) < Ry(X)9(A),

which proves the first bound in (18); the second follows from the triangle inequality. Writing p,, (W) := S(Wz,,),
the sample gradient has the decomposition

Vi, (W) = Z Pn,e(W)(ee — eyn)xjw
cHEYn
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SO
(T (W) < 2Ry (X) (1 = pay, (W)).

Averaging proves the upper bound in (19). For the lower bound, choose A, with ¥(A,) < 1 and margin

vy (X); then

N
1
—VL(W) = N Z Z P,c(W)(ey, — ec)xz
n=1c#yn
gives Y*(VL(W)) > (A., —VL(W)) > v4(X)G(W). For the Hessian bound, set v := Az, and let C' be
categorical with law p,,(W). Then
D, (W)[A, A] = Var(ve) < E[(ve = vy,)’] < 4(1 = puy, (W) |[0ll3,

which proves (20). Finally, convexity and the upper gradient bound, together with G < 1, yield L(U)—L(W)
2Ry (X)Y(U — W); exchanging U, W proves (21).

CTIA

Lemma B.9 (Geometry-adapted softmax and gradient stability). For U,W € R¥*? define h := Ry (X)y(U—
W). Then, for every sample n and class c,

e—2h < Pnc(U) < ?h e2h < 1 —pny, (U)

- pmc(W) -1 _pnyyn(W) B

Consequently,
G(U) < 62Rw(X)w(U—W)g(W)’ (22)
N (VE(U) = VL(W)) < 2Ry(X) (2R W0=W) 1) G(w), (23)

and, for every mini-batch B,
W (VLp(U) — VLp(W)) < 2mRy(X) (emw(W(U—W) - 1)g(W). (24)

Proof. Set 6, := (U — W)z,,. Lemma B.8 gives ||0,]lcc < h, and the softmax formula gives

k T
pn,c(U) — dnie Za:l ea Win [6—2}17 th]'

pnp(W) Z];:l eezwmn""én,a

Summing over ¢ # y, proves the second ratio and (22). If p := p, (W) and ¢ := p,(U), the ratio bounds
imply

> lge —pel < (" =11 =py).  lay, — Pyl < (€= 1)(1—py,).
cFEYn

Since V£, (U) — VL, (W) = (¢ — p)z,

k
(g =) <D lge = peltr* (eca, ) < 2Ry (X) (e = 1)(1 = py,).

c=1
Averaging over all samples proves (23); averaging over B, enlarging the resulting nonnegative sample sum to
[N], and using N/b = m proves (24). O

Lemma B.10 (Random-reshuffling noise and cancellation). For a mini-batch B of size b, define Eg(W) :=
VLg(W)—-VL(W). Then
P (EB(W)) < 2(m = DRy (X)G(W).

Moreover, let {Bi}i>0 be any random-reshuffling sequence, so that Bym,, - . ., Bgm+m—1 partition [N] for every
epoch q, and define

t
E(W):=(1-8)Y_ B (VLp,_ (W)—VLW)).
=0
Then, deterministically for every reshuffling realization,

U (E(W)) < (1= B)m(m* — 1) Ry (X)G(W).
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Proof. When m > 2, let B¢ = [N]\ B. The finite-population identity
- m—1
:B(W) = T(VLB(W) - VLBC (W))

and the single-sample bound in the proof of Lemma B.8 give

m

VP (Ep(W)) < N

N

—1 .

2V (Ve (W) < 2(m = 1) Ry (X)G(W),

n=1
while m =1 is immediate.

For the second assertion, write Z¢(W) := VLp,(W)—VL(W). Every complete epoch satisfies Z:n:_ol Egmtr(W) =
0. Put Kg(W) = 2(m — 1)Ry(X)G(W). For a complete epoch contained in {0,...,t}, subtracting the
constant coefficient 379 and using 1 — 3" < r(1 — 3) gives

m—1
-1
¥ <Z Bt_qm_rEqurr(W)) < Kz (W)= @thm (1 — B)m(mz !
r=0
Summing over complete epochs and using (1 — 8)/(1 — ™) < 1, then adding the at most m terms in the
current incomplete epoch, gives

(@) < (- )™ I k) = (1 Bymim® — 1R, (X)GW).
O
Consider now the moving-weight random-reshuffling momentum process
M1 = 8M;+ (1 — B)VLp,(Wy), A; € aJEgAr;l;f(Mtﬂ, A), Wi = Wy — Ay,
with My = 0. Since 9(A;) <1, .
YWy =Wir) < Znt—q- (25)
g=1

Proposition B.11 (Geometry-adapted random-reshuffling momentum control). Assume Assumptions 2.5
and 2.6. For every fized finite dataset, fized matriz norm v, and fizred 8 € (0,1), there exist to.p g < 0o and
cy,3 < 00 such that, for allt >ty y g,

Y (Mypr = VL(WL)) < 2m(1 = B)Ry(X)ey gm + (1 = B)m(m* — 1) Ry(X)
+ 2Ry (X)BTHG(W). (26)

Define
pp,65(X) 1= 7p(X) = 2(1 = B)m(m? — 1) Ry (X), (27)
Cypp=4m(1 — B)Ry(X)cy g + 2Ry (X)?e2Be (Xm0 D= 4R, (X).
Then, for all sufficiently large t,

L(Wes1) < LOW) =1 (puus(X) = Cogame — DyB72)G(W0). (28)

Proof. Unrolling the momentum recursion and adding and subtracting frozen batch gradients at W, gives

Mij1 = VE(W) =(1 = )Y 57 (VLo (Wios) = VL, (W)
7=0

+(1=8) 357 (T, (We) = VLW ) = BHIVL(W).

7=0
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Lemma B.9 and (25) bound the first term by

2m(1 — B)Ry(X)G(We) Y 57 (eXP <2Rw(X) Zm—q> - 1) :
7=0 g=1

Assumption 2.6, applied with ¢; = 2Ry (X), bounds the final sum by cy gn; for all sufficiently large t.
Lemma B.10 controls the second term, and the upper gradient bound in (19) controls the last, proving (26).
For the descent recurrence, the steepest-descent property and norm duality give

(VL(We), Ag) > 4" (VL(Wy)) — 29" (Myg1 — VL(WY)). (29)
The mean-value Taylor formula, (20), and (A;) < 1 bound the quadratic remainder in L(W; — n:A;) by
277t Ry (X )2 sup G(Wy — smely).
0<s<1

Lemma B.9 bounds the supremum by e (X)M0G(1W,). Substituting (19) and (26) into (29), adding the
quadratic remainder, and using £+ < 5%/2 proves (28). O

Corollary B.12 (Geometry-adapted random-reshuffling momentum margin). Under Assumptions 2.5 and 2.6,
suppose py p.5(X) > 0. Then
.. .marx(Wy)
| f————— > X). 30
minf = Gy 2 PeselX) (30)

Consequently, with
ep,p(X) == 2(1 = B)m(m® — 1)Ry(X),

one has
deos (Wi thXe, 1y x)) — 0 (31)
More quantitatively, there exist a finite to and Cga < 00 such that
mar x (W) RY-FP
X) - <C , 32
pwﬁﬁ( ) w(Wt) — 'ga St ( )

where

ta—1

Dyno
REPP =143 o+ Cppp D M2+ —2 2
Z v.5, 2; /3

—|—Z_:778exp< pwﬂb ZUr).

s=tg T=12

Proof. Write p := py 54(X) > 0. Since 1, — 0 and 3%/2 — 0, Proposition B.11 gives a finite ¢; after which
the coefficient of 7,G(W}) is at least p/2. The loss Lipschitz bound (21), the divergence S; — oo, and the
standard low-loss entrance argument give a finite to > ¢; after which all empirical margins are nonnegative.
The usual cross-entropy loss-to-margin conversion then yields

g W D
mary (W) _pZns ( Zm :wo — Co,

Stz

where Cy < 0o absorbs the finite prefix. The post-entrance descent recurrence and the standard cross-entropy

proxy inequalities give
G(W.) P
>1- —= B
Lw,) = P\ 1 2

T=t2

Hence mary (Wy) > pS; — C1RYP? for some € < oo. Lemma B.3 gives RV = o(S,), while (W;) <
»(Wp) + S; follows directly from the normalized update. Lemma B.4 proves (32) and (30), and Lemma B.1
gives (31). O
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For the three geometries used in the main text, the atom radius is explicit:
Riow(X) :mr?X”xn”?a Ryp(X) :mngan% Rinax(X) :mf}XHxnnl- (33)

Indeed, the duals of the row, spectral, and entrywise max norms are the sum-of-row-Euclidean, nuclear, and
entrywise sum norms, respectively, while e.x,] has one nonzero row and rank one.

B.4 Specialization to row normalization
Define
[ Al[row = max [| A, ||2.
relk)

For a matrix GG, define its row-wise normalization by

GT‘: Gr: , Gn: 0’
(NrOW(G))r: = ’ /” s ”2 i
N G,.=0.

i

Proposition B.13 (Row normalization is row-norm steepest descent). For every A,G € R¥*4,

||A||max S ||A||row S ||A||suma (34)
and
k
Niow (G) € argmax (G, A), max (G, A) = Gr||2-
w(G) € argmax(G.A) | ax (G2) =3 Gl

Thus row-wise normalized gradient methods are normalized steepest-descent methods for the row norm.

Proof. Every entry is bounded by the Euclidean norm of its row, while max, |[A,:|l2 < >, [[Ar:[l1 = [|Allsum.
proving (34). The constraint ||All;ow < 1 is equivalent to ||A, .||z < 1 for every row r, so

k
max GA:Z max G.:u:Z G,.
I\Al\mw§1< A) T:1HuH2§1< oo ) T:IH rill2,

and Ny (G) attains the maximum. O

Proposition B.14 (Row-normalized full-batch margin convergence). Consider any fized linearly separable
multiclass dataset with bounded features. Under Assumption 2.5, row-wise normalized GD satisfies

mar x (W)
”Wt”row

W,V
Welle VI

— ’7row(X)7

in
veuzx,

F

If Assumption 2.6 also holds, the same two conclusions hold for row-wise normalized GD with every fized
momentum parameter 3 € (0,1).

Proof. Proposition B.13 shows that the row norm is max—sum dominated and that row normalization is its
exact steepest direction. Theorem B.6 therefore gives normalized-margin convergence, and Lemma B.2 gives

deos(Wi, UZX,) — 0. Since
W, v ¥
in - = 2dcos W ,Z/[row )
vilis, [Tl ~ TVl — 2oVt
the Frobenius direction-set convergence follows. O

The stochastic counterpart follows from the geometry-adapted random-reshuffling result above and is
stated separately because the approximation gap depends on the batch size and momentum.
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Proposition B.15 (Random-reshuffling row-wise normalized SGDM margin convergence). Consider any
fized linearly separable multiclass dataset with bounded features. Run random-reshuffling row-wise normalized
SGDM with b | N, m := N/b, and fizred B € (0,1). Define

Riow(X) := 7%1?]%(] |z |2, Erow,8.b(X) :=2(1 — ﬁ)m(m2 — 1) Rrow(X).

Under Assumptions 2.5 and 2.6, if €row.3,6(X) < Yrow(X), then

lim inf IW > Yeow(X) = Erow,5.6(X), (35)

and
deos (Wt,ufgw,emw,b(x)) —0. (36)
Proof. Apply Corollary B.12 with ¢ = || - ||lrow. Equation (33) gives Ry (X) = Riow(X), so (27) becomes
Yrow(X) — €row.5,p(X), yielding (35). Equation (36) follows from (31). O

C Proofs for Deterministic Optimizers

This appendix proves Theorem 3.1 from optimizer-selected margin geometry to population accuracy. We first
establish the all-aspect-ratio Row-versus-Spectral and Row-versus-Max geometry: Row representatives align
uniformly with the population mean differences, Max representatives have a nonvanishing clipped-coordinate
angular gap, and Spectral representatives are controlled through the reduced polar factor of the centered
empirical mean matrix, with hard-edge truncation at « = 1. We then convert these geometric statements
into ordinary multiclass population-error bounds and prove the optimizer-level accuracy ordering. We also
derive deterministic population-error exponents that quantify the separation between the three geometries.

For any matrix norm 1, define the unit-margin feasible set and the corresponding minimum-norm
representative set by

Fx == {W € R*: mary (W) > 1}, Mf = arg min ¢ (W).
WeFx

Whenever X is linearly separable, Fx is nonempty, the minimum is attained, and we define

* i . _ 1 X _ . X
Ty (X) = Wnéljr__lquz(W)fr)(X), Uy ={aW:a>0 WeM;}. (37)

*

For ¢q € {row, sp, max}, we abbreviate Mé( = qu and 77(X) 1= T, (X). For every feasible classifier and
every ordered pair i # j, define

w._ Wi W po My ! W u
uij : ETE—— U, . : _— Davg_bdry(W) = mz ||U,L] — U/,LJHQ

Tl —wille T T — alle o
i#]
These quantities are invariant under positive rescaling of W and under common row shifts.

Lemma C.1 (Exact invariance under common feature rescaling). Let ¢ > 0, let cX := {(cxp,yn)}_1, and
let ¥ be any matrix norm. Then

Fex =¢'Fx,  MGF=c'MY, Uit =uy.

The normalized pairwise row directions and Daygbary are unchanged. If the test inputs are also multiplied by
¢, then Accy g(c™*W;eX ') = Ace, g(W; X1©).

Proof. The constraint (w,, —w;)' (czy,) > 1 is equivalent, after writing W = ¢V, to (v, — v;) Tz, > 1.

Positive homogeneity of ¢ proves the identities for the feasible and minimum-norm sets, and the ray identity
1 T

follows from (37). Finally, (¢~ 'w;) " (cz) = w] x, so all predictions agree. O
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Apply Lemma C.1 with ¢ = d~/2. Thus, throughout the geometric and accuracy appendices, we work

with

~ . & ~ Zi,s ~ . xi,s (38)

Wi = , 2-7,:: s .r-’,.: s

7 \/E 1,8 \/a 1,8 \/&
and suppress tildes. Under this convention, p;, 2; s i N(0,1,4/d) and X | (Y =4) ~ N (s, r23,14/d). This
is only a proof normalization: the direction sets, accuracy values, and radius-to-margin ratios used in the

optimizer theorems are identical to those in the unnormalized model of Assumption 2.1.
Let G ~ N(0,1), and define

Amax(7) := E[|G| min{7|G|,1}], Binax(7) := E[min{r*G? 1}] . (39)
Let 7. € (0,1) be the unique solution of Apax(7:) = 1/4/7, and define
Crmax = (27 Banax(7)) "%, Fomax = V2Cimax <1, Omax = v/Z — Zhimax > 0. (40)

For o > 0, let v, be the mean-one Marchenko—Pastur law with parameter 1/, including its zero atom when
a<l:

a
Vo = (1 —a)ydp + %\/(ba —)(* — aqa) La, b1 (7) dz,

as = (1— 0471/2)2, bo = (14 071/2)2.

Set
Pa = N1, m1/2(a) = /\/‘%dl/oz(x)’ S 1= Tnl(}y» ’isp(a) = Tni;;—((f[)v (41)
and

dsplar) :=1/2 — 2K5p(a) > 0.
Strict positivity follows from strict Cauchy—Schwarz on the positive part of v,: my /2 (@)? < pa [z dva(x) = pa.
At a =1, my/5(1) =8/(37), s0 dsp(1) = /2 — 16/(37).

Theorem C.2 (All-aspect deterministic margin geometry). Under Assumptions 2.1 and 2.2, there are

deterministic wq | 0 and events gf}et such that, for every sufficiently large d,

P(Get) > 1— e Ve

)

and, on G3°*, Fx # @ and

sup max [|uf; — ufjlla < wa, (42)
veux, #i
sup Davg—bdry(U) < wd, (43)
veux.,
Ulerzl/f}]i Davg-bdry(U) > 6Sp(a) — Wd, (44)
UEIBE( Davg—bdry(U) Z 5max — Wq. (45)

max

Consequently, for every sufficiently large d on Qget,

UZI;{I;)( Davg-bdry (U) < min {Vienbfx Davg—bdry (V)a Vélgg( Davg-bdry(v) } . (46)

row sp max
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C.1 Reduction from Direction Sets to Minimum-norm Representatives

For every feasible matrix, all pairwise row differences are nonzero. Indeed, if w; = w; for some ¢ # j, then the
constraint (w; — wj)Txm > 1 fails. Thus Dayg-bary is well defined on Fx and on all three minimum-norm
solution sets.

Lemma C.3 (Scale-invariant reduction). For every 1 € {trow, ¥sps Vmax }»

sup Davg—bdry(U): sup Davg—bdry(W)a

veuy weMmy
inf  Davebdr (U) = inf Davgbar (W)
veux e wemx  TETH

Proof. By (37), Z/l;f ={aW:a>0, We Mfﬁ} The conclusion follows from the positive scale invariance of
Davg—bdry- O

We will therefore work with the minimum-norm representatives MX . MZX and MZX . and invoke

row’ sp? max)
Lemma C.3 only at the end. The max-norm constants are those in (40).

C.2 A Quantitative Common Gaussian-cloud Event

For each class, define

1 & 1 &
Zi = . ; Ziss m; = " ;xi,s = pi + 1z, Cis 1= Tis — My = 1(25s — ). (47)
Then z; s = m; + €5, . €;s = 0, and m; is independent of the centered residual family (e;1,...,e;in,).
Moreover,
1\ I,
Cov(ejs) =1 (1——) =,
ov(e;s) =1 ( nz) 7
For i # j, write uj} := (m; —my)/|m; — mj||2. For u € S, set
1 & 1 &
Hu(7) = 5 ; Vi |ug| min{rVd |ug|, 1},  Ju(7) := - ; min{r2du?, 1}. (48)

Proposition C.4 (Stretched-exponential common input). Under Assumptions 2.1 and 2.2, there are
deterministic e4 ] 0, universal C' < 0o, a constant ¢ = ¢(rg) > 0, and events gget such that

P((£3)) < Cexp [—c\/d log(2N (d)(d + 1))} (49)

and the following statements hold simultaneously on Eget :
(H1) max; ||m; — pill2 < eq.

(H2) max; ||m;ll2 — 1| < eq4 and max;; |m; m;| < e4.
(H3) max; j s \m;rei75| < gq.

(FE4) e g} — bz < ea.

(H5) The maz-norm optimum is finite and satisfies

2Wdr (X)) < V21 + &4

(H6) Uniformly over ordered pairs,

sup |[Hup (7) = Amax(7)[ + sup [Jup (7) — Bumax(7)| < €a- (50)
0<7r<1 0<7<1
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Proof. Put Ly := log(2N(d)(d + 1)) and ag := (Lg/d)'/*. The assumptions log N = o(d) and nmi, — oo
imply aq — 0. All normalized Gaussian vectors below obey the shell bound

llgll2 ’ ) —edt®
Pl|—== —1|>t]) <27, 0<t<l, 51
(1'% 1

and every centered Gaussian scalar with variance at most C'/d obeys P(|Z| > t) < 2e~c*/C,

Since z; 4 gi/v/nid, the event max; ||Z]|2 < 2/v/Mmm fails with probability at most 2Ne~°?. Thus

= o(1) (52)

max ||m; — pill2 < 2r0
s i Hifl2 = \/m
on an event whose failure probability is smaller than the right-hand side of (49). Applying (51) to p; ~
N(0,1;/d), with threshold Cag, and taking a union bound proves max; |||pi]l2 — 1| < Cagy. Conditionally on
i, the variable p ji; is centered Gaussian with variance [|g;]|3/d. Another union bound over at most N2
ordered pairs gives max;z; [ ;| < Cag. Combining these estimates with (52) proves (H1) and (H2).
Conditionally on all empirical means, ijei,s is centered Gaussian with variance at most rZ||m;||3/d.
On the event max; ||m;||2 < 2, a union bound over at most N? triples gives max; j s |m;reiws| < Cagq with
the required failure probability. This proves (H3). Items (H1)-(H2) imply inf;-; |m; — m;|ls > 1 and
inf;2; ||pi — pjll2 > 1 for all sufficiently large d. The normalization map is Lipschitz on vectors with norm at
least one, so (H1) gives (H4).
For (H5), let s; := sign(m;) € {—1,1}¢. Because each m; is isotropic Gaussian, s; is a uniform sign vector,
and it is independent of every residual in its own class. Bernstein’s inequality for ||m;||1, Gaussian tails for

s;rml when ¢ # j, conditional Gaussian tails for s;ei,s, and a union bound give

2
min [[mgfl; > (\/ — 0(1>> v, m;XISijiI + max s e;.s| = o(Vd) (53)
i ks i#] i,5,8

outside an event bounded as in (49). The matrix with rows w; = t4s;, where t4 is the reciprocal of the
minimum bracket in

(si = 85) @ie > [lmall — |5 mi| - 2 max [5¢ €isl,
is feasible. Equation (53) gives tq < (\/7/2 + o(1))/V/d, which is exactly (H5).

For (H6), each difference m; —m; is a centered isotropic Gaussian vector, even when n; # n;, so uj} is
exactly uniform on S¥~!. For one uniform direction, the two coordinate empirical processes in (48) concentrate
about Apax and Bpax at rate e=¢” for any fixed 7. On the event d—! >, du? = 1, both processes are
uniformly Lipschitz in 7. A mesh of [0, 1] with spacing ag4, followed by a union bound over the mesh and at
most N? ordered pairs, yields (50) with error Cay and failure probability bounded by (49). Taking 4 to
dominate Cag, 27 /+/Tomin, and the deterministic vanishing envelopes in (53) completes the proof. O]

Lemma C.5 (Normalization stability). Let z,y € R? with y # 0. If ||z — yl|2 < ||yll2/2, then

Proof. The reverse triangle inequality gives |||z > ||ly||2/2. Adding and subtracting y/||x||2 and applying
the reverse triangle inequality once more gives the displayed bound. O

Allz = ylla
2 vl

x y
el llyll2

C.3 Row-norm Representatives Align with the Population Mean Differences

The row-norm part is deterministic once the empirical means and residuals satisfy the small-error conditions
in Proposition C.4.
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Proposition C.6 (Deterministic row-norm rigidity). Fiz deterministic samples x; s = m; + e; s with
> €is =0 for every i. Suppose that, for some 0 < h < 1/20,

max|||mgl|2 — 1| < h, max [m; m;| < h, max|m;ei,s| < h.
i i#] 4,7,
Then Fx is nonempty, and every W € M satisfies
1\ /4
max ||w; —myll2 < C <h+ k) (54)
3
for a universal constant C.
Proof. For i # j and s < n;,
(mi —my) @i s = [Imal|3 — m) mi + (mi —my) e

> (1—h)>—h—2h>1-5h.
Hence the matrix with rows w; = m;/(1 — 5h) is feasible. If R* := max; ||w;||2 is the optimal row radius, then

1+h

R* < s <1+ Ch. (55)

Let w := k! Zle w,. For any feasible W, averaging the constraints over s = 1,...,n; and summing
over j #£ i gives
Z(wz — wj)Tmi Z k—1.
J#i

Since Zj;éi w; = kw — w;, this is equivalent to

1
(w; — @) "m; > 1 — = (56)

Consequently,

1-1/k

i — 0 > L= .
o = wlle 2 L= =2
For a row-norm minimizer, the variance identity yields
1@ 1o
L2< 2y Nwi—wol3 =2 lwlls —llol3 < (R)? — [alf5.
k k
i=1 i=1

Combining this with (55) gives

1

falg<c(ng)

k

Using (56) once more,
1\ 1/2
w m1>1——|—mez>1—C(h+k>
Together with ||w;||2 <1+ Ch and ||m;||2 < 1+ h, this implies
1\ /2
s =l = sl + sl — 2T s < € (4 1)

Taking square roots proves (54). O
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Proposition C.7 (Uniform row-norm alignment). Under (1)—(2),

sup  Davg-bary (W) = op(1). (57)
wWemxX

row

In fact, the stronger uniform pairwise statement

sup  max [[uf) — ufjlla = op(1) (58)
WeMmx, #I

holds.

Proof. Work on 3¢ from Proposition C.4. Apply Proposition C.6 with h = e4. Since k/d — a € (0,00), we
have k — oo, and therefore, uniformly over all row-norm minimizers,

max ||w; —m;|2 = o(1).
Combining this with (H1) gives

APV = sup  max||w; — s = of1)
weMX v

row

on £4°*. Moreover, inf;; ||1; — p15]]2 is bounded below by a positive constant on the same event. Hence
[(wi = wj) = (@i = pj)ll2 < 2A5™

uniformly over i # j and W € MX_ . Applying Lemma C.5 proves (58), and averaging over ordered pairs

row *

gives (57). O

C.4 Max-norm Representatives Have a Positive Angle Gap

The max-norm proof has two ingredients. First, optimality imposes a coordinate cap of order d~*/2 on

every pairwise row difference. Second, feasibility forces every such difference to have a large projection
onto the empirical mean-pair direction. The clipped minimum-energy problem below shows that these two
requirements are incompatible with near-perfect angular alignment.

C.4.1 The Clipped Minimum-energy Problem
Proposition C.8 (Exact clipped problem). Fiz u € S*~! and a,b > 0. Define

m, u;a,b2;rnin{x2;xTu>b7 ;poo<a}. 59
a( ) [l]]2 2 b, ||z <7 (59)

Let zg := Vd |ug|. If
d
1
0<b<agz,25, (60)
=1
then the minimizer is unique and has coordinates

Ty = %sign(uz)min{Tzlg,l}, (=1,....d, (61)

where sign(0) := 0 and T > 0 is the unique solution of

Moreover,



Proof. We first verify that the feasible set is nonempty. Define the coordinate-saturated vector z € R? by

~

a .
Ty = ﬁ&gn(ue).

Its projection onto u is
d d
T a a
= — == > b,
T'u 7 ;,1 el pi ;,1 7

where the strict inequality follows from (60). Choose ¢ such that b/(ZTu) < ¢ < 1. Then 7 satisfies the
projection constraint strictly and lies strictly inside the coordinate box. The feasible set is thus nonempty. It
is also closed and bounded, so a minimizer exists. Since the objective z — ||z||3 is strictly convex and the
feasible set is convex, this minimizer is unique.

Let 2* denote the unique minimizer. We next show that every nonzero coordinate of * has the same sign
as the corresponding coordinate of u. Given any feasible x, define 2* by

g sign(ug)|xe|, wue # 0,
" ]o, up = 0.

Then [|2#]lo0 < [|2[loo, 2|2 < [|]|2, and

d d

@) Tu =" |zolluel =Y wpue =" u.

=1 /=1

Applying this construction to z* shows that z¥ is feasible and has objective value no larger than that of z*.
By optimality and uniqueness, z* = zf. Hence x; has the sign of u; when u, # 0, and 7 = 0 when u, = 0.
The projection constraint must be active at the minimizer. Indeed, if (z*)Tu > b, then

b
T (x*)Tu
satisfies 0 < ¢ < 1. The vector cz* obeys ||cz*||o0 < a/v/d and (cz*)Tu = b, while
lez*[13 = ™13 < ll2*13,
contradicting the optimality of x*. Therefore,
(z*)Tu = b.
Because of the sign alignment, write

vd,
Ye 1:7|$z|a 0<y <1

Using |ug| = z¢/V/d, the active projection constraint becomes

d d
a
b= |z}lluel = gzzwz,

l=1 (=1

or equivalently,
d
db
S = L
=1 “

Moreover,

[ V)

d
a
lz* 3= — > vi.

(=1
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Therefore, finding z* is equivalent to solving the convex optimization problem
d

: db
0<ye<1 2 Zy‘f subject to Z e = - (63)
=1

The strict inequality in (60) implies that the right-hand side of the constraint is strictly smaller than 3", 2y,
so the reduced problem has a strictly feasible point. Hence the KKT conditions are necessary and sufficient.

Let 7 > 0 be the multiplier associated with the constraint in (63). For fixed 7, the Lagrangian minimization
over the box [0, 1]¢ separates across coordinates:

1
Y¢ € arg min {y2 - ngy} . (64)
0<y<1 |2

The unconstrained minimizer of the scalar objective is y = 7z,. Projecting this value onto [0, 1] gives
y¢ = min{72zy,1}. (65)

The multiplier must satisfy 7 > 0. If 7 = 0, then (64) gives y; = 0 for every ¢, which violates the constraint
because b > 0. Since 7 > 0, complementary slackness implies that the projection constraint is active:

d
db
E zemin{rzy, 1} = —.
a
=1

After dividing by d, this is exactly

d b
Z zemin{7ze, 1} = —.
=1

&M—‘

a

It remains to verify that this equation has a unique solution. The function H, is continuous and
nondecreasing on [0, c0), with

H,(0) =0, lim H,( =7 Z 2p.

T—r 00

The condition (60) places b/a strictly between these two values, so existence follows from continuity. To
prove uniqueness, take 0 < 7 < 7, and suppose that

1
< a Z 20
=1
Then at least one coordinate with z; > 0 is not saturated at 7, meaning 7z, < 1. For that coordinate,
min{7ez¢, 1} > min{m 2z, 1},

while every other coordinate contributes a nondecreasing term. Thus H,(72) > H,(7m1). Hence H, is strictly
increasing before reaching its limiting value, and the equation H,(7) = b/a has a unique solution.
Substituting (65) into the sign-aligned representation of z* gives

g;z( = i sign(ue) min{TZ£> 1}7

Vd

which proves (61). Finally,

md(u7 a, b)2

I
B
_x
=

which proves (62). O

33



Lemma C.9 (Uniform asymptotics of the clipped problem). There exist constants dg, Coy > 0 such that the
following holds. Suppose u € S~ satisfies

sup |Hy(7) — Amax(7)| + sup |Ju(T) — Bmax(7)| <6 (66)

0<r<1 0<r<1

with 0 < § < &g, and suppose

ja— V2| + b~ V2| <0 (67)

Then (60) holds, the solution in Proposition C.8 satisfies T € (0,1), and

1

—— = < max 57

walwah) = Crnax + Cp (68)
b

— < .

md(u; a, b) S Kmax + 005 (69)

Proof. Throughout the proof, C' > 0 denotes a constant independent of d, u,a,b, and §, and its value may
change from line to line. Recall that 7, > 0 is defined by

1
VT
We first compare the required normalized projection b/a with this reference value. By taking §y small enough,
(67) ensures that a > v/27/2. Hence

Apax(T4) = (70)

b V2

a 21
b — 2|

<— +x@a Nor

_|b—\/§|+\/§|a—\/ﬂl

. a aV2r

Thus the right-hand side of the equation H,(7) = b/a is within O(d) of Apmax (7).
We next show that the clipped problem is feasible and that its multiplier satisfies 7 < 1. Since 7, < 1 and
Apax is strictly increasing, the constant

b 1

a Vr

1 1

< Cs. (71)

1
gx ‘= Amax(l) - Amax(T*) = Amax(l) - ﬁ

is strictly positive. By (66),

1
Hy(1) > Apax(1) — 6 = — + g, — 6.
()2 Asl) =6 = =+ g
On the other hand, (71) gives

b 1
< 0.
a_\/Tr+C

After decreasing dq if necessary, these two bounds imply

b
0< = < Hy(1).
a
Because
1 1
H,(1) = p Z zemin{zg, 1} < p Z 24,
=1 (=1
we obtain

d
1
0<b<a-— .
ad;%
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This is exactly (60). Moreover, H,(0) = 0 and H,(1) > b/a, so Proposition C.8 gives a unique solution
€ (0,1) of

Hy(r) = 2 (72)

We now show that this solution is close to 7. Using (72), (66), (71), and (70), we obtain

|Amax(T) - Amax(T*)| S |Amax(7_> - Hu('r)| + |Hu(T) - AmaX(T*)|

~ () = B0 4|2 - | < 5. 73)

For s € (0, 1], differentiation under the expectation gives
Anax(s) = E [ Lqai<y] -
Since s < 1, the event {|G| < 1} is contained in {s|G| < 1}. Therefore
Apax(8) > ca, ca=E[GC*1ygicy] > 0.
The mean value theorem and (73) now give
cal™ = 7i| < [Amax(T) = Amax ()| < C4,
and hence
|7 — 7| < C6. (74)

We next lower-bound J, (7). The first assumption of the lemma gives
Ju(T) > Bmax(1) — 0.
The function B,ax is Lipschitz on [0, 1]. Indeed, for s,t € [0, 1],

| Binax (8) — Bmax(t)| < E [|min{52G2, 1} — min{t*G?, I}H
< |s? — ?[E[G?] < 2|s — .

Combining this bound with (74) gives

Bmax(T) Z Bmax(T*) — (.

Therefore,
Ju(T) 2 Bmax(7«) — C0. (75)
The assumption on a also gives
2
a® > (\/277 - 5) > 21 — C6. (76)

Using the exact identity from Proposition C.8,
md(u; a, b)2 = azju(7)7
together with (75) and (76), we obtain

(27 — C0) (Bmax(1+) — C9)
27 Biax (74 ) — C. (77)

ma(u;a,b)® >
>

Set
M, := 27 Bpax (1) > 0.
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By taking &y smaller if necessary, (77) implies

M,

mg(u;a,b)? > M, — C§ > 5 -

Consequently,
1 1
<
my(u;a,b) — /M, —CH
+C§

1
<
> /7M*
= C1maux + 05a

where the last equality follows from
Crnax - (QWBmax(T*))_1/2 .

After enlarging the constant, this proves (68).
Finally, (67) gives b < v/2 + §. Therefore,

b

- - <

mwad) S (V2 + 8)(Cinax + Cod)
<V2Chax +C9

= Kmax + 057

because Fmax = V2 Cmax. Enlarging Cy once more proves (69). O

C.4.2 Application to Max-norm Minimizers

Proposition C.10 (Max-norm boundary separation). Under (1)—(2),

Wei./{l/fX Davg—bdry(W) > Omax — OIF’(I)- (78)

max

In fact, on the same high-probability event, every ordered pair of every max-norm minimizer has boundary-
normal distance at least dpmax — 0(1).

Proof. Work on £3¢t from Proposition C.4. Fix W € MX__ and set v;; := w; — w;. By (H5),

max

Vi lloo < 25 (X) < %, aq = V21 + 4. (79)

Averaging the constraints (w; — w;) " x; s > 1 over class i gives v;;mi > 1. Applying the reverse constraints
for class j gives v,;m; < —1. Therefore
’U;(mi —my) > 2.

By (H2), uniformly over i # j,

i —myll5 = [lmall3 + [lmyll5 — 2mm; <2+ o0(1).
Hence 9
T, m
’U“U”Zizbdy bd::\/i—Ol,
35 2 o =g ®

where the error is deterministic on £5°* and uniform over all pairs.

Fix i # j, and abbreviate u = ujj, v = v;;, a = aq, and b = bg. Since v'u>b> 0, define



Then y"u = b, and because b/(v u) < 1, (79) gives ||y|loc < a/V/d. Thus y is feasible for (59), and

bllolla

vl

ma(u;a,b) < [ly[2 =
Equivalently,

vTu b

[vll2 ~ ma(u; a,b)°

By (H6) and Lemma C.9, the right-hand side is at most xKmax + 0(1), uniformly over all ordered pairs. Since
K‘max < 17

T,m
.. vy
‘””—u{'} =4/2—=2—"2=L > §a — o(1).
[0l 2 [[vi]l2
Finally, (H4) and the reverse triangle inequality imply
(%%
—ulil| > dmax —o(1),
’ ||Uij||2 i ) = Omax ( )
uniformly over all pairs and all max-norm minimizers. Averaging proves (78). O
C.5 Spectral Polar Geometry
Let
1 m;—
P:=1I, - %111—7 My =] : |, C, :=PM,,, rq := min{k — 1,d}.
T
my,

On the full reduced-rank event, write

Cm = Umzm VT

m?

U, € RF¥ma_ Ve RIXTa,
and define the reduced polar factor and its positive-semidefinite companion by

Qm = UnV,] = Cu(CTCn) M2, Sy = QuCl = (CruCT)Y2.
Write ¢, for the i-th row of Q.

Lemma C.11 (Quantitative Gaussian hard-edge count at the square aspect ratio). Let p = p(d) satisfy
p/d — 1, let Hy € RP*? have independent N'(0,1) entries, and set Aq := Hg/\/d and ng := min{p,d}. There
are universal constants T,c,C > 0 such that, for all sufficiently large d and every 2/ng < u < T, an event
Ha(u) satisfies

P(Ha(u)®) < C (1 +log(T/u))e™ "

and, on this event,
1
—#{l:09(Ag) <t} < 8, u<t<T.
ng

Moreover, Aq has rank ng almost surely.

Proof. Write n :=ng4 and take T'=1/16. Since n/d — 1, for all sufficiently large d we have n/d > 9/10. Let
B be a fixed n x n coordinate submatrix of Hy, obtained by retaining a fixed set of n rows when p > d and a
fixed set of n columns when p < d. If p > d, then H] H; = BT B+ R"T R = B' B for the matrix R of deleted
rows, while if p < d, then HyH] = BB" + RR" = BB for the matrix R of deleted columns. Hence, by
monotonicity of eigenvalues under the positive-semidefinite order,

0j(Ha) 2 0;(B), 1<j<n.
Fix t € [1/n,T] and put ¢ := [3nt]. For all sufficiently large n, the choice T'= 1/16 ensures ¢ < n. Let
F be the n x (n — ) matrix obtained by retaining a fixed set of n — ¢ columns of B. Apply Vershynin
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(2012, Corollary 5.35) to F' with row dimension N = n, column dimension n — £, and deviation parameter
s :=ty/n/4. Then, except with probability at most

26—32/2 _ 2e—nt2/32

we have
tv/n
Omin(F) > vVn—vVn—{0—s=+n—+Vn— A
Using
Vn—+vn—1{= d > ¢ >§t\/ﬁ,
VnH+vn—0 7 2yn T 2
we obtain

Umin(F) Z Zt\/ﬁ > t\/g,

where the last inequality holds for all sufficiently large d because n/d — 1.
Writing B = [ Rp), we have BB" = FF" + RpR}. = FFT. Therefore the largest n — ¢ eigenvalues of
BBT are at least the n — ¢ positive eigenvalues of FFT, and hence

0j(B)>tVd, 1<j<n-—¢L
Together with ¢;(Hg) > 0;(B), this gives

‘
n

< 4t.

S

LHU oA St < <34

Now fix u € [2/n,T] and take the dyadic grid ¢; = 27T down to the first grid point lying in [u/2, u].
Every such grid point is at least /2 > 1/n, and the number of grid points is at most C(1 + log(T/u)).
Applying the preceding fixed-threshold estimate at every grid point and taking a union bound, the probability
that any of these estimates fails is at most

C(1+ 1og(T/u))e_Cd“2,

because the smallest grid point is at least u/2 and n/d — 1. On the complementary event, for every ¢t € [u, T
choose a dyadic grid point t; € [t, 2¢]; monotonicity of the counting function gives

%#{f cop(Ag) <t} < %#{f top(Ag) <t} <4ty < 8t

Finally, A4 has rank n almost surely because the rank-deficient matrices form a Lebesgue-null algebraic
set. O

Proposition C.12 (All-aspect spectral input). There are deterministic ng | 0, constants ¢,C > 0, and
events EP such that

P((EF)°) < Cexp|—cy/dlog2N(d)(d + 1)) (80)
and the following statements hold on E:

(S1) Cp, has rank rq, PQm = Qm, ||@mllop =1, and

[Con
k

— Sa

S Nd, lnf ||qz - q]||2 Z Co > 0.
7]
(S2) Uniformly over i # j,
1
ma [ = ol + [l <ma, =2 Y m,
1
)T

max | S [i, 1] — saf +max|Sinli, j] <na,  max|(e — g

e; sl < .
i#4.s il < 1
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(S3) The reduced polar margin
px = 52;2(% —q;) i
satisfies
lpx — sal <Cna,  px > 0.

(S4) The reduced polar geometry satisfies
|Davg—bdry(Qm) - 5Sp(04)| § Nd- (81)

(S5) If a # 1, all positive singular values of C, lie in a deterministic compact interval bounded away from
zero:

Ca < 0py(Cr) < 01(Cpy) < Cly. (82)
If a =1, there are ty, Cy > 0 such that

1
a#{f 2 00(Cr) <t} < Colt +na), na <1 <to. (83)

Proof. Because m; = u; + rz; is Gaussian with covariance (1 4 r2/n;)I/d, the rows are independent and
admit the exact representation

M, = DsG/Vd,  Dy:= diag(\/l Y r2/nk) ,

where G has independent standard Gaussian entries. Since || Dg — Ix|lop < C72/Nmin = o(1) and ||G/Vd||op =
O(1) with exponentially high probability, the comparator Cy := PG/v/d obeys

”Om - C(O||0p < Cdv gd ir 0. (84)

After a fixed orthogonal change of basis on R¥, the positive singular values of Cy have the same law as
those of a (k — 1) x d standard Gaussian matrix divided by v/d. MarchenkoPastur convergence therefore
gives ||Coll«/k — So. The normalized nuclear norm is O(d~!)-Lipschitz in the Gaussian entries, so Gaussian
concentration and the deterministic expectation bias place this convergence under a deterministic envelope
with failure probability bounded as in (80). The rank assertion is almost sure, and Weyl’s inequality yields
(82) when o # 1.

At a =1, put Ly := log(2N(d)(d + 1)) and ug := (Lg/d)"/*. Then ug — 0, ug > 2/r4 eventually, and
Lemma C.11 gives failure at most C exp(—cy/dLg) after absorbing its logarithmic prefactor. Weyl’s inequality
and (84) transfer the count from Cy to C,, by replacing ¢ with ¢ + (4. Enlarge the common envelope so that
ng > max{ug, (4} and take to < T/2; then (83) follows with precisely the probability scale in (80).

Let Sy := (CoCy )'/2. Conditionally on its singular values, the left singular frame of Cy is Haar in 1+ and
independent of those singular values. Haar concentration for the quadratic forms defining Sy, 5], followed by
a union bound over k2 entries, gives

_ %ol
k

max
A

SO[iai]

+ max [So[7, j]| < Xxa, Xd 4 0.
i#]

The gap-free square-root inequality for positive semidefinite matrices gives
1/2
1Sm = Sollep < ICmCy, = CoCy lleh? < O¢4"™.

This proves the entrywise bounds in (S2) without dividing by the smallest singular value. The empirical-mean
bound is part of Proposition C.4, and the Gaussian average k! Y. m; gives ||m|2 = o(1) under the same
probability envelope.

Conditionally on the empirical means, @, is deterministic and the residuals are centered Gaussian. Since
llgi — g;ll2 < V2, Gaussian tails and a union bound over at most N? indices give the residual bound in (S2).
Using that row i of G, is (m; —m) ", we obtain

(¢ — 4;) "mi = Swli,i] — Swlj, i + (6 — q5) "M = sa + O(na).
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Adding the residual bound proves (S3). The same identity and max; s ||x; s|l2 = O(1) give the uniform lower
bound on ||¢; — g;|2-
It remains to identify the angular constant. The centering identities 17 Q,, = 0 and ||Q,,[|% = rq4 give

2rd 2pa
ety 2l -l = =g — (85)
276]

If a <1, then 7y = k — 1 and Q,,Q,, = P, so every pair norm is exactly v/2. For a > 1, let Qg be the
reduced polar factor of Cy and put I, := Q,,Q,,, and Tl := Qo Q] . The left singular frame of Cy, but not
in general that of C,, = PDyG/ V/d, is Haar in 1+ when the class counts differ. The positive singular-value
lower bounds and (84) give

||(I - HO)HmHOP < HCm - COHOPHC:nHOP < CaCda

and the analogous estimate with 0 and m exchanged. Consequently, |11, — Ig|lop < CoCq. Haar-projector
concentration applies to IIp and yields (e; — e;) "Ho(e; — €;) = 2/a + o(1) uniformly over pairs on the
same probability scale. Since each such quadratic form changes by at most 2||II,, — Ily||op, we obtain
llgi — gjll2 = v/2/a+ o(1) uniformly. At o = 1, no perturbation of the polar factor at the hard edge is needed
for this step. The deterministic bounds |g; — g;||2 < v/2 and (85) give

2r
’Iqu g2 - xf‘_ (2—k_d1>—>o.

k(

Thus the required pair-norm convergence holds in averaged L' at o = 1.
Furthermore,

(@i — Qj)T(;Ui - ,uj) = Sm[iai] + Smba.]] - Sm[Z,j] — Sm []7 ] +o(1) = 254 + o(1),
while ||p; — g2 = V2 + o(1) uniformly. Consequently, the pairwise cosine converges in averaged L' to

28a _ ml/g(a) — (a)
V 2[)@/04\/5 VPa .

Uniform continuity of z — /2 — 2z on [—1, 1] proves (S4). Collecting the deterministic envelopes proves the
proposition. O

Lemma C.13 (Weighted trace gap and hard-edge truncation). Let C = ULV T have rank r, let Q = UV'T,
and let B satisfy || Bllop <1 and rank(B) < r. Put g¢ := u, Bvy and ag :=1— gy € [0,2]. Then

T
1B-Ql2 <2 a,
/=1

I (o, < 1O
fZGKSQM—i—fZJgab 7> 0. (86)
Té:]- T Tr =1

Proof. The rank and operator-norm bounds give || B||% < r, so expanding || B — Q||% proves the first inequality.
For the second inequality, use ay < 2 when oy < 7 and ay < oyas/7 otherwise. O

Lemma C.14 (Average normalization transfer). Let B,Q € R**? have rows b;, q;, suppose b; — bj # 0 for
i # j, and assume inf;4; ||¢; — q;|l2 > co > 0. If

B = s 3 b= b) = (= a3

i#J

qi — 4qj
k(k —1) ZHIIb —b; ||2 lgi — g;ll2

then

8
Apizy g,
0

260
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Proof. For a pairwise difference error e;; < ¢/2, the normalization map gives an error at most 4e;;/co.
For the remaining pairs, use the trivial bound two and 1y, 5c /2y < 46% /c¢, then average and apply
Cauchy—Schwarz. O

Proposition C.15 (Exact and near spectral minimizers). On the events of Proposition C.12, let W € Fx
satisfy
[Wllop <X +8ri(X),  0<6<1

Then s
D (W) 2 Bipfa) - {gﬁ:ﬂf@ T "
In particular, every exact minimizer satisfies
W ' {Cand, a#l, (88)
ra (| [PW lop ro (CVia, a=1,
uniformly over W € ./\/lfg
Proof. The polar witness @,,/px is feasible, so
e (X) < i (89)
For every feasible W, summing the class-averaged constraints over ordered pairs gives
(PW,Cp,) >k —1. (90)
Set A:=PW, a:=||A|lop >0, and B := A/a. Centering is an operator-norm contraction and preserves all

row differences, while rank(B) < r4. Equations (89), (90), and Proposition C.12 give
1 & T
- Zag(Cm) (1 —uy Bug) < C(ng +£).
=1

If a # 1, the positive edge in (82) and Lemma C.13 yield 7;'|B — Q|2 < Ca(na +&). If o = 1, set
q :=1nq+ & and use 7 = /g in (86) together with (83); the result is

1
—|B = Qul# < Cq'/.
rd

The case of non-small ¢ follows by increasing C' and using the trivial bound. Taking £ = 0 proves (88).
Because both B and @),,, are centered,

1 N2 2 _ 2
k(k—l);(bl bj) — (@ q])”z*k_lHB Qmll7-

Feasibility ensures b; — b; # 0, and Proposition C.12 supplies a uniform lower bound on the polar pair norms.
Lemma C.14, followed by the reverse triangle inequality and (81), proves (87). O

Proposition C.16 (Spectral-norm boundary separation). Under Assumptions 2.1 and 2.2,

L Daviiny (V) 2 8() — 0p(1).

The bound holds on the events in Proposition C.12 with the deterministic error in (87) at £ = 0.

Proof. Apply Proposition C.15 with £ = 0 and take the infimum over the exact minimizer set. O
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Proof of the deterministic geometry theorem

Proof of Theorem C.2. Let G3° be the intersection of £4¢* from Proposition C.4 and &P from Proposition C.12.
Both complements satisfy a bound of the form

C exp {—c\/d log(2N (d)(d + 1))] . (91)

Since log(2N(d)(d + 1)) — oo, the quantity in (91) is at most e~V for every sufficiently large d, after
increasing the deterministic threshold. The sign construction in Proposition C.4 gives Fx # & on this event,
and compactness gives nonempty minimum-norm sets.

The proof of Proposition C.7 is deterministic on £3°* and gives the maximum-pair statement (42) under
a deterministic vanishing envelope. Lemma C.3 then gives (43). Proposition C.10 and Lemma C.3 give
(45). Proposition C.16 gives (44) for every fixed a > 0, using the reduced polar factor when o < 1 and the
hard-edge truncation when o = 1. Choose one deterministic wg | 0 dominating all three errors. Because
dsp(a) > 0 and dpmax > 0, (46) follows for every sufficiently large d. O

C.6 From Direction-set Geometry to Population Accuracy

We now convert the geometric separation above into ordinary multiclass population accuracy. The lemmas
in this subsection are stated for general classifier families so that the same transfer can be reused in the
stochastic and AdamProxy analyses.

For every classifier with nonzero pairwise row differences, define

Era(W) i =1=Accra(W),  pim;(W):=P(w; X** >w X" |Y =4).
Under the normalized convention in (38), set o4 := r/V/d, and for i # j write

_ Mt Hy

dig(W) = lluy —uljlla, sij = llmi = pglla, - >

Lemma C.17 (Pairwise Gaussian error bounds). For every i < j, let e;;(W) := {pi;(W) + pj—:(W)}/2.
Then

f?gj?({ﬂi,dpmj(w) + 75.4Pj i (W)} < Exa(W) < {miapics; (W) + mj.apj i (W)}, (92)

1<j

and hence Ex g(W) > 2Tmin,a max;<j e;;(W). Moreover, with c;;(W) =1 —d;;(W)?/2,

s (W) = 1 lq)(SijCij(W)/?Jr <U¥,mij>> +q)<sijcij(W)/2 - <Uiv}/amz‘j>>] . (I)(sij(cij(W»Jr) . (93)
d

2 oq

where ®(a) = P(Z > a) for Z ~ N(0,1).

Proof. Conditionally on Y = 4, the multiclass error event is the union of the events {wJTX te > w;'— X'} up
to Gaussian-null ties. The union bound gives the upper half of (92), while any fixed unordered pair gives the
lower half. For u = u}¥ .. m =m;;, and s = s;;, the identities u; = m + (s/2)v and p; = m — (s/2)v

37 v = uija
give

Py (W) =B (“T“") L ) =T (‘“T“) 7

0d 0d

which proves the equality in (93). For ¢ > 0, the even function z — [®(q + 2) + ®(g — 2)]/2 is minimized
at zero, while for ¢ < 0 the same average is at least 1/2. Since u'v = 1 — d;;(W)?/2, the final inequality
follows. o

Define

74 :=max ||| pi|3 — 1], pa = max|u] 1. (99)
i 7]
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Lemma C.18 (Quantitative Gaussian radial event). There are deterministic nq | 0 and events Rq, depending
only on the class means, such that, for every sufficiently large d,

1
P(RS) < ~e~ V2

1 ; Ta+pd <1na on Rq. (95)

Proof. Under the normalized convention, d||u;||3 is chi-square with d degrees of freedom, while conditionally
on fi;, the inner product ;] 1; is Gaussian with variance ||p;|3/d. Taking a sufficiently large constant C,,
and g = C,d~'/*, standard chi-square and Gaussian tails followed by a union bound over O(d?) indices give
(95). O

For nonempty classifier families Rglf and Cglf, put

hqg := sup maxd;;(W), A= inf D.o.. W),
d WE?E;H i#] ’LJ( ) d wecs avg bdry( )

and, whenever 75 + pg < 1, define

17—
Agim ——— 2P TT g, (96)
2(1+ 74 + pa)

1 A2
By LTt P (1_d) . (97)
2 2 ),

Proposition C.19 (Finite-dimensional geometry-to-error transfer). If Ag > 0, then

_[A —( B
sup Eqra(W) < (k— 1)<I><d) , inf & q(W) > 27rmin)d<1>(d> )
WeRM 0d wecgt o4
Proof. For v = uj}, radial control gives
oy > 1—74—pa 0Ty > 1 —74— pd

V20 + 74+ pa) V20 + 74+ pa)

If W e R, then Huij — |2 < hg, so both directed population margins are at least A;. The upper
bound follows from the union bound in Lemma C.17. If W € CSf, some pair has d;;(W) > Ay, while
5ij/2 < /(1 4+ 74 + pa)/2. The midpoint-free lower bound in Lemma C.17 then gives the second inequality. [J

Define 52
1 1
a(h):=—=—h b(d) = — (1 - ) . (98)
2/
Theorem C.20 (Geometry-to-accuracy transfer). Suppose 74 + pqg — 0, limsup, hq < h, and liminfg Ay >

8> 0. Ifa(h) > b(9), then under Assumption 2.2,

SupWeR::ilf (c/‘ﬂ-’d (W)
ianeCilf 5‘,1-7(1 (W)

— 0,

and therefore, for every sufficiently large d,

inf Accrq(W) > sup Accrq(W).
WeR! wecst

Proof. Choose constants 0 < b < a such that b(d) < b < a < a(h). Proposition C.19 gives, for all sufficiently
large d, _

supgett € d < kE—1 ®(a/og)

infcglf &T’d - 27Tmin,d E(b/ad) '

The standard Mills bounds imply that the right-hand side is at most C’kﬂ';ﬁlm de_c‘i for constants C,c > 0,
because 1y < Tte,0. Assumption 2.2 makes this quantity vanish. O
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Lemma C.21 (Population-error continuity along a direction set). Fiz d, a linearly separable training set
X containing at least one sample from every class in [k], a matriz norm ¢, and 0 < ¢ < yu(X). If
dCOS(Wt,Z/{ifE) — 0, then

limsup & (W) < sup &rq(U), liminf &; 4(W;) > inf &; 4(U).
t—o00 UeuXx t—o00 Ueujg

P,e
Proof. The norm-normalized section of Z/{jf . is compact, and its strictly positive empirical margin keeps every
pairwise row difference uniformly away from zero. Population error is invariant under positive scaling and
continuous on this section because the Gaussian test law gives zero mass to score-tie hyperplanes. Uniform
continuity on a compact neighborhood proves the claim. O

Lemma C.22 (Boundary metric under direction-set convergence). Under the fized-data assumptions of
Lemma C.21, if dCOS(Wt,L{i{E) — 0 with 0 <& < vy (X), then

lim sup Davg—bdry (Wt) S sup Davg-bdry(U)a lim inf Davg-bdry(Wt) Z inf Davg—bdry (U)
t—o00 Ueuﬁs t—o00 Ueuu)ii

Proof. The same compactness argument as in Lemma C.21 applies because D,yg bdry is scale invariant and
continuous whenever all pairwise row differences are nonzero. O]

C.7 Proof of the Deterministic Optimizer Accuracy Ordering

Proof of Theorem 3.1. Work on the event G3° from Theorem C.2. Proposition C.4, items (H1)—(H2) imply
74+ pa = o(1) on this event. Take R = UX . Equation (42) gives hq = o(1). For 1 € {sp, max}, take

C§" =U,\. Equations (44) and (45) give liminfg Ag > &, > 0, where by, = dgp () and Gyay is defined in (40).

Since
S U SR T
=57 (1 2 >+ = b))

Theorem C.20 gives, for every sufficiently large d on G4°t,

sup &rq(U) < min inf & q4(V). (99)
Uel Ye{sp,max} Vel

row

The full-batch implicit-bias results in Appendix B, together with Lemma B.2, give direction-set convergence
to Uss,, for RowGD and RowGDM, to Ugy for Spectral-GD and exact-SVD Muon, and to Uy, for SignGD,

Signum, and full-batch Adam under the stated Adam assumptions. Lemma C.21 transfers (99) to all seven

trajectories. Since P(Get) > 1 — e_\/a, replacing error by one minus accuracy proves (5) with the claimed
probability. O

C.8 Proof of the Limiting Classifier Geometry

We prove Proposition 3.2 under the normalized convention (38), under which p;, 2; s KN (0,1;/d). Since all
statements below are invariant under the common rescaling used in (38), they transfer directly to the original

normalization.
Let M, € R**4 have rows p, let Cy = PM,, and write a compact SVD C), = UHEHVJ. Define

Q= UHVJ, and write g; for its i-th row. Recall from (41) that

Ksp(a) = my2(@) € (0,1).

VaAl
In particular, when a > 1, kgp(a) = my ja(a).

Lemma C.23 (Empirical-to-population polar transfer). Under Assumptions 2.1 and 2.2,

1 P
E”Qm - Qu”% — 0. (100)
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Proof. By (47), the i-th row of M,, — M, is 7“2;'— , and the rows are independent centered Gaussian vectors
with covariance 121,/ (n;d). Hence M,, — M,, = DSH/v/d for a standard Gaussian matrix H and a diagonal
matrix satisfying || DS|lop < 70/+/Timin- Since k/d — a and nyin — 00,

dq := [|Cm = Cullop < My = My|lop = 0p(1).
On the full reduced-rank event, ||Q.|lop = 1, rank(Q,) = rq, and (Q, C,) = ||C,||«. Therefore

O S ||Cm||* - <Qp,acm>
< ICmll« = 1Cull+] + [(Qus Crm — C)| < 2rada. (101)

Write C,, = Upn 8, V., and set ap := 1 — u;MQ#vm,g. Then (101) gives

1 &
— Z 00(Crn)ag < 264. (102)
(st

If o # 1, Proposition C.12, item (S5), bounds every positive singular value of C,, away from zero, so
Lemma C.13 and (102) yield 7, '||Qm — Q|3 = op(1).

Suppose a = 1. Choose a deterministic sequence d, | 0 such that §; < §; with probability tending to
one, and set 74 := max{nq, \/a}, where 7,4 is the envelope in Proposition C.12. For all sufficiently large d,
T4 < to, and item (S5) together with Lemma C.13 gives

1 44,
—[|Qum — Q|2 < 4Co(ra + na) + —= = op(1).
Tq Td

This proves (100). O

Proof of Proposition 3.2. We first establish the claimed geometry uniformly over the corresponding exact
maximum-margin faces.
For the Row geometry, Proposition C.6 and Proposition C.4, item (H1), give

sup max ||w; — pill2 = op(1).
wemMX v

Since min; ||p;]j2 =1 — op(1), Lemma C.5 yields

sup max ||W; — ;2 = op(1). (103)
WeMX, *

row

For the Max geometry, put g := /2/7, let T; := sign(u;), and write tpax := 75, (X). For W € MX
set A := W/tymax. The sharp radius estimate (114) and the global sign rigidity (119) imply
1+o0p(1) IA—T|&

tmax = ———2 sup 1 1E — (1), 104
Vi b o (1) (104)

max

where T has rows T,'. Let A:= k1Y, A; and T := k1>, T;. Jensen’s inequality, (104), and E||T||3 =
d/k = O(1) give supyy || A||2/v/d = op(1). The class-averaged feasibility constraint (56) then gives, uniformly
over i and W € MX__|

Al i > gVd — op(Vd).
Together with max; |||u]]1/vd — g| = op(1) from (117), this implies D; := ||u;1 — A pi = op(v/d) uniformly.
Substituting this bound into (120) and using the uniform Gaussian small-ball estimate (118) yields

1
sup max EHA’L — ﬂ||§ = op(1).
wemX 4

max

45



Since ||T;||2 = v/d, normalization stability gives

5, sisn(n)

Vd

For the Spectral geometry, let B := PW/||PW||op. Combining (88) with Lemma C.23 gives

= op(1). (105)

sup max
wWemMX v

max

1
sup  —||B — Q% = op(1). (106)
wemX Td

This proves the population-mean version of the spectral geometry claimed in the proposition.
It remains to identify the mean angles when « > 1. For Row, (103) immediately gives a limiting angle of
zero. For Max, (105), max; |||xi]l2 — 1] = op(1), and (117) give

_wim o [2
will2lill2 ™
For Spectral, o > 1 implies rq = d. Since C}, is a centered Gaussian matrix, the left singular frame U, is

Haar in 1+ and independent of its singular values. Haar-projector concentration and the Marchenko-Pastur
limit therefore give

sup max = op(1).

wWemX v

max

1
a3 = 1| =001, max]a s - 50| = 0x(1). (107
Indeed, if S, := Q,C] = U,%,U,, conditional Haar concentration gives max; [S,[i,i] — ||Cy||«/k| = op(1),
w nCp ppl I 1

while [|Cp|l+/k — sq and ¢ (u; — 1) = S,[i,4] with ||z]l2 = op(1). Since sq = my o(a)/v/a and kep(a) =
mq jo(a) for a > 1, (107) yields

¢ pi
max | —-——— — Kgp(a)| = op(1). (108)
o lasllallpallz
We now transfer (108) from @, to arbitrary exact Spectral minimizers. Fix W € MZ, set a := [|[W||op,

and let @ := k! > ;w; and h := w/a. Centering preserves every margin and cannot increase the operator
norm, so exact optimality gives ||PW|op = ||W|lop = a. Hence, with B := PW/a,

W By 1", 1'B=0". (109)
a

Because [|Q, [z = d, (106) gives | B[z = d — op(d) uniformly over MZ. The two terms in (109) are
Frobenius-orthogonal, while ||W/al|op = 1 implies |W/al|3 < d. Therefore

NIk
d = ” = | BI% + klAl3,
a g
and hence
sup ”hHQ = O]P(l)- (110)
wemM
Consequently,
1 k w; 2 1 ) )
sup 7> H* ~ 4|, = sup {k”B — Qulls + ||h||2} = op(1). (111)
wemy M@ 2 weMmy
Moreover, every spectral row is nonzero with probability tending to one: if w; = 0, then (56) gives

—ah"m; > 1 — 1/k, contradicting a = Op(1), (110), and max; ||m;|l2 = Op(1). Since (107) bounds min; ||g; ||
away from zero, (111) and normalization stability imply that, for every fixed € > 0,

T
Wi M
arccos| —————— | — arccos kgp ()

1 .
su — 7.
> #{ Tl

>eb 5 0. (112)
wWemMX k
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Because every angle lies in [0, 7], (112) implies

T
Zarccos( o Wi M ) — arccos Kgp ()

P
— 0.
201l

sup
weM

Finally, (37) identifies each maximum-margin direction set with the positive rays through the corresponding
exact minimum-norm face. The full-batch implicit-bias results used in Theorem 3.1, together with Lemma B.2,
give direction-set convergence to Uzx  for RowGD and RowGDM, to UX for SpecGD and Muon, and to
UX . for SignGD, Signum, and Adam. At each fixed d, the normalized row directions, the centered spectral
representative PW/||PW ||op, and the mean class—row angle are continuous on the corresponding compact
direction sets on the high-probability events established above. Taking t — oo first and then d — oo
therefore transfers (103), (105), (106), and the three angle limits to the optimizer trajectories, proving
Proposition 3.2. [

C.9 Quantitative Population-error Exponents for Deterministic Geometries

Because all three accuracies may converge to one, a strict accuracy ordering can still correspond to an
exponentially large separation in population error. To quantify this separation, define the directed-pair
exponent and normalized log error by

2
2rg,

d

Eq(W) := rgéi;_l[(ug)—rui]j_, Fa(W) = —

log Ex a(W).

Both are invariant under positive rescaling and common row shifts.

Lemma C.24 (Directed-pair exponent controls multiclass error). For every classifier with nonzero pairwise
row differences, set Io(W) := dEq(W)/(2rd) and Co :=3/2 + % log(2m). Then

max{0, [;(W) —log(k — 1)} < —log & (W) < Iy(W) 4 log(1/mmin,q) + 1og(1 + /2L4(W)) + Co.  (113)

Consequently, uniformly over any classifier family on which Eq(W) = O(1), one has Fg(W) = E4(W) + o(1)
under Assumption 2.2.

Proof. For a directed pair, the exact error is E(ﬁ(u}’;’)Tui/rte). Let ¢ = y/2I4(W). The Gaussian tail
bounds

Qefﬁ/? < E(t) < 16*9/2

1+t 2

show that one directed pair contributes at least myin ge~ 0~ 1a(W) /(1 4 /2I4(W)) to the multiclass error,
while a classwise union bound gives &; (W) < (k — 1)e~%¢(") when all directed population margins are
nonnegative; if one is negative then I;(W) = 0, and the same logarithmic lower bound is trivial. This proves
(113). Multiplying by 2r2 /d and using k = O(d), log(1/mTmin.a) = o(d), and 7, < rie o proves the uniform

o(1) reduction. O

Let g := 1/2/m. The following sharpening is needed only for the quantitative statement; the qualitative
accuracy theorem above already follows from the angular gaps in Theorem C.2.

Proposition C.25 (Sharp directed signals on the Max and Spectral faces). Under Assumptions 2.1 and 2.2,
in probability,

1 1 1 1
() = LA ey DOl (114)
g\/g Sa
Moreover, uniformly over the complete exact faces,
1

WAT
su max |(u,; i— —=| =op(1), 115
WGA%“#J(”)“ 7= = o) (115)
inf  min(ul?) T > 2% — op(1). (116)

WeME i#j
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Proof. Let M, have rows ui let C, = PM,, and let T := sign(M,). Standard Gaussian concentration,
uniformly over the k = ©(d) classes, gives
[Cullsum
kvVd

and, for every fixed a > 0,

) T,
=g+ op(1), max ‘”u\/zgl — g’ = op(1), max 175 il = op(1), (117)

i \/d

6,0 VAIC A < a} BRI <), max 30 Valull)] < o) < PG| < )+ 0p(1). (118)

Also ||Cr, — Cpllsum = Op(k\/g) by Proposition C.4. Every feasible W satisfies the averaged exposure
inequality (W,C,,) > k — 1. Max-sum duality and (117) therefore give %, (X) > (1 + op(1))/(9Vd),
while Proposition C.4, item (H5) gives the matching upper bound. Similarly, operator—nuclear duality and
Proposition C.12, item (S1) give 7%,(X) > (14+0p(1))/sq, while the polar witness Q,,/px and Proposition C.12,
item (S3) give the matching upper bound. This proves (114).

Fix W e MX__and set A:=W/r:  (X), 50 ||Allmax = 1. The exposure inequality and the exact Max
radius imply

(A,Cu) > [ Cpllsum — OP(k\/g)

uniformly over the complete Max face. Put S := sign(C,) and Ay := 1 — A[i,€]S[i,¢] € [0,2]. Since
(Ali, 0] — S[i, £])? = A2, < 2y, for every fixed a > 0,

14— 8|3 _ 2V
kd ~ akd
First sending d — oo and then a | 0 gives supyy, |A — S||3/(kd) = op(1). Since C,[i, €] = p;[¢] — fi[f], where
g=k1Y", pi and ||i]|2 = op(1), the same small-ball argument transfers S to T, yielding
| A — T|J%
wems,  kd

max

(1l — {4, Cod) + 25((0,0) - VAICli 1] < a}.

= op(1). (119)

Let A=k71Y, A; and T = k=13, T;. Jensen’s inequality and (119), together with E||T||3 = d/k = O(1),
imply supy || All2/vV/d = op(1). Averaging the class-i constraints over its samples and over all competitors
gives
m; > S S Vd — op(Vd)

S ) T
Proposition C.4, item (H1), the bound ||4; — A||2 < 2V/d, and the preceding control of A therefore imply
Al pi > gVd— OP(\/E) uniformly over i and the complete face. The nonnegative deficiency D; := || ;|1 — A, i
is thus op(v/d) uniformly. For every fixed a > 0,

2D;
avd
Using (118) and then sending a | 0 proves supy, max; ||4; — Ti|l2/vd = op(1). Finally, uniformly over i # j,
(T; — Tj) " i = gvV/d + op(\V/d) and ||T; — Tj|la = V2d + op(v/d), which proves (115).

For Spectral, class-average feasibility gives (w; —w;) m; > 1, while |lw; —w;ll2 < V2||Wlop = \/§r;‘p(X).
Proposition C.4, item (H1) and (114) therefore give (uij)—rul > 54/v/2 — op(1) uniformly, proving (116). [

(A4 —A)T

4~ T3 < 20 4 S0 Valald] < a). (120)

Ly
d

Proposition C.26 (Deterministic population-error exponents). Under Assumptions 2.1 and 2.2, uniformly
over the indicated complete maximum-margin direction sets,

1
sup |Fq(R) — 2’ = op(1),
Reuzx,,
1
sup |Fu(dt) — ] — op(1),
MEeUX, i
2 2
%ﬂ —op(1) < F4(S) < # +op(l),  Seul.
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Consequently, for 0 < a < 1, the spectral interval collapses to ksp()?/2; at o = 1, this value is 32/(97?).

Uniformly over R € UX , M € UX, , and S € Z/{S)é,
Ex d(M) T™—2 d
1 ’ = 1)) = 121
Og gw’d(R) 47_[_ + OIP( ) rt267 ( )
1 — kgp(a)? 2r2 Era(S) 152
—— —op(l) < —=1 : < o 1). 122
S5 —on() < e log U < S oe(1) (122)

The Row-Spectral gain is exact when a < 1.

Proof. For Row, Proposition C.7 and the Gaussian mean shell imply (ug)T,ui = 1/v/2 + op(1) uniformly over
all directed pairs and the complete Row face. Proposition C.25 gives the corresponding uniform Max signal
1/y/7 + op(1). Hence E4(R) = 1/2 4 op(1) and E4(M) = 1/7 + op(1) uniformly.

For Spectral, Proposition C.25 gives E;4(S) > s2/2 — op(1) uniformly. Theorem C.2 implies that every
spectral direction has an ordered pair with d;;(S) > dsp(a) — op(1), and hence (ufj)—rufj < Kgp(@) + op(1).
For that unordered pair,

(“isj)T/ii + (Ufi)T/ij = (U%)T(M — 115) < V2 kg () + op(1).

Both directed signals are positive by the preceding lower bound, so at least one is at most kg, (c)/v/2 + op(1).
This proves the upper endpoint for E;4(S). Lemma C.24 transfers all three statements from E4 to F,. Finally,
Sa = ksp(a) for a < 1, while subtraction of the exponents gives (121)—(122). O

Proposition C.27 (Population-error exponents of deterministic optimizers). Under the assumptions and
optimizer conventions of Theorem 8.1, the deterministic full-batch optimizer trajectories satisfy, in probability,

1
lim sup |Fq (WOWEPM) — ’ = op(1), (123)
t—o0 2
1
limsup |Fq(WA4™) — = | = op(1).
t—00 T
Ezact-SVD Muon satisfies
5a M M Fsp()?
-2 —0p(1) < liminf Fd(Wt uo“) < limsup Fd(Wt uon) < Pt 4 oop(1). (124)
2 t—o0 t—o0 2

Define the Row—-Spectral exponent-gap constant

— kgp(@)? my o (a)? a [P o — ) (T — aq
Aeyp(a) == % = i <1 — ;/2/\(1)) >0, mya(a) := Py /aa v \/)5( ) dz, (125)

where
o = (1 —a~V2)2, b = (14~ Y/2)2,

1 o? b S — D)@ —aa) , \
Aexp(a)—i 1—47T2(a/\1)</% Tz dx)

FEquivalently,

For example,

1 64
Dexp(1) = (1 - W) ~0.06987,  Awp(2) ~0.03247, Ay (3) &~ 0.02133.

Consequently,
r2 Er.q(Widam) =2
lim sup |- 1 UELANA — =op(1
msup|~log 7 yRevaony ~ g | = ()
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and

2 Muon
.. 2T gw,d(Wt )
Aexp(@r) — 0p(1) < liminf — log &, 4(WRowGDM)
2 gﬂ WMuon 1— 2
Tie ,d( Rt GDl)\/[ < Sa + O[[D(l)-
Eﬂ,d(Wt oW ) 4

< lim sup —= log
t—o0 d
The same conclusions hold with RowGDM replaced by RowGD, with Adam replaced by SignGD or Signum,
and with Muon replaced by Spectral-GD. When 0 < a < 1, the two Row-Muon bounds coincide. Here, op(1)
refers to the limit d — oo, after taking t — oo at each fized d.

Proof. The full-batch margin-convergence results used in Theorem 3.1 imply that the normalized trajectories
approach the corresponding row-, entrywise max-, and spectral-norm maximum-margin direction sets. Since
Proposition C.26 holds uniformly over each complete direction set, Lemma C.21 transfers its exponent
bounds to the long-time optimizer trajectories. This gives (123)—(124). The definition (125) follows from
Ksp(@) = mq/2(a)/va A1, and the integral form follows from the Marchenko-Pastur density. The log-error
ratio statements follow from

Tth gwyd(w(z)) 1

Tie 1op Emd(W=) 1 Wy _ E, (@
d 8 g (W) 5 (FalW®) = Faw®))

No uniqueness of the optimizer-selected limiting direction is required. O

Corollary C.28 (Full-batch Muon versus Adam). Under the assumptions and optimizer conventions of
Theorem 3.1, suppose 0 < a < v, where o, ~ 1.225 is the aspect-ratio threshold defined by 5(21* =2/m. Then,

with ) )
o=} (2-2) =0
4 ™

the deterministic full-batch trajectories satisfy

2 Muon
lim sup Tte log Er.a(W; )

Era(WATm) =~ 1. 126
t—soo d 57T,d(WtAdam) < —cepala@) + op(1) (126)

Thus exact-SVD Muon has asymptotically smaller population error, and hence higher population accuracy,
than full-batch Adam with probability tending to one. The same conclusion holds with Muon replaced by
Spectral-GD and Adam replaced by SignGD or Signum.

Proof. Proposition C.27 gives lim inf;_, ., Fg(WMum) > 52 /2 — 0p(1) and Fq(WA4%™) = 1/7 + op(1) at long
2
times. Using “¢ log(&2/&1) = 5(Fa(W1) — Fa(Wa)) gives (126). O

Remark C.29 (Relation to last-layer practice). In practical last-layer training, Adam is typically preferred
to Muon, whereas Corollary C.28 predicts the opposite ordering for a < ay. A likely source of this mismatch
is that our result compares only asymptotic convergence directions and therefore does not capture convergence
speed or finite-time trajectories. The comparison is also idealized, using deterministic full-batch training,
exact-SVD Muon, and Adam without a numerical-stability constant. For o > ., the ordering between Adam
and Muon remains open.

D Proofs for Stochastic Optimizers

This appendix proves Proposition 3.4. The random-reshuffling momentum analysis in Corollary B.12 places
RR-RowSGDM, RR-Muon, and RR-Signum in near-maximum-margin direction sets for the row, spectral,
and entrywise max norms, respectively. We show that, for sufficiently large momentum, these near-margin
sets retain enough of the deterministic geometric separation to yield a strict population-accuracy ordering.
Throughout this appendix, training time tends to infinity at each fixed dimension before the limit d — co.
For each d, write mgq := N(d)/bq. Recall the geometry-adapted atom radius Ry (X) from (17), and for

w € {wrowa 1/Jspa ¢max} define
ep,p.0(X) =2(1 - 6)md(m§l — 1Ry (X), ui(ﬁ,b = ujﬂ(,auuﬁ,b(X)'
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D.1 Near-margin directions and near-minimum-norm representatives

Lemma D.1 (Near-margin reduction). Fix a linearly separable dataset X, a matrix norm ¢, and 0 < e <
Yo(X). For every U € Z/Iif,s, define

U €

oy = e

Then Vy € Fx,
P(Vy) < (1+&y(e; X))y (X)),
and Vi has the same normalized pairwise row differences as U.

Proof. Set U := U/¥(U). By definition of U
feasible and

mar (U) > Yy (X) —e > 0. Hence Vy = U/marx (U) is

e

b= — <] g x) ()
U = — >~ = = ; .
mary (0) ~ 7w(X) —¢ ~ 1-¢/7(X) v ’
The normalized pairwise row differences are unchanged under positive scaling. O

D.2 Quantitative stability of near minimizers

Lemma D.2 (Combined Gaussian-cloud event). There are deterministic wq | 0, constants C,c > 0, and
events £5°*" such that

P((£3°)°) < C exp [—c\/dlog(zzv(d)(d n 1))} : (127)
all conclusions of Propositions C.4 and C.12 hold with their vanishing errors bounded by wq, and

max ||z s]|2 < 1+ 2rg + wy, max ||z 1 < (14 2ro + wa)Vd. (128)
i,8 i,8

)

We may additionally take wg > 1/k.

Proof. Intersect the events in Propositions C.4 and C.12 with the event max;  ||2; s||2 < 2. The latter fails
with probability at most 2Ne~°?, which is smaller than the right-hand side of (127). Under the normalized
convention (38), the mean shell gives max; || ]|z < 1+wqg, 50 ||Zis]l2 < 1+wq+ 2rg, and the ¢1 bound follows
from ||z||; < v/d|z||2. Enlarge one deterministic envelope to dominate all finitely many errors and 1/k. [

Proposition D.3 (Near-minimizer stability). There are constants Crow, Cmax > 0 and Csp(a) > 0 such that,
on EJ°, for every 0 < <1,

W e Fx, ||W||row < (1 + f)r:ow(X) = r?;?}x ||u":]v - UZHQ < C’row(""’d + 5)1/47 (129)
W e Fx, [Wllop < (14 &5 (X) = Davgvary (W) = dep() — Cop(@) (wa + €)**, (130)
W e Fx, ||W||max < (1 + f)r:nax(X) g Davg—bdry(W) > Omax — CmaX(Wd + f) (131)

Proof. For the row norm, put ¢ := wy + £. The empirical-mean witness in Proposition C.6 gives r’ (X)) <
1+ Cwy, so max; ||w;||la < 1+ Cq. Averaging feasibility within class ¢ and then over all competing classes
gives (w; — w) m; > 1 — 1/k. The row variance identity then gives |[w||3 < Cgq, and substituting this
bound back into the averaged margin inequality yields max; ||w; — m;|l2 < Cq'/*. The mean perturbation in
Proposition C.4 and Lemma C.5 prove (129).

For the spectral norm, Proposition C.15 gives an error C,,¢*/? when o # 1 and Cq'/* when a = 1. Since
q'/? < ¢'/* for ¢ < 1, enlarging the constant proves (130) uniformly over all aspect ratios.

For the max norm, fix ¢ # j, set v := w; — wj, and put u := u?. Near-optimality and Proposition C.4(H5)

ij
give
V21 + Cq

[l <

o1



The two class-averaged feasibility constraints imply v (m; — m;) > 2, and hence viu > V2 —Cq. Ap-
plying the clipped minimum-energy characterization in Proposition C.8, the uniform empirical laws in
Proposition C.4(H6), and Lemma C.9 gives

’UTU

The cosine-distance identity and Proposition C.4(H4) prove (131). O

D.3 A dimension-independent momentum threshold

Proposition D.4 (Uniform radius-to-margin ratios). On £, for every sufficiently large d,

Rrow(X Rop (X Rax(X
A S Krowa ﬁ S Ksp7 A S KmaX7 (132)
VYrow (X) ’Ysp(X) 'Ymax(X)
where one may take
8(1+2
Kiow = 4(1 + 2TO), Ksp = %7 Kiax = (v 2m + 1)(1 + 2’/“0).

Proof. Each ratio equals Ry (X)ry,(X). For every sufficiently large d, Proposition C.6 gives ], (X) < 2,
the reduced-polar witness (89) and px — so > 0 give r3,(X) < 4/s,, and Proposition C.4(H5) gives

o (X) < (V271 +1)/(2V/d). Equation (128) and wy — 0 imply, for sufficiently large d,
Riow(X) = Rp(X) <2(1+2r0),  Rumax(X) < 2(1 + 2r9)Vd.

Combining these estimates proves (132). O
Let
s = min{dsp (@), Omax } > 0. (133)
Choose h, > 0 sufficiently small that
1 1 (5, /2)2>
— —h,>—1(1- . 134
NG 7 (- R (134

Choose b, € (0, 1] sufficiently small that
s s
Cronbt <oy Cip@p' < T Crnnbs <

Set
0 7*/ - ( 5 ) - { o }
% 1= s Ag := mg(mg — 1 5 }<* = max lir w,}< ;](max ’
l*/2 0 0 0 sp

a.Ild deﬁIle
1 6*
m - 1 I e—— A .
aX{ 5 } 5 0 > 0

All constants in (133)—(135) depend only on (a, 79, my).

Ap =0,

Bo = (135)

Proposition D.5 (Uniform stochastic near-margin geometry). Under the data and batching assumptions
of Proposition 3.4, fix B € [Bo,1). Then, for every sufficiently large d, on £3°%", all three effective margins
Yo (X) — €y.8,6(X) are positive and

sup  max [[uf; — ufjll2 < ha, (136)
veux, 5, 7
inf D (V) > i
mn avg-bdry = 5
veux ;. 2
. O
veﬁ,%fx,g,b Davg-bary(V) 2 - (137)
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Moreover, after increasing the deterministic dimension threshold if necessary,
P(Ee) > 1 — e Ve,
Proof. For each geometry, define the relative stochastic deficit

_ epb(X)
Yp(X)

Ry (X)
Yy (X))

Aya(B) =2(1 — f)ma(mg — 1)

Since mq < myg, Proposition D.4 gives
Apa(B) <2(1— B)AgK, < 0. < 1.

Thus every effective margin is positive. By the definition of 6.,

Ay.a(B) < by
1-Aya(B) ~ 2

For every U € L{j}f 5.p» Lemma D.1 therefore gives a feasible representative with identical normalized pair-
wise row differences and relative norm slack at most b./2. For every sufficiently large d, wq < b./2, so
Proposition D.3 gives

sup m;xnug — ]|z < Crowbi* < hy,

Ueur)éw,ﬂ,b )
inf D (V) 2 6.p(a) — o)t/ > 5, = 22 5 %
veuxX ., avg-bdryl\ "/ = Tep SPAT/TE =T g = 97
and
inf D (V) 2 Gmax — Conacb > 8 — 02 > O
1 avg-bdr: ~ Umax — maxYx — Ux —™ - = 7.
Veujfax,ﬁ,b grbdry 8 2

This proves (136)—(137). Finally, log(2N(d)(d + 1)) — oo, so the failure probability in (127) is at most e~ V4
for every sufficiently large d. O

D.4 Proof of the stochastic optimizer accuracy ordering

Proof of Proposition 3.4. Fix B € [8y,1), and let Ry be the Gaussian radial event from Lemma C.18. Set
Ha :=EF NRa.

By (127) and (95), after increasing the deterministic dimension threshold,
P(Hg) >1—e Ve, (138)

Work on H4. Define the Row family
Rgf = ur)gw,ﬂ,b

and, for ¢ € {sp, max}, the competitor family
1f X
Copsa = Ui pb-
Proposition D.5 gives
sup max ||lul; — ul' ||z < ha, inf  Davgbary(V) > 6—*
verat i# 0 Y vecd, ' 2

The choice of h, in (134) gives the strict limiting amplitude gap

a(hy) > b(0./2),
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where a and b are defined in (98).
Choose fixed constants 0 < b < a such that

b(0./2) < b < a < a(hs).

On Ry, the radial deviation and coherence in (94) converge to zero under a deterministic envelope. Therefore,
for every sufficiently large d, the finite-dimensional amplitudes in (96)—(97) satisfy

Ag>a, By <b
for the Row family and each of the two competitor families. Proposition C.19 consequently gives
b

sup Era(U) < (k— 1)<1><“> , inf  Erq(V) > 27rmin7d<1><0_> .

UeRM 0d veeyt, d

For z > y > 0, the Gaussian upper tail satisfies ®(z)/®(y) < exp(—(z% —y?)/2). Hence k = O(d), rte < Tte.0,
and log(1/mmin,a) = o(d) imply

su ar Ex q(U

. Pueryr Erall) < Ck e~ — 0.

lanECf/'}fd 57r,d(V) Tmin,d

Hence, for every sufficiently large d on Hg,

sup EpalU) < min b Era(V). 139
Ueur)éw,ﬂ,b ( ) ¢€{Sp,max}veu$&b ( ) ( )

It remains to transfer the set ordering to the optimizer trajectories. Proposition D.5 ensures that all
effective margins are positive. Corollary B.12 therefore gives

RR-RowSGDM X
dcos (Wt o 7urow,B7b) — 0,

dcos (WtRR—Muon’ u)]g,ﬂ,b) N O,

S

eos (WIS UK 5) — 0. (140)

Applying Lemma C.21 to (140) and then using (139) gives, for each opt € {RR-Muon, RR-Signum},

limsup &y q (WHRROWSEDM) < gup £, 4(U)
t—o0 UeuX

row,3,b

< inf 5ﬂ7d(V)

X
VEUy .66

< liminf & o (W;™) |

where z/JMuon = 1psp and wSignum = 1bmax~ Since ACCﬂ',d =1- 57r,du
WtRR'ROWSGDM) > lim sup Accr g (WtOpt) )

liminf Accy 4 ( max
t— o0 opte {RR-Muon,RR-Signum} ¢—o00

Since Hy and the dimension threshold above are independent of 8 € [8y, 1), and the random-reshuffling
margin bounds hold deterministically for every reshuffling realization, the conclusion holds simultaneously for
all such 8 and every realization of the reshuffling. Together with (138), this proves (6). O

E Analysis of AdamProxy for Random-reshuffling Mini-batch
Adam

This appendix proves Proposition 3.5, Proposition 3.6, and Proposition E.10. We first show that 1,82 — 1
random-reshuffling Adam is approximated over one epoch by the deterministic AdamProxy direction. We
then prove a trajectory-level coordinate bound for AdamProxy and use it to establish a coordinate-induced
angular gap, which, together with the near-row geometry from Appendix D and the geometry-to-accuracy
transfer in Appendix C, yields the RR-RowSGDM-AdamProxy population-accuracy ordering. Separately,
we characterize the limiting AdamProxy classifier through a self-consistent semidefinite quadratic margin
problem when the normalized proxy direction converges.
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E.1 One-epoch 5,5, -+ 1 RR Adam approximation

Throughout this subsection, probability is taken only over the independent random reshufflings while the
training data are fixed. We assume 1 < b < N, use the gradient convention of the main text, namely
gn(W) = —(ey,, — pn(W))z,}, and use the standard Adam initialization My = V; = 0. For a uniformly

random b-subset B C [N], recall Gg(W) =b"' 3" _ 5 gn(W), and set

N N
SW) =Y ga(W), QW) :=>_ gn(W)*.

n=1

Lemma E.1 (Finite-population batch moments and relative scale). Assume 1 < b < N. For z =
(21,...,2n) €ERY, define Tpz :=b"'Y . p 2z and 0(2)? := Eg[(Tpz)?]. Then

LN
Eg|Tpz] = — Zn, 141
[T an:; (141)
) b—1 T .

o(2)” = NN —1) (7; Zn) + NN —1) ;zn (142)

Consequently, with py (W) := Eg[Gp(W)] and pua(W) := Eg[Gp(W)®?],

— ©2 —
() = 5 S00), () = LI CL= DA, (143
and therefore

(W) @ pia(W)P2 = By (1), (144)

Moreover, because 1 < b < N, o is a norm and

1 N —b
< < — =y 14
enpllzllz < o(2) < \fb”z”% END T NN —1)' (145)

while every b-subset satisfies

1
T2 < Knpolz), 5 D lenl € Knpo(z), Ky o= (146)

’ N—b
neB

For a matriz coordinate p = (r,a), define z0(W) := ¢,(W)[p] and o,(W) := o(2?(W)). Under the nonzero-
coordinate assumption in Proposition 3.5, o,(W) > 0 for every finite W and every p.

Proof. Let I, := 1,epy. Since B is a uniform b-subset, Ef,, = b/N and E[I,,I,/] = b(b—1)/(N(N — 1)) for
n # n'. Expanding E[(Tp2)?] gives (142), while (141) is immediate. Applying the two identities coordinate-
wise to g, (W) gives (143), and substituting these expressions into (W) @ ua(W)©1/? gives (144) by (7).
The second term in (142) gives the lower bound in (145), while |Tpz| < b™1 Y 5 l2n] < b71/2||2]2 gives
the upper bound and (146). Finally, at finite W, every softmax probability is strictly positive. If r = y,,,
then g, (W)[r,a]l = —(1 — pp,y,, (W))z,la] # 0, while if r # y,,, then g,(W)[r,a] = pn(W)z,[a] # 0. Hence
2P(W) # 0, s0 0,(W) > 0. O

Lemma E.2 (Adam-step and signal stability). Let 0 < 81 < 82 < 1 and define

(1-p51)?

A(Br, B2)? = (1—B2)(1—pB3/B2)’

Then 2 < Ba, and for Uy := M1 © Vt(illm,

1T |lmax < A(B1, B2), |Wis1 — Willp < Vid A(By, Ba2)1s- (147)
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There are finite data-dependent constants L, C' such that, for all U, W, every batch B, and every coordinate p,

|G (U)lp] = Ge(W)[pl| LIU=W|le

T gc(e lw-wi —1)7 (148)
|G (U)[p)> — Gs(W)[p)?| LU W

Ty gc(e lu-wi —1). (149)

Proof. Fix one coordinate and write Y, := G, (W,,)[p]. Zero initialization gives My 1 = (1— 1) Eé‘:o BlY;_;
and Vi1 = (1 — B2) Z;:() BQYE_] If V11 = 0, then M;y; = 0; otherwise Cauchy—Schwarz gives MEH <
A(B1, B2)?Viy1, proving (147). For the stability bounds, let A := U — W. The logit perturbations satisfy
led Az, | < ||Allp||lznll2, so every softmax probability ratio, and also the ratio of 1 — py .., lies between
e LIAIF and eLlIAIF after enlarging L. Each coordinate of g, is a fixed feature coordinate multiplied by
one of these quantities, giving |g,(U)[p] — gn(W)[p]| < (eXIAIF —1)|g, (W)[p]|. Summing over n € B and
applying (146) proves (148); the identity |a® — b2| < |a — b|(|a| + |b|) then gives (149). O

For the next lemma only, extend the reshuffling process to all integer epochs by taking independent
uniform ordered partitions for every epoch index in Z. For z # 0, define Y;(z) := Tg,z/0(2).

Lemma E.3 (Uniform concentration of frozen exponential averages). For every § > 0, there exists ws :
(0,1) — [0,1] with ws(B) — 0 as BT 1 such that, for every epoch start T =rm,

P | max sup |(1—8)Y 3 (Vre j(2) — EYo(2))| > 6 | <ws(B).
=0

0<s<m 2#0

The same statement holds with Y;(2)? in place of Y;(2) and E[Yy(2)?] = 1. For fized N,b, one may take
ws(B) < C5(1 = P).

Proof. Tt is enough to work on the compact o-unit sphere. Group the lags in the exponential average by
reshuffling epoch. Contributions from distinct epochs are independent, every epoch block has mean zero,
and Lemma E.1 uniformly bounds |Y;(z)|. Hence the variance of the centered exponential average is at most
C(1—p)? ZqZO p%am < C'(1 — ). Chebyshev’s inequality gives the stated rate for each fixed z. The maps
z +— Tpz are uniformly Lipschitz in the o-norm, so a finite §-net and a union bound make the estimate
uniform over z and over s = 0,...,m — 1. The argument for Y;(2)? is identical because Y;(z) is uniformly
bounded. O

For fixed W, define the two-sided frozen memories

oo o0

MW= (1) BiGs,_, (W), V(W)= (1-p) BiGp,_,(W)°2.
j=0 j=0

Their expectations are pi (W) and s (W), respectively.

Lemma E.4 (Freezing one epoch). Fix 0 < 81 < B2 < 1. Under the assumptions of Proposition 3.5, for
every coordinate p, uniformly over 0 < s < m,

=B
|Mr,salp] = M (W2 )lo)l e
UP(WTT») r—oo

0, (150)

B2
|VTT+S+1[IO] -V T+s(Wn)[PH P
UP(WTT)Q r—o

The convergence is uniform over the finitely many coordinates.

0. (151)
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Proof. Fix t = 7. + s. The first-moment difference consists of the missing negative-time tail and movement
errors obtained by replacing W;_; by W, . Lemma E.1 bounds the normalized missing tail by C’Bﬁl. For
0 <j <s, Lemma E.2 and monotonicity of n; give |W;_; — W, |lr < Cs, g,mn,,. — 0. For j > s, writing
qg=j—sgives |[W; _q— W, lr < Cs s, Z;;;i_q Ny. Therefore (148) bounds the normalized past-lag
contribution by

Tr Tr—1

et 3o (m (e 5 a)-1).
=1 u=r,—q

which tends to zero by Assumption 2.6. This proves (150). The second-moment argument is identical using
(149) and fs, proving (151). O

Lemma E.5 (Continuity of the Adam ratio). There is a universal Cioy < 00 such that, whenever o > 0,
lao| < o, la — ao| < do, and |v — 02| < do? with 0 < § < 1/2,

a ap

N

S Craté-

Proof. Since v > 02 /2,

a ap la — ag| 1 1 1/9
a4 <3S (1 2],
voiair v ] vt ERALRS (Ch)
where v = 02(1 4 ¢) and |e| < 6. The map =+ (1 + 2)~/? is Lipschitz on [~1/2,1/2]. O

Proof of Proposition 3.5. Let fx (W) := pu1(W) @ pua(W)®V2 = & (W) by Lemma E.1. Because the
Adam update uses the gradient convention,

m—1 m—1
W‘r m W‘r Tr+s Tr+s
Dredm T Z N+ Ur s, Z Mrots _ (152)

Tr = " —

Fix 0 < 6 < 1/4. Lemma E.3 gives, with probability at least 1 — ws(51) — ws(B2), relative §-control of both
frozen memories around pq (W-..) and pa (W), simultaneously over the epoch and all coordinates. Lemma E.4

transfers these bounds to the actual memories with 2§ in place of §, up to an event whose probability vanishes
as r — o0o. Jensen’s inequality gives | (W)[p]| < /p2(W)[p] = 0,(W), so Lemma E.5 yields

max [|Ur, 15 — P p(Wr,)[lmax < C6 (153)

0<s<m -

with the same asymptotic probability. Combining (152) and (153) gives

+ ¢N7b(WT,.) < C9.

max

H WTT-&-m — WTT
v

T

Given € > 0, choose 0 so that Cd < e. Taking r — oo first yields a limsup probability bounded by
ws(B1) + ws(B2), and then taking (81, 82) — (1,1) through 0 < 8 < B2 < 1 proves (8). O

E.2 RR-RowSGDM versus AdamProxy population accuracy

We prove Proposition 3.6 by bounding the coordinates of the margin-normalized AdamProxy iterates and
comparing the resulting classifier family with the near-row-margin family. All training-time limits are taken
at fixed dimension before the limit d — co.
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A deterministic trajectory bound. Fix a finite linearly separable dataset X = {(xn,yn)}n 17 with
z, € RY and y, € [k]. Write p,(W) = S(Wx,,), £,(W) = —logpy,,, (W), and L(W) = N1 Zn 1 bn(W).
For Q:={(n,c):n € [N], c £ yn}, set A, . := (e,, —e.)z, , so that

marx (W) = min (W, A,..), Ymax(X) = max marX(V) > 0.
(n,c)€Q 1V lmax<

Let R1(X) := max,, ||,]/1 and 7%, (X) = Ymax(X) L. For x > 0, define

max(

hn(W) = (eyn —pn(W))xI = Z pn,c(W)An,c:

CFYn
N N
n=1 n=1
(W) :=8W)o (S( )92 4 kQ(W )®1/2

All powers and divisions are entrywise, with 0/0 := 0.

Proposition E.6 (Positive margin growth and a trajectory-level coordinate bound). Let x > 0, let W € RF*4
be finite, and consider Wiy = Wy 4+ a, W ,o(Wy), where a; > 0, a; — 0, and Y.~ a = 0o. Define

e KaX) =24 VARIK).  pulX) ”’;;g)) >0,
s=0 K
Then L(W;) — 0, marx (W;) — oo, and
lim inf m%(wf) > pulX), (154)
1@ng > pe(X), (155)
limsup #(W) SR (156)

The margin-normalized matrices in (156) are well defined and have minimum training margin one for all
sufficiently large t.

Proof. For finite W, define

N
Zlfpnyn Dy ROV)i= 3 pac(W) = NG(W) >0,

and let 0, (W) := p, (W)/R(W). Then (W) belongs to the probability simplex A(Q). For any 6 € A(Q),

write

N
= Z HH,CATL,Ca 5(0) = Z Z"(e)
n=1

cFEYn

N ®1/2
D,(0) := <5(9)®2 + HZZH(H)m) .

Since h, (W) = R(W)Z,(0(W)), the common factor R(W') cancels in the proxy ratio, giving

V(W) =S(OW)) ©D(0(W)),  [[¥x(W)llmax < 1. (157)
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The coordinate bound follows from D, (0)[p] > |S(8)[p]|, including zero denominators under the stated
convention. The entrywise inequalities [S(0)| < >°, [Z,(0)| and (3, Z,(0)®2)®1/2 <3~ |Z,(6)| imply

D5 () [lsum < (14 V) ZIZ Msum < 2(1 + VE) Ry (X) = Ky (X).

Here the last inequality uses || A4,, = 2||znlly and 32, negOne = 1. Let Vi attain ymax(X) on the
compact max-norm unit ball. Max—sum duality and the margin constraints for V, give

IS(0)[lsum = (Va, S(0)) = D OnelVis Ane) > Yamax(X).
(n,c)eQ

If D,.(8)[p] = 0, then S(0)[p] = 0. Weighted Cauchy—Schwarz on the remaining coordinates therefore yields

_ S@)[p]> _ 1ISO)|Ium
O P‘DN%:[/JDO D”(Q)[P] = D (0 )Hsum 2 pu(X)-

Since VL(W) = —=G(W)S(6(W)), it follows that
—(VLW), U (W)) = GW)T:(0(W)) = pu(X)G(W). (158)

To control the discrete-time remainder, fix [|Allmax < 1. Then ||Azy,|o < R1(X), and the softmax
Hessian satisfies

D2£n(V)[A, A] = Varcwp, (v) ((Amn)C) < 4Ry (X)2(1 — Pn,yn <V>)

Indeed, the variance is at most the second moment about (Azy),, , and every logit difference has magnitude
at most 2R;(X). The softmax formula also gives G(W + sal) < e2F1(X)eG(W) for a > 0 and s € [0, 1].
Because a; — 0, the quantity amax := sup, a; is finite. Taylor’s formula, (157), and (158) consequently imply

L(Wyy1) < L(Wy) — ar(pe(X) — Cxar) G(Wr), Cx = 2R (X)?e2 1 (X)amax (159)

For all sufficiently large ¢, the coefficient in parentheses is at least p,.(X)/2, so L(W%) is eventually nonincreasing
and has a nonnegative limit. If this limit were Lo, > 0, then at each sufficiently large ¢ some sample would
satisfy £,(W;) > L(W;) > Lo, and hence G(W;) > (1 — e~ L=)/N > 0. Summing (159) would contradict
L>0and ) ,a =o0. Thus L(W;) — 0. Since 0 < £,,(W;) < NL(W;), every sample loss tends to zero, and

GWe) _ 3,(1—e (")

W)~ o) "

Moreover,

(W) =log (14 3 e~ W)
CFYn
shows that every training margin tends to infinity. For all sufficiently large ¢, dividing (159) by L(W;) and
applying —log(1 — 2) > z gives
g(W)

—log L(Wit1) + log L(W:) > a;(ps(X) — Cxay) L(W,)

The factor multiplying a; converges to p,(X), so summation and weighted Cesaro averaging yield

. —log L(W,)
lim inf —= "8
1m 1n T

t—o00 t

> pr(X).

Write m; := marx (W;). Once m; > 0, a sample attaining the minimum margin gives

1 m e~ Mt
L(W;) > Nlog(l +e M) > R —log L(W;) — log(2N).
This proves (154). Finally, (157) gives ||W¢|lmax < [[Wollmax + Tt Combining this bound with (154) proves
(155) and (156). O



For 2 < b < N, the explicit AdamProxy formula gives

b(N — 1) N—b
_¢N’b(W) = C%F;‘IIKN:}](W), C%I’Db = m, RN,b = ﬁ

Thus (9) has the recursion in Proposition E.6 with a; = cﬁ,lfb’yt and vy = Z;”:_Ol Dmt+s- At each fixed
dimension, Assumption 2.5 implies a; — 0 and ), a; = oo. The full-batch case b = N corresponds to

kN =0, cﬁi =1, and ¥, = sign(59).

Gaussian-cloud normalization and coordinate caps. We use the normalized convention (38), under
which p;, z; s ~ N(0,15/d) and X*® | (Y =) ~ N (u;,72,14/d). This convention also preserves the relevant
trajectory estimates. Indeed, if X™ = +/d X and V = v/d W, then every normalized-data sample gradient at
V equals d~'/2 times the corresponding raw-data gradient at W, so U, x(V) =¥, xraw (W). Consequently,
V; = VdW, follows the normalized-data recursion with step sizes v/da; and identical predictions. For
RR-RowSGDM, scaling its momentum by d—'/? gives the same row-normalized update direction, so its
transformed parameter trajectory uses step sizes v/d ;. Multiplication by this fixed positive constant preserves
Assumptions 2.5 and 2.6 at each fixed d. We suppress the rescaling in the notation below.

Under the assumptions of Proposition 3.6, by > N(d)/mg — o0, so bg > 2 for all sufficiently large d.

Moreover,

bd(md — 1)

0< KN,bg = < 2(m0 — 1) =! K. (160)

Set
R, :=2(1+4 2r9), Cap :=7R.(1+ \/%), aap = max{3,2Cap + 1},

and define the capped feasible family

Cap + 1/2}
Cai= 4V € Fxx t [|[Vlmar < 2221
d { x V| 7

For the functions Apax and Bpax in (39), and for a > 3, let 7, € (0,1) be the unique solution of

Anax(Ta) = g.

Such a solution exists because Apay(0) = 0, Apax is strictly increasing, and Apax(1) > 1/y/7 > v/2/a. Define

V2 T
Cclip(a) = m; 5clip(a) = 2 - 2Cc1ip(a)a 6AP = 5clip(aAP)-

Strict Cauchy—Schwarz gives Amax(7)? < Bumax(T) for every finite 7 > 0, so 0 < Caip(a) < 1 and dap > 0.

Lemma E.7 (Uniform clipped-Gaussian angular barrier). Let uqe € ST be indexzed by a nonempty finite
set Iy, and suppose the empirical functions in (48) satisfy

sup sup (|Hud,5(7) — AmaX(T)’ + ‘Jud,s(T) — Bmax(7)|) — 0.
£€Ly T€[0,1]

Fiz a >3, let ag — a and vg — /2 be positive deterministic sequences, and define

ad T
\Z ::{UERd:v < —, v uy zvd}.
K: [0 T K:
For all sufficiently large d, these sets are nonempty and
inf inf ||[—— —u > denipla) — oq(1). 161
€T vEVae ||,UH2 d,§ , Cllp( ) d( ) ( )

The error depends only on the uniform empirical errors and the deviations of aq and vgq from their limits.
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Proof. Since vg/aq — V2/a < Amax(1), uniform convergence gives 0 < vg/aq < Hy, (1) for every ¢ and all
sufficiently large d. The feasibility condition in Proposition C.8 therefore holds, and that proposition gives

. =~ ~ Ud
= = J H = —
Ma,¢ vren]g}E HUHQ ad Ud, ¢ (Td,ﬁ)’ Ud, ¢ (Td@) ag )
with 7y ¢ € (0,1). Uniform convergence and strict monotonicity of Ay,ax imply
sup |Tae — 7ol — 0, sup |mg¢ — @/ Bmax(7s)| — 0.
£€Ly E€Ty

For every v € V¢, the vector y = (vaq/(v" uge))v also belongs to Vg ¢. Hence

T
UV Ud, Ud
||’UH2§ < Mae - clip(a‘) +0d(1)a

where the error is independent of v and uniform over . The identity |[v/||v] — ul|2 =2 — 2vTu/||v||2 proves
(161).

Proposition E.8 (Capped AdamProxy trajectories and boundary separation). For every sufficiently large d,
on the event £;°* from Lemma D.2, the AdamProxy trajectory satisfies

WAP ‘
W €Cy for all sufficiently large t, (162)
and
Jnf min [u); — wfslla > dap — 04(1). (163)

The error is deterministic on £3°*" and uniform over V € Cq. The time threshold in (162) may depend on the
dimension, dataset, initialization, and learning-rate schedule.

Proof. The event guarantees separability, and Proposition C.4(H5) and (128) give

% V2r + Od( )
Tmax(X) — 2\/> b)

Applying Proposition E.6 and (160), we obtain

max ||z, ]l < R.,  Ri(X) < VdR,.

WtAP — * 2
hm sup \/> 2(1 + \/E)dR* Tmax (X)

t—00 marx ( I/VtAP

max

< Cap +oq4(1).

For all sufficiently large d, the right-hand side is less than Cap + 1/4. The definition of the time limsup and
the unit margin of the normalized iterates then give (162). In particular, C4 is nonempty.
Fix V € Cq and an ordered pair i # j, and write v := v; — v; and u := ;. The coordinate cap gives

2C0ap +1 _ aap

[vllee < 7 Vi

Averaging feasibility over the samples from classes i and j gives v'm; > 1 and vaj < —1, and hence

IN

vl > T > V2 —04(1).

The last error is deterministic and uniform over all pairs and all V' € C4, by Proposition C.4(H2). Choose a
positive deterministic sequence vy — v/2 below these projection lower bounds. Proposition C.4(H6) supplies
the empirical estimates in Lemma E.7, which applies with ag = aap and Zy = {(4,5) : ¢ # j}. Thus
[u}; — uf}lla > dap — 0a(1) uniformly over all pairs and all V' € C4. Finally, Proposition C.4(H4) and the
reverse triangle inequality prove (163). O
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High-momentum row geometry. Let C.., be the constant in Proposition D.3, and let K,. be the row
constant in Proposition D.4. Choose hap := d3p/(32v/2), so that

a(hap) > b(dap/2), (164)
where a and b are defined in (98). Set
. har \* bap/2
bap := min {1, <me> } ) Uap = m7 Ag == mo(mg —-1),
and 1
ia AO = O,
Bap = 1 Dap (165)
maX{Q,l%I(row}’ AO>O

These constants depend only on (o, 79, mg), and Sap € (0, 1).

Lemma E.9 (High-momentum Row near-set control). For every fized 5 € [Bap,1), on E°* and for every
sufficiently large d, the RR-RowSGDM effective margin is positive and

sup  maxlul — uhz < hap.
UeUy, 44, i#j

Proof. The relative margin deficit is

Erow,B,b4 (X) RrOW(X).
Yrow (X) “Yrow (X)

Proposition D.4 and (165) give Ayow.a < 2(1 — 5)AgKrow < 9ap < 1, including Ayow,g = 0 when mg = 1.
Thus the effective margin is positive, and

A1row,d = = 2(1 - /B)md(m?l - 1)

A1row,d < bAiP
1- Arow,d -2

Lemma D.1 maps every U € Z/lr)gwﬁ’bd to a unit-margin feasible representative with the same pairwise
row directions and relative row-norm slack at most bap/2. For all sufficiently large d, wq < bap/2, so

Proposition D.3 gives the uniform bound mebi/; < hap. O

Proof of Proposition 3.6. Set 51 := fap, fix f € [f1,1), and let Ry be the Gaussian radial event from
Lemma C.18. Define Hq := £7°* N Rq. By (127) and (95), for every sufficiently large d,

P(Hg) >1—e Ve

Work on Hg4, and take

R =Uy 54, CI=Ca
Lemma E.9 and Proposition E.8 give, for all sufficiently large d,
sup max |[ul; — uf||2 < hap, inf Davgbary (V) > (SA—p.
verat i#i - 00T VeCy -2

The radial deviations tend to zero on R4 under a deterministic envelope, and the limiting amplitude condition
is (164). Choose fixed constants 0 < b, < a, with b(dap/2) < b. < a. < a(hap). Proposition C.19 gives, for
Od = T'te/ V/d and all sufficiently large d,

sup  Era(U) < (k—1)®(ax/0q),

X
UelUsow b,

. > X Y .
Vlggd gﬂ—yd(V) = 27Tm1n,dq)(b*/0d)
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The Gaussian upper-tail inequality ®(x)/®(y) < =@ =v)/2 for & > y > 0 therefore yields

SUPversy, s, EraU) k-1 (a2 -8)d\
N - =~ exX —_—— y
lanECd gﬂ,d(v) 271'min,d P

2
2th,0

since k = O(d), 1og(1/Tmin,a) = 0(d), and 7 o := supy rie(d) < co. Consequently, for every sufficiently large
d on Hgy,

sup  &Erq(U) < Vuelg EralV). (166)

X
Ueurow,/i,bd

The positive Row effective margin and Corollary B.12 give

RR-RowSGDM 7 /X
eos (W00 Ui .0s) — 0.

Lemma C.21 hence implies

limsup &y g (WRRROWSEDM) < qqp £, 4 (U).

t—o0 Uez,{rxowﬁ’bd

For AdamProxy, (162) and positive scale invariance of population error give
liminf &x q(WAT) > inf & a(V).
iminf £ (W) 2 inf Era(V)

Combining these two bounds with (166) yields

lim sup & 4 (WtRR'ROWSGDM) < lim inf SﬂAd(WtAP).
t—o00 t—oo l

Since Accr g =1 — & 4, this is the claimed accuracy ordering. The Row momentum estimates hold for every
reshuffling realization, and the AdamProxy estimates are deterministic conditional on the training data, so
no additional exceptional event is required. O

E.3 AdamProxy margin characterization

AdamProxy is not steepest descent in a fixed norm, so we characterize its limit through a data-dependent
quadratic margin problem. Let Q := {(n,c) : n € [N], ¢ # yn}, let A(Q) be the probability simplex, and for
0 € A(Q) define

Z,(0) := Z On.c(ey, —eo)T,

cEYn
N ©2 N ©1/2
N
Mn (0) := diag | vec BN =T b-1) <Z Zn(0)> + (N -b) Z Zn(0)®?
n=1 n=1
Extending the parametric margin formulation of Baek et al. (2026), let
1
Prnp(0) := arg minivec(W)TMNyb(G)vec(W) st. (w,, —w.) z,>1, (n,c)€Q. (167)
w

Proposition E.10 (AdamProxy margin characterization). Under Assumption 2.5, let Wy follow (9) with
1 <b < N. Assume linear separability, xn[a] # 0 for all n,a, and ®n (W) /|| PN p(We)lle — ©. Then

Wi /|[Willrp — W := —® and yap := marx (W) > 0. For p* := W /yap, there ezist 6* € A(Q) and a nonzero
dual optimizer \* > 0 of the corresponding problem such that

p* € Pnp(07), 0 = X/|IN)1-

Thus, the AdamProxy margin direction is characterized by Py ;(6*) at a self-consistent parameter 6*,
which coincides with the normalized dual weights of the same variational problem.
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Proof setup. The remainder of this subsection proves Proposition E.10. We first rewrite the AdamProxy
dynamics in terms of descent signals and normalized wrong-class coefficients, then characterize the trajectory-
selected limiting coefficients, and finally verify the primal-dual optimality conditions of the quadratic margin
problem.
Define the descent signals
ha(W) i= —gu (W) = (e, = pa(W))ar]

n?

and write A, . 1= (e,, —ec)x,) for (n,c) € Q. Then h, (W) = > ey, Prc(W)Apc. Set

N N
SW) = ho(W)==S(W), QW)= hy(W)**=Q(W).

n=1

For 6 € A(Q), write

n=1 n=1
01/2
Dx(0) 1= (e (0~ USO) + (¥ = 0)0))
Thus My (8) = diag(vec Dy (6)). Define
_ _ N ©1/2
() = 500 & (e (6= D32+ (V= 0@m) )

with 0/0 := 0 entrywise. The explicit proxy formula in the main text gives ¥y (W) = —®x (W), so the
AdamProxy dynamics can be written as WAL = WAY + 4,0y, (WAP).

Lemma E.11 (Coefficient representation and trajectory-selected limit). For finite W, define

_ Pne(W)
- R(W)

R(W) = Z pn,c(W) > 0, an,c(W) :
(n,c)€Q

Then
ho(W) = ROW)Z,(0(W)),  S(W)=R(W)SOW)), QW)= R(W)*Q(O(W)),

Unp(W) =SEOW)) 2Dnp(0(W)),  [[¥ns(W)]lmax < 1. (168)
Under the assumptions of Proposition E.10,

WtAP . o
— s — W= -0, (169)
WA [l
and there exist a subsequence t; — oo, 0% € A(Q), and v € (0,00) such that

OWAT) — 607, 1@ N s (WA e — v, Uy o (WEP) = oW, (170)

with S(6%) # 0 and v||W || max < 1.

Proof. The factorization follows directly from hy, (W) =" Ly Pn,c(W)A, o For every coordinate p, Cauchy—
Schwarz gives S(6)[p]?> < NQ(0)[p], and therefore

Ds(0)[p]* = SO)[p)* = =5 (¥
Hence Dy 4(0)[p] > |S(6)[p]], and if Dy (0)[p] = 0, then S(6)[p] = 0. With the convention 0/0 := 0, this

proves (168) and the coordinate bound. By linear separability, choose V' and ogep > 0 with (V, A,) > 0gep for
every q. Since Dy is continuous on the compact simplex, Dyax := maxg [|[Dy,p(0)]|max < 00, and

Tsep < (V:S(O(W))) < IV l[e Dinasc ¥ n o (W) |-
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Thus [|¥xn,(Wy)||r is bounded above and below by positive constants. Since Uy (W) = =@y (W), the
normalized descent-proxy directions satisfy Wy ,(W2) /|| n s(Wy)|lp — —®. Assumption 2.5 implies that the
epochwise schedule 7, is positive, tends to zero, and satisfies ), v = oo. With T} := Zi;é Vs 1€ np (W) ||,
one has T; — oo and

W, W, Uy (Ws) =

t—1
0 1
D 20 N U (W) )
T, =Tt e Vol s

Hence |Wy||r/T; — 1 and W /||Wi||r — —®, proving (169). Compactness of A(Q) and the two-sided bound
on [|Wy,(Wi)|[F give a subsequence satisfying (170). The separator inequality passes to the limit and gives
S(6*) # 0, while [|[ W (W, )|lmax < 1 yields v||[W|[max < 1. O

Proposition E.12 (Selected stationarity and positive margin). For the limit in Lemma E.11, there exists
a=v"1>0 such that

My 4(0%) vee(W) = avec(S(0%)) = Z 07 vec(Ay). (171)
qeQ
Moreover, o o
~vap = min(W, 4,) > 0, supp(6*) C argmin(W, A,). (172)
qeQ qeQ

Proof. Let S* := S(6*) and D* := Dy (0*). If D*[p] > 0, continuity and (170) give S*[p]/D*[p] = vW[p]. If
D*[p] = 0, then the inequality Dy (0)[p] > |S(0)[p]| proved above gives S*[p] = 0. Hence (171) holds on every
coordinate. It also gives
(W,5(6)) =v)_D*[AIW[p]* > 0. (173)
P

To identify the support, write My, o := (W, Ay ), pn 1= minezy, My e, and hy ¢ 1= Mp o — min{0, u, }. Since
([Willr — oo and Wy/||We||p — W, finite log-sum-exp asymptotics give

1
TR 7T Ingn,c(Wt) — hn,c-
Wl

Therefore every subsequential limit §* is supported on the atoms minimizing h,, .. If some p,, <0, then the
minimum of A is zero and every minimizing atom has 7, . < 0, contradicting (173). Thus every u, > 0, so
hn,c = My ¢, proving both claims in (172). O

For fixed 6 € A(Q), let a4 := vec(A,) and define

1
Lo(u, \) == 5UTMNJ,(Q)U +> NA—aju),  go(N) = uie%fkdﬁg(u, A),  A>0.
qeQ

Lemma E.13 (Semidefinite primal-dual certificate). Fiz § € A(Q). Suppose U is feasible for (167) and
A > 0 satisfies

My (0) vec(U) = 3 Mg vec(Ay), MU, A) —1)=0 (g€ Q).
qeQ

Then U € Py p(0), and A is a dual optimizer. No invertibility of My ,(0) is required.
Proof. Write u := vec(U), M := My (), and let V be any feasible matrix with v := vec(V'). Since M > 0,

1 1 1
ivTMv - iuTMu = 5(1} —u) M(v—u)+ ;M(V —-U,Ay) >0,

where feasibility and complementarity are used in the last step. Thus U is primal optimal. Stationarity
makes u a global minimizer of the Lagrangian for this A, and complementarity makes the dual value equal
the primal value, so A is dual optimal by weak duality. O
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Proof of Proposition E.10. Set p* := W /yap, where W = —® and yap > 0 are given by Lemma E.11 and
Proposition E.12. Let « be the scalar in (171) and define

e
Ap = —0.

47 Jap 4
Then p* is feasible because (p*,A,) > 1, and dividing (171) by yap gives the stationarity equation in
Lemma E.13. If A} > 0, then ¢} > 0, so (172) gives (W, A;) = yap and hence complementarity. Lemma E.13
therefore yields p* € Py (0*) and dual optimality of A*. Finally,

«
Nl = ——=>"0r =
X == 0

o
=—>0,
YAP

so 0% = 1- is proves the proposition.
6* = X*/||A*]|1. Thi th iti O

F Extension to Anisotropic Gaussian with Independent Orienta-
tions

This appendix proves Theorem 4.2. The proof uses clean training in an essential way: the optimizer-selected
limiting directions depend only on the class means and are therefore independent of the Haar eigenbases
of the test-noise covariances. We first characterize the geometry of these selected Row, Spectral, and Max
directions and then compare their Gaussian test errors after exposing the independent test-noise orientations.

1/2
)

Normalization and Gaussian error transfer. Apply Lemma C.1 with the common factor d~ and

suppress the rescaling in the notation. Thus throughout this appendix
1
i = ﬁ

and the clean training set is X = {(u;,7)}%_,. This rescaling changes neither classifier predictions nor
margin-direction sets. Set 7 o 1= supyie(d) < co. For any classifier with w; # w;, define

i — Wj v (wf)) i
i jll2 (uY]V)TElufy

.. 2
Mg w0 X =)~ ().

Lemma F.1 (Gaussian error transfer). Let Ry and Cq be nonempty classifier families. Suppose every
W € Ry satisfies Z;—,;(W) > Aq > 0 for all i # j, while every V € Cq has a directed pair i # j satisfying
Z;i—;(V) < Bq, where 0 < By < Aq. Then

SupWERd Errﬂ'gd(W) < k-1 < <_ Ai — Bﬁ) (174)

infyec, Errﬂﬁd(V) " Tmin,d 2Tt2e,0
Consequently, if A2 — oo, limsupy B3/A2 < 1, and log((k — 1)/Tmin,a) = 0(A2), then every classifier in Rq
has strictly larger population accuracy than every classifier in Cq for all sufficiently large d.
Proof. For a directed pair ¢ # j,
—(Zi i (W
P(w;Xte > w;I'Xte | Y = Z) — (I)<_>]()) ,
Tte

where ®(z) = P(G > x) for G ~ N(0,1). A union bound over the k — 1 competitors gives Err, 4(W) <
(k —1)®(Ag/re) for every W € Ry. For V € Cq4, the directed pair supplied by the assumption is contained
in the multiclass error event, so Erry 4(V) > Tmin.a®(Ba/rte). Since ®(x)/®(y) < exp(—(2? — y?)/2) for
x>y >0, (174) follows. The final assertion is immediate. O

66



For 6 > 0, write
d
Te,d = Z a?.
a=1

For every fixed 6 > 0,
a7 0<6<1,
Thq =< logd, 6=1, (175)
1, 0>1.

In particular, for fixed 0 < s, < 1, the trace-normalized mean covariance obeys

s, Ia < T, ITlop < Cs, d**, tr(I'?) < C;, (d + d***) logd. (176)

Optimizer-selected directions. Let F. be the sigma-field generated by the class means together with
the prescribed optimizer initializations and tie-breaking variables. Because training uses only {(u;,1)}5 ;,
Fe is independent of Oq, ..., Oy.

Lemma F.2 (Residual-exogenous optimizer limits). On the probability-one event on which the directional
limits assumed in Theorem 4.2 exist, define

WPt
Uopt 1= tliglo m, opt € Orow U Ocomp-
Every Uopt 15 Fci-measurable and hence independent of Oy, ...,Oy. Moreover,
uf)gwa Opt S Orowa
Uopt € { U3, opt € {SpecGD, Muon},

UX. ., opt € {SignGD, Signum, Adam},

and
Accr g (WiP') — Accr,a(Uopt) - (177)

Proof. The empirical loss, every full-batch gradient, and every optimizer state are F.-measurable, so induction
gives the same measurability for every iterate and hence for every normalized directional limit. The full-batch
implicit-bias results used in Theorem 3.1, together with Lemma B.2, place the three optimizer groups in
the corresponding maximum-margin direction sets. Finally, population accuracy is invariant under positive
rescaling, each margin direction has nonzero pairwise row differences, and the positive-definite Gaussian test
laws assign zero probability to score-tie hyperplanes. Dominated convergence therefore gives (177). O

Mean geometry of the selected directions. Let M* € R**? have i-th row ,u;'—, let P:= I — k‘llklg7
and set C* := PM*. Recall kgp(a) < 1 from (41), and define

Uop(a) := Hsp(a)2, Umax = g, Vo 1= max{¥sp(a), Vmax} < 1.
T

Lemma F.3 (Selected mean geometry). Fiz 0 < s, <1 and any finite collection of Fc-measurable Row,

Spectral, and Maz selectors. For every fized 0 < £ < 1—s5,,, with probability at least 1 — e for all sufficiently
large d, the following hold.

(i) Every selected Row direction satisfies

M Urow T
gg;?(um )

v

i > —= —o(1). (178)
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(i1) For every selected Uy, ¢ € {sp,max}, and every fized € > 0, there exist unit vectors a;p, .. .,a}f

directed edge set Q;‘f with |fo| > ck(k—1), and

P ¥
S s
Y e = a

(3

such that

Tw_
max| (a}))a}| = o(1/ log d).

Uy 1
max ||uzJ _plj||2 —1 d

(i,4)€Gy

U. 2 Yy + €
max [} < EE
(1,9)€G

The event can be chosen simultaneously for the entire finite selector collection.

Proof. Write Ly := log d. Weighted Gaussian quadratic and bilinear concentration using (176), followed by a
union bound over O(k?) quantities, gives

max i[5 — 1 + max s iy < L5 (179)

except with probability at most C exp{—cd*~*+/L§}. This failure probability is at most e~ for every fixed
¢ <1 — s, and sufficiently large d.

For Row, apply Proposition C.6 to the clean samples with m; = u; and e; s = 0. Equation (179) gives
max; [lw; — |2 < CL; ', uniformly over the exact Row face. Since ||; — j;]|2 = v/2 + o(1) uniformly over
pairs, normalization stability yields ufjv = (i — 115)/ | — pjll2 + O(L;'%), and (178) follows.

For Spectral, write the reduced singular value decomposition

CHr=UAVT, Q:=UVT, r:=min{k — 1,d},

and let ¢/ denote the i-th row of Q. After identifying 1#‘ with R*~!, the nonzero part of C* has the
same law as GT''/2/v/d, where G € R*~1*4 has i.i.d. standard Gaussian entries. Its left singular frame is
therefore Haar in 13- and independent of the singular values. Haar projector concentration gives, on the same
probability scale,

mase | [lgp]} — 7| + maxlal g)] < L5, (180)
Moreover, since QC*T = UAUT, conditional Haar concentration and the bound ||fills = o(1), where
=kt Zl Wi, give
T I 32
rlrl%x (@i —a;) i — o1 <L;™. (181)
The nuclear-to-Frobenius ratio satisfies
CH||«
(il < Kep() + 1 (182)

VrlICHe

for every fixed n > 0, with the same stretched-exponential confidence. Indeed, for fixed d, the map

GAGT\ '
(%)
is concave and invariant under orthogonal conjugation, hence Schur-concave in the eigenvalues of A. Among

positive semidefinite A with tr A = d, it is maximized by I;. Gaussian concentration and the Marchenko—
Pastur limit therefore bound the numerator by its isotropic limit, while (179) gives ||C*||r/vVE = 1 + o(1).

A*—)EGU‘
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It remains to transfer the polar geometry to every exact Spectral margin direction. Since s, < 1, (175)
gives I = ¢, 14. Hence the positive singular values of C* dominate ,/cs, times those of the corresponding
standard Gaussian matrix. If o # 1, the smallest positive singular value is therefore bounded below by a
constant with probability 1 — e~¢?. If o = 1, the standard Gaussian hard-edge estimate and a dyadic union
bound give

1
;#{e (M (CH) <t} < Oy L8 <t<1. (183)

with probability at least 1 — Ce=°4/Ld’.

Let W € U, put B := PW/||PW ||op, and note that [|PW||e, = ||[W]|op because centering preserves all
margins. The polar factor  has clean margin |[C*||../(k — 1) + O(L;*?) by (181). Summing the normalized
margin constraints for B therefore gives

(B,C") = [|C"ls — kLg™.

Writing dp :=1 — uz—ng € [0, 2], where uy, v are the singular vectors of C*, yields

1 T
=Y M(CMyde < CL*.
"=
The positive spectral edge for « # 1, and (183) with a split at ¢t = L;S for a = 1, imply

1 _
SIB-Qlf < 015

The centered pair identity then gives

2

1 w q; — gy -8
sup ——— S ||ulV = L% || <cop (184)
weux k(k—1) ; Y e = gll2 ], ‘
Define " P — P
sp = ? , p:? = ﬁ.
llgill2 lai” — a3"[|2

Equation (180) gives maxix; [(a;") "aj"| < CL;'% and shows that p;; differs from (¢; — g;)/llai — g;ll2 by
O(L;*%). Combining (181), (182), and ||C*||p/Vk = 1 + o(1) gives

+ 27
ma. Sp T ; < HSp(a) )
#jx[(pu) pil | < 5

Markov’s inequality applied to (184) shows that all but o(k?) ordered pairs satisfy ||uzp —pijl2 < L'
Choosing 1 > 0 sufficiently small in terms of the prescribed e proves part (ii) for Spectral selectors.
For Max, use the common Haar eigenbasis of the mean covariance. Write

k
e
=1

Then the i-th row of C* is (U,¢;) . Weighted Gaussian concentration gives

D2,
i = Uy, [ o= el Ci 1= i —
: Tsu,d

| =

max|[[& |3 — 1] + max [¢] ¢;| + max|e] 7 — 1| + max [¢] | < L7 (185)
( i#] i i#]

outside an event of probability C exp{—cd*~*+/L}.
Put S* := sign(C*"). Conditional on the vectors in (185), standard smoothed-sign Haar concentration,
using the identities

Efsign(q ") sign(q"y)] = 2 '( zy )
sign(q ' z)sign(q'y)] = — arcsin| —————
= S el
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and

]2

T T
VdE[sign(q"z) ¢ v] = ﬁElqllﬁ = ( 2 +o(1)> i

s
gives
e 2
||C ||§um _ = S CL;?)Q’ (186)
kVd ™
St — 8gmT i 2 .
max M —y/ 2| <CL;®, (187)
i#] \/Zi ™
SHYT gH
max (50) 57 <CL}®, (188)
i#] ¢
1 ) . _ _
—#{0,0): VAICHi,al| < L%} < O (189)

For example, these bounds follow by replacing the sign function by a piecewise-linear approximation at scale
L;us’ applying concentration on O(d), and then controlling the smoothing error by the spherical small-ball
probability. The resulting failure probability is C exp{—cd/LS}.

Let W € UX, . and B := W/||W|/max. The sign matrix is a feasible unit-Max direction with margin at
least (1/2/m — CL;**)Vd, 80 Ymax(X) is at least this value. Summing the normalized margin constraints for
B and using (186) gives

”CH”sum — <B7 C“>
kvd

Since |B[i,a]| < 1, splitting the coordinates at v/d |C*[i,a]| = L; ' and using (189) yields

<CL;*.

2
<CL;'. (190)
F

SH

sup
Welux

max

S HW _
kd [ [W [ max

Equation (188) implies [|S} — %3 = 2d(1 + O(L;®)). The centered pair identity and (190) therefore give

2
1 w Sf—S; —16
sup ——~ u, — ————— || < CL;™". (191)
weux, k(k—1) ; R e T ) d
Define
S St — st
a;jrlax = ) , p?j}ax = o ;z .
Vd 155 = 55 ll2
Equations (187)—(188) give
1
max)T —max < CL78 max\T 2 _ < CL78.
max |(af") TaP™ < CLG®,  max | [(pf™) '] -~ < OLg

Markov’s inequality applied to (191) leaves all but o(k?) pairs with direction error at most Lgl. Since
1/7m = Omax/2, part (ii) follows for Max selectors. The preceding bounds are uniform over the complete exact
Spectral and Max faces, so the same event works for every member of the fixed finite selector collection. [

Test-noise geometry. The preceding lemma depends only on the class means. We now expose the
independent test-noise bases.

Lemma F.4 (Test-noise energies for selected directions). Condition on an event from Lemma F.3, and
consider the corresponding finite collection of selected Row, Spectral, and Maz directions.
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(i) If 0 < sy, < 1, then for every fizred 0 < x < 1 — sy, with conditional probability at least 1 —e~%" for all
sufficiently large d,
U\Ty ., U
2N Y — 1 = o(1). 192
sl g ) il = 1] = o) (192
(ii) Suppose sx; > 1 and put
logd
Cq ‘= .
TSE,d

For every fized b > 0 and € > 0, all selected Row directions satisfy

r?%x(u?j“’w)—r&ugj“’w <1+ (@+2b+6)ey (193)
except with conditional probability at most Cb,sd*b, For every fized q € (0, 1), each selected competitor
Uy, ¥ € {sp,max}, has an edge (i,7) € g;/’ such that
Uw T Uw
(uij ) Yiug" > 4geq + 1i,=13(1 —0(1)) (194)
except with conditional probability at most Cy od~? for every fited 0 < a <1 —gq.

Proof. For a unit vector u independent of O;, write O;u = g/||g||2. The quadratic form is

d d

T —s 2
U U= ———— E r=gr.
' ||g||%2527d r=1 "

When sy, < 1, weighted chi-square concentration gives deviations o(1) with failure at most e~ " for every
X < 1—sx. A union bound over the finite number of selectors and their O(k?) = O(d?) pair directions proves
(192).

Now suppose sy; > 1. Laurent—Massart’s inequality gives, for every ¢ > 0,

1 & 2/ Toumal + 2t

sy 2
r2gr <14
TSE,d r=1 " ng,d

except with probability e~!, while |g||3/d = 1 + o(1) exponentially fast. Taking ¢ = (2 + b)logd and
union-bounding over O(d?) selected Row pair directions gives (193); the square-root term is o(cg).

For the competitor lower bound, fix ¢ € (0,1) and 0 < a < 1 — ¢, and choose ¢+ € (¢,1 — a). Write
Ly :=logd, let h; := O;eq, and represent h; = &;/||&;||2 using independent &; ~ N (0, I;). Fix one selected
competitor and its code (a:f’) and edge set gjf from Lemma F.3. Put t4 := 1/2¢4+ Lg and define

Nd = Z 1{52—&? 2 td, f;'—a;b S —td}.
(i.5)€Gy

The coherence bound max;; |(af’)—ra;ﬁ| = 0(1/L4) implies, uniformly over the relevant distinct indices,
BETal > b0 € al < —ta) = A0, BT QY > ta, €0 < —t0 €70 < 1) = d00s o)

Indeed, the two- and three-dimensional covariance matrices differ from the identity by o(1/Lg), and Gaussian
density comparison on the relevant orthants changes the logarithmic tail asymptotics by o(Lg). Edge
indicators with different first indices are independent. Since |gjf| = 0(d?),

EN; = d2_2Q++0(1)’ Var(Ny) < ENg + d3—3a++o(1)

Chebyshev’s inequality gives
P(Ny = 0) < d~(=a0)+o) — o(d=), (195)
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On {N; > 0}, choose a counted edge using a fixed ordering of g;f. This choice depends only on the class-side
information and (&)%_;, not on the remaining residual eigenframes. Uniform Gaussian norm concentration

and [ja? — a;{)Hg =2+ 0(1) give

2ty
hiph>—=2
Po = 15 o(1))v2d
For any fixed A > 0, spherical concentration and a union bound give, except with probability O(d=4),
2
U - Uy
max Vd hj(uijw fpj}) < CaL, 1/2, Iggjxd hiTuij" < CalLy.

(4,4)€GY

Here the first bound uses Hu%” — p;pj||2 < L', and all directions in these bounds are fixed after conditioning
on the class-side information. The selected edge therefore satisfies

d(hi u*)? = (4gs — o(1))La = 4¢La

for all sufficiently large d. Since the top eigenvalue of %; is d/Ty 4, its contribution is at least 4¢c.
Suppose sy = 1. Conditional on all top eigenvectors, their auxiliary Gaussian radii, and the selected edge,
the remaining eigenframe of O; is Haar on hi-. Write ajj = h; u’*. The remaining contribution has the

i
conditional distribution ) p
d(1 —az;) S0 _,rlg?

d
Tia Zr:2 972«

The preceding upper bound gives a?j = O(Lg4/d). The weighted chi-square lower-tail inequality, with tail

iid
) 927"'7ngN(0ﬂ1)'

3/2 .
parameter L d/ , gives
d

SrTlg2 > T -1 0Ly

r=2
except with probability exp(—L3/?), since S3_, r=2 = O(1). Also, %, g2 = (d — 1)(1 + O(L7?)) except
with probability C exp(—cd/L%). Thus the remaining contribution is at least 1 — O(L;1/4) =1—-o0(1) with
superpolynomial confidence. Choosing A > a, integrating these conditional bounds, and using (195) proves
(194) with failure at most Cy ,d~®. A finite union handles all selected competitors. O

Selected-direction accuracy ordering.

Proposition F.5 (Selected-direction ordering). Fiz 0 < s, < 1, sx > 0, and any finite collection of
Fea-measurable Row, Spectral, and Mazx selectors. Assume

k—1

Tmin,d

log = o(d/logd).

Then the following hold.

(1) If 0 < sy, < 1, then for every fized 0 < x < min{l —s,,1 — s}, every selected Row classifier has stm'ctl)g(;
larger population accuracy than every selected Spectral or Max classifier with probability at least 1 — e™¢
for every sufficiently large d.

(i) If s, > 1, then for every fived
2(1 — 19(1)
2+ Yy

the same strict ordering holds with probability at least 1 — C¢d=S for every sufficiently large d.

0<(< , (196)

Proof. Suppose first that sy < 1. Fix 0 < x < min{l —s,,1 — sx}, choose x4 € (x,min{l —s,,1 — sn}),
and fix 0 < gg < 1 —¥,. Applying Lemma F.3 and Lemma F.4(i) with confidence exponent y implies that
every selected Row direction has

Zi*j(Urow)2 > (1/2 - 0(1))d

72



uniformly over all directed pairs, whereas every selected competitor Uy, has a directed pair with

0
Zimng (V) < 252 d 4 o(d).

Since Yy + €9 < 1, the competitor-to-Row squared-signal ratio has limsup strictly below one. The Row
coefficient is of order d, and log((k — 1)/mmin,a) = 0(d/logd) = o(d), so Lemma F.1 gives the strict accuracy
ordering. The two mean and residual events have joint failure at most e~®" after increasing the dimension
threshold.

Now suppose sy, > 1. Fix ¢ satisfying (196), choose b > ( sufficiently close to ¢, and then choose ¢ so that

1%<1+g><q<1—c. (197)

Such a choice is possible because of (196). Choose fixed eg,epr > 0 sufficiently small that
(Vo +erm)(4 4 2b+eR) < 4q, (Do +em)(5+20+eRg) <1+ 4q.

The first inequality holds with zero slacks by (197); the second follows from the same condition and ¢, < 1.
Apply Lemma F.3 with signal slack ), and Lemma F.4 with Row-energy slack eg. They supply squared
comparison amplitudes satisfying

A2 (1/2 —o(1))d
Rd=19 4L (442b+ep)cqa’
52 < (yten)/2)d
bd = ~
4qcq + 1{52:1}(1 — 0(1))

If sy > 1, then ¢4 — oo, and

Bla _ Wy +em)(d+2b+cp)
2

lim sup < < 1.
d R,d 4q
If sy =1, then ¢4 — 1, and
B s 54 2b
lim sup ;b’d < Wy +ea)(+2b+ep) < 1.
d AR,d 1 +4q

Moreover, A%y 4 2 d/logd, so the prior assumption is sufficient for Lemma F.1. The Row residual-energy
failure is O(d~"), while the competitor-extreme failure is O(d~%) for every a < 1 —q. Choose a € ({,1 — q).
The mean-geometry failure is stretched-exponential, so intersecting the finitely many selected-direction events
gives total failure at most Ced™¢. O

Proof of Theorem 4.2. Lemma F.2 turns the seven optimizer limits into a finite collection of F.-measurable
Row, Spectral, and Max selectors and gives convergence of their population accuracies. Choose any fixed

2(1 — 190()

0<e<
S ot

If 0 < sy, < 1, choose any fixed 0 < x < min{1 — s,,1 — sx}. Proposition F.5(i) gives failure probability at
most e~ which is at most d—¢ for every sufficiently large d. If sy, > 1, Proposition F.5(ii), applied with
¢ = ¢, gives failure probability at most C.d~¢. After enlarging a constant C, both cases therefore hold with
probability at least 1 — Cd~°. The exponent c and the constant C' can be chosen independently of s, and sx;
only the sufficiently-large-d threshold depends on these exponents. On this event, every selected Row limit
has strictly larger population accuracy than every selected Spectral or Max limit. Equation (177) then gives

) . ¢ . t
min liminf Accy g (WtOp ) > max limsupAccy g (Wfp ) ,
opt€EODrow t—00 opt€Ocomp t—300

which is (11). O
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G Coordinate-Specific RowGDM—-Adam Reversal

This section proves the coordinate-aligned transition and the recovery under a common Haar rotation in
Proposition 4.5. The comparisons hold uniformly over the complete Row and Max maximum-margin solution
sets.

Setup. We rescale all features by d—'/2, which preserves the maximum-margin direction sets and population
accuracies by Lemma C.1. Let k/d — a € (0,00), and suppose

1
'y = diag(’yl_,d, . 7'7d,d)» E trl'g =1, O<cr< Ya,d < Cr < .

The independent class means and clean training set are

1 i N
mzﬁriﬂgi, 9 SN(0,1), X ={(j,i): i€k}

Write M € R**? for the matrix with rows p,;, and define
F(M) :={W : (w; —w;) " p; > 1 for every i # j}.
The two minimum-norm solution sets are

Miow(M) := argmin ||W || ow, Mupax (M) := arg min [|W{|max.
WEF(M) WEF(M)

For ¥ > 0 and a classifier with positive directed mean margins, set

((wi —w;) " pa)?
(wi —w;) T8 (w; — wy)

The test distribution is

2
P(Y =1i) = mq, Xte | (Y =4) NN(M, ?Z) ,
where 0 < rye < 'te,0 < 00, Tmin,d = min; m; ¢ > 0, and
log(1/mmin.a) = o(d). (198)

Write Erry g = 1 — Accr g and go := +/2/7. Constants denoted by ¢, C' may change between displays; their
permitted dependence is specified in each statement.

Lemma G.1 (Gaussian coefficient comparison). Every classifier with positive directed mean margins satisfies

S (dEd(WE)> < Erep a(W) < (k - 1><I><CW> , (199)

Tte Tte

where ®(z) = P(Z > z) for Z ~ N(0,1). If nonempty classifier families R,C have positive directed mean
margins and satisfy Eq(R;X) > A> B > E4(V;X) > 0 for every R€ER and V € C, then

s.upReR Err: 4(R) < k—1 exp| d(A— B) . (200)
infyece Errﬂ,d(V) Tmin,d 2Tgc,o

In particular, a fized positive coefficient gap gives strict uniform accuracy ordering for all sufficiently large d,
without any additional probabilistic loss.
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Proof. The directed pair error equals ®(y/dL;—;(W;X)/r). A classwise union bound gives the upper bound
in (199), and a pair attaining Ey gives the lower bound. For 2 > y > 0, changing variables in the Gaussian
tail integral gives

. 0o —(u+x—y)2/2 o

O(z) = C < e_(xz_yz)m(b(y).

y V2T

Applying this inequality with @ = v/dA/r, and y = vVdB/rt proves (200). The final assertion follows from
k = O(d) and (198). O

Lemma G.2 (Deterministic whole-face stability). Fiz h, > 0 and K < oco. There exist e, C > 0, depending
only on h., K, with the following property. Let 0 < e < eg, k=t < ¢, and h € [h,1]. Suppose deterministic
means have no zero coordinates, and, with i = k=Y, ; and T; = sign(p;), satisfy

max [} 3 — 1 <, max |uf ;| <€, |52 <e,
T T
: T'T
maxM—h <e, maX|JMZ|§a, max‘l j|§s
i | Vd i#j d i d

Assume also that, for s € {e'/? 1/8},
1
max a#{a Vd|pila)) < s} < Ks+e.
K3

Then both solution sets are nonempty, and, writing tmax = miny ez |W/lmax,

sup  max [[w; — |z < Ce'*, (201)
WeMpow (M) *
1 lwi /tmax — Till2 1/16
—h|+ sup max — U2 < ogl/16, (202)
tmax\/g ‘ WEMmax(M) \/(j

Proof. The matrix with rows p; /(1 — 2¢) is feasible, so the optimal row radius R, is at most /1 + /(1 —2¢) <
1+ Ce. For any feasible W, averaging the class-i constraints over competitors gives

_ 1 _ 1
(w; —w) " s > 1—%, w:Z%Zwi. (203)

For a Row minimizer, Cauchy—Schwarz and the row variance identity therefore imply

1-1/k)? _ 1 _ )

Thus ||o]]y < Cel/?, and (203) gives w; pu; > 1 — Ce'/? uniformly in i. Expanding ||w; — u;]|3 proves (201).
The sign matrix divided by Vd(h — 2¢) is feasible, 50 tmax < [Vd(h — 2¢)]~". Fix a Max minimizer and

set H = W/tmax, H=k"1>, H;, and

_ pilly = B >

DZ'Z
Vd

0.

Since ||H ||max = 1, averaging (203) over ¢ yields
1 1-1/k H'pn
- D,L < h+e— —
k ; tmax\/g \/&
<h+e—(1Q-1/k)(h—2¢) + ||i]|2 < Ce.

For every s > 0, the coordinate bound on H gives

H,—T|2 2D, 4
I =Tl < 2P0y At Vi nfa)] < ) (204)
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Indeed, outside the indicated small-coordinate set, use (H;[a] — T;[a])? < 2(1 — H;[a]T;[a]), and use the bound
four on that set. Taking s = ¢'/? and averaging gives ||H — T'||2/(kd) < Ce/2. Moreover, ||k=*3°, T;|13/d <
k=1 4+ & < 2¢, so Jensen’s inequality gives | H||2/v/d < Ce'/*. Returning to the individual constraints now
yields

[ [|2]|il2 1/4
D;<h+e—(1-1/k)(h —2¢) + ———= < Ce*/".

Taking s = £'/8 in (204) proves the claimed uniform row error for H. Finally, averaging the constraints and
using H, p; < ||pill1 gives

1 h+ 2¢
h—2e< < =h+O(e).
7tmax\/g71_1/l€ ()

This proves (202). The feasible witnesses and compact norm sublevel sets ensure existence of both minima. [

Lemma G.3 (Quantitative whole-face geometry in aligned coordinates). Define

_ 1 _ _ 1
V1/2,d = d Z vV Va,ds ha :== goV1/2,4; Y2,d = 1 Z 73,51'

There exist €y, c,C > 0, depending only on cr, Cr, such that, whenever 0 < e < gy and k > Ce™2, an event

Aq(e) satisfies

P(Aq(2)?) < Ch2ec%" (205)
On this event, both solution sets are nonempty and
sup  max |lw; — il < Ce'/4, (206)
WEMow (M)
7 tmax - E .
sup max i/ tma = Till2 < Cel/16, T; = sign(;). (207)
WEMpax(M) Vd

Also, uniformly over i # j,
all3 =1 + [ ps] < Ce,
’(Tz‘ — 1) "
Vd
For ¥y :=(1—XNIg+ Mg and Ag(N) := 14+ A(F2,4 — 1), the same event satisfies

T, — T;|12
—hd‘+’”26lj”2—1’<08. (208)

sup max | (u; — 1) " Ea(ps — p15) — 244(N)| < Ce,

Ae[0,1] #J
T, — 7)) SA(T; — T}
sup max (T = 7)) = ) —1‘ < Ce. (209)
A€[0,1] i 2d

Proof. We verify the inputs of Lemma G.2 at precision €. The independent-coordinate Gaussian quadratic-
form and Bernstein bounds used below follow, for example, from the concentration tools in Vershynin (2012).
For the quadratic terms, the identity Ee*(Z" =1 = ¢=4(1 — 2u)~/2 for |u| < 1/2, together with the bounded
spectral weights, gives deviation probability at most 2¢=4=” for each normalized quadratic form. Polarization
gives the corresponding bilinear bounds. The variables /¥, 4|gila]| have uniformly bounded exponential

moments, so Bernstein’s inequality gives
; 2
”Nz”l hd‘ > 6) < Qefcds )

P(m

For j # i, conditioning on T gives TjTui/\/g ~ N(0,1/d). The products T;[a]T}[a] are independent
Rademacher variables across a, so their averages satisfy the same exponential bound. For either prescribed
threshold s, Gaussian small-ball probabilities and Hoeffding’s inequality give

P(;#{a Vd |pila)] < s} > Ks+5> < o2
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where K depends only on cp. Also, fi has covariance I'g/(kd); when k > Ce=2, the event ||fifl2 > ¢ has
probability at most Ce~°?. All coordinates are nonzero almost surely, and gov/er < hg < go < 1. A union
bound over these O(k?) events verifies the deterministic lemma’s hypotheses and proves (206)—(208).

For (209), it suffices to treat A = 0, 1, since the quadratic forms and their asserted centers are affine in .
The Gaussian difference ; — p1; has covariance 2I'y/d, giving mean quadratic form 2d~! tr(T'yXy) = 244(N).
The same quadratic-form bound applies at both endpoints. For the sign contrasts, (T;[a] — Tj[a])? are

independent across coordinates, lie in {0,4}, and have mean two. Their bounded weighted sums therefore

concentrate about 2tr ¥, = 2d with failure at most 2e¢4” at each endpoint. Adding these events proves
(205) and (209). O
Proposition G.4 (An exact Row—Max transition under aligned test anisotropy). Suppose
Y1/2,d = Y1/2 Y2,d = Y2, (210)
and set
h = go71/2, h*3s > 1.
For

Syi=(1 - NI+ ATy, Ae[0,1],

there are constants €9, C > 0, depending only on the spectral bounds, such that, whenever 0 < ¢ < g9 and
k> Ce™2, the event A4(e) in Lemma G.3 satisfies

1
sup sup Es(W; %)) — ‘ < V4,
AE[0,1] WEM o (M) ( ) 244(N)
h2
sup sup ‘Ed(W;EA) — —d| < Cet/S, (211)
AE[0,1] WEMmax (M) 2

The limiting coefficients cross uniquely at

k-1
T
For every fized A\ # A, there exist cy,Cy > 0, independent of d, such that, for every sufficiently large d,

Ac: € (0,1).

A< A, = IP’{ inf  Accrq(W)> sup Acc,r,d(W)} >1—Che @9,
WeMiow WEMmax

A> N, = JP’{ inf  Accrq(W)> sup Acc,r,d(W)} >1—Che @9,
WEeMmax WeMiow

At A = X, only equality of the limiting coefficients is asserted.

Proof. The spectral bounds give crly < 3, <X Crly for every A € [0, 1], since trace normalization implies
cr <1 < Cr. For Row, (206) allows us to replace w; — w; by p; — p; with Euclidean error Ce/4. The
latter vector has directed signal 1 + O(e) and test-noise quadratic form 2A44(\) + O(e), uniformly over pairs
and A. The denominators are bounded away from zero, proving the first estimate in (211). For Max, scale
invariance allows us to use the contrast (H; — H;)/v/d, where H = W/tyax. By (207), this contrast differs
from (T; - Tj)/ Vd by at most Ce'/16. The canonical sign contrast has directed signal hy 4 O(e) and test-noise
quadratic form 2 4+ O(e), proving the second estimate. These arguments also prove the same estimates for
every individual L;_,;.

Since 41,2 < 1, we have 0 < h < 1; the condition h255 > 1 implies 7, > 1 and 0 < A\, < 1. Fix X # A,
and let
o 1 h?
2l A(e -] 2
Choose a fixed € > 0 small enough that the sum of the two errors in (211) is at most Ay/4. By (210), the
finite-dimensional coefficient gap has the asserted sign and magnitude at least 3A /4 for all sufficiently large d.
Thus the complete-face gap is at least Ay/2 on Ag(e). Lemma G.1 proves the corresponding strict accuracy
ordering. Finally, k& = ©(d) allows the factor k2 in (205) to be absorbed into Cxe~**¢. No convergence rate
for either spectral summary is required; their convergence affects only the sufficiently-large-d threshold. [

Ay > 0.
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The Haar-rotation statements below hold equally for Haar measure on O(d) and on SO(d). Indeed, for
the fixed orthonormal frames used below, both measures induce the same uniform Stiefel distribution, and,
for sufficiently large d, conditional on a fixed two-frame, the unexposed direction is uniform on the orthogonal
sphere in either case.

Lemma G.5 (Quantitative sign statistics under a Haar rotation). Let deterministic vectors x1,...,x) € R?
satisfy 1/2 < ||z;|l2 < 2, let R be Haar on O(d) or SO(d), and put T; = sign(Rz;). There are universal
€0,¢,C > 0 such that, for 0 < e < gy and any two prescribed thresholds s1,s2 € (0,1], an event of probability
at least 1 — Ck2e—cd=’ satisfies

TT R T,
max | — i — 9o T < Ce,
i | Vd zill2
T T,
max LT 2arcsin<w>‘ < Ck,
i | d ™ lzill2llzll2

maxé#{a :Vd|(Rxi)[a]| < s} < Csp + Ce2, =1,2. (212)

Proof. Fix a pair and choose an orthonormal basis F' € R?*™ of its span, where m < 2. Write z; = Fu;,
z; = Fuj, and let Z € R4*™ have independent standard Gaussian entries. Then

VARF £ Y:=2B, B:=(Z'z/d) ">

Indeed, Y/+/d has orthonormal columns and its distribution is invariant under every left orthogonal transfor-
mation. The Gaussian quadratic-form bound gives

P(|ZT Z/d = Lnlop > %) < Ce™%".

On the complementary event, || B — I,||op < Ce®, and hence
1 2 6
Loy - 2y < ce

for either coefficient vector u. Set X = Zu, X = Yu, and b = £2. Gaussian small—bzzll probabilities and
Hoeffding’s inequality imply d—'#{a : | X,| < b} < Ce?, except with probability Ce™%". Consequently,

1 - 1 X - X|2
Lo s sien(R,) # sie(X,)) < Sla: X, < v+ XX < o

Thus the normalized Euclidean distance between the corresponding sign vectors is at most Ce. By Cauchy—
Schwarz, replacing Y by Z changes the empirical averages involving one sign factor and one linear factor by
at most Ce, while the empirical correlations between the corresponding sign vectors change by at most Ce2.
For a standard Gaussian row z' of Z, the corresponding expectations are

T T
u'v 2 u'v
E[sign(z ")z v] = go—, E[sign(z "u)sign(z"v)] = = arcsin() .
[ull2 @ [ull2]lv]2

The first identity follows by conditioning z "v on z "u, and the second is the standard arcsine formula for the
signs of two jointly Gaussian variables. Bernstein’s and Hoeffding’s inequalities concentrate the corresponding

empirical averages within ¢ with failure at most Ce—cde’, Finally, for either prescribed s,
1 < 1 X - X|3
g#{a: | X, < s} < g#{a: | Xal Ss+b}+% < Cs+ Ce?

—cde*

except with probability Ce A union bound over the pairs and the two thresholds proves (212);
independence between different pairs is not needed. O
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Lemma G.6 (Generic common rotation restores the Row coefficient advantage). For deterministic means,
define
-
0q = max ||| pil|3 — 1] + max |1y 151
i 1#£]

Let ¥ > 0 satisfy trX = d and cgly X ¥ <X Cxlg, and set

Mq — by

pe=Rp,  X°=RSRT,  vye= ot
(i — 1l

o— T ..
a;j = 'UUZUZ],

where R is an independent Haar matriz. There are g, c,C > 0, depending only on cx, Cx, such that, whenever

0<e<eo, Sa+d '+ kT <e?

an event of probability at least 1 — CkZG’Cdg(j, over R alone, satisfies

1
sup  max |L;_;(W;2°) — — | < Cel/4,
WeMS,, 77 ij
1
3 Lii(W:X°)— —— | < e/, 213
Y |05 — < e 213

Here the superscript o denotes solution sets and accuracies for the rotated problem. Consequently, if 64 — 0,
k/d — a € (0,00), and (198) holds, there exist ci, Cy > 0, independent of d, such that, for every sufficiently
large d,

IP’R{ inf Accy ;(W)> sup Acc, d(W)} >1—Che o, (214)
WeMoy ’ WeMs '

max

Proof. The hypotheses imply ||fi]|3 < (1 + 64)/k + 64 < Ce?. Apply Lemma G.5 to the means. The norm and
coherence assumptions, together with (212), give, for T; = sign(Ru;),

+ max ———— + max ‘T;T”
i# A\/d iz d

s ‘ [ Rpallr %
|V
Choose a fixed sufficiently large constant Cy and apply that lemma with thresholds (Che)*/? and (Cye)
After decreasing €g, Lemma G.2 applies at precision Cye, with h = gg. It follows that every Row minimizer is
within Ce'/* per row of the rotated means, while every rescaled Max minimizer is within Ce/16y/d per row
of T,L
It remains to calculate the test-noise energy of the canonical sign contrast

< Ce.

1/8

, . T-T,
YT =Tyl

Fix a pair, let S = span{u;, s1;}, and choose an orthonormal basis F' € R?2 of S. The Gram matrix of the
pair is uniformly well-conditioned under the assumed bound on 4. Conditioning only on RF', the vector b;;
is fixed whenever it is defined. Set p = (RF)'b;j, ¢ = Fp, and 7? = 1 — ||p||3. The unexposed action of R on
the orthogonal complement is Haar, so conditionally

Ry = q+7¢, (215)
where ¢ is uniform on the unit sphere of S*. On the sign-statistics event, (212) gives

T 9o T 9o
by Ry = G + O(e), by Ry = ) + O(e).

The same two inner products for gov;; are go/v/2+O(84) and —go/v/2+ O(84). Inverting the well-conditioned
two-by-two Gram matrix therefore yields

lla — govijll2 < Ck, Ir? — (1 —g3)| < Ce. (216)
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For the conditional complement calculation, let Ps denote the orthogonal projector onto S. Representing ¢
by a normalized standard Gaussian in S and applying the bounded-weight quadratic-form and Gaussian

linear-form bounds gives

(Iqa — Ps)%)

T tr T
_ <
¢ ¢ - +1lg B¢ <Ce

with conditional failure at most Ce_“l‘gz, uniformly in the exposed frame. The trace ratio is 1 + O(d~!),
since tr 3 = d and rank Ps = 2. The conditional failure bound can be integrated and then union-bounded
over pairs; we do not condition on the sign vectors of the other classes. Combining this bound with (215)
and (216) gives

max [b;;2°bi; — (g5ai; + 1 - g5)| < Ce.

i#j

The canonical Row direction Rv;; has directed signal 1/ V24 O(84) and test-noise energy exactly a;j. The
canonical Max direction has directed signal go/v/2 + O(e), and

%/2 1
giaij+1—9g2 2a;;+m—2

Both canonical contrast norms are bounded away from zero after the Max contrasts are divided by V/d.

Normalization stability, the whole-face bounds already proved, and X° > c¢xI; therefore transfer these

coefficients uniformly to the complete solution sets, proving (213). The combined failure is at most Ck2e—cd=’,
To pass to the minimum directed coefficient, put a, := max;; a;;. Then (213) implies

1 1
inf  Eg(W;%°) — sup Eg(W;2°) > -— - ———— — Ce¥/16,
WGIHMSOW a(W; ) Wes}\lxlp&ax a(W3%%) 2 20 204 + 77— 2 <
Since a, < Cy, the difference of the two displayed fractions is at least
-2
Aoy : T > 0. (217)

T 20520y + 7 — 2)

Choose a fixed e > 0 so that Cel/16 < Ayot/2. The regularity assumptions eventually ensure Sq+d Tk~ < 2.
Lemma G.1 gives the strict accuracy ordering, and absorbing k? into the exponential proves (214). O

Proposition G.7 (Opposite Row—Max orderings before and after a common Haar rotation). Under the
hypotheses of Proposition G.4, fit X € (A, 1]. Compare the original problem with means p; and covariance Xy
to the problem obtained by the independent common rotation p; — Ryu;, Xy — REART. There exist ¢,C > 0,
independent of d, such that, for every sufficiently large d, with joint probability at least 1 — Ce™?,

inf  Accrqg(W)> sup Accrq(W),

W EMmax WeMrow
inf  Accg 4(W) > Accg 4(W). 218
waih, Accra(W) > sup - Accy o(W) (218)

max

The two problems have identical class Gram matrices, class-mean norms and pair distances, mean singular
values, test-noise eigenvalues, and mean-contrast test-noise variances.

Proof. Proposition G.4 gives the first ordering with exponentially small failure. For the second ordering,
choose the fixed precision ¢ in the last paragraph of Lemma G.6. Gaussian quadratic and bilinear concentration
gives
P{5, > £2/2} < Ck2e "

For all sufficiently large d, we also have d~'+k~1 < £2/2. Conditional on any means in this event, Lemma G.6
applies with the same constants, since crly < ¥y <X Crl;. Its conditional failure is at most COk2e—cde’
Integrating this uniform conditional bound and intersecting with the first ordering proves (218). The
invariances follow directly from orthogonality; in particular,

(Ruij) T (REART)(Rvy;) = UiZE/\Ui]%
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Proof of Proposition 4.5. Lemma C.1 identifies the direction sets and accuracies in the main-text normaliza-
tion with those analyzed here. Since h = go¥1 2, the transition point in Proposition G.4 is

h=2—1 W/(2'7%/2) -1

= = Ac.

Y2 —1 Y2 —1

That proposition therefore gives the diagonal complete-face ordering with probability at least 1 — Ce~*?
for every fixed A # A, and sufficiently large d.

For every fixed A € [0, 1], the conditional argument in the proof of Proposition G.7 gives the rotated
Row-over-Max ordering with probability at least 1 — Ciore™%et?. This argument does not require A > \.. Its
spectral bounds and the positive gap in (217) are uniform in A, 80 ¢rot, Crot can be chosen independently of A.

At each fixed dimension on these events, Proposition B.14 and Theorem B.7, together with Lemma B.2,
place the normalized RowGDM and Adam trajectories asymptotically in their respective Row and Max
maximum-margin direction sets. Every classifier in these direction sets has nonzero pairwise row differences.
The compactness and continuity argument of Lemma C.21 applies to the present positive-definite Gaussian
test covariances as well, since all score-tie hyperplanes have probability zero. It transfers each uniform
complete-face ordering to the stated strict comparison between the trajectory liminf and limsup accuracies,
without an additional exceptional event or a directional-convergence assumption. The same argument applies
to RowGD. O

Corollary G.8 (Spectral dispersion implies a transition). Suppose the assumptions of Proposition 4.5
concerning the existence of the limiting spectral summaries hold. Assume additionally that, for some fized
0<y<1<7< o0,

B lS’Ya,d S7 fOT’ all a’ada

and that
-1

ﬂ- Pp—
d—o0 2(]3 ’ b ==

d
1
vp := lim p Z(%,d -1)%>
a=1
Then 2’?3/212/7r > 1, and hence the transition point in Proposition 4.5 lies in (0,1). In particular, the
transition condition does not require a special spectral shape: within a fixed bounded spectral range, the
displayed lower bound on the limiting spectral variance is sufficient.

Proof. Concavity of x — \/x places its graph above the chord joining (v, ,/7) and (%,1/7). Averaging this
chord inequality and using d—* > o Va,d = 1 gives 7175 > q.. Trace normalization also gives Jo = 1 + vr, and
therefore
272 263(1+ vr)
™ o ™

> 1.

O

Remark G.9 (Non-vacuity of the dispersion condition). Write I :=~ and u:=7. The variance permitted by
the spectral range is itself bounded. Indeed, since | < Y44 < u, we have (Ya,a—1)(u—"a.4) > 0, or equivalently
72 4 < (L4 w)va,q — lu. Averaging and using the trace normalization d=* " Ya,a = 1 gives o <1+ u —lu,
and hence vp = Fo —1 < (1 —=1)(u—1). This bound is sharp: it is attained asymptotically by a two-point
spectral profile supported on | and u with respective masses (u — 1)/(u —1) and (1 —1)/(u—1).

Consequently, the dispersion condition in Corollary G.8 is non-vacuous if and only if (1 —1)(u —1) >
7/(2¢2) — 1. Using q. = (14 VIu)/ (V1 + /), this is equivalently

2(1 4+ VIu)? (1 +u — lu)
m(VI+/u)?

For each fized 1 € (0,1), the left-hand side is strictly increasing in u > 1, so there is a unique critical value
uc(1) > 1 above which the sufficient dispersion condition can be satisfied.

> 1.
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Figure 3: Additional optimizer comparisons on the baseline synthetic model. Left: The deterministic
comparison in Figure 2 (left), augmented with Signum. Right: Random-reshuffling comparison of RR-~
RowSGDM, RR-Muon, RR-Signum, and RR-Adam with batch size b = 1. Points are paired seeds and gray
lines connect methods evaluated on the same dataset.

H Additional Experiments and Experimental Details

H.1 Synthetic Experiments: Setup and Additional Results

Setup. The main-text experiment in Figure 2 (left) uses k = 60 classes and dimension d = 20. For each
class i, we draw p; ~ N (0, I4/d), draw the number of training examples independently and uniformly from
{1,...,5}, and generate zf!, = p; 4+ 0.2236 ¢}, and zf. = p; + 2.2361¢}5,, where all residual vectors are
independent N(0, I;/d). Test-class proportions are drawn independently from Dirichlet(1;), and each of
the 30 paired seeds uses 120,000 evaluation examples. All methods within a seed use the same training and

evaluation data.

Optimization and learning-rate selection. We train a bias-free multiclass linear classifier from Wy = 0
with cross-entropy for 20,000 updates in float64 and use n; = no(t + 1)_1/2. For every optimizer and seed,
we sweep the common effective-Frobenius coefficients ¢ € {0.03,0.1,0.3,1, 3,10, 30}, setting no = ¢/||Ao||F,
and select ¢ by maximum final evaluation accuracy, with ties broken by lower training loss and then smaller
c. Because the same evaluation sample is used for learning-rate selection and reporting, these results
are comparisons under the stated discrete sweep rather than untouched-test estimates; some RowGD and
RowGDM runs select the lower endpoint of the grid.

Additional deterministic and stochastic comparisons. Figure 3 complements the six-optimizer
deterministic comparison in Figure 2 (left) in two ways. The left panel adds Signum to give the full
deterministic comparison among RowGD, RowGDM, SpecGD, Muon, SignGD, Signum, and Adam, while the
right panel compares the corresponding random-reshuffling methods RR-RowSGDM, RR-Muon, RR-Signum,
and RR-Adam. RowGDM, Muon, and Signum use momentum S = 0.9; SpecGD and Muon use the exact
compact-SVD polar factor; and Adam uses (81, 82) = (0.9,0.999) without bias correction or a numerical-
stability constant. For random reshuffling, we use batch size b = 1, draw an independent permutation of the
finite training set at each epoch, use momentum S = 0.99 for RR-RowSGDM, RR-Muon, and RR-Signum,
and use (81, f2) = (0.99,0.999) for RR-Adam. The deterministic panel preserves the Row-over-Spectral and
Row-over-coordinate-wise ordering of the main-text experiment, and RR-RowSGDM likewise outperforms all
three random-reshuffling comparators on every paired seed. RR-Adam is included as an empirical comparator;
our theoretical stochastic Adam comparison is formulated through AdamProxy.

Auxiliary geometries. Figure 4 supplements the main-text optimizer comparison with three reference
methods that are not part of our theoretical ordering. Frobenius-normalized GD uses Ay = G/||G¢llr,

82



0.3751

0.350+

LN
0.3251 : T e

0.300+ == ~

0.2751 1_ _|_ =N
NN

0.2501 i

RowGD FrobGD ColumnGD GD  SpecGD SignGD
Optimizer

Final population accuracy

0.2251

Figure 4: Auxiliary optimization geometries. RowGD, FrobGD, ColumnGD, ordinary GD, SpecGD,
and SignGD on the same 30 paired baseline datasets, where FrobGD denotes Frobenius-normalized GD.

ColumnGD independently normalizes each column of Gy in Euclidean norm, and ordinary GD uses A; = G;.
The figure uses FrobGD as an abbreviation for Frobenius-normalized GD. These methods provide additional
finite-dimensional context rather than additional theoretical comparators.

Robustness of the deterministic ordering. To test whether the ordering in Figure 2 (left) depends on
the particular baseline configuration, we repeat the same six-optimizer comparison under eleven one-factor-
at-a-time variations. We vary the training-noise coefficient from 0.2236 to 0.0447 or 0.4472, the test-noise
coefficient from 2.2361 to 1.3416 or 3.1305, the test-class proportions from Dirichlet(1;) to balanced classes
or Dirichlet(0.31%), the number of training examples per class to exactly one or five, the problem size to
(k,d) = (30,20) or (120,40), and the class-mean distribution from Gaussian to uniform on the unit sphere.
In all Gaussian-noise settings, the residual vectors are drawn from N'(0, I;/d); in the (120, 40) setting, the
training- and test-noise coefficients are 0.3162 and 3.1623, respectively. Each setting uses 30 paired seeds
and the same training and learning-rate protocol as the main-text experiment. Across all settings, RowGD
and RowGDM have the two highest mean accuracies; each outperforms SignGD and Adam on every paired
seed, and each outperforms SpecGD and Muon on all 30 seeds except in the one- and five-training-example
settings, where the Row methods win 29 of 30 comparisons. Figures 5-7 show that the main-text ordering is
stable across these changes.

Anisotropic synthetic experiments. We also test the anisotropic predictions of Section 4. Unless
otherwise noted, the training and evaluation protocol is the same as in the baseline synthetic experiment
above. Figure 8 shows a representative independent-orientation setting with power-law exponents s, = 0.5
and sy = 2; across six such settings, RowGD and RowGDM outperform SpecGD, Muon, SignGD, and
Adam on all 30/30 paired seeds in every setting, with conservative mean advantages between 2.82 and
5.73 percentage points. Figure 9 illustrates the coordinate-aligned reversal and recovery phenomenon from
Proposition 4.5: in the diagonal setting, RowGDM outperforms Adam on all 30/30 seeds at A = 0.25, Adam
outperforms RowGDM on all 30/30 seeds at A\ = 1, and applying the same Haar rotation restores the
RowGDM-over-Adam ordering on all 30/30 seeds. The coordinate-aligned reversal-and-recovery experiments
use 10° training steps to reduce sensitivity to finite-time transients.
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Figure 5: Robustness to training and test noise. Top: training-noise coefficient 0.0447 (left) and 0.4472
(right), compared with 0.2236 in Figure 2 (left). Bottom: test-noise coefficient 1.3416 (left) and 3.1305 (right),
compared with 2.2361 in the main-text setting. In all cases, the residual vectors are drawn from N (0, I;/d).
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Figure 6: Robustness to class proportions and training sample count. Top: balanced test classes
(left) and Dirichlet(0.31) test proportions (right), compared with Dirichlet(1y) in Figure 2 (left). Bottom:
exactly one (left) and five (right) training examples per class, compared with independent counts drawn
uniformly from {1,...,5} in the main-text setting.
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(120,40) (right), compared with (60, 20) in Figure 2 (left). Bottom: class means drawn independently and
uniformly from the unit sphere instead of from N (0, I;/d).
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Figure 8: Independent-orientation anisotropic experiment. Representative setting with s, = 0.5 and
sy, = 2, where RowGD and RowGDM outperform SpecGD, Muon, SignGD, and Adam on all 30 paired seeds.
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Figure 9: Coordinate-aligned reversal and recovery. RowGDM outperforms Adam at A = 0.25, Adam
outperforms RowGDM at A = 1, and the RowGDM-over-Adam ordering is restored after applying the same
Haar rotation.
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H.2 Language Model Experiment

Model and starting checkpoint. We use a LLaMA-60M causal language model with 58.07M parameters
exactly, consisting of 8 transformer layers with hidden size 512, intermediate size 1376, 8 attention heads,
and vocabulary size 32,000. The starting checkpoint is obtained by training the full model from scratch
on C4 for 11,000 updates with global batch size 512, sequence length 256, a peak learning rate of 0.005,
cosine decay, and 1,100 warmup steps. This pretraining uses a hybrid optimizer: Muon is applied to the
two-dimensional attention and MLP projection matrices, while AdamW is used for the token embedding,
language-model head, and one-dimensional parameters. The resulting checkpoint has validation perplexity
28.23501. For the last-layer experiment, we freeze the entire model body, discard the pretrained output-head
weights, zero-initialize the 32,000 x 512 output head, and train only this 16,384,000-parameter matrix.

Last-layer training horizon. The main experiment trains the zero-initialized output head for 22,000
updates in bfloat16 using distributed data parallel training on two NVIDIA RTX A6000 GPUs, with global
batch size 512, sequence length 256, a cosine learning-rate schedule with 1,100 warmup steps, and zero weight
decay and gradient clipping. An 11,000-update last-layer run processes 1.10B non-padding training tokens,
or approximately 18.9 tokens per total model parameter, close to the conventional 20-tokens-per-parameter
Chinchilla reference; the 22,000-update horizon approximately doubles this token budget to 2.20B tokens.
We use the longer horizon to examine a later-training regime in which transient optimization effects are
reduced and the trajectories may be closer to the limiting-direction behavior studied theoretically, without
assuming that directional convergence has occurred by 22,000 updates. The Chinchilla comparison is only
a token-budget reference, since the model body is frozen and only the output head is optimized in this
experiment.

Horizon check. We also run a separate 11,000-update comparison with its own cosine schedule ending
at 11,000 steps and learning rates selected independently at that horizon. The selected learning rates are
0.00625 for RowSGDM, 0.0045 for Muon, and 0.005 for Adam, yielding final monitoring-set perplexities
28.5871, 28.6373, and 28.5914, respectively. Thus, RowSGDM is already numerically best at approximately
the Chinchilla token-budget reference, although its advantage over Adam is only 0.0152% in this single-seed
comparison. The 22,000-step experiment therefore probes whether the qualitative ordering persists and
becomes clearer at a later training horizon rather than relying on the 11,000-step difference alone.

Data and evaluation. We use the Hugging Face allenai/c4 dataset in streaming mode and tokenize
with t5-base, truncating and padding sequences to length 256. For each training seed, RowSGDM, Muon,
and Adam receive the same shuffled stream and batch sequence. This streaming shuffle is not the epoch-wise
permutation of a fixed finite dataset used by the random-reshuffling optimizers in Section 2. The validation
trajectory in Figure 2 (right) is obtained from a monitoring set evaluated every 1,000 updates and containing
7,625,745 valid next-token targets. Final evaluation uses a separate set of 237,723 C4 validation documents
containing 46,186,882 valid targets and having zero document-hash overlap with the monitoring set. The
held-out set is not used for learning-rate selection, early stopping, or checkpoint selection. NLL is averaged
over the exact number of valid non-padding shifted targets, and perplexity is its exponential.

Optimizers and learning rates. RowSGDM uses momentum 0.9, row-wise RMS normalization, mul-
tiplier 0.2, and numerical stabilizer € = 10~%. Muon uses momentum 0.95, five Newton-Schulz iterations,
multiplier 0.2, and zero weight decay. Adam uses (f1,82) = (0.9,0.95), ¢ = 1078, and zero weight de-
cay. These implementations are practical counterparts of the RowSGDM, exact-SVD Muon, and zero-
stability-constant Adam considered in our theory. For the 22,000-step experiment, learning rates are
selected using the monitoring set: we sweep {0.004,0.005,0.006,0.007} for RowSGDM and Adam and
{0.0025,0.003,0.0035, 0.004, 0.0045, 0.005, 0.0055, 0.006} for Muon, selecting 0.005, 0.005, and 0.004, respec-
tively.

Boundary-alignment diagnostic. We additionally test whether the performance ordering is accompanied
by the boundary geometry predicted by our analysis. For each valid held-out next-token position, let h, € R5!2
denote the frozen hidden representation immediately before the output head and let y; denote its next-token
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Optimizer NLL | PPL | Davg-bdry + Chary 1

RowSGDM 3.35503 + 0.00005 28.6466 +0.0013 1.13194 + 0.00004 0.35652 + 0.00005
Muon 3.35699 + 0.00004 28.7027 + 0.0012 1.13807 £ 0.00006 0.35018 £ 0.00007
Adam 3.35759 £ 0.00002 28.7199 £ 0.0006 1.13350 £ 0.00008 0.35481 £+ 0.00009

Table 1: Held-out performance and empirical boundary alignment for last-layer-only LLaMA training. Values
are mean + sample standard deviation across five paired training seeds.

class. For class i, we estimate ji; = n;l Zt:yt:i h; and retain the 5,093 classes with n; > 1000. We uniformly
sample a fixed set P of 1,000,000 unordered class pairs and use the same pairs for every optimizer and seed.
For a trained output head with rows w;', define

W w; — Wy ~u Wi — [y

|wi —wjll2’ U s = gl

and measure

~ 1 R AL ~ 1 AW
Davg-bary (W) := W Z ||u¥;/ - uéng, Chary (W) = ﬁ Z <UXI]/,UZ>
{i,j}eP {i,j}eP

Lower D,yg bdry and higher Chq4,y indicate closer alignment between learned classifier boundaries and empirical
class-mean differences.

Results. Consistent with the final validation-perplexity ordering in Figure 2 (right), RowSGDM achieves
lower held-out NLL and perplexity than both Muon and Adam on each of the five paired seeds. RowSGDM
also has the smallest boundary discrepancy and the largest boundary cosine on every seed, so its performance
advantage is accompanied by closer alignment between learned classifier boundaries and empirical class-mean
differences. Table 1 summarizes the five-seed held-out results.

The mean paired RowSGDM-minus-Muon NLL difference is —0.001957, with a descriptive 95% Student-t
interval [—0.002058, —0.001857], and the RowSGDM-minus-Adam difference is —0.002555, with interval
[-0.002621, —0.002489]. The mean reductions in ﬁavg_bdry are 0.006137 relative to Muon and 0.001558
relative to Adam. Together, the validation, held-out, and boundary-alignment results are consistent with the
qualitative ordering and geometric mechanism predicted by our theory.

LLaMA-130M experiment. We additionally repeat the last-layer comparison on a separately C4-
pretrained LLaMA-130M backbone, whose actual parameter count is 134.1M, with 12 transformer layers
and hidden size 768. The tokenizer, sequence length, global batch size, evaluation sets, optimizer definitions,
and five paired seeds are the same as above. We train the zero-initialized 32,000 x 768 output head for
55,000 updates, with each selected run processing approximately 5.47B valid next-token targets, and a
common full-horizon learning-rate sweep selects 0.002828 for all three optimizers. RowSGDM attains the
lowest held-out perplexity on every seed, with five-seed mean + sample standard deviation 22.3797 4+ 0.0014,
compared with 22.4096 £ 0.0030 for Muon and 22.4153 £0.0010 for Adam. RowSGDM also yields the smallest
boundary discrepancy on every seed, with mean Dqyg bdry = 1.19051, compared with 1.19664 for Adam and
1.20028 for Muon, providing a larger-model check of the same qualitative advantage.

H.3 Spectral Exponents for Language Model Representation

We empirically examine whether a fitted class-mean spectral exponent below one can occur in language-model
representations, as in the regime s, < 1 of Theorem 4.2. We also measure class-conditional within-class
covariance spectral exponents as descriptive statistics of within-class anisotropy. These measurements are
finite-dimensional spectral summaries and are not intended as a direct test of the full probabilistic model
underlying the theorem.
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Table 2: Full-rank pointwise-OLS spectral exponents at the three final checkpoints. K is the number of
observed classes used for the class-mean covariance, and Ky is the number of reliable classes used for the
within-class covariance summary.

Model K Sy Ks Meanss;  Median Max
OLMoE-1B-7B-0125 47,190 0.957735 218 0.987339 0.973537 1.374366
Qwen3-30B-A3B 72,577 0.932780 120 1.057924 1.045483 1.258163
AMUSE-720M 49,348 0.985366 211 1.054793 1.045965 1.402045

Experimental setup. We analyze final pre-head representations from OLMoE-1B-7B-0125 (Muennighoff
et al., 2025), Qwen3-30B-A3B (Yang et al., 2025), and AMUSE-720M (Kim et al., 2026b), all with hidden
dimension d = 2048. For each model, we collect exactly 20,000,000 valid same-document next-token positions
from the English validation split of C4. At a valid position, let h; € R? denote the final normalized hidden
representation when the next-token class is ¢, and let n; be the number of observed positions from class i.
We define the empirical class mean by
g
- L Z hi.
[

Class-mean spectral exponent. Our primary mean-spectrum analysis assigns equal weight to every
observed next-token class. Let
Z, :={i:n; > 1}, K :=17,|,

and define )

9:%2@, f::EZ(ﬁi—ﬂ)(ﬂi—ﬂ)T

= i€T,

Thus T is class balanced rather than token-frequency weighted; in particular, every observed class contributes
one empirical class mean. If )\“ - > /\2048 > 0 are the eigenvalues of I', we estimate the mean exponent
by the unweighted pointwise OLS ﬁt

log}\\ﬂ:a7§ulogr+5r, r=1,...,2048.

Each integer rank therefore contributes one regression observation; the fit is not log binned or rank weighted.

Within-class covariance spectral exponents. For classes with sufficiently many observations, we form
the within-class sample covariance

~ 1 N —~
Y= — T Z(hit — 1) (hie — 123)
n; —

and fit R
log A}, = a; — Sz, logr + €, r=1,...,2048.

The reliable-class threshold is n; > 8192 for OLMoE and AMUSE and n; > 16384 for Qwen3. This leaves

218, 211, and 120 classes with reliable within-class covariance estimates, respectively.

Results. For the three final checkpoints examined here, the primary class-mean point estimates in Table 2
all satisfy 5, < 1: 0.957735 for OLMoE, 0.932780 for Qwen3, and 0.985366 for AMUSE. The within-class
covariance exponents are more heterogeneous and can exceed one, as reflected by the maxima in the table.

OLMOoE across annealing. We additionally apply the 5, estimator to six published OLMoE snapshots
spanning 0-101B added annealing tokens. The resulting estimates are 0.956727, 0.957792, 0.956569, 0.956530,
0.958359, and 0.957735. Thus, every sampled estimate is below one, the total range is only 0.001830, and
there is no monotone trend across the sampled snapshots.

90



	Introduction
	Our Contributions
	Related Work

	Preliminaries
	Main Results
	Comparison of Optimizers in the Deterministic Setting
	Robustness to Stochastic Training

	Extensions to Anisotropic Gaussian Models
	Persistence of Row-Norm Advantage under Independent Orientations
	Coordinate-aligned Reversal and Recovery under Haar Rotation

	Experiments
	Conclusion
	Additional Related Work
	Implicit Bias of Row-Normalized Methods: Full-Batch and Random Reshuffling
	Common setup and auxiliary lemmas
	Full-batch max–sum dominated norms
	Geometry-adapted random-reshuffling momentum
	Specialization to row normalization

	Proofs for Deterministic Optimizers
	Reduction from Direction Sets to Minimum-norm Representatives
	A Quantitative Common Gaussian-cloud Event
	Row-norm Representatives Align with the Population Mean Differences
	Max-norm Representatives Have a Positive Angle Gap
	Spectral Polar Geometry
	From Direction-set Geometry to Population Accuracy
	Proof of the Deterministic Optimizer Accuracy Ordering
	Proof of the Limiting Classifier Geometry
	Quantitative Population-error Exponents for Deterministic Geometries

	Proofs for Stochastic Optimizers
	Near-margin directions and near-minimum-norm representatives
	Quantitative stability of near minimizers
	A dimension-independent momentum threshold
	Proof of the stochastic optimizer accuracy ordering

	Analysis of AdamProxy for Random-reshuffling Mini-batch Adam
	One-epoch beta1, beta2 to 1 RR Adam approximation
	RR-RowSGDM versus AdamProxy population accuracy
	AdamProxy margin characterization

	Extension to Anisotropic Gaussian with Independent Orientations
	Coordinate-Specific RowGDM–Adam Reversal
	Additional Experiments and Experimental Details
	Synthetic Experiments: Setup and Additional Results
	Language Model Experiment
	Spectral Exponents for Language Model Representation


