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ABSTRACT

Automating AI research creates a positive feedback loop between software capability and research effort. We study a
stochastic realisation of this loop in which independent, positive, multiplicative improvements arrive at a rate propor-
tional to a power of current capability. Within this model, randomness leaves the deterministic explosion threshold
unchanged but replaces the blow-up date by an explicit distribution. For equal-sized improvements the explosion time is
a geometrically weighted sum of independent exponentials; its 𝑞-series representation gives its transforms, moments and
tail behaviour, including a two-term small-time asymptotic. For Lomax-distributed improvement sizes the explosion
time is exactly Gamma distributed. Self-similarity implies that, with parameters known, the relative uncertainty about
the remaining time does not vanish as explosion approaches. We formulate a fixed-sample test between constant and
geometrically increasing idea-arrival rates. If the baseline rate and the alternative log-rate increment ℓ are known, the
minimum sample size at error level 𝛼 is asymptotic to (12𝑧2

𝛼)1/3ℓ−2/3, where 𝑧𝛼 is the upper-𝛼 standard normal quantile.
Uncertainty about the growth exponent near its critical value produces a 1/𝑡 tail with an explicit constant, and hence an
infinite conditional mean waiting time, although explosion is certain given a positive exponent. Separate extensions show
that a fixed deployment delay prevents explosion in the specified delayed-feedback models, that power-law diversion of
effort shifts the growth threshold, and that in a deterministic oversight race a fixed allocation share does not change the
asymptotic regime, except at a critical equality of exponents. Numerical illustrations show how timing and detectability
depend on the granularity of improvements. They are not empirical forecasts of AI development.

KEYWORDS intelligence explosion; pure birth process; explosion time; 𝑞-series; exponential functionals; perpetuities;
hypothesis testing; delay differential equations
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Figure 1 The singularity has a distribution. Left: 1 400 simulated histories, coloured by explosion time, rise as staircases
of ideas and leave the sky at their own explosion times; the fluid ODE (dashed) has a single date. The horizon glows with
the exact law of 𝜁 (here Gamma, Corollary 3.9), and its ticks mark 𝔼𝑇𝑛 → 𝔼𝜁 . Right: the same histories with radius
𝜁 − 𝑡 and angle ∝ log 𝐴𝑡 , each a stepped logarithmic spiral into the singularity (Section 4). Details in Section A.

Code and data: github.com/xiaoyulics/singularity-distribution (Section A). 1 / 25
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1 Introduction
1.1 A feedback law and what it leaves out

In 1960, von Foerster, Mora and Amiot fitted a hyperbola 𝑁 (𝑡) ∝ (𝑡∗ − 𝑡)−1 to two millennia of world
population and dated its singularity to Friday, 13 November, A.D. 2026 [37]. That date is now a month away,
and the world population remains finite. Hyperbolic growth is back all the same, this time as a hypothesis
about software.

Chan et al. [12] argue that the automation of AI research and development could trigger an intelligence
explosion, in which AI progress, driven by AI itself, speeds up so much that years of advances happen within
months. The mechanism is a feedback loop: AI systems enlarge the effective research workforce, and that
workforce produces better AI systems. The quantitative core of their supplementary materials is the idea
production function of semi-endogenous growth theory [22, 9], ¤𝐴 = 𝐴1−𝛽𝐸𝜆 . Here 𝐴 is software quality, 𝐸
is effective research labour, 𝜆 measures returns to scale in labour and 𝛽 measures how fast ideas get harder
to find. Under full automation 𝐸 = 𝑘𝐴, and

¤𝐴 = 𝑐 𝐴1+𝜀 , 𝜀 := 𝜆 − 𝛽 = 𝛽(𝑟 − 1), 𝑟 := 𝜆/𝛽. (1.1)

When 𝑟 > 1, (1.1) reaches infinity at the finite time𝑇∗ = (𝜀𝑐𝐴𝜀0)−1. The authors read this “infinite progress in
finite time” as the point where the model breaks down, not as a prediction [12, SM]. Their central estimates
are 𝜆 = 1.40 and 𝛽 = 1.01, so that 𝜀 = 0.39 and 𝑟 = 𝜆/𝛽 = 1.386; we use these values for illustration only.

The deterministic law cannot say how uncertain the blow-up date is, how early an observer could tell
acceleration from steady exponential growth, or what a deployment lag does to the singularity. These are the
questions of this paper. We keep the drift of (1.1), replace its continuum of progress by discrete, randomly
timed improvements, and ask what can be computed exactly.

1.2 AI-generated mathematics and the research feedback loop
Recent developments in AI-assisted mathematical research make the feedback mechanism in (1.1) more
concrete, while showing how difficult it is to measure. In September 2026, OpenAI reported an AI-generated
analytical argument, with a Lean formalisation, for finite-time singularity formation in the three-dimensional
Navier–Stokes equations with a smooth external force [28]. The Clay Mathematics Institute described the
problem as apparently settled, while noting that its evaluation and credit-assignment procedures would take
time [13]. The forcing assumption matters: this is not a claimed resolution of the corresponding unforced
regularity question. It is also a mathematical singularity of a different kind from the one studied here.

On 6 October 2026, OpenAI released a repository of mathematical manuscripts produced by an internal
model [30, 31]. As released it held 722 manuscripts grouped into 372 families of related results, with
computer-checkable Lean formalisations for many, but not all, of them; its maintainers caution that some
unformalised results could have issues [31]. A day later three manuscripts were withdrawn after a sign error
was found, and the repository now lists 719 [31]. These counts are of manuscripts, not of independent,
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externally certified breakthroughs, and the withdrawal shows that validation continues after release. Such
distinctions matter whenever a “new idea” is treated as an observable event.

The connection to AI research automation is more direct, but still incomplete. In September 2026, OpenAI
reported increasing use of coding agents within its research organisation: by mid-August it measured 3.1
agent-workdays of runtime per human workday, together with more experiment activity and delegation
of more complex tasks [29]. These are operational indicators, not estimates of effective research labour 𝐸,
of the returns ratio 𝑟 = 𝜆/𝛽, or of the exponent 𝜀 = 𝛽(𝑟 − 1). The same report notes confounding from
increased compute and the continued importance of human steering and bottlenecks.

These observations motivate a mathematical study of research acceleration; they do not establish that a
supercritical feedback loop exists. They also sharpen the distinction between producing a candidate result
and validating, understanding and incorporating it. The ideal observer of Section 5 sees every effective idea
and its arrival time, whereas actual observers see manuscripts, experiments, model releases and incomplete
verification records. This gap is a reason to study statistical detectability, deployment lags and the limits of
extrapolation, and not to read the calibrated explosion dates below as empirical forecasts.

1.3 Model, assumptions and contributions
The model. In state 𝐴, the next improvement (an “idea”) arrives after an exponential time with rate 𝜅𝐴𝜀

and multiplies 𝐴 by 1 + 𝐻 , where the sizes 𝐻 are i.i.d. and strictly positive. We call this a Good process, after
I. J. Good’s ultraintelligent machine [18]. When all ideas have the same size ℎ, the idea count is a pure birth
process with geometric rates 𝑞𝑛 = 𝑞0𝜌

𝑛, 𝜌 = (1 + ℎ) 𝜀 , and its explosion time is

𝜁 =
∑︁
𝑛≥0

𝑒𝑛
𝑞0𝜌𝑛

, 𝑒𝑛 i.i.d. Exp(1).

Throughout, for 𝜀 > 0, 𝑞 := 1/𝜌 ∈ (0, 1), and ℓ := log 𝜌 = 𝜀 log(1 + ℎ) is the increment of the log-rate per
idea. The model is one tractable stochastic realisation of (1.1), not the unique one, and Remark 2.2 lists
which assumptions support which result.

Results. Write 𝜁 := 𝑞0𝜁 for the standardised explosion time.

1. Explosion criterion (Theorem 3.1). For every i.i.d. positive idea-size law in this model, explosion is
almost sure if 𝑟 > 1 and impossible if 𝑟 ≤ 1. For equal sizes and a monotone rate function, explosion of
the chain is equivalent to blow-up of its fluid equation.

2. Exact timing law (Theorems 3.4 and 3.7 and Corollary 3.9). For equal sizes, 𝜁 has Laplace transform
1/(−𝑠; 𝑞)∞, moments 𝑛!/(𝑞; 𝑞)𝑛, Mellin transform Γ(1 + 𝑠) (𝑞1+𝑠; 𝑞)∞/(𝑞; 𝑞)∞ and an alternating 𝑞-series
distribution function. Its slow tail is ℙ(𝜁 > 𝑡) ∼ 𝑒−𝑡

∑
𝑚 𝑝(𝑚)𝑞𝑚, and at fixed 𝑞 it has the two-term

small-time asymptotic logℙ(𝜁 ≤ 𝑡) = − 𝐿2

2ℓ − 𝐿 log 𝐿
ℓ + 𝑂(𝐿), 𝐿 = log(1/𝑡). For random sizes 𝜁 is a

perpetuity with explicit moments, and when log(1+ 𝐻) is exponential (Lomax sizes), 𝜁 is exactly Gamma
distributed. Most of these formulas are known (Table 1); we give self-contained proofs.

3. Residual-time self-similarity (Theorem 4.1 and Propositions 4.5 and 4.6). With parameters fixed
and known, at every stopping time 𝜏 the remaining time 𝜁 − 𝜏, multiplied by the current idea rate,
has the law of 𝜁 , independent of the past. Relative predictive uncertainty therefore does not vanish as
explosion approaches. In coordinates centred on the realised explosion time, the mean density of ideas is
log-periodic with harmonics Γ(1 − 2𝜋𝑖𝑘/ℓ). If the growth exponent is uncertain with positive density at
the critical value, then 𝑡ℙ(𝜁 > 𝑡 | 𝜀 > 0) converges to an explicit constant.

4. Fixed-sample detection (Theorem 5.1 and Corollary 5.3). For the binary experiment with known
baseline rate and known increment ℓ , decided once after the first 𝑛 waiting times, the minimum sample
size at level 𝛼 satisfies 𝑛∗ ∼ (12𝑧2

𝛼)1/3ℓ−2/3, with non-asymptotic bounds on both sides.

5. Model extensions (Theorems 6.1 and 6.3 and Proposition 6.2). In a deterministic delayed-feedback
model any fixed delay 𝐷 > 0 prevents blow-up and gives log log 𝐴(𝑡) ∼ 𝑡 log 𝑟/𝐷; the corresponding
stochastic model does not explode. Power-law diversion of effort changes the explosion threshold. In
a deterministic race with a fixed allocation share, the asymptotic regime of the oversight-to-capability
ratio is determined by exponents, except at a critical equality where the allocation enters the limit.
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Table 1 Contribution map. “Known” means that the formula appears in the cited literature; we give self-contained
proofs because the application reading is the point. Novelty claims are limited to what we checked (Section 1.4).

Component Where Status

Explosion criterion; exponential-functional
representation

Thm 3.1; Rem. 2.3 classical structure applied to (1.1)

Laplace transform, density, integer and
fractional moments; random-size moments

Thm 3.4(i)–(iii), (vi); Thm 3.7 known [11, 15, 5, 19]

Slow tail from the first exponential mode Theorem 3.4(iv) explicit consequence of the known
density

Two-term small-time asymptotic Theorem 3.4(v) known in sharper form [4, 7];
self-contained proof

Lomax sizes give a Gamma explosion time Corollary 3.9 classical [36, 8]; derived from
Theorem 3.7

Residual-time self-similarity as a forecasting
statement

Theorem 4.1 direct consequence of
self-similarity

Γ-coefficients of the explosion-centred intensity Proposition 4.5 exact specialisation
Exact 1/𝑡 tail constant under parameter
uncertainty

Proposition 4.6 routine Abelian argument; not
found stated for this model

Sharp fixed-sample detection threshold Theorem 5.1 statistical centrepiece of the paper
Delay, diversion and oversight race Section 6 separate model extensions with

their own scopes

Table 1 separates what is classical from what may be new.

1.4 Related work and organisation
Finite-time singularities in growth models go back at least to [37]. In economics they appear in Kremer’s
model of population and technology [23] and in discussions of AI and growth [1]. Themodelling of a software
intelligence explosion that we start from is surveyed in [12], which builds on estimates of 𝑟 by Ho andWhitfill
[21], on the feedback-loop analysis of Davidson et al. [14], and on Ord’s discussion of the time between
rounds of improvement [32].

On the probabilistic side, the explosion time of aGood process is the exponential functional of a compound
Poisson subordinator in Lamperti’s representation [24], and such functionals are well studied [11, 6]. The
Poisson case, which is our lattice case, arose in the analysis of AIMD congestion-control algorithms [15, 19].
Guillemin, Robert and Zwart [19] give its density as an alternating series, its Laplace transform as a 𝑞-series,
and the moment formulas of Theorem 3.4(ii) and Theorem 3.7. Bertoin, Biane and Yor [5] connected it
to 𝑞-integrals and the log-normal moment problem and obtained its fractional moments, which give the
Mellin formula (vi). Perpetuities of the form in Theorem 3.7 go back at least to Vervaat [36]. The Gamma
example of Corollary 3.9 is classical; it is stated explicitly, with a reference to [36], in [8, Example 2.1]. The
small-time asymptotics of geometrically weighted sums of i.i.d. positive variables are known in sharper
form. Aurzada [4] gives the leading term, and Borovkov and Ruzankin [7, Theorem 1.1] give the second
term together with an explicit 𝑂(𝐿) constant. Theorem 3.4(v) is a weaker form of their result, included
with a short self-contained proof. We did not find Proposition 4.6 stated for this model; it follows by a
routine Abelian-type argument. We are not aware of earlier treatments of the residual-time invariance as a
forecasting statement, of the Γ-coefficients of the explosion-centred intensity, or of the detection, delay and
race results in this context. These statements are limited to the sources we checked.

Organisation. Section 2 defines Good processes, states the modelling assumptions and fixes the calibration.
Section 3 proves the explosion criterion and the exact timing law. Section 4 treats forecasting from inside the
explosion and parameter uncertainty, and Section 5 the fixed-sample detection problem. Section 6 collects
the separate model extensions. Section 7 gives numerical illustrations, and Section 8 lists limitations and



The Singularity Has a Distribution 5 / 25

open problems. Section A specifies the numerical methods and how to reproduce every number.

2 The model and its calibration
Definition 2.1 Good process Let 𝐴0 > 0, 𝜅 > 0, 𝜀 ∈ ℝ, and let 𝜇 be a probability measure on (0,∞), the
idea-size law. Let (𝑒𝑛)𝑛≥0 be i.i.d. Exp(1) and (𝐻𝑛)𝑛≥1 i.i.d. with law 𝜇, all independent. Put

𝐴(0) := 𝐴0, 𝐴(𝑛) := 𝐴(𝑛−1) (1 + 𝐻𝑛), 𝜏𝑛 :=
𝑒𝑛

𝜅 (𝐴(𝑛) ) 𝜀 , 𝑇𝑛 :=
∑︁
𝑘<𝑛

𝜏𝑘,

and 𝜁 := lim𝑛 𝑇𝑛 ∈ (0,∞]. The Good process is 𝐴𝑡 := 𝐴(𝑛) for 𝑇𝑛 ≤ 𝑡 < 𝑇𝑛+1, with 𝐴𝑡 :=∞ for 𝑡 ≥ 𝜁 . Its
idea count is 𝑁𝑡 := 𝑛 on [𝑇𝑛, 𝑇𝑛+1), (F𝑡) is the usual augmentation of the filtration generated by (𝐴𝑡),
and 𝜁 is its explosion time (𝜁 =∞means no explosion).

In state 𝑎 the process waits an exponential time with rate 𝜅𝑎𝜀 and then jumps to 𝑎(1+𝐻). It is a pure-jump
Markov process, minimal in the sense that nothing is defined after the first explosion. We call 𝜁 the explosion
time or the singularity time of the model; it is not a separately defined capability threshold.

Remark 2.2 Scope of the model We study a tractable stochastic realisation of the feedback law (1.1), not
a unique stochastic model implied by that law. The assumptions of independent positive multiplicative
improvements and exponential holding times make the clock explicit. Our robustness statements concern
the specified family of processes; they do not establish robustness to arbitrary dependence, negative shocks,
time-varying returns or alternative observation schemes. The assumptions are used as follows.

• Geometric rates together with exponential holding times produce the 𝑞-products of Theorem 3.4.

• The memoryless property of the holding times is what makes the residual-time statement of Theorem 4.1
hold at arbitrary stopping times, not just at idea times.

• The explosion criterion of Theorem 3.1(b) needs i.i.d. strictly positive sizes but no moment condition on
𝐻; matching a finite level drift through 𝔼𝐻 (Box 1, convention A) does need 𝔼𝐻 < ∞.

• What counts as one “idea” is a modelling choice. Grouping several exponential waiting stages into one
idea generally produces a non-exponential holding time, so a coarser idea definition is not automatically
another Good process.

The lattice case. When 𝐻 ≡ ℎ we write

𝑞𝑛 := 𝜅𝐴𝜀0 (1 + ℎ) 𝜀𝑛 = 𝑞0𝜌
𝑛, 𝜌 := (1 + ℎ) 𝜀 , 𝑞 := 𝜌−1, ℓ := log 𝜌 = 𝜀 log(1 + ℎ).

The waiting time in state 𝑛 is 𝑒𝑛/𝑞𝑛, and

𝜁 =
∑︁
𝑛≥0

𝑒𝑛
𝑞0𝜌𝑛

, 𝜁 := 𝑞0𝜁 =
∑︁
𝑛≥0

𝑒𝑛𝑞
𝑛. (2.1)

The law of 𝜁 depends on 𝑞 alone; we denote it Λ𝑞. Thus 𝜁 measures time in units of the current expected
waiting time 1/𝑞0.

Remark 2.3 Lamperti representation Let𝑀 be a unit-rate Poisson process independent of (𝐻𝑖), and let 𝜉𝑠 :=∑
𝑖≤𝑀𝑠

log(1 + 𝐻𝑖), a compound Poisson subordinator. Measure time in “ideas” 𝑠 and convert it to calendar
time through d𝑡 = d𝑠/(𝜅𝐴𝜀). Then 𝐴𝑡 = 𝐴0 exp(𝜉𝜎 (𝑡) ), where 𝜎 is the inverse of 𝑠 ↦→ (𝜅𝐴𝜀0)−1

∫ 𝑠

0 𝑒−𝜀𝜉𝑢 d𝑢,
and

𝜁 = (𝜅𝐴𝜀0)−1
∫ ∞

0
𝑒−𝜀𝜉𝑠 d𝑠.

Thus 𝐴 is a positive self-similar Markov process in the sense of Lamperti [24], with a negative index: if
𝐴 starts at 𝑎, then (𝑐𝐴𝑐𝜀 𝑡)𝑡≥0 has the law of 𝐴 started at 𝑐𝑎. Moreover 𝜁 is an exponential functional of the
subordinator 𝜀𝜉 [11, 6].
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2.1 Calibration: what is held fixed
A drift law does not determine a jump process, and the phrase “doubling time” has at least three meanings
for one. Box 1 separates them. All calibrated numbers in this paper use convention B.

BOX 1 Three meanings of doubling time

Write L for the generator of the lattice Good process: L𝑓 (𝑎) = 𝜅𝑎𝜀
(
𝑓 (𝑎(1 + ℎ)) − 𝑓 (𝑎)) .

A. Local level drift. L id(𝑎) = 𝜅ℎ 𝑎1+𝜀 . Matching (1.1) requires 𝜅 = 𝑐/ℎ, so 𝑞0 = 𝑐𝐴𝜀0/ℎ. (For random sizes,
𝜅 𝔼𝐻 replaces 𝜅ℎ, which needs 𝔼𝐻 < ∞.)

B. Local log drift (used throughout). 𝑔 := L log(𝐴0) = 𝑞0 log(1+ ℎ). We set 𝑔 = log 2/𝑑0 with 𝑑0 = 4.5 months,
so 𝑔 = 0.1540 per month and

𝑞0 =
𝑔

log(1 + ℎ) .

Here 𝑑0 is a log-drift-equivalent doubling-time proxy; it is not in general the expected time to reach 2𝐴0. We say
“local” because unconditional expectations such as 𝔼 log 𝐴𝑡 are infinite for every 𝑡 > 0 once explosion before 𝑡
has positive probability.

C. First-passage doubling. For the ODE with 𝑐𝐴𝜀0 = 𝑔0, the actual time to reach 2𝐴0 is (1 − 2−𝜀)/(𝜀𝑔0), which
equals log 2/𝑔0 only in the limit 𝜀 → 0. For the lattice process,

𝔼𝑇 (2𝐴0) = 1 − 𝑞𝑚
𝑞0 (1 − 𝑞) , 𝑚 =

⌈ log 2
log(1 + ℎ)

⌉
.

Numbers at 𝜀 = 0.39, 𝑑0 = 4.5. With 𝑔0 = 𝑔, the ODE blows up at 𝑇∗ = 1/(𝜀𝑔) = 16.65 months, and its actual
first doubling takes 3.94 months. If instead the ODE’s actual first doubling is fixed at 4.5 months, it blows up at
19.00 months. Under convention B the mean first doubling of the lattice process is 3.97, 4.17, 4.36, 4.50 and
14.95 months for ℎ = 0.01, 0.05, 0.1, 1, 9. Only ℎ = 1 gives exactly 𝑑0; the ℎ = 9 process overshoots 2𝐴0 at its
first tenfold jump, so its first-doubling time is the whole initial wait.

A versus B. If the fluid coefficient 𝑐𝐴𝜀0 = 𝑔 is held fixed, A gives 𝑞0 = 𝑔/ℎ and B gives 𝑞0 = 𝑔/log(1 + ℎ); they
differ for every ℎ > 0. If instead 𝑐𝐴𝜀0 = 1/𝑑0, they coincide at ℎ = 1, but then the level-drift ODE blows up at
𝑑0/𝜀 = 11.54 months.

The ODE (1.1) is the small-idea limit of Good processes in the following sense.

Proposition 2.4 Fluid limit of hitting times Consider the lattice case with 𝜅 = 𝑐/ℎ (convention A) for
fixed 𝑐 > 0, 𝜀 ∈ ℝ and 𝐴0 > 0. For 𝑎 > 𝐴0 let 𝑇ℎ (𝑎) := inf{𝑡 : 𝐴𝑡 ≥ 𝑎} and 𝑡(𝑎) :=

∫ 𝑎

𝐴0
d𝑥/(𝑐𝑥1+𝜀),

the time the solution of (1.1) takes to reach 𝑎. Then 𝑇ℎ (𝑎) → 𝑡(𝑎) in 𝐿2 as ℎ ↓ 0. If 𝜀 > 0, then also
𝜁 ℎ → 𝑇∗ = (𝜀𝑐𝐴𝜀0)−1 in 𝐿2.

Proof. Let 𝑥𝑘 := 𝐴0 (1 + ℎ)𝑘 and 𝑛 := min{𝑘 : 𝑥𝑘 ≥ 𝑎}, so that 𝑇ℎ (𝑎) = 𝑇𝑛 =
∑
𝑘<𝑛 𝑒𝑘/𝑞𝑘 with 𝑞𝑘 = 𝑐 𝑥𝜀𝑘/ℎ.

Since 𝑥𝑘+1 − 𝑥𝑘 = ℎ𝑥𝑘,
𝔼𝑇𝑛 =

∑︁
𝑘<𝑛

ℎ

𝑐 𝑥𝜀𝑘
=
∑︁
𝑘<𝑛

𝑥𝑘+1 − 𝑥𝑘
𝑐 𝑥1+𝜀

𝑘

is a Riemann sum for
∫ 𝑥𝑛
𝐴0

d𝑥/(𝑐𝑥1+𝜀) with mesh at most ℎ𝑎(1 + ℎ). Since 𝑥𝑛 ∈ [𝑎, 𝑎(1 + ℎ)), we get
𝔼𝑇𝑛 → 𝑡(𝑎). Moreover Var𝑇𝑛 =

∑
𝑘<𝑛 𝑞

−2
𝑘 ≤ (max𝑘<𝑛 𝑞−1

𝑘 ) 𝔼𝑇𝑛, and max𝑘<𝑛 𝑞−1
𝑘 ≤ ℎmax(𝐴−𝜀0 , 𝑎−𝜀)/𝑐 → 0.

Hence 𝔼|𝑇𝑛 − 𝑡(𝑎) |2 = Var𝑇𝑛 + (𝔼𝑇𝑛 − 𝑡(𝑎))2 → 0. For 𝜀 > 0, (2.1) gives

𝔼𝜁 ℎ =
ℎ

𝑐𝐴𝜀0 (1 − (1 + ℎ)−𝜀) → 1
𝜀𝑐𝐴𝜀0

, Var 𝜁 ℎ =
ℎ2

𝑐2𝐴2𝜀
0 (1 − (1 + ℎ)−2𝜀) → 0.

The proposition concerns hitting times; it is not a path-space limit theorem. Under convention B the
same limit holds, because ℎ/log(1 + ℎ) → 1.
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Figure 2 (a) Sample paths of log2 𝐴𝑡 at 𝜀 = 0.39 under convention B (local log drift 𝑔 = log 2/4.5 per month held fixed),
for doubling-sized ideas (ℎ = 1, whose first doubling is expected after exactly 4.5 months) and small ideas (ℎ = 0.05,
whose first doubling is expected after 4.17 months). The dashed curve is the fluid ODE with 𝑐𝐴𝜀0 = 𝑔, the small-idea
limit, which blows up at 𝑇∗ = 16.65 months. (b) Exact density of the explosion time (Theorem 3.4(iii)) for three idea
sizes under convention B, with a Monte Carlo histogram for ℎ = 1.

3 Explosion criterion and exact timing law
Theorem 3.1 Explosion criterion

(a) Lattice sizes, arbitrary rates. Let ℎ > 0, let 𝜈 : (0,∞) → (0,∞) be any function, and consider the
pure birth chain with rates 𝑞𝑛 = 𝜈(𝐴0 (1 + ℎ)𝑛), i.e. the lattice process with rate function 𝜈 in place
of 𝜅𝑎𝜀 . Then ℙ(𝜁 < ∞) = 1 if

∑
𝑛 1/𝑞𝑛 < ∞, and ℙ(𝜁 =∞) = 1 otherwise. If 𝜈 is monotone, then∑

𝑛 1/𝑞𝑛 < ∞ if and only if ∫ ∞

𝐴0

d𝑥
𝑥 𝜈(𝑥) < ∞,

which is the Osgood condition for finite-time blow-up of the fluid equation ¤𝑎 = ℎ 𝑎 𝜈(𝑎).
(b) Power rates, arbitrary sizes. For the Good process with any i.i.d. strictly positive idea-size law 𝜇: if

𝜀 > 0 then 𝔼[𝜁𝑚] < ∞ for every 𝑚 ≥ 1, so in particular 𝜁 < ∞ a.s.; if 𝜀 ≤ 0 then 𝜁 = ∞ a.s. No
moment condition on 𝜇 is needed.

Proof. (a) Here 𝜁 =
∑
𝑛 𝑒𝑛/𝑞𝑛 with deterministic 𝑞𝑛. If

∑
1/𝑞𝑛 < ∞ then 𝔼𝜁 < ∞. If

∑
1/𝑞𝑛 = ∞, then∑

𝑛 log(1 + 1/𝑞𝑛) =∞ (use log(1 + 𝑥) ≥ 𝑥/2 for 𝑥 ≤ 1), so 𝔼𝑒−𝜁 =
∏

𝑛 (1 + 1/𝑞𝑛)−1 = 0 and 𝜁 =∞ a.s. For
the integral test, suppose 𝜈 is nondecreasing. Then 𝑢 ↦→ 1/𝜈(𝐴0 (1 + ℎ)𝑢) is nonincreasing, so its sum over
𝑢 ∈ ℕ and its integral over [0,∞) converge together. The substitution 𝑥 = 𝐴0 (1 + ℎ)𝑢 turns the integral
into (log(1 + ℎ))−1

∫ ∞
𝐴0

d𝑥/(𝑥𝜈(𝑥)). If 𝜈 is nonincreasing, both the sum and the integral diverge.
(b) Let 𝑌𝑖 := (1+𝐻𝑖)−𝜀 . Then 𝜁 := 𝜅𝐴𝜀0𝜁 =

∑
𝑛 𝑒𝑛

∏
𝑖≤𝑛 𝑌𝑖. If 𝜀 > 0, then 𝑌𝑖 ∈ (0, 1) a.s., so 𝑦𝑚 := 𝔼𝑌𝑚 < 1

for every 𝑚. By Minkowski’s inequality in 𝐿𝑚 and independence,

∥𝜁 ∥𝑚 ≤
∑︁
𝑛≥0

∥𝑒𝑛∥𝑚



∏
𝑖≤𝑛

𝑌𝑖





𝑚
= (𝑚!)1/𝑚∑︁

𝑛≥0
𝑦𝑛/𝑚𝑚 < ∞.

If 𝜀 ≤ 0, then 𝑌𝑖 ≥ 1 and 𝜁 ≥ ∑
𝑛 𝑒𝑛 =∞ a.s.

Corollary 3.2 The threshold is 𝑟 = 1 In the parametrisation of (1.1), with 𝛽 > 0, a Good process explodes
almost surely if 𝑟 > 1 and never explodes if 𝑟 ≤ 1, for every i.i.d. strictly positive idea-size law and every
𝜅. Within this model, randomness changes when the explosion happens, but not whether it does.

Remark 3.3 Saturation Part (a) also covers the working paper’s observation that 𝑟 must eventually fall
below 1 because of physical limits [12, note 5]. Any monotone rate function with

∫ ∞ d𝑥/(𝑥𝜈(𝑥)) =∞, for
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example one that saturates, prevents explosion almost surely. The singularity is a property of the idealised
power law.

We use the 𝑞-Pochhammer symbols (𝑧; 𝑞)𝑛 :=
∏𝑛−1

𝑗=0 (1 − 𝑧𝑞𝑗) and (𝑧; 𝑞)∞ :=
∏

𝑗≥0 (1 − 𝑧𝑞𝑗), and Euler’s
two identities [2, Ch. 2], [17, §1.3]: ∑︁

𝑛≥0

𝑧𝑛

(𝑞; 𝑞)𝑛 =
1

(𝑧; 𝑞)∞ ( |𝑧 | < 1), (3.1)

∑︁
𝑛≥0

(−1)𝑛𝑞𝑛(𝑛−1)/2𝑧𝑛

(𝑞; 𝑞)𝑛 = (𝑧; 𝑞)∞ (𝑧 ∈ ℂ). (3.2)

Recall also that 1/(𝑞; 𝑞)𝑛 =
∑
𝑚≥0 𝑝≤𝑛 (𝑚)𝑞𝑚, where 𝑝≤𝑛 (𝑚) is the number of partitions of 𝑚 into parts of

size at most 𝑛, and that 1/(𝑞; 𝑞)∞ =
∑
𝑚 𝑝(𝑚)𝑞𝑚 =: P(𝑞) is the partition generating function [2, Ch. 1].

Theorem 3.4 Exact law, lattice case Let 𝑞 ∈ (0, 1), ℓ = log(1/𝑞), and 𝜁 =∑
𝑛≥0 𝑒𝑛𝑞

𝑛 as in (2.1).

(i) Laplace transform. 𝔼𝑒−𝑠𝜁 = 1/(−𝑠; 𝑞)∞ for 𝑠 > −1.

(ii) Moments count partitions. For 𝑛 ∈ ℕ,

𝔼𝜁 𝑛 =
𝑛!

(𝑞; 𝑞)𝑛 , equivalently
𝔼𝜁 𝑛

𝑛!
=
∑︁
𝑚≥0

𝑝≤𝑛 (𝑚) 𝑞𝑚.

(iii) Distribution. For 𝑡 ≥ 0,

ℙ(𝜁 > 𝑡) = 1
(𝑞; 𝑞)∞

∑︁
𝑘≥0

(−1)𝑘𝑞𝑘(𝑘+1)/2

(𝑞; 𝑞)𝑘 𝑒−𝑡/𝑞
𝑘
, 𝑓𝜁 (𝑡) =

1
(𝑞; 𝑞)∞

∑︁
𝑘≥0

(−1)𝑘𝑞𝑘(𝑘−1)/2

(𝑞; 𝑞)𝑘 𝑒−𝑡/𝑞
𝑘
.

(iv) Slow tail. For 𝑡 ≥ 0, ���ℙ(𝜁 > 𝑡) − P(𝑞) 𝑒−𝑡
��� ≤ (−𝑞; 𝑞)∞

(𝑞; 𝑞)∞ 𝑒−𝑡/𝑞.

(v) Small-time asymptotic. At fixed 𝑞, as 𝑡 ↓ 0, with 𝐿 := log(1/𝑡),

logℙ(𝜁 ≤ 𝑡) = −𝐿
2

2ℓ
− 𝐿 log 𝐿

ℓ
+𝑂(𝐿).

(vi) Mellin transform. The function 𝑠 ↦→ 𝔼𝜁 𝑠 is entire, and for all 𝑠 ∈ ℂ

𝔼𝜁 𝑠 =
Γ(1 + 𝑠) (𝑞1+𝑠; 𝑞)∞

(𝑞; 𝑞)∞ ,

where the right-hand side has removable singularities at 𝑠 = −1,−2, . . . . In particular, for 𝑛 ≥ 1,

𝔼
[
𝜁 −𝑛

]
=

ℓ

(𝑛 − 1)!
𝑛−1∏
𝑚=1

(𝜌𝑚 − 1), so 𝔼[1/𝜁 ] = ℓ .

The leading term in (v) is of log-normal type, but the law is not log-normal: the 𝐿 log 𝐿 term is part of
the statement. The asymptotic is at fixed 𝑞 and is not claimed to be uniform in the separate small-idea limit
𝑞 ↑ 1. Item (v) is a weaker form of a known result. For exponential summands, Borovkov and Ruzankin [7,
Theorem 1.1] prove

logℙ(𝜁 ≤ 𝑡) = −𝐿
2

2ℓ
− 𝐿 log 𝐿

ℓ
− (ℓ − 2 log ℓ − 2) 𝐿

2ℓ
+ 𝑜(𝐿),

and our high-precision evaluations at 𝑞 = 1
2 are consistent with this (Section A).
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Proof. (i) By independence, 𝔼𝑒−𝑠𝜁 =
∏

𝑘 𝔼𝑒
−𝑠𝑞𝑘𝑒𝑘 =

∏
𝑘 (1 + 𝑠𝑞𝑘)−1 for 𝑠 > −1.

(ii) By (3.1) with 𝑧 = −𝑠, 𝔼𝑒−𝑠𝜁 =∑
𝑛 (−𝑠)𝑛/(𝑞; 𝑞)𝑛 for |𝑠| < 1. Since 𝜁 has exponential moments of small

order, this expansion equals
∑
𝑛 (−𝑠)𝑛𝔼𝜁 𝑛/𝑛!. The partition statement is the expansion

∏𝑛
𝑗=1 (1 − 𝑞𝑗)−1 =∏𝑛

𝑗=1
∑
𝑎𝑗≥0 𝑞

𝑗𝑎𝑗 .
(iii) Let 𝜁𝑛 :=

∑
𝑘<𝑛 𝑒𝑘𝑞

𝑘. Its summands are independent exponentials with distinct rates 𝑞−𝑘, so by the
classical formula for the hypoexponential law,

ℙ(𝜁𝑛 > 𝑡) =
∑︁
𝑘<𝑛

𝑐 (𝑛)𝑘 𝑒−𝑡/𝑞
𝑘
, 𝑐 (𝑛)𝑘 :=

∏
𝑗<𝑛
𝑗≠𝑘

1
1 − 𝑞𝑗−𝑘 .

The factors with 𝑗 < 𝑘 equal (1 − 𝑞−𝑚)−1 = −𝑞𝑚/(1 − 𝑞𝑚) with 𝑚 = 𝑘 − 𝑗 ∈ {1, . . . , 𝑘}, and those with 𝑗 > 𝑘
equal (1 − 𝑞𝑚)−1 with 𝑚 = 𝑗 − 𝑘 ∈ {1, . . . , 𝑛 − 1 − 𝑘}. Hence

𝑐 (𝑛)𝑘 =
(−1)𝑘𝑞𝑘(𝑘+1)/2

(𝑞; 𝑞)𝑘 (𝑞; 𝑞)𝑛−1−𝑘
−−−−→
𝑛→∞

(−1)𝑘𝑞𝑘(𝑘+1)/2

(𝑞; 𝑞)𝑘 (𝑞; 𝑞)∞ ,

and |𝑐 (𝑛)𝑘 | ≤ 𝑞𝑘(𝑘+1)/2/(𝑞; 𝑞)2∞, which is summable. Since 𝜁𝑛 ↑ 𝜁 , ℙ(𝜁𝑛 > 𝑡) ↑ ℙ(𝜁 > 𝑡), and dominated
convergence gives the series. As a check, at 𝑡 = 0 the series equals 1 by (3.2) with 𝑧 = 𝑞. Differentiating term
by term gives the density; this is justified because, uniformly in 𝑡 ≥ 0, the differentiated series is dominated
by the convergent series

∑
𝑘 𝑞

𝑘(𝑘−1)/2/(𝑞; 𝑞)𝑘.
(iv) The 𝑘 = 0 term of the series is 𝑒−𝑡/(𝑞; 𝑞)∞. For 𝑘 ≥ 1 we have 𝑒−𝑡/𝑞

𝑘 ≤ 𝑒−𝑡/𝑞, and by (3.2) with 𝑧 = −𝑞,∑︁
𝑘≥1

𝑞𝑘(𝑘+1)/2

(𝑞; 𝑞)𝑘 ≤ (−𝑞; 𝑞)∞.

(Probabilistically, 𝜁 = 𝑒0 + 𝑋 with 𝑋 independent of 𝑒0 and 𝔼𝑒𝑋 =
∏

𝑘≥1 (1 − 𝑞𝑘)−1 = P(𝑞): a slow takeoff
needs only a slow first idea.)

(v) Upper bound. For 𝑠 ≥ 1 let 𝑚 := ⌊log 𝑠/ℓ⌋ and write log 𝑠 = ℓ (𝑚 + 𝜃) with 𝜃 ∈ [0, 1). Since
log(1 + 𝑥) ≥ log 𝑥 and 𝑠𝑞𝑘 ≥ 1 for 𝑘 ≤ 𝑚,

log(−𝑠; 𝑞)∞ ≥
𝑚∑︁
𝑘=0

(log 𝑠 − 𝑘ℓ) = ℓ (𝑚 + 1)
(𝑚

2
+ 𝜃

)
≥ ℓ (𝑚 + 𝜃)2

2
=

(log 𝑠)2

2ℓ
,

because (𝑚 + 1) (𝑚 + 2𝜃) − (𝑚 + 𝜃)2 = 𝑚 + 2𝜃 − 𝜃2 ≥ 0. By Chernoff’s bound and (i), logℙ(𝜁 ≤ 𝑡) ≤
𝑠𝑡 − (log 𝑠)2/(2ℓ). Choose log 𝑠 = 𝐿 + log(𝐿/ℓ), which is admissible once 𝐿 ≥ ℓ , so that 𝑠𝑡 = 𝐿/ℓ . Then

logℙ(𝜁 ≤ 𝑡) ≤ 𝐿

ℓ
− (𝐿 + log(𝐿/ℓ))2

2ℓ
≤ −𝐿

2

2ℓ
− 𝐿 log 𝐿

ℓ
+ (1 + log ℓ)𝐿

ℓ
.

Lower bound. Let 𝑛 := ⌈(𝐿 + log 4
1−𝑞 )/ℓ⌉. Let 𝐸1 := {𝑒𝑘 ≤ 𝑥𝑘 ∀𝑘 < 𝑛} with 𝑥𝑘 := 𝑡𝑞−𝑘/(2𝑛), and

𝐸2 := {∑𝑘≥𝑛 𝑒𝑘𝑞𝑘 ≤ 𝑡/2}. These events are independent and 𝐸1 ∩ 𝐸2 ⊆ {𝜁 ≤ 𝑡}. By Markov’s inequality,
ℙ(𝐸𝑐2) ≤ 2𝑞𝑛/((1 − 𝑞)𝑡) ≤ 1

2 . Since 1 − 𝑒−𝑥 ≥ 1
2 min(𝑥, 1),

logℙ(𝐸1) ≥ −𝑛 log 2 +
∑︁
𝑘<𝑛

min(0, 𝑘ℓ − 𝑀), 𝑀 := 𝐿 + log(2𝑛).

The function 𝑘 ↦→ 𝑀 − 𝑘ℓ is decreasing, so the sum over 0 ≤ 𝑘 ≤ 𝑀/ℓ of 𝑀 − 𝑘ℓ is at most 𝑀 + 𝑀2/(2ℓ).
Hence

logℙ(𝜁 ≤ 𝑡) ≥ − log 2 − 𝑛 log 2 − 𝑀 − 𝑀2

2ℓ
.

Now 𝑛 = 𝐿/ℓ + 𝑂(1) and log(2𝑛) = log 𝐿 + 𝑂(1), so 𝑀2 = 𝐿2 + 2𝐿 log 𝐿 + 𝑂(𝐿), and the lower bound
matches the upper bound up to𝑂(𝐿).

(vi) Forℜ𝑠 > −1, integrate the density in (iii) against 𝑡𝑠 term by term, using∫ ∞

0
𝑡𝑠𝑒−𝑡/𝑞

𝑘
d𝑡 = Γ(1 + 𝑠) 𝑞𝑘(1+𝑠) .
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The interchange is justified by absolute convergence, since the series
∑
𝑘 𝑞

𝑘(𝑘−1)/2+𝑘(1+ℜ𝑠)/(𝑞; 𝑞)𝑘 converges.
Then

𝔼𝜁 𝑠 =
Γ(1 + 𝑠)
(𝑞; 𝑞)∞

∑︁
𝑘≥0

(−1)𝑘𝑞𝑘(𝑘−1)/2 (𝑞1+𝑠)𝑘
(𝑞; 𝑞)𝑘 =

Γ(1 + 𝑠) (𝑞1+𝑠; 𝑞)∞
(𝑞; 𝑞)∞

by (3.2). By (v) and (iv), 𝔼𝜁 𝑥 < ∞ for every real 𝑥. So 𝑠 ↦→ 𝔼𝑒𝑠 log 𝜁 is the moment generating function
of log 𝜁 , finite on all of ℝ, and therefore entire. On the right-hand side, the pole of Γ(1 + 𝑠) at 𝑠 = −𝑛 is
cancelled by the zero of the factor 1 − 𝑞𝑠+𝑛 in (𝑞1+𝑠; 𝑞)∞. The identity theorem extends the formula to ℂ.
Near 𝑠 = −𝑛 we have Γ(1 + 𝑠) ∼ (−1)𝑛−1/((𝑛 − 1)!(𝑠 + 𝑛)) and 1 − 𝑞𝑠+𝑛 ∼ ℓ (𝑠 + 𝑛). The remaining factors
give

∏𝑛−1
𝑚=1 (1 − 𝑞−𝑚) · (𝑞; 𝑞)∞, and combining these yields the stated negative moments.

Corollary 3.5 𝔼𝜁 =
1

1 − 𝑞 , Var 𝜁 =
1

1 − 𝑞2 , and CV(𝜁 ) =
√︂

1 − 𝑞
1 + 𝑞 . As 𝑞 ↑ 1 (small ideas), CV ∼

√︁
ℓ/2 →

0, consistent with Proposition 2.4. As 𝑞 ↓ 0 (one giant idea), CV → 1.

Remark 3.6 The working paper’s computation is a mean Chan et al. assume that each doubling of 𝐴 takes
2−𝜀 ≈ 0.76 times as long as the previous one, starting from 4.5 months, and sum nine terms of the geometric
series [12, SM]. For a Good process with doubling-sized ideas (ℎ = 1) under convention B, 𝑞0 = 1/𝑑0 and
the expected duration of the 𝑘-th doubling is exactly 𝑑0𝑞

𝑘 with 𝑞 = 2−𝜀 . So their seventeen months is, up to
rounding, 𝔼𝑇9 = 17.3 months, and the full series 𝑑0/(1 − 2−𝜀) = 19.00 months is 𝔼𝜁 . Theorem 3.4 supplies
the rest of the distribution (Table 2).

Ideas need not all be the same size. For general sizes the explosion time is a perpetuity [36], and its
moments remain explicit.

Theorem 3.7 Random idea sizes Let 𝜀 > 0, let 𝜇 be any i.i.d. strictly positive idea-size law, 𝑌 := (1+𝐻)−𝜀 ,
𝑦𝑗 := 𝔼𝑌 𝑗 ∈ (0, 1), and 𝜁 := 𝜅𝐴𝜀0𝜁 . Then

(a) 𝜁 𝑑
= 𝑒 + 𝑌 𝜁 ′ with 𝑒 ∼ Exp(1), 𝑌 and 𝜁 ′ 𝑑

= 𝜁 independent;

(b) 𝔼𝜁 𝑚 = 𝑚!
/∏𝑚

𝑗=1 (1 − 𝑦𝑗) for 𝑚 ∈ ℕ;

(c) CV(𝜁 )2 =
2(1 − 𝑦1)

1 − 𝑦2
− 1.

Proof. (a) 𝜁 = 𝑒0 + 𝑌1
∑
𝑛≥1 𝑒𝑛

∏
2≤ 𝑖≤𝑛 𝑌𝑖, and the last sum is a copy of 𝜁 independent of (𝑒0, 𝑌1). (b) All

moments are finite by Theorem 3.1(b). Expanding (𝑒 + 𝑌 𝜁 ′)𝑚 and isolating the term 𝑗 = 𝑚 gives

(1 − 𝑦𝑚)𝔼𝜁 𝑚 =
𝑚−1∑︁
𝑗=0

𝑚!
𝑗!
𝑦𝑗 𝔼𝜁

𝑗 ( 𝑦0 := 1).

The claim follows by induction from the telescoping identity
∑𝑚−1
𝑗=0 𝑦𝑗

∏𝑗
𝑖=1 (1− 𝑦𝑖)−1 =

∏𝑚−1
𝑖=1 (1− 𝑦𝑖)−1; to

verify it, add the term 𝑗 = 𝑚 to both sides and use (1− 𝑦𝑚) + 𝑦𝑚 = 1. (c) follows from (b) with𝑚 = 1, 2.

Corollary 3.8 Equal ideas are the most predictable Among all idea-size laws with the same standardised
mean explosion time 𝔼𝜁 = 1/(1 − 𝑦1) (equivalently, the same mean at a common current rate 𝜅𝐴𝜀0), the
coefficient of variation of 𝜁 is minimised exactly when 𝑌 is a.s. constant, i.e. in the lattice case.

Proof. At fixed 𝑦1, CV2 is increasing in 𝑦2, and 𝑦2 ≥ 𝑦2
1 , with equality if and only if 𝑌 is a.s. constant.

The perpetuity is explicit for at least one natural family of sizes.

Corollary 3.9 Lomax ideas give a Gamma explosion time Let 𝜀 > 0, 𝑏 > 0, and suppose ℙ(𝐻 > 𝑥) =
(1 + 𝑥)−𝑏𝜀 for 𝑥 ≥ 0; equivalently, log(1 + 𝐻) is exponential with rate 𝑏𝜀, or 𝑌 = (1 + 𝐻)−𝜀 ∼ Beta(𝑏, 1).
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Then
𝜁 ∼ Gamma(𝑏 + 1, 1), 𝔼𝜁 = 𝑏 + 1, CV(𝜁 ) = 1√

𝑏 + 1
.

At the same standardised mean the lattice case has CV = 1/
√

2𝑏 + 1, in line with Corollary 3.8. The
improvement size has finite mean if and only if 𝑏𝜀 > 1; the corollary needs no such condition.

Proof. ℙ(𝑌 ≤ 𝑦) = ℙ
(
1 + 𝐻 ≥ 𝑦−1/𝜀 ) = 𝑦𝑏, so 𝑌 ∼ Beta(𝑏, 1) and 𝑦𝑗 = 𝑏/(𝑏 + 𝑗). By Theorem 3.7(b),

𝔼𝜁 𝑚 = 𝑚!
𝑚∏
𝑗=1

𝑏 + 𝑗

𝑗
=
Γ(𝑏 + 𝑚 + 1)
Γ(𝑏 + 1) ,

which are the moments of Gamma(𝑏 + 1, 1). The Gamma law is determined by its moments (its moment
generating function is finite near 0), so 𝜁 ∼ Gamma(𝑏 + 1, 1). As a direct check, 𝐹 (𝑠) = (1 + 𝑠)−(𝑏+1)

satisfies the transform form of Theorem 3.7(a), 𝐹 (𝑠) = (1 + 𝑠)−1𝔼𝐹 (𝑠𝑌 ), because d
d𝑦

[
𝑦𝑏 (1 + 𝑠𝑦)−𝑏] =

𝑏 𝑦𝑏−1 (1 + 𝑠𝑦)−𝑏−1 gives
∫ 1

0 𝑏 𝑦𝑏−1 (1 + 𝑠𝑦)−(𝑏+1) d𝑦 = (1 + 𝑠)−𝑏. For the lattice comparison, 𝔼𝜁 = 𝑏 + 1
forces 𝑞 = 𝑏/(𝑏 + 1), and (1 − 𝑞)/(1 + 𝑞) = 1/(2𝑏 + 1).

Remark 3.10ARamanujan integral For 0 < 𝑢 < 1, Tonelli’s theoremapplied to 𝜁 −𝑢 = Γ(𝑢)−1
∫ ∞

0 𝑠𝑢−1𝑒−𝑠𝜁 d𝑠,
together with Theorem 3.4(i) and (vi) at 𝑠 = −𝑢, gives∫ ∞

0

𝑡𝑢−1 d𝑡
(−𝑡; 𝑞)∞ =

𝜋

sin 𝜋𝑢
(𝑞1−𝑢; 𝑞)∞
(𝑞; 𝑞)∞ ,

an evaluation in the circle of Ramanujan’s 𝑞-beta integrals [3, 17].

4 Residual-time forecasting and parameter uncertainty
4.1 Self-similarity of the residual time

Theorem 4.1 Residual-time self-similarity In the lattice case with 𝜀 > 0, let 𝜏 be any (F𝑡)-stopping time.
On {𝜏 < 𝜁 }, conditionally on F𝜏 , the random variable 𝑞𝑁𝜏 (𝜁 − 𝜏) has law Λ𝑞. That is, for every bounded
measurable 𝜑,

𝔼
[
𝜑
(
𝑞𝑁𝜏 (𝜁 − 𝜏)

)
1{𝜏<𝜁 }

��F𝜏 ] = 1{𝜏<𝜁 } 𝔼𝜑(𝜁 ),
where expressions multiplied by 1{𝜏<𝜁 } are read as zero outside that event.

Proof. (𝑁𝑡) is the minimal pure birth chain with rates (𝑞𝑛). By the strong Markov property of minimal
continuous-timeMarkov chains [27], on {𝜏 < 𝜁 , 𝑁𝜏 = 𝑛} and conditionally on F𝜏 , the process (𝑁𝜏+𝑠−𝑛)𝑠≥0
is a minimal pure birth chain with rates (𝑞𝑛+𝑗) 𝑗≥0 = (𝜌𝑛𝑞𝑗) 𝑗≥0, and its explosion time is 𝜁 − 𝜏. Multiplying

all rates by 𝜌𝑛 divides all holding times by 𝜌𝑛. So 𝜁 − 𝜏 𝑑
= 𝜌−𝑛𝜁 = 𝜁/𝑞𝑛 conditionally, as claimed.

What the theorem does and does not say. With model parameters fixed and known, the remaining time
has a scale-invariant conditional distribution, so its relative predictive uncertainty does not vanish as the
process approaches explosion. Absolute uncertainty, measured in calendar time, does shrink, in proportion
to the current expected waiting time. The theorem does not rule out learning unknown parameters, which
is a different source of uncertainty from the irreducible randomness of future holding times, and it is not a
statement about intelligence-explosion models outside this class. Let 𝑚𝑡 := 1/𝑞𝑁𝑡 be the current expected
waiting time for the next idea.

Corollary 4.2 On {𝑡 < 𝜁 }, with parameters known:

(a) 𝔼[𝜁 − 𝑡 | F𝑡] = 𝑚𝑡/(1 − 𝑞) and CV(𝜁 − 𝑡 | F𝑡) =
√︁
(1 − 𝑞)/(1 + 𝑞), whatever 𝑡 and whatever has

happened so far;
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Figure 3 (a) Forecasting along one simulated path (ℎ = 1, 𝜀 = 0.39, convention B) with known parameters. The
forecast date 𝑡 + 𝔼[𝜁 − 𝑡 | F𝑡] jumps down at each idea and drifts up in between. The shaded region is the conditional
90% predictive band given F𝑡 under the model; it is not a confidence band for an unknown deterministic date. (b) Mean
intensity of ideas in coordinates centred on the realised explosion time, log(𝜁 − 𝑇𝑛), folded modulo ℓ (Proposition 4.5).
The curves are the exact Fourier series with Γ-coefficients; the circles are Monte Carlo for ℓ = log 10. For ℓ = 1.2 the
oscillation is about ±0.3%.

(b) every F𝑡-measurable forecast 𝑍̂ satisfies the conditional mean-squared-error bound

𝔼[(𝜁 − 𝑍̂)2 | F𝑡] ≥ 1 − 𝑞
1 + 𝑞

(
𝔼[𝜁 − 𝑡 | F𝑡]

)2
,

with equality at 𝑍̂ = 𝔼[𝜁 | F𝑡];
(c) if [𝑎, 𝑏] is an F𝑡-measurable interval with ℙ(𝜁 ∈ [𝑎, 𝑏] | F𝑡) ≥ 1 − 𝛿 , then

𝑏 − 𝑎 ≥ (1 − 𝛿) (1 − 𝑞) 𝔼[𝜁 − 𝑡 | F𝑡].

Proof. (a) follows from Theorem 4.1 and Corollary 3.5. (b) holds because 𝔼[(𝜁 − 𝑍̂)2 | F𝑡] = Var(𝜁 |
F𝑡) + (𝔼[𝜁 | F𝑡] − 𝑍̂)2. For (c), conditionally on F𝑡 the variable 𝑞𝑁𝑡 (𝜁 − 𝑡) has law Λ𝑞, whose density is
bounded by 1 (it is the convolution of the Exp(1) density with another law). An interval carrying mass 1 − 𝛿
therefore has length at least 1 − 𝛿 in these units, and undoing the scaling with (a) gives (c). The bound in (c) is
valid but generally not sharp; it does not identify the shortest predictive interval.

Remark 4.3 Lead times in current units Let 𝑧𝑝 be the 𝑝-quantile of Λ𝑞. By Theorem 4.1, ℙ(𝜁 − 𝑡 ≥ 𝑚𝑡𝑧𝑝 |
F𝑡) = 1 − 𝑝 on {𝑡 < 𝜁 }. A response that needs lead time Δ and must be in place with probability at least
1 − 𝑝 therefore has to be launched while 𝑚𝑡 ≥ Δ/𝑧𝑝. For doubling-sized ideas at 𝜀 = 0.39, 𝑚𝑡 is the current
expected doubling time, 𝔼[𝜁 − 𝑡 | F𝑡] = 4.22𝑚𝑡 , and the 5% and 95% quantiles are 𝑧0.05 = 2.148 and
𝑧0.95 = 7.098. A twelve-month response that must be in place with probability 0.95 has to start while
𝑚𝑡 ≥ 12/𝑧0.05 = 5.59 months. All of this is conditional on the model and its parameters being known.

Remark 4.4 Random sizes For non-lattice sizes, Theorem 4.1 holds at the idea times 𝜏 = 𝑇𝑛 directly from
Definition 2.1: 𝜅(𝐴(𝑛) ) 𝜀 (𝜁 − 𝑇𝑛) is independent of F𝑇𝑛 with the law of 𝜁 in Theorem 3.7. We do not use the
extension to arbitrary stopping times.

4.2 Log-periodic structure in explosion-centred time
Finite-time singularities with discrete scale invariance are known to produce log-periodic oscillations as the
critical time is approached [33, 34]. In the lattice Good process the discrete scale invariance is exact: one
more idea multiplies all future rates by 𝜌. The amplitude of the resulting oscillation is given exactly by the
Gamma function.
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Proposition 4.5 Explosion-centred mean intensity In the lattice case with 𝜀 > 0, the ideas arrive at
𝑇1, 𝑇2, . . . . Let 𝜈 :=

∑
𝑛≥1 𝛿log(𝑞0 (𝜁−𝑇𝑛 ) ) be the point process of their log-residual times, and let 𝜙 be the

density of log 𝜁 . Then 𝔼𝜈( d𝑥) = 𝑚(𝑥) d𝑥 with

𝑚(𝑥) =
∑︁
𝑛≥1

𝜙(𝑥 + 𝑛ℓ), |𝑚(𝑥) − 𝑝(𝑥) | ≤ 𝑒𝑥

1 − 𝑞 ,

where 𝑝 is the ℓ-periodic function

𝑝(𝑥) = 1
ℓ

[
1 + 2

∑︁
𝑘≥1

ℜ
(
Γ
(
1 − 2𝜋𝑖𝑘

ℓ

)
𝑒2𝜋 𝑖𝑘𝑥/ℓ

)]
,

���Γ (1 − 2𝜋𝑖𝑘
ℓ

) ���2 =
2𝜋2𝑘/ℓ

sinh(2𝜋2𝑘/ℓ) .

In particular, as 𝑥 → −∞ the relative amplitude of the fundamental harmonic of ℓ 𝑚(𝑥) tends to
2|Γ(1 + 2𝜋 𝑖/ℓ) | ∼ (4𝜋/√ℓ) 𝑒−𝜋2/ℓ as ℓ → 0.

Proof. From (2.1), 𝜁 −𝑇𝑛 = 𝑞𝑛𝜁 (𝑛) with 𝜁 (𝑛) :=
∑
𝑗≥0 𝑒𝑛+𝑗𝑞𝑗/𝑞0

𝑑
= 𝜁 . Hence log(𝑞0 (𝜁 −𝑇𝑛)) = −𝑛ℓ + log 𝜁 (𝑛) ,

where each 𝜁 (𝑛) := 𝑞0𝜁
(𝑛) has law Λ𝑞, and linearity of expectation gives 𝑚. The density of 𝜁 is bounded by 1,

so 𝜙( 𝑦) = 𝑒𝑦𝑓𝜁 (𝑒𝑦) ≤ 𝑒𝑦 , and

|𝑚(𝑥) − 𝑝(𝑥) | =
∑︁
𝑗≥0

𝜙(𝑥 − 𝑗ℓ) ≤ 𝑒𝑥
∑︁
𝑗≥0

𝑞𝑗,

where 𝑝(𝑥) :=
∑
𝑛∈ℤ 𝜙(𝑥 + 𝑛ℓ). The periodisation 𝑝 of the integrable function 𝜙 has Fourier coefficients

1
ℓ

∫
ℝ

𝜙( 𝑦)𝑒−2𝜋𝑖𝑘𝑦/ℓ d𝑦 =
1
ℓ
𝔼
[
𝜁 −2𝜋𝑖𝑘/ℓ ] = 1

ℓ
Γ
(
1 − 2𝜋 𝑖𝑘

ℓ

) (𝑞1−2𝜋𝑖𝑘/ℓ ; 𝑞)∞
(𝑞; 𝑞)∞ =

1
ℓ
Γ
(
1 − 2𝜋𝑖𝑘

ℓ

)
,

by Theorem 3.4(vi) and the identity 𝑞−2𝜋 𝑖𝑘/ℓ = 𝑒2𝜋𝑖𝑘 = 1. The classical formula |Γ(1 + 𝑖 𝑦) |2 = 𝜋 𝑦/sinh(𝜋 𝑦)
shows that the coefficients are absolutely summable. So the Fourier series converges uniformly to 𝑝,
which is continuous because the periodisation converges locally uniformly. Stirling’s formula gives the
asymptotics.

This is an ensemble statement in coordinates centred on the realised explosion time. Since that time is
not known to an online observer, the proposition is not itself a prospective detection procedure, and it says
nothing about how visible the oscillation is along a single path; substituting an estimated explosion time for
𝜁 would require a separate treatment of the estimation error. What it does identify is an exact discrete-scale-
invariant structure, together with the size of its harmonics. That size is nonzero but exponentially small in
1/ℓ : the fundamental amplitude 2|Γ(1 + 2𝜋𝑖/ℓ) | is about 3.4 × 10−15 for doubling-sized ideas at 𝜀 = 0.39,
about 3.1 × 10−3 at ℓ = 1.2, and 11% only when each idea multiplies the rate of progress tenfold (ℓ = log 10);
see Fig. 3(b).

4.3 Uncertain growth exponent: an explicit 1/𝑡 tail
The working paper stresses that the returns parameter is uncertain; one estimate has a 90% credible interval
for 𝑟 of (0.727, 2.094) [12, note 6]. Uncertainty near the critical value has a sharp consequence.

Proposition 4.6 Exact Pareto tail under parameter uncertainty In the lattice case with fixed ℎ and fixed
current idea rate 𝑞0, let 𝜀 be random, independent of (𝑒𝑛), and suppose its law has a density 𝜋 on a
neighbourhood of 0 that is continuous at 0 with 𝜋 (0) > 0. Then 𝔼[𝜁 | 𝜀 > 0] =∞ and

lim
𝑡→∞ 𝑡ℙ(𝜁 > 𝑡 | 𝜀 > 0) = 𝜋 (0)

𝑞0 log(1 + ℎ) ℙ(𝜀 > 0) .

Since 𝑞0 log(1 + ℎ) = 𝑔 is the local log drift (Box 1, B), the constant equals 𝜋 (0)/(𝑔 ℙ(𝜀 > 0)), which is
also the limit of 𝑡ℙ(𝑇∗ > 𝑡 | 𝜀 > 0) for the fluid waiting time 𝑇∗ = 1/(𝜀𝑔).
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Figure 4 Survival functions conditional on explosion. Blue: the fluid waiting time 𝑇∗ = 1/(𝜀𝑔) mixed over an
illustrative log-normal prior on 𝑟 that matches the interval (0.727, 2.094) of [12, note 6]; this is not a fitted predictive
distribution for actual AI development. Dashed: the limit 𝑐/𝑡 of Proposition 4.6. Orange: intrinsic randomness only,
with 𝑟 = 1.386 known and doubling-sized ideas (Theorem 3.4(iii)).

Proof. Write 𝑎 := log(1 + ℎ), 𝐶 := (𝑞0𝑎)−1, and 𝜁𝜀 for the explosion time given 𝜀 > 0. Infinite mean.
𝔼𝜁𝜀 = 1/(𝑞0 (1 − 𝑒−𝑎𝜀)) ≥ 1/(𝑞0𝑎𝜀), and

∫
0 𝜋 (𝜀)𝜀−1 d𝜀 =∞.

Large 𝜀. Chernoff’s bound with 𝑠 = 1
2 and the inequality − log(1 − 𝑦/2) ≤ 𝑦 on [0, 1] give ℙ(𝜁 >

𝑥) ≤ 𝑒−𝑥/2𝔼𝑒𝜁/2 ≤ exp{−𝑥/2 + 1/(1 − 𝑞)}. Since 1/(1 − 𝑞) ≤ 1 + 1/(𝑎𝜀), every 𝜀 ≥ 4𝐶/𝑡 satisfies
ℙ(𝜁𝜀 > 𝑡) ≤ 𝑒1−𝑞0𝑡/4, uniformly. The contribution of {𝜀 ≥ 4𝐶/𝑡} to 𝑡ℙ(𝜁 > 𝑡, 𝜀 > 0) is therefore at most
𝑡 𝑒1−𝑞0𝑡/4 → 0.

Small 𝜀. For 𝑡 large, 4𝐶/𝑡 lies in the neighbourhood where 𝜋 is a density, and the substitution 𝜀 = 𝑢/𝑡
gives

𝑡ℙ(𝜁 > 𝑡, 0 < 𝜀 < 4𝐶/𝑡) =
∫ 4𝐶

0
𝜋 (𝑢/𝑡) ℙ(𝜁𝑢/𝑡 > 𝑡) d𝑢.

For fixed 𝑢 > 0, Corollary 3.5 gives 𝔼[𝜁𝑢/𝑡/𝑡] = 1/(𝑞0𝑡(1 − 𝑒−𝑎𝑢/𝑡)) → 𝐶/𝑢 and Var(𝜁𝑢/𝑡/𝑡) = 1/(𝑞2
0𝑡

2 (1 −
𝑒−2𝑎𝑢/𝑡)) → 0, so ℙ(𝜁𝑢/𝑡 > 𝑡) → 1{𝑢<𝐶} for 𝑢 ≠ 𝐶. The integrand is bounded, since 𝜋 is bounded near 0 by
continuity, so dominated convergence gives the limit

∫ 4𝐶
0 𝜋 (0)1{𝑢<𝐶} d𝑢 = 𝜋 (0)𝐶. Dividing by ℙ(𝜀 > 0)

proves the claim. The fluid statement is ℙ(0 < 𝜀 < 1/(𝑔𝑡)) ∼ 𝜋 (0)/(𝑔𝑡).
For a log-normal prior on 𝑟 matching the interval above, with 𝛽 = 1.01 and convention B, ℙ(𝑟 > 1) =

0.743. Conditional on 𝑟 > 1, the median fluid waiting time is 17.3 months, ℙ(𝑇∗ > 5 years) = 0.150,
ℙ(𝑇∗ > 10 years) = 0.074, and the tail constant of Proposition 4.6 is 8.67 months (Fig. 4). These values
validate the calculation under the selected prior; they do not validate the prior or the underlying interval.
The intrinsic randomness of Theorem 3.4 has an exponential tail, so it is parameter uncertainty that makes
the expected waiting time infinite, even though explosion is certain given 𝜀 > 0.

5 Fixed-sample detection and the cube-root law
The first priority in [12] is visibility, and one item on it is detecting the onset of an explosion. We study a
specific, well-defined binary experiment, chosen to be as favourable to the observer as possible.

The experiment. Both candidate processes start at a known origin. The monitor observes the first 𝑛
complete waiting times (𝜏0, . . . , 𝜏𝑛−1), so it waits until the 𝑛-th idea; the elapsed sampling time 𝑇𝑛 is itself
random. The baseline rate 𝑞0 and the alternative increment ℓ > 0 are known design parameters. After the
𝑛-th idea the monitor makes one decision between

𝐻0 : 𝑞𝑘 ≡ 𝑞0 (steady exponential progress, 𝑟 = 1),
𝐻1 : 𝑞𝑘 = 𝑞0𝑒

𝑘ℓ (accelerating progress from the origin).
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Let 𝑃𝑛0 , 𝑃
𝑛
1 be the two laws: independent Exp(𝑞0), respectively independent Exp(𝑞0𝑒

𝑘ℓ ). Define the minimax
error and the minimum fixed-sample size for this experiment,

err𝑛 (ℓ) := inf
𝜓

max
{
𝑃𝑛0 (𝜓 = 1), 𝑃𝑛1 (𝜓 = 0)}, 𝑛∗ (𝛼, ℓ) := min{𝑛 : err𝑛 (ℓ) ≤ 𝛼},

where the infimum runs over all (possibly randomised) tests based on (𝜏0, . . . , 𝜏𝑛−1), and write 𝑧𝛼 := Φ−1 (1−
𝛼). This is not an anytime alarm and not the detection of an unknown change point: the alternative
accelerates from the beginning of the record, and the error bounds below must not be reused for repeated
testing after every idea, which needs its own false-alarm criterion.

Theorem 5.1 Cube-root law for the fixed-sample experiment

(i) For all ℓ > 0 and 𝛼 ∈ (0, 1
4 ): 𝑛∗ (𝛼, ℓ) ≥ (

6 log 1
4𝛼
)1/3

ℓ−2/3.

(ii) For all ℓ > 0 and 𝑛 ≥ 1: err𝑛 (ℓ) ≤ exp
(
− ℓ2 (𝑛 − 1)3

24(1 + 𝑛ℓ/2)
)
. Hence 𝑛∗ (𝛼, ℓ) ≤ 𝑛 for every 𝑛 with

ℓ2 (𝑛 − 1)3 ≥ 24(1 + 𝑛ℓ/2) log 1
𝛼 .

(iii) For every 𝛼 ∈ (0, 1
2 ): lim

ℓ↓0
ℓ2/3 𝑛∗ (𝛼, ℓ) = (12𝑧2

𝛼)1/3.

The exponent 2/3 has a one-line explanation: the log-rate drifts by ℓ per idea, so after 𝑛 ideas the
Kullback–Leibler divergence is ≍ ℓ2 ∑

𝑘<𝑛 𝑘
2 ≍ ℓ2𝑛3, and reliable discrimination needs this to be of order

one.

Lemma 5.2 For 𝑥 ≥ 0, tanh 𝑥 ≥ 𝑥/(1 + 𝑥), and consequently log cosh 𝑥 ≥ 𝑥2/(2(1 + 𝑥)).

Proof. Let 𝑔(𝑥) := (1 + 𝑥) tanh 𝑥 − 𝑥. Then 𝑔(0) = 0 and 𝑔′ (𝑥) = (1 + 𝑥) sech2 𝑥 − (1 − tanh 𝑥) =
2
((1 + 2𝑥)𝑒2𝑥 − 1

)/(𝑒2𝑥 + 1)2 ≥ 0. Next let 𝑓 (𝑥) := log cosh 𝑥 − 𝑥2/(2(1 + 𝑥)). Then 𝑓 (0) = 0 and
𝑓 ′ (𝑥) = tanh 𝑥 − 𝑥 (𝑥+2)

2(1+𝑥)2 ≥ 𝑥
1+𝑥 − 𝑥 (𝑥+2)

2(1+𝑥)2 = 𝑥2

2(1+𝑥)2 ≥ 0.

Proof of Theorem 5.1. The log-likelihood ratio is

L𝑛 := log
d𝑃𝑛1
d𝑃𝑛0

=
∑︁
𝑘<𝑛

(
𝑘ℓ − (𝑒𝑘ℓ − 1)𝑞0𝜏𝑘

)
.

Under 𝑃0, 𝑞0𝜏𝑘 = 𝐸𝑘, and under 𝑃1, 𝑞0𝜏𝑘 = 𝑒−𝑘ℓ𝐸𝑘, with (𝐸𝑘) i.i.d. Exp(1).
(i) By the Bretagnolle–Huber inequality [10], [35, Lemma 2.6], every test satisfies 𝑃𝑛0 (𝜓 = 1) + 𝑃𝑛1 (𝜓 =

0) ≥ 1
2 exp(−KL(𝑃𝑛1 ∥𝑃𝑛0 )). Moreover

KL(𝑃𝑛1 ∥𝑃𝑛0 ) =
∑︁
𝑘<𝑛

(
𝑘ℓ − 1 + 𝑒−𝑘ℓ ) ≤ ℓ2

2

∑︁
𝑘<𝑛

𝑘2 <
ℓ2𝑛3

6
.

If both errors are at most 𝛼, then 2𝛼 ≥ 1
2 𝑒

−ℓ2𝑛3/6, which rearranges to the claim.
(ii) Take 𝜓 := 1{L𝑛 > 0}. By Markov’s inequality, 𝑃𝑛0 (L𝑛 > 0) ≤ 𝔼0𝑒

L𝑛/2 and 𝑃𝑛1 (L𝑛 ≤ 0) ≤ 𝔼1𝑒
−L𝑛/2.

Both equal the Bhattacharyya coefficient
∏

𝑘<𝑛

∫ √
𝑝0,𝑘𝑝1,𝑘. For exponentials with rates 𝑞0 and 𝑞0𝑒

𝑘ℓ each
factor is 2𝑒𝑘ℓ/2/(1 + 𝑒𝑘ℓ ) = sech(𝑘ℓ/2). By Lemma 5.2,

−
∑︁
𝑘<𝑛

log sech
𝑘ℓ

2
≥

∑︁
𝑘<𝑛

(𝑘ℓ/2)2

2(1 + 𝑘ℓ/2) ≥ ℓ2

8(1 + 𝑛ℓ/2)
∑︁
𝑘<𝑛

𝑘2 ≥ ℓ2 (𝑛 − 1)3

24(1 + 𝑛ℓ/2) ,

using
∑
𝑘<𝑛 𝑘

2 = (𝑛 − 1)𝑛(2𝑛 − 1)/6 ≥ (𝑛 − 1)3/3.
(iii) Step 1: reduction to the likelihood-ratio test. For 𝑛 ≥ 2, L𝑛 has a continuous law under both hypotheses,

as a nondegenerate linear combination of independent exponentials. By the Neyman–Pearson lemma [25],
for every test 𝜓 there is a threshold 𝑡 with 𝑃0 (L𝑛 > 𝑡) = 𝑃0 (𝜓 = 1) and 𝑃1 (L𝑛 ≤ 𝑡) ≤ 𝑃1 (𝜓 = 0). Hence
err𝑛 = inf𝑡 max{𝑃0 (L𝑛 > 𝑡), 𝑃1 (L𝑛 ≤ 𝑡)}. Also err𝑛 is nonincreasing in 𝑛, since a test may ignore data.
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Step 2: Gaussian limit. Fix 𝑐 > 0, let 𝑛 = 𝑛(ℓ) := ⌊𝑐ℓ−2/3⌋ and 𝛿 := 𝑛ℓ , so 𝛿 → 0 and ℓ2𝑛3 → 𝑐3 as
ℓ ↓ 0. For 𝑥 ≥ 0, Taylor’s theorem gives 𝑥2

2 ≤ 𝑒𝑥 − 1 − 𝑥 ≤ 𝑥2

2 𝑒
𝑥 and 𝑥2

2 𝑒
−𝑥 ≤ 𝑥 − 1 + 𝑒−𝑥 ≤ 𝑥2

2 , and also
𝑥 ≤ 𝑒𝑥 − 1 ≤ 𝑥𝑒𝑥 and 𝑥𝑒−𝑥 ≤ 1 − 𝑒−𝑥 ≤ 𝑥. With 𝑆2 :=

∑
𝑘<𝑛 (𝑘ℓ)2 → 𝑐3/3, these give the following. Under

𝑃0, 𝔼0L𝑛 = −∑
𝑘<𝑛 (𝑒𝑘ℓ − 1 − 𝑘ℓ) ∈ [−𝑒𝛿𝑆2/2,−𝑆2/2] and Var0 L𝑛 =

∑
𝑘<𝑛 (𝑒𝑘ℓ − 1)2 ∈ [𝑆2, 𝑒

2𝛿𝑆2]. Under
𝑃1, 𝔼1L𝑛 =

∑
𝑘<𝑛 (𝑘ℓ − 1 + 𝑒−𝑘ℓ ) ∈ [𝑒−𝛿𝑆2/2, 𝑆2/2] and Var1 L𝑛 =

∑
𝑘<𝑛 (1 − 𝑒−𝑘ℓ )2 ∈ [𝑒−2𝛿𝑆2, 𝑆2]. The

Lyapunov ratio is at most 𝔼|𝐸1 − 1|3𝑒3𝛿 ∑
𝑘<𝑛 (𝑘ℓ)3/(𝑒−3𝛿𝑆3/2

2 ) ≤ 𝔼|𝐸1 − 1|3𝑒6𝛿 𝛿 𝑆−1/2
2 → 0. By Lyapunov’s

central limit theorem, L𝑛 ⇒ N(∓𝑐3/6, 𝑐3/3) under 𝑃0 and 𝑃1 respectively.
Step 3: conclusion. The limits are continuous, so by Pólya’s theorem the distribution functions converge

uniformly, and therefore

err𝑛(ℓ ) (ℓ) → inf
𝑡

max
{
Φ̄
( 𝑡 + 𝜇
𝜎

)
,Φ

( 𝑡 − 𝜇
𝜎

)}
= Φ

(
− 𝜇

𝜎

)
= Φ

(
− 𝑐3/2
√

12

)
,

with 𝜇 = 𝑐3/6 and 𝜎 2 = 𝑐3/3; the infimum is attained at 𝑡 = 0 by symmetry. Let 𝑐∗ := (12𝑧2
𝛼)1/3. If 𝑐 < 𝑐∗,

the limit exceeds 𝛼, so err𝑛(ℓ ) > 𝛼 for small ℓ , and by monotonicity 𝑛∗ > 𝑐ℓ−2/3 − 1. If 𝑐 > 𝑐∗, the limit is
below 𝛼, so 𝑛∗ ≤ 𝑐ℓ−2/3 for small ℓ . Since 𝑐 was arbitrary, ℓ2/3𝑛∗ → 𝑐∗.

How much time remains at the decision? The next statement answers this with a ratio of expectations
and with predictive quantiles.

Corollary 5.3 Remaining duration at the decision Under 𝐻1, at the arrival time 𝑇𝑛 of the 𝑛-th idea, 𝜁 −𝑇𝑛
is independent of F𝑇𝑛 and distributed as 𝑞𝑛𝜁 , where 𝑞 = 𝑒−ℓ . Hence its quantiles are 𝑞𝑛 times the quantiles
of 𝜁 , and

𝑊𝑛 :=
𝔼1 [𝜁 − 𝑇𝑛]

𝔼1𝜁
= 𝑞𝑛.

Let𝑊∗ (𝛼, ℓ) :=𝑊𝑛∗ (𝛼,ℓ ) . Then𝑊∗ ≤ exp{−(6 log 1
4𝛼 )1/3ℓ1/3} for all ℓ > 0 and 𝛼 ∈ (0, 1

4 ), and

log𝑊∗ (𝛼, ℓ) = −(12𝑧2
𝛼 ℓ)1/3 (1 + 𝑜(1)) (ℓ ↓ 0).

Proof. The first statement is Theorem 4.1 at 𝜏 = 𝑇𝑛, or (2.1) directly. The bounds follow from𝑊∗ = 𝑒−ℓ𝑛
∗

and Theorem 5.1.

𝑊∗ is the remaining expected duration normalised by the initial expected explosion time. It is not the
expectation of the fraction remaining along a realised trajectory, 𝔼1 [(𝜁 − 𝑇𝑛)/𝜁 ] , whose denominator is
random and contains the remaining time. For doubling-sized ideas and 𝑛 = 9, a Monte Carlo estimate of the
latter is 0.0988 ± 0.00011, whereas𝑊9 = 0.0878 (Section A).

Reading the threshold. Since𝑊∗ → 1 as ℓ → 0, an explosionmade of small ideas becomes distinguishable
from steady growth, in this experiment, while most of the expected remaining duration is still ahead. The
convergence is slow, at rate ℓ1/3, and for lumpy progress𝑊∗ is small. Table 3 gives the calibrated values,
including predictive quantiles of the remaining time. The data-processing inequality shows that any statistic
of the same first-𝑛 record, for instance a coarsened version of it, cannot do better than the threshold of
Theorem 5.1. This says nothing about a real monitor that has auxiliary information absent from the model.

Remark 5.4 No uniform fixed-sample test over unseparated alternatives If ℓ is unknown and only ℓ > 0 is
specified, no fixed-𝑛 test has a nontrivial uniform error bound. IndeedKL(𝑃𝑛ℓ ∥𝑃𝑛0 ) =

∑
𝑘<𝑛 (𝑘ℓ−1+𝑒−𝑘ℓ ) → 0

as ℓ ↓ 0, so 𝑃𝑛ℓ → 𝑃𝑛0 in total variation by Pinsker’s inequality. If 𝑃𝑛0 (𝜓 = 1) ≤ 𝛼, then 𝑃𝑛ℓ (𝜓 = 1) → 𝑃𝑛0 (𝜓 =
1) ≤ 𝛼, and the worst-case type-II error over ℓ > 0 is at least 1 − 𝛼. Meaningful formulations use a separated
alternative ℓ ≥ ℓmin > 0, a local asymptotic power criterion, or a sequential design with an explicit criterion.

Remark 5.5 Unknown baseline: an invariant reduction Suppose ℓ is specified but 𝑞0 is unknown. The lower
bound (i) still holds, since knowing 𝑞0 can only help. The scale-invariant statistic 𝑃𝑘 := 𝜏𝑘/

∑
𝑗<𝑛 𝜏 𝑗 removes

𝑞0 exactly: integrating out 𝑆 =
∑
𝑗 𝜏 𝑗 ( Jacobian 𝑆𝑛−1) shows that 𝑃 is uniform on the simplex under 𝐻0 and
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Figure 5 The fixed-sample experiment of Section 5: known baseline rate, known increment ℓ , one decision after
the first 𝑛 waiting times. (a) The minimum fixed-sample size 𝑛∗ at 𝛼 = 0.05, rescaled by ℓ2/3. Circles are exact
integer thresholds from the hypoexponential law of the likelihood ratio (Section A); the horizontal line is the limit
(12𝑧2

𝛼)1/3 ≈ 3.19; the grey curves are the non-asymptotic bounds of Theorem 5.1. (b) The normalised expected remaining
duration𝑊∗ = 𝑞𝑛

∗
(remaining mean divided by initial mean). Vertical lines mark idea sizes ℎ at 𝜀 = 0.39.

that, under rates 𝑞0𝑒
𝑘ℓ ,

𝑓ℓ (𝑃)
𝑓0 (𝑃) =

exp{ℓ ∑𝑘<𝑛 𝑘}( ∑
𝑘<𝑛 𝑒𝑘ℓ 𝑃𝑘

)𝑛 .
The score at ℓ = 0 is𝑈𝑛 =

∑
𝑘<𝑛 𝑘 − 𝑛

∑
𝑘<𝑛 𝑘𝑃𝑘, whose null variance, by the Dirichlet covariance formula,

is 𝑛
𝑛+1

∑
𝑘<𝑛 (𝑘 − 𝑘̄)2 ∼ 𝑛3/12, against

∑
𝑘 𝑘

2 ∼ 𝑛3/3 for known 𝑞0. This suggests the constant (48𝑧2
𝛼)1/3,

about 1.59 times as many ideas. We have not proved this: it requires a composite minimax formulation,
triangular-array limits under both hypotheses and a matching lower bound (Section 8).

6 Model extensions: delay, diversion and an oversight race
The three results of this section concern different models with different assumptions. They are not properties
of one unified controlled stochastic system.

6.1 A deterministic delayed-feedback model
Training runs take months, and an idea improves the research workforce only once it has been deployed.
Suppose deployment takes time 𝐷, so that effective labour depends on 𝐴(𝑡−𝐷) while the difficulty of finding
new ideas depends on the current frontier 𝐴(𝑡):

¤𝐴(𝑡) = 𝑐 𝐴(𝑡)1−𝛽 (𝑘𝐴(𝑡 − 𝐷)) 𝜆 , 𝑡 > 0, 𝐴 = 𝜑 on [−𝐷, 0]. (6.1)

Theorem 6.1 Delayed feedback Let 𝛽, 𝜆, 𝑐, 𝑘, 𝐷 > 0 and let 𝜑 : [−𝐷, 0] → (0,∞) be continuous.
(i) In the deterministic delayed model (6.1), there is a unique solution on [−𝐷,∞); it is finite and

increasing on [0,∞), so there is no finite-time blow-up, for any 𝑟.

(ii) If 𝑟 = 𝜆/𝛽 > 1, then in the deterministic delayed model

lim
𝑡→∞

log log 𝐴(𝑡)
𝑡

=
log 𝑟
𝐷

.

(iii) With 𝐷 = 0 (and 𝑟 > 1) the solution blows up at 𝑇∗ = (𝜀𝑐𝑘𝜆𝐴(0) 𝜀)−1.

(iv) Stochastic delayed model. Let ideas of size ℎ arrive at intensity (𝑐/ℎ)𝑘𝜆𝐴−𝛽𝑡− 𝐴𝜆𝑡−𝐷 , with 𝐴𝑠 = 𝐴0 for
𝑠 ≤ 0. Then the process does not explode: 𝑁𝑡 < ∞ for all 𝑡, a.s.
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Proof. Put 𝐵 := 𝐴𝛽 and 𝐶 := 𝛽𝑐𝑘𝜆 . Then (6.1) becomes

¤𝐵(𝑡) = 𝐶 𝐵(𝑡 − 𝐷)𝑟 . (6.2)

The factor 𝐴(𝑡)1−𝛽 has cancelled: diminishing returns at the frontier exactly offset the frontier’s own growth.
(i) On [ 𝑗𝐷, ( 𝑗 + 1)𝐷] the right-hand side of (6.2) is a known continuous function, so 𝐵 is obtained by

integration, step by step (the method of steps [20]). Conversely, any positive 𝐶1 solution of (6.1) gives a
solution of (6.2), which proves uniqueness. Since ¤𝐵 > 0, 𝐵 is increasing on [0,∞), and 𝐵(𝑡) ≥ 𝐵(0) +
𝐶(min 𝜑)𝛽𝑟𝑡 → ∞.

(ii) Upper bound. For 𝑡 ≥ 𝐷, 𝐵(𝑡+𝐷) = 𝐵(𝑡) +𝐶
∫ 𝑡

𝑡−𝐷 𝐵(𝑣)𝑟 d𝑣 ≤ 𝐵(𝑡) +𝐶𝐷𝐵(𝑡)𝑟 . Once 𝐵 ≥ 1, this gives
log 𝐵(𝑡 + 𝐷) ≤ 𝑟 log 𝐵(𝑡) + log(1 + 𝐶𝐷). So 𝑢 := log 𝐵 + log(1 + 𝐶𝐷)/(𝑟 − 1) satisfies 𝑢(𝑡 + 𝐷) ≤ 𝑟𝑢(𝑡),
and therefore lim sup 𝑡−1 log log 𝐵(𝑡) ≤ (log 𝑟)/𝐷.

Lower bound. Fix 𝛿 ∈ (0, 1). For 𝑡 ≥ 𝐷,

𝐵(𝑡 + 𝐷) ≥ 𝐶

∫ 𝑡+𝐷

𝑡+𝐷−𝛿𝐷
𝐵(𝑢 − 𝐷)𝑟 d𝑢 ≥ 𝐶𝛿𝐷 𝐵(𝑡 − 𝛿𝐷)𝑟 .

So 𝑣 := log 𝐵+log(𝐶𝛿𝐷)/(𝑟−1) satisfies 𝑣(𝑠+(1+𝛿)𝐷) ≥ 𝑟 𝑣(𝑠) for 𝑠 ≥ 𝐷. Since 𝐵 → ∞, 𝑣 is bounded below
by some 𝑣min > 0 on awindowof length (1+𝛿)𝐷. Iterating gives lim inf 𝑡−1 log log 𝐵(𝑡) ≥ (log 𝑟)/((1+𝛿)𝐷),
and we let 𝛿 ↓ 0. Finally log log 𝐴 = log log 𝐵 − log 𝛽.

(iii) This is (1.1) with 𝑐 replaced by 𝑐𝑘𝜆 .
(iv) On ( 𝑗𝐷, ( 𝑗 + 1)𝐷], 𝐴𝑡− ≥ 𝐴𝑗𝐷 and 𝐴𝑡−𝐷 ≤ 𝐴𝑗𝐷 . So the intensity is bounded by 𝑄 𝑗 := (𝑐/ℎ)𝑘𝜆𝐴𝜆−𝛽𝑗𝐷 ,

which is F𝑗𝐷-measurable. By a thinning construction, conditionally on F𝑗𝐷 the number of ideas in that
window is dominated by a Poisson variable with mean 𝑄 𝑗𝐷, which is finite a.s. Induction on 𝑗 completes the
proof.

Theorem 6.1 makes precise, for this delayed-feedback model, the working paper’s remark that some
research steps are inherently sequential [12, SM]. In the deterministic delayedmodel any fixed 𝐷 > 0 removes
the singularity, and what remains is a tower-like growth law: the exponent of 𝐴 is multiplied by 𝑟 every
𝐷. With 𝐷 = 3 months and 𝑟 = 1.386, log 𝐴 doubles about every 6.37 months (Fig. 6(a)). The proof uses
the particular placement of the delayed labour term in (6.1); it is not a statement about systems with an
additional instantaneous feedback channel. For the stochastic delayed model we prove non-explosion only;
whether 𝑡−1 log log 𝐴𝑡 → (log 𝑟)/𝐷 almost surely is open (Section 8).

6.2 Progressive diversion
Suppose a share 𝜃 of the automated workforce is diverted from capabilities research to other uses, for
example safety, oversight or beneficial applications.

Proposition 6.2 Progressive diversion Let ¤𝐴 = 𝑐𝐴1−𝛽 ((1 − 𝜃(𝐴))𝑘𝐴) 𝜆 , where the share retained for
capabilities research is 1 − 𝜃(𝑎) = (𝑎/𝐴0)−𝛾 for 𝑎 ≥ 𝐴0, with 𝛾 ≥ 0 and 𝑟 > 1. Then 𝐴 explodes in finite
time if and only if 𝛾 < 1 − 1/𝑟. At 𝛾 = 1 − 1/𝑟 growth is exponential, and for 𝛾 > 1 − 1/𝑟 it is polynomial.
The same threshold holds for the Good process with rate ∝ 𝑎𝜀−𝛾𝜆 , by Theorem 3.1.

Proof. The equation reads ¤𝐴 = 𝑐𝑘𝜆𝐴
𝛾𝜆
0 𝐴

1+𝜀𝛾 with 𝜀𝛾 := 𝜆(1 − 𝛾) − 𝛽. It blows up if and only if 𝜀𝛾 > 0, i.e.
𝛾 < 1 − 𝛽/𝜆. If 𝜀𝛾 = 0 the growth is exponential, and if 𝜀𝛾 < 0 then 𝐴| 𝜀𝛾 | grows linearly.

At the working paper’s central values 1 − 1/𝑟 = 0.279: a diverted share of 47% at ten times today’s
capability and 85% at a thousand times turns the singularity into exponential growth. A constant share 𝜃 < 1
only delays the blow-up, since 𝑇∗ scales like (1 − 𝜃)−𝜆 . Proposition 6.2 is a statement about the capability
equation alone. Non-explosion is not a statement about whether oversight keeps pace, which depends on a
separate equation (Example 6.4).
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6.3 Fixed-allocation race between capabilities and oversight
Let 𝑆 measure oversight capability (alignment, control, monitoring), produced by the diverted labour under
its own idea production function. With a constant share 𝜃 ∈ (0, 1):

¤𝐴 = 𝑐𝐴1−𝛽 ((1 − 𝜃)𝑘𝐴) 𝜆 , ¤𝑆 = 𝑐𝑆𝑆
1−𝛽𝑆 (𝜃𝑘𝐴) 𝜆𝑆 , 𝐴(0) = 𝐴0, 𝑆(0) = 𝑆0 > 0, (6.3)

with 𝜀 = 𝜆 − 𝛽 > 0, 𝛽𝑆 , 𝜆𝑆 > 0, and 𝜀𝑆 := 𝜆𝑆 − 𝛽𝑆 , the exponent with which oversight would explode if it
were fed by its own output. Let 𝑇∗ be the blow-up time of 𝐴.

Theorem 6.3 Fixed-allocation asymptotic race regimes As 𝑡 ↑ 𝑇∗:

(i) if 𝜆𝑆 < 𝜀, then 𝑆(𝑡) → 𝑆(𝑇∗) < ∞;

(ii) if 𝜆𝑆 ≥ 𝜀, then 𝑆(𝑡) → ∞, and

𝑆(𝑡)
𝐴(𝑡) −→


0, 𝜀𝑆 < 𝜀,

R(𝜃) :=
( 𝑐𝑆 (𝜃𝑘)𝜆𝑆
𝑐((1 − 𝜃)𝑘)𝜆

)1/𝛽𝑆
, 𝜀𝑆 = 𝜀,

∞, 𝜀𝑆 > 𝜀.

Away from the critical equality 𝜀𝑆 = 𝜀, changing a fixed allocation share 𝜃 ∈ (0, 1) changes constants and
dates but not the asymptotic regime of the ratio 𝑆/𝐴. At the critical equality the limit R(𝜃) depends on 𝜃.

Proof. Write 𝑐′ := 𝑐((1 − 𝜃)𝑘)𝜆 . Then 𝐴(𝑡) = (𝜀𝑐′ (𝑇∗ − 𝑡))−1/𝜀 , and d
d𝑡𝑆

𝛽𝑆 = 𝛽𝑆𝑐𝑆 (𝜃𝑘𝐴)𝜆𝑆 . Hence

𝑆(𝑡)𝛽𝑆 = 𝑆𝛽𝑆0 + 𝛽𝑆𝑐𝑆 (𝜃𝑘)𝜆𝑆 (𝜀𝑐′)−𝑝
∫ 𝑡

0
(𝑇∗ − 𝑢)−𝑝 d𝑢, 𝑝 := 𝜆𝑆/𝜀.

If 𝑝 < 1 the integral converges as 𝑡 ↑ 𝑇∗, which is (i). If 𝑝 = 1 it diverges logarithmically, so 𝑆 → ∞
while 𝑆/𝐴 → 0; this case has 𝜀𝑆 = 𝜀 − 𝛽𝑆 < 𝜀. If 𝑝 > 1, then 𝑆𝛽𝑆 = 𝐾 (𝑇∗ − 𝑡)1−𝑝 (1 + 𝑜(1)) with
𝐾 = 𝛽𝑆𝑐𝑆 (𝜃𝑘)𝜆𝑆 (𝜀𝑐′)−𝑝/(𝑝 − 1), and so

𝑆(𝑡)
𝐴(𝑡) = 𝐾1/𝛽𝑆 (𝜀𝑐′)1/𝜀 (𝑇∗ − 𝑡)

𝜀−𝜀𝑆
𝜀𝛽𝑆 (1 + 𝑜(1)).

The exponent is positive, zero or negative according as 𝜀𝑆 < 𝜀, 𝜀𝑆 = 𝜀 or 𝜀𝑆 > 𝜀. In the case of equality,
𝑝 − 1 = 𝛽𝑆/𝜀, and a short computation gives 𝐾1/𝛽𝑆 (𝜀𝑐′)1/𝜀 = (𝑐𝑆 (𝜃𝑘)𝜆𝑆/𝑐′)1/𝛽𝑆 = R(𝜃).

Example 6.4 Removing the singularity does not make oversight keep pace Take 𝜆 = 2, 𝛽 = 1, 𝑐 = 𝑘 = 𝑐𝑆 = 1,
𝐴0 = 1 and 1 − 𝜃(𝐴) = 𝐴−1/2, which is exactly the threshold 𝛾 = 1 − 1/𝑟 = 1

2 of Proposition 6.2. Then
¤𝐴 = 𝐴, so 𝐴(𝑡) = 𝑒𝑡 and there is no blow-up. Let oversight follow the time-varying-allocation version of
(6.3) with 𝜆𝑆 = 1 and 𝛽𝑆 = 2, namely ¤𝑆 = 𝑆−1𝜃(𝐴)𝐴. Then d

d𝑡𝑆
2 = 2(𝑒𝑡 − 𝑒𝑡/2), so

𝑆(𝑡)2 = 𝑆2
0 + 2(𝑒𝑡 − 1) − 4(𝑒𝑡/2 − 1), 𝑆(𝑡)

𝐴(𝑡) ∼
√

2 𝑒−𝑡/2 → 0,

although the diverted share tends to one.

Reading the extensions. Three qualifications belong next to any policy reading of this section. (a) The
asymptotic regime of 𝑆/𝐴 is insensitive to a fixed allocation share away from the critical equality of exponents;
at that equality the share sets the limiting ratio. (b) Non-explosion of 𝐴, as in Proposition 6.2, is not the same
as oversight keeping pace (Example 6.4); the coupled problem with time-varying allocation is not solved
here. (c) A policy can materially change finite-horizon performance, the time available for intervention and
threshold crossings even when it does not change an asymptotic exponent. Treating 𝑆/𝐴 as a measure of the
adequacy of oversight is a modelling assumption, not a theorem about alignment. In particular, nothing
here shows that fixed safety spending is useless or that diversion alone establishes safety. What the model
suggests is that the exponents of oversight research, namely its returns to labour 𝜆𝑆 and its difficulty growth
𝛽𝑆 , deserve measurement alongside its budget.
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Figure 6 (a) Solutions of the deterministic delayed model (6.1) with 𝐷 = 1 and 3 months (𝜆 = 1.40, 𝛽 = 1.01, 𝑐𝑘𝜆 = 𝑔,
𝐴 = 1 on [−𝐷, 0]): log 𝐴 grows exponentially instead of blowing up. The stochastic delayed model is only proved not
to explode. (b) Asymptotic regimes of the ratio 𝑆/𝐴 in Theorem 6.3 at 𝜀 = 0.39 for a fixed allocation share 𝜃. On the
boundary line the limit exists and depends on 𝜃.

Table 2 Exact laws of the explosion time (Theorem 3.4) at 𝜀 = 0.39 under convention B. Times in months. The value
ℙ(𝜁 ≤ 12) ≈ 1.2 × 10−13 for ℎ = 0.01 is a high-precision evaluation, stable under precision doubling; it is far below
Monte Carlo resolution.

idea size ℎ ℓ 𝔼𝜁 CV 5% quantile 95% quantile ℙ(𝜁 ≤ 12)
0.01 0.0039 16.7 0.044 15.5 17.9 1.2 × 10−13

0.1 0.037 17.0 0.136 13.4 21.0 0.007
1 0.270 19.0 0.367 9.7 31.9 0.140
9 0.898 25.2 0.649 6.9 57.0 0.196

7 Numerical illustrations
We use 𝜆 = 1.40, 𝛽 = 1.01 (𝜀 = 0.39, 𝑟 = 𝜆/𝛽 unrounded) and convention B of Box 1 with 𝑑0 = 4.5 months, so
that 𝑔 = log 2/𝑑0 and 𝑞0 = 𝑔/log(1 + ℎ) for each idea size ℎ. The fluid blow-up time is 𝑇∗ = 1/(𝜀𝑔) = 16.65
months. Under convention B the columns 𝔼𝜁 , the quantiles, ℙ(𝜁 ≤ 12) and all durations in months depend
on the convention; CV, 𝑛∗ and 𝑊∗ do not. These are illustrations of the theorems, not forecasts of AI
development.

Reading the tables. The deterministic 16.65 months is the small-idea limit of a distribution, which is
tight if progress consists of many small ideas and wide and right-skewed if it consists of a few large ones
(Table 2). At equal local log drift, lumpy progress also puts more mass on early arrival, 14–20% within
a year; unlike the CV, this comparison depends on the calibration convention. With parameters known,
relative uncertainty about the remaining time does not shrink (Theorem 4.1), so any plan keyed to this
model is naturally indexed to the current expected doubling time rather than to a calendar date. In the
fixed-sample experiment (Table 3) the attainable lead time is governed by the granularity ℓ . For 1% ideas
the decision comes after about 6.6 months in expectation, with a remaining duration whose 5–95% range
is [9.36, 10.82] months. For doubling-sized ideas the decision comes after the working paper’s tenfold
acceleration (𝔼𝑇9 = 17.3 months), with [0.85, 2.80] months remaining. These are predictive quantiles within
the model, not guarantees about the world.

8 Limitations and open problems
The Good process is deliberately minimal (Remark 2.2). Ideas are conditionally independent and strictly
positive; the exponent 𝜀 is constant; compute and data, which the working paper lists as separate frictions,
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Table 3 The fixed-sample experiment of Section 5 at 𝛼 = 5% (known 𝑞0 and ℓ ). 𝑛∗ is the exact minimum fixed-sample
size; the boundary pair err𝑛∗−1 > 𝛼 ≥ err𝑛∗ certifies it.𝑊∗ = 𝑞𝑛

∗
is the remaining mean divided by the initial mean. The

last three columns describe 𝜁 − 𝑇𝑛∗ , which is distributed as 𝑞𝑛∗ 𝜁 (Corollary 5.3). Times in months.

remaining time 𝜁 − 𝑇𝑛∗
ℎ 𝑛∗ err𝑛∗−1 err𝑛∗ 𝑊∗ 𝔼𝑇𝑛∗ mean 5% quantile 95% quantile

0.01 130 0.0519 0.0499 0.604 6.6 10.07 9.36 10.82
0.1 30 0.0538 0.0451 0.328 11.4 5.56 4.40 6.88
1 9 0.0641 0.0332 0.088 17.3 1.67 0.85 2.80
9 5 0.0644 0.0136 0.011 24.9 0.28 0.08 0.64

are absent; and the idea size ℎ is a free parameter without a direct empirical counterpart. The numerical
illustrations depend on an explicit calibration convention and are not forecasts. Within these limits, the
following problems seem natural.

1. Composite and sequential detection. With ℓ specified and 𝑞0 unknown, prove the cube-root law through
the invariant reduction of Remark 5.5, presumably with the constant (48𝑧2

𝛼)1/3. With ℓ unknown, use a
separated alternative ℓ ≥ ℓmin or a local power criterion (Remark 5.4). Separately, determine optimal
anytime alarms with explicit false-alarm control and treat an unknown onset (change point); neither is
addressed by Theorem 5.1.

2. Multitype Good processes. Software and hardware improve each other [14]. For multitype pure-jump
processes with rates 𝜅𝑖

∏
𝑗 𝐴

𝜀𝑖 𝑗
𝑗 , find the explosion criterion and determine whether the explosion time is

governed by a matrix analogue of (𝑧; 𝑞)∞.
3. Stochastic delays. For the stochastic delayed model of Theorem 6.1(iv), decide whether 𝑡−1 log log 𝐴𝑡 →

(log 𝑟)/𝐷 almost surely, and describe the fluctuations.

4. Coupled allocation under uncertainty. Choose a time-varying share 𝜃𝑡 when 𝜀 is unknown, with the coupled
oversight equation of Example 6.4 in the loop. This is a control problem with learning and an absorbing
catastrophe.

5. Exact laws beyond the lattice. Corollary 3.9 gives one explicit non-lattice law. Characterise broader classes
of size laws for which the law of 𝜁 in Theorem 3.7 is explicit [11, 6].

6. Saturation.With physical limits, 𝜀 eventually becomes negative [12, note 5]. For logistic-type rate functions,
describe the law of the time to reach a given fraction of the ceiling, and find what replaces the 𝑞-series.

Acknowledgements. We are grateful to Chan et al. [12] for a clear and carefully argued working paper; its
explicit statement of the feedback model is what made the present analysis possible.

Use of AI tools. AI-based assistants supported parts of this work, including the drafting and editing of the
text, the development and cross-checking of the numerical code, and an additional technical reading of the
manuscript. The authors reviewed this material and take full responsibility for the content of the paper.

A Numerical specification and reproducibility
Every number in this paper is produced by the scripts in the code/ folder of the accompanying reposi-
tory [26],

https://github.com/xiaoyulics/singularity-distribution,

which also contains all generated outputs and figures; no number is typed by hand. make_numbers.py
computes all quantities and writes generated/numbers.tex, which the manuscript reads as
LATEX macros. run_checks.py runs the checks listed below and writes generated/checks_
report.txt; make_figures.py regenerates Figs. 2 to 6, and make_hero.pywith make_hero_

https://github.com/xiaoyulics/singularity-distribution
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labels.py regenerates Fig. 1. The script reproduce.sh (or reproduce.ps1) runs all of them in
order. Environment: Python 3.13.14 with numpy 2.4.6, scipy 1.17.1, mpmath 1.3.0 and matplotlib 3.11.0
(PGF backend, so that figure text is set by LATEX in the paper’s fonts); MiKTeX pdfTEX 1.40.29. Random seeds
are fixed in each script.

Exact law. The alternating series of Theorem 3.4(iii) is evaluated in mpmath. The working precision is set
per evaluation from a floating-point estimate of the largest term relative to (𝑞; 𝑞)∞ (the number of digits lost
to cancellation) plus 40–60 guard digits. For example, this gives 172 digits for the 5% quantile at ℎ = 0.01
(𝑞 = 0.99613) and 90 digits for ℎ ≥ 0.1. Truncation is certified: the term magnitudes decrease monotonically
once 𝑞𝑘+1 < 1

2 , i.e. for 𝑘 > log 2/ℓ , and from that point the remainder of the alternating series is bounded
by the first omitted term, which is required to be below 10−(digits−5) relative to the partial sum. Quantiles
are found by bisection on the distribution function to relative tolerance 10−11. Lower-tail probabilities are
computed as 1 − ℙ(𝜁 > 𝑡) with additional guard digits, never subtracted at inadequate precision.
Checks run (results in generated/checks_report.txt).
• Regression targets. All entries of Tables 2 and 3 agree with an independent recomputation to relative
accuracy 2 × 10−6, and the four detection boundary pairs agree to 10−9.

• Precision doubling. Each quantile and each ℙ(𝜁 ≤ 12) is recomputed at twice the working precision; the
largest change is below 10−40 in absolute terms, and the relative change of ℙ(𝜁 ≤ 12) ≈ 1.16 × 10−13 at
ℎ = 0.01 is below 10−80. In the near-one regime 𝑞 = 0.99613, the normalisation ℙ(𝜁 > 0) = 1 holds to
10−39 at 312 digits and to 10−351 at 624 digits.

• Structure. On 400-point grids the distribution function is monotone and the density is nonnegative within
10−14; for ℎ ∈ {0.1, 1, 9}, moments 0–3 obtained by quadrature of the density agree with 𝑛!/(𝑞; 𝑞)𝑛 to
relative accuracy 10−15.

• Monte Carlo cross-checks with standard errors. For ℎ ∈ {0.1, 1, 9} (105–2 × 105 samples), the mean, the
distribution function at the two quantiles and ℙ(𝜁 ≤ 12) agree with the exact values within 4.5 standard
errors (largest |𝑧 | about 2.3). At ℎ = 0.01, ℙ(𝜁 ≤ 12) is not Monte Carlo-validated: it is far below
simulation resolution. The two error probabilities at the exact balancing threshold of the likelihood-ratio
test are simulated (4 × 105 replicates per hypothesis) and agree with the exact minimax error within 4.5
standard errors. The pathwise fraction quoted after Corollary 5.3 uses 2 × 105 paths truncated after 200
ideas (the omitted tail has relative size below 10−23).

• Detection thresholds. For 𝑘 = 1, . . . , 𝑛−1 let𝑤0𝑘 = 𝑒𝑘ℓ−1, 𝑤1𝑘 = 1−𝑒−𝑘ℓ and𝑍 𝑗 =
∑
𝑘 𝑤𝑗𝑘𝐸𝑘; the zero-weight

term 𝑘 = 0 is omitted. Under 𝐻𝑗, L𝑛 = ℓ
∑
𝑘 𝑘 − 𝑍 𝑗. With distinct weights, ℙ(𝑍 𝑗 > 𝑥) = ∑

𝑘 𝑐 𝑗𝑘𝑒
−𝑥/𝑤𝑗𝑘

with 𝑐 𝑗𝑘 =
∏

𝑖≠𝑘 𝑤𝑗𝑘/(𝑤𝑗𝑘−𝑤𝑗𝑖), evaluated at 300 digits after checking |∑𝑘 𝑐 𝑗𝑘−1| < 10−30. The balancing
threshold solves ℙ(𝑍0 > 𝑥) + ℙ(𝑍1 > 𝑥) = 1, and the common error is ℙ(𝑍1 > 𝑥). We report the
boundary pair (err𝑛∗−1, err𝑛∗ ); at ℎ = 0.01, err𝑛∗ lies only 8× 10−5 below 𝛼, so a Monte Carlo search could
not certify this threshold. The non-asymptotic bounds of Theorem 5.1 bracket every computed 𝑛∗.

• Proposition 4.6 and Corollary 3.9. For 𝜀 ∼ Uniform(0, 1), ℎ = 1, 𝑞0 = 1, the quantity 𝑡ℙ(𝜁 > 𝑡 | 𝜀 > 0),
computed by Gauss–Legendre quadrature over 𝜀 with the exact survival function, equals 1.489, 1.465,
1.454 and 1.448 at 𝑡 = 25, 50, 100, 200, approaching 1/log 2 = 1.4427. For Beta(𝑏, 1) marks, 𝑏 ∈ {0.5, 2, 5},
simulated perpetuities pass a Kolmogorov–Smirnov test against Gamma(𝑏 + 1, 1) (105 samples each), and
the transform identity in the proof of Corollary 3.9 holds to 10−10.

• Small-time asymptotic. check_small_time.py evaluates logℙ(𝜁 ≤ 𝑡) at 𝑞 = 1
2 from the exact

series at 600–18,000 digits for 𝑡 = 10−8, 10−16, 10−32, 10−64. Relative to the three-term expansion of
[7, Theorem 1.1] quoted after Theorem 3.4, the residual divided by 𝐿 is −0.81, −0.52, −0.33 and −0.20,
consistent with an 𝑜(𝐿) remainder; relative to the two terms of Theorem 3.4(v) it stays bounded (−0.40 to
0.21), as stated.

• Gamma coefficient. At ℓ = log 10, quadrature of 𝔼𝜁 −2𝜋𝑖/ℓ against the exact density agrees with Γ(1−2𝜋 𝑖/ℓ)
to ten digits.
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• Figure 1. make_hero.py simulates 1 400 histories of aGood processwith Lomax idea sizes, log(1+𝐻) ∼
Exp(𝑏𝜀) with 𝑏 = 6 and 𝜀 = 0.39, at local log drift log 2/4.5 per month (so 𝑞0 = 𝑔𝑏𝜀 and 𝜁 ∼ Gamma(7)
by Corollary 3.9). Histories are rasterised as additive light with bilinear splatting, bloom and a filmic tone
map, and coloured by the rank of their explosion time. The histories at the 10%, 50% and 90% quantiles
of 𝜁 are traced brightly in both panels. Left panel: capability in doublings against calendar time (0–36
months, 0–13 doublings); the dashed curve is the fluid ODE with 𝑐𝐴𝜀0 = 𝑔; the horizon glow and silhouette
are the exact density of 𝜁 = 𝜁/𝑞0; the ticks are at 𝔼𝑇𝑛 = (1− 𝑦𝑛1 )/(𝑞0 (1− 𝑦1)) with 𝑦1 = 𝑏/(𝑏+ 1), which
converge to 𝔼𝜁 . Right panel: radius 𝜁 − 𝑡 (up to 27 months) and angle 2𝜋 log2 (𝐴𝑡/𝐴0)/5, so that between
ideas a history moves radially inwards and at each idea it turns through an arc. By the self-similarity
of Section 4 (at idea times, as in the remark on random sizes), the part of a spiral after any idea is, in
law, a rotated and rescaled copy of a whole spiral. The stars, the halo and the reflection in the water are
decorative. make_hero_labels.py sets the labels in the paper’s fonts.

• Delay equation. (6.2) is integrated on the logarithmic scale by the explicit Euler method; the figure uses step
10−3 months. Halving the step from 2× 10−3 to 10−3 and to 5× 10−4 changes log 𝐴(𝑡) at 𝑡 = 10, 20, 30, 40
by at most 2.8 × 10−4 and 1.4 × 10−4 (relative) for 𝐷 = 1, and by 2.2 × 10−5 and 1.1 × 10−5 for 𝐷 = 3,
consistent with first-order convergence.
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