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Abstract—Language model APIs can expose token-specific bi-
ases while withholding logits and token probabilities. Existing
bias-based extraction recovers relative logits, leaving a common
additive component undetermined in ideal arithmetic. We
identify a numerical side channel in floating-point bias addition
that exposes information about this component through token
identities alone. The channel distinguishes score vectors with
identical complete unperturbed log probabilities. Our method
exploits changes in representable spacing at binary exponent
boundaries. Under the stated binary32 arithmetic assumptions
and a known reachable score interval, it recovers a logit pair
and its unknown tie-breaking priority exactly in at most 52
token queries. Given complete relative logits, one recovered
anchor determines the original logit vector. We evaluate re-
covery across 11 public checkpoints from seven model families
and extend the local method with adaptive interval search
and anchor selection. In end-to-end experiments with vLLM,
SGLang, and llama.cpp, adaptive recovery succeeds on all
128 Qwen3-0.6B inputs per system, including 64 held-out
inputs. A separate token-only experiment extracts a pretrained
small model’s complete output-head representation up to an
invertible hidden-basis transformation. We also establish a
sufficient condition for suppressing common-shift disclosure by
subtracting the maximum before bias addition. In controlled
experiments, this mitigation eliminates all observed distinctions
between common-shift variants and preserves token decisions
under the tested random biases.

1. Introduction

Language-model services expose configurable decod-
ing interfaces while withholding internal logits and model
parameters. Logit bias lets users steer generated text by
increasing or decreasing the likelihood of specified tokens,
even when the interface returns only the selected token [1].
Understanding what numerical information can be recovered
through these controls is part of assessing the information
exposed by a prediction interface.

Prediction interfaces support model extraction [2], in-
cluding recovery of language-model output projections and
their dimensions [3], [4]. Morris et al. and Carlini et al.
recover relative logits through token-specific biases and
observed token choices [3], [5]. In exact real arithmetic,
both softmax probabilities and biased-argmax responses are
invariant to a common additive shift of the logit vector.
These observations determine logit differences while leaving
one additive component unidentified for each input.
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We show that floating-point bias addition can expose
this component through token identities alone. Floating-
point spacing varies with magnitude, so adding a chosen
bias can produce different rounded comparisons for logit
vectors related by a common shift. We construct queries
that distinguish such vectors even when their complete
unperturbed log probabilities are identical. Under explicit
arithmetic and range conditions, we use these differences
to recover original-logit anchors. Combined with complete
relative logits, an anchor determines the original logit vector,
including its common additive component.

Figure 1 summarizes the mechanism and recovery. We
address three technical challenges:

o Identifying leakage beyond relative logits.
Common-shift score vectors produce identical ideal
query responses. Establishing additional disclosure
requires floating-point queries that distinguish these
vectors while their complete unperturbed probability
outputs remain identical.

« Recovering original logits from token responses.
A token comparison combines score gaps, rounding,
and an unknown tie-breaking order. Bounded biases
restrict the accessible numerical regions, so recovery
requires queries that separate these effects.

o Suppressing leakage while preserving bias con-
trol. Removing dependence on the common additive
component can change rounded comparisons and to-
ken choices. A mitigation must retain token-specific
bias control and be evaluated for both channel sup-
pression and preservation of decoding behavior.

For positive-score recovery, we determine the logit gap
and the token tie-breaking priority, then probe the original
anchor using the spacing change at an exponent boundary.
The probe responses are periodic over part of the candidate
range. We first use a small number of queries to deter-
mine the anchor’s position within this repeating pattern,
then restrict the candidate values accordingly to obtain a
monotone comparison for binary search. Binary search then
recovers the anchor exactly within the stated interval, and
the recovered gap determines the second original logit.

Our central result assumes stable scores, independently
converted biases, one correctly rounded addition per coor-
dinate, greedy selection, and a fixed but unknown token
tie-breaking order. Given a known reachable score interval,
recovery takes at most 50 binary queries for a positive
binary32 score pair and its priority, or 47 for negative scores.
Selecting the two tokens takes two additional queries. We
validate recovery across 11 public checkpoints from seven
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Figure 1. Overview of the numerical channel and recovery. (a) The observer chooses token biases b for fixed input = and observes the selected token;
RN32 denotes binary32 rounding. (b) At the positive boundary P = 2€, spacing increases from A to 2A. At the illustrated point below P, the increment
is exact. At P, the exact sum P + A lies halfway between P and P + 2A and rounds to P under ties-to-even. (c) Gap and priority recovery followed
by boundary probes recovers the score pair under the stated arithmetic and range assumptions. (d) Subtracting the maximum before bias suppresses

common-shift disclosure when stored variants yield identical centered vectors.

model families and extend the local method with interval
search and anchor selection. End-to-end adaptive recovery
through vLLM, SGLang, and llama.cpp succeeds on all
128 Qwen3-0.6B inputs per system, including 64 held-out
inputs.

The recovered component has a direct role in output-
head extraction. For a bias-free linear head under the rank
conditions in Appendix G, centered logits determine CW G,
where C' subtracts the vocabulary mean, W is the output
head, and G is an invertible hidden-basis transformation.
Original-logit anchors supply the missing shared row com-
ponent and permit recovery of W(G. We demonstrate this
composition by extracting a pretrained model’s complete
512 x 64 output-head representation from token responses
across three independent input sets. On vocabulary rows
excluded from basis alignment, weight RMSE ranges from
3.60 x 107 to 1.20 x 10~% (Section 5.3).

Finally, we analyze subtracting the maximum before bias
addition as a mitigation. When common-shift variants yield
identical preprocessed vectors, subsequent bias queries dis-
close no difference between them. Controlled experiments
verify this condition and measure output preservation under
independently generated sparse biases.

We make three contributions:

1) Logit leakage through floating-point bias addi-
tion. We characterize how rounding exposes a com-
mon additive component that remains unidentified
by ideal probabilities and biased-argmax responses.

2) Constructive recovery and output-head extrac-
tion. We give local exact-recovery algorithms and
query bounds, validate them through generation and
serving interfaces, and combine recovered anchors
with relative logits to extract an output-head repre-
sentation.

3) Processing-order analysis and mitigation. We
establish a sufficient condition for suppressing

common-shift disclosure through pre-bias max sub-
traction and measure its effect on token decisions.

2. Background and Problem Formulation

2.1. Logits, Probabilities, and Common Shifts

At one generation position, input x determines the vector
q(z) € RY entering bias addition, where V is the vocabulary
size. We use scores as a general term for numerical values
used in token selection. A linear output head produces logits
Wh(x) + 8 before softmax [3], [6]. When bias addition
acts directly on these outputs, we distinguish the original
logits from the resulting biased logits. If temperature scaling
or clipping precedes bias addition, our numerical analysis
instead applies to the processed scores entering that opera-
tion [7].

For a fixed input, write ¢ = g(x) and let 1 € RV denote
the all-ones vector. For any scalar s € R,

softmax(q + s1) = softmax(q). @)

Writing the mean-centering projection as C = I — 117 /V
gives
p=1"q/V. ©)

Here, p is the mean score, and C'q contains the deviations
from that mean. Probabilities determine the centered compo-
nent C'q in exact arithmetic, but not y. An ideal biased-token
interface

q=Cq+pl,

ideal
07 (b) = arg Zmax(%' +b;) (3)

has the same ambiguity. This is the common freedom re-
maining in the logprob-free extraction setting of Carlini et
al. [3].

Let A be a selected token and a = ¢4 its original score,
which we call the anchor. Any recovered anchor fixes the
common additive component: if an earlier extractor uses



reference token R and returns d; = q; —qp, setr; = d;—d 4.
Then ¢; = a+r; and p = a+ ), r;/V. The local protocol
below recovers a score pair and its tie-breaking priority;
Section 3.7 extends it to selecting the anchor.

The ambiguity also has an architectural interpretation.
Replacing a linear output head W by W + 1v ' changes
the scores by (v h(z))1 without changing ideal probabil-
ities. The lost scalar can therefore vary with the input and
depend on a shared head component. Softmax-preserving
output-head reparameterizations and their quantization ef-
fects have been studied for output-head optimization [8]. We
ask whether token responses to chosen biases can recover
an original logit and thereby determine the missing mean u
when the complete relative logits are known.

2.2. The Numerical Interface

We use the IEEE 754-2019 binary32 format (FP32),
which has 24-bit significand precision [9]. For a fixed in-
put, let ¢ be a vector of finite binary32 values. Let RN3o
denote round-to-nearest, ties-to-even: halfway cases select
the adjacent binary32 value with an even least significant
significand bit [10]. The observed interface is

Oq(b) = arg max RN32((]¢ + RN32 (bz)) . (4)

Each bias is converted independently before one binary32
addition. Scores remain fixed across queries for the same
input. A fixed, initially unknown global tie-breaking order
selects among tokens with equal maximum rounded scores.
This selection is distinct from midpoint rounding; only the
selected token identity is returned.

The recovery proofs use the separate bias conversion,
rounded addition, and greedy selection in (4). Conversion
precision, inserted quantization, and fused operations can
alter the comparisons [11]. Section 5.4 extends the compar-
ison protocol to specified errors in the returned tokens while
keeping the underlying scores fixed.

A binary interval [2¢71, 2¢) is a binade. Binary32 values
in its normal range have spacing A = 2°724 At P = 2¢,
spacing doubles. We use this change to produce score-
dependent rounding responses. The experiments use normal
values far from overflow and underflow. The abstract exten-
sion to very small exponents additionally requires gradual
underflow rather than flush-to-zero.

2.3. Threat Model

Protected information and adversary objective. The
provider withholds the logits for each input. An external
client seeks their original numerical values, including the
common additive component left unidentified by ideal prob-
abilities and biased argmax queries. Recovering one original
anchor fixes this component when relative logits are known.
Our local algorithm additionally recovers the target score
t and the pairwise tie-breaking priority; its exact-recovery
criterion requires agreement with all three values at the

specified decoder stage. Figure 1(a) separates the client-
visible interface from the private computation.
Capabilities and observations. The client can repeat its
own fixed input, request one greedy output token, and assign
independent additive biases to selected token IDs within a
public magnitude limit H. It adapts each bias to the preced-
ing token responses. The selected token identity and tok-
enization are assumed observable. No returned probabilities,
scores, score gaps, weights, hidden states, execution timings,
co-location, model modification, or access to another user’s
request is required. The client does not choose the service’s
tie-breaking order, arithmetic implementation, or processing
order.

Numerical assumptions and prior knowledge. The service
follows the stable-score operator in (4), with an unknown
fixed global tie-breaking order. Greedy selection alone does
not establish score stability; Section 5.4 evaluates execution
changes and extensions for noisy responses. The client
knows this arithmetic model and a stated reachable score
interval. The stated interval is required side information
for the recovery theorem. In the single-window generation
evaluation, separate calibration inputs select a public interval
before testing; the test inputs do not supply scores to the ob-
server. Precision, range, and stability are checked privately
after predictions are frozen, and all fixed test inputs remain
in the accounting.

The experiment evaluator can inspect private scores to
measure success; the recovery controller cannot. In a search
over multiple public intervals, uniqueness is defined relative
to the prespecified search domain.

3. Logit Leakage and Recovery

3.1. Leakage Mechanism

Equation (3) makes every ideal query invariant under
q — q—+ s1. Common-shift variants therefore yield identical
transcripts even for adaptive, randomized observers: con-
ditioned on the observer’s randomness, identical responses
lead to identical subsequent queries. Floating-point addition
need not preserve this equivalence.

We compare complete unperturbed probability outputs
with active numerical queries. An interface that returns
probabilities after the same bias operations may also expose
the additional information.

A distinguishing query. Consider two binary32 vectors

q=(30,28), ¢ = (29.875,27.875). 5)

Their difference is a common shift. Their max-centered vec-
tors are both (0, —2), and their unperturbed probabilities are
equal. Give the anchor bias 2 and the target bias 4+3-2721,
All supplied values are representable in binary32.

For g, the anchor becomes 32. The target’s exact sum
is 32 + 3 - 272!, which rounds to 32 because binary32
spacing above 32 is 278, If the anchor has priority, it wins.
For ¢', the anchor becomes 31.875. The target rounds to
31.875+2719, because spacing below 32 is 2719, and wins
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Figure 2. Token responses for ¢ = (30,28) and ¢/ = ¢ — él. The anchor

bias is 2; the target bias is 4+u2~2! for integer offsets u. The vectors have
identical unperturbed probabilities. Shading marks offsets with different
winners. The anchor wins ties between rounded scores; connecting lines
guide the eye.

strictly. Thus one numerical query distinguishes the two
score vectors although their passive outputs are the same.

This example isolates the source of information. In exact
arithmetic, the target would win for both vectors at the
stated bias. Rounding distinguishes the two vectors, whose
original relative scores are identical. Section 6.2 evaluates
how preprocessing affects these differences over complete
vocabularies.

3.2. Recovery Setting

Pair discovery and binary responses. An initial unbiased
query selects the anchor, and a second query suppresses it
by an allowed negative bias to select a target. The anchor
is the original greedy winner, so a > t. Local recovery
gives the anchor only nonnegative biases. No unmodified
third token can then displace it under the fixed global tie-
breaking order, making the subsequent response binary. Pair
discovery is counted separately from the recovery bound.

Our recovery construction requires enough bias to move
the two scores across a chosen binary exponent boundary
P = 2° where the spacing between adjacent binary32
values increases from A just below P to 2A just above
it. Queries must also resolve the unknown tie-breaking
priority: which token wins when the rounded scores are
equal. We first specify a reachable score interval; Section 3.6
addresses searches over multiple intervals and bounded-bias
nonidentifiability.

Let P = 2° with —125 < e < 127, assume gradual
underflow and no overflow in probe arithmetic, and set A =
P/2%*, Define

K- VMUZP/Q)J Ho=KA, F=P—Hy. (6)

For the anchor score a and target score ¢, assume K > 4
and

a>t>F, a € [l,u] C (F,P—2A], @)

where /,u are A grid points. Both scores lie in the same
binade, where binary32 values have spacing A. Their gap
d = a — t is therefore a multiple of A.

The interval in (7) provides enough bias to move the
scores across P while keeping every recovery bias between
0 and Hy. The margin below P also permits the adjacent
probes used to resolve the priority and anchor residue.

3.3. Recovery Algorithm

Algorithm 1 implements the positive-score recovery se-
quence in Figure 1(c). FirstWinningIndex finds the first
target-winning bias index; ResolveTie identifies the gap
and priority. ResidueCandidates selects anchors with the
observed residue for BinarySearch, using the monotone
response Probey .. Write O(bg, b1) for biases on tokens 0
and 1, with zero bias elsewhere. All subroutines use the
public range parameters.

Algorithm 1. Exact recovery of a positive score pair.

Input: Token oracle O, original winner 0, target 1, and public
P, H, ¢, u satisfying (7); A, K, F follow (6).
Output: Scores (a, t) before bias addition and tie-breaking priority

j « FirstWinningIndex(O, A, K)

7 < ResolveTie(O, do)

d<+do+T71A

po < max{{,F+d+ A}

S <+ ResidueCandidates(O, d, T, po, u)
a < BinarySearch(S, Probegy, )
return (a,a —d, T)

0NN B W=

Recovering the gap and tie-breaking priority. Label the
original winner as token O and the target as token 1. Their
pairwise tie-breaking priority is 7 = 0 if token 0 wins when
their rounded scores are equal, and 7 = 1 otherwise. When
only the target receives bias kA, the first winning grid point
j determines exactly two possibilities:

do = (] - 1)Aa
dy = jA = dy + A. ®)

The target loses at k& = 0 by the original-anchor defini-
tion and wins at k = K because t + Hy > P > a.
FirstWinningIndex finds j by integer binary search in
at most [log, K| queries; the endpoint responses require
no calls. Around the comparison threshold, the sums are
representable grid values, so the search determines the two
gap hypotheses exactly.

Three rounding probes identify the implementation’s tie-
breaking priority without assuming a token-ID order. Define

p=max{l,F +dy + A}. )

7T=0:
T=1:

For r =p,p+ A, p+ 24, submit
boipf’f', b1:P*7’+d0+A (10)

Under the second hypothesis in (8), the two exact sums
coincide and the target has priority, so all three replies are
token 1. Under the first hypothesis, the responses follow the
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Figure 3. Eliminating the periodic response. (a) Full-grid probes are peri-
odic for p < a and constant for p > a. (b) The recovered residue class
(open markers) gives a monotone comparison; gray points are excluded.
The change at p = a corresponds to floating-point spacing changing from
2A to A. Lines connect discrete queries. The horizontal origin uses the
unknown a for illustration.

rounding pattern derived next and cannot all be token 1.
ResolveTie returns 7 = 1 exactly when all three replies are
token 1, thereby resolving the gap ambiguity.

The equality case a = t is included. It implies 7 =
0 because token 0 was the original winner, and the first
winning target bias is A.
Identifying the anchor residue. Suppose d and 7 are
known. For a pivot p € AZ with F+d+ A < p < P,
give the anchor bias P — p and the target bias P — p + d.
Their exact biased scores are equal:

x=P+(a—p)=P+EkA, k=(a—p)/A. (11)

Add one further A to whichever token has lower priority.
After incorporating the increment, convert each bias in-
dependently to binary32 and add it to its score with one
rounded addition.

Define Probey - (p) as the indicator that token 1—7 wins
this query, and write f(k) for its response at k = (a—p)/A.
Each evaluation makes one oracle call. Below P, both z and
x4+ A are representable and f(k) = 1. At or above P, ties-
to-even rounding operates on a grid of spacing 2A, yielding

1, k<O,
f(k)=120, k>0, kmod4 € {0, 3}, (12)
1, k>0, kmod4 € {1,2}.
The nonnegative pattern is 0,1, 1,0 (Figure 3(a)). In partic-
ular, it contains no run of three ones. This establishes the
priority test above because its initial pivot satisfies p < a
under either gap hypothesis.

Set pg = max{¢, F+d+A}. Using at most three queries,
ResidueCandidates either identifies a = py or decodes the
residue p = ((a—po)/A) mod 4. It returns S = {po } in the
former case and S = [pg, u] N (po + pA + 4AZ) otherwise.
A singleton interval needs no query. Appendix A gives the
response table, the zero-offset exception, and the payload
bounds.

Once the residue is known, restrict candidate anchors to
that residue class, spaced 4A apart. Both a and a candidate

pivot p lie in this class, so (a — p)/A € 47. Equation (12)
therefore reduces to

flla=p)/A)=1 <=

Figure 3 illustrates this restriction to a monotone com-
parison. BinarySearch queries Probeg, on &, retaining
candidates below the pivot after response 1 and those at or
above it after response 0. It recovers a in at most [log, |S|]
queries, including zero for a singleton; then ¢ = a — d.

a < p. (13)

3.4. Correctness and Query Complexity

Theorem 1 (Local pair recovery). Under (4) and (7),
with token 0 the original winner and a fixed global tie-
breaking order, Algorithm 1 recovers (a,t,T) exactly. If the
legal anchor interval after determining the gap contains
N = (u—po)/A + 1 grid points, it uses at most

[logy K| + 6 + [log, [N/4]] (14)
binary recovery queries. For binary32 this is at most 50.

Proof. The target-only search gives the two gap hypothe-
ses exactly. The three probes in (10) identify the correct
hypothesis by (12). At most three more probes identify
the anchor residue, including the k& = 0 exception. The
remaining class contains at most [ N/4] points, and (13) per-
mits ordinary binary search. The special case of a singleton
interval terminates earlier. Every pivot keeps the anchor bias
nonnegative and all payloads within Hy; the original-anchor
property excludes third-token responses. Finally, K < 223
and N < K, giving 23 4+ 3 + 3 + 21 = 50. O

For binary precision p > 3, the same full-binade con-
struction gives a worst-case upper bound 2p + 2, under the
corresponding representability assumptions.

The full-binade domain in (7) contains (K — 2)? ad-
missible pair-and-priority states. For a = F + iA, with
1<i< K-2 targets t = F + jA, 1 < j < i, admit
27 — 1 states: two priorities for each j < ¢ and only the
original-anchor priority for 7 = 4. A binary decision tree
of depth T has at most 27 leaves. Thus any deterministic
algorithm that always recovers both scores and their priority
has worst-case binary query cost at least

[log, (K —2)%], (15)

where K = 2P~ 1; for binary32, the bound is 46.

Existing multiclass extraction methods use more infor-
mative responses to recover many relative coordinates [3],
with costs measured per coordinate.

3.5. Negative Scores and Mixed Precision

Logits can be negative. A negative exponent boundary
reverses the direction of the spacing change and admits a
separate construction without shifting the service’s scores.
Let S = 2¢, § = §/223, K = |min(H, S)/§|, Hy = K,



and ' = —S — Hy. Assume K > 2, representable §/2, no
overflow or flushing of required subnormals, and

a>t>F, (F,—S —94]. (16)
The public endpoints lie on the § grid.

a€[l,u] C

Theorem 2 (Negative-score recovery). Under (4) and (16),
the score pair and unknown fixed tie-breaking priority can
be recovered in at most

[logy K+ 2+ [log, [N/2]] < 47 (17)

binary recovery queries, where N is the remaining number
of legal anchor grid points after gap recovery. The worst-
case binary-query lower bound for the full-binade pair-and-
priority problem is 46.

The gap search is unchanged. One half-step query in
the finer region resolves the tie-breaking priority. A further
query at a pivot above every legal anchor identifies the
anchor’s parity. Restricting pivots to that parity turns the
rounding response into a monotone comparison. Appendix C
proves the construction and its payload bounds. Changing
to another known IEEE rounding direction permits modified
probes with the same uniform upper bound; a mode change
alone is therefore not a general suppression argument.

Known score precision restricts both searches to the
storage grid. Storage-aligned probes also remove the fine-
grid residue step, giving at most 2s — 1 recovery queries
for s-bit stored scores when the bias and addition precision
is at least s + 2 and the local range and representability
conditions hold: 15 for BF16 and 21 for binaryl6 with
binary32 addition (Appendix D). The required grid is that
of the scores entering bias addition; weight or forward-
pass precision alone does not establish it. Lower-precision
storage retains the channel when promoted scores accept
finer biases.

3.6. Consistency Checks and Abstention

Outside a supplied local interval, we use local recovery
to generate candidates over a fixed collection of windows.
Each candidate must reproduce the combined transcript
under the declared operator; zero or multiple surviving
candidates cause abstention. A unique candidate is accepted
relative to the specified search domain.

Bounded biases can leave distinct score vectors obser-
vationally equivalent (Appendix B). Thus, transcript consis-
tency establishes uniqueness within the searched domain;
exact recovery additionally requires the local arithmetic and
range assumptions.

3.7. Adaptive Anchor Selection

If no unique candidate survives the current pair’s checks,
discard its anchor and retry. Every query fixes bias —H
on previously discarded anchors S. A query with zero
bias elsewhere selects anchor A; additionally suppressing
A selects target 1. A response from S, or failure to select
a distinct target, stops the search.

Preservation of local recovery. The fixed mask defines a
baseline vector with entries RN3s(¢; — H) on S and g;
elsewhere. Its greedy winner is A, so nonnegative anchor
biases preserve binary responses under the fixed tie-breaking
order. For A, T ¢ S, the service computes RN32(ga + ba)
and RN35(gr + by) directly from the original logits. The
local theorems therefore apply whenever the selected pair
satisfies their range assumptions.

The search returns a unique candidate passing all checks
or stops after R pair attempts, biasing at most R+ 1 tokens
per query. Window searches, checks, and retries contribute
to the complete recovery cost.

3.8. Output-Head Extraction

Building on the output-head factorization of Carlini et
al. [3], we combine complete relative logits with recovered
anchors to determine a bias-free linear head up to an in-
vertible hidden-basis transformation. Bias bisection against
the unbiased winner estimates each relative coordinate (Ap-
pendix G). Centering these estimates across the vocabulary
gives a matrix that we factor as BX. The anchors determine
the vector p of mean logits over extraction inputs. Fitting
n = uX gives the shared row u, and adding it to every
vocabulary row completes the head as W=5B+1u

If the centered head and hidden-state matrix have full
hidden rank, these factors represent CWG and WG for an
invertible GG; Appendix G derives the identity and handles
rank loss under centering. Relative-coordinate and floating-
point errors make the numerical head estimates approximate
even when the anchors are exact. For a held-out input,
queried relative coordinates determine its coordinates in the
learned basis; u predicts the mean without using that input’s
anchor.

4. Experimental Setup

4.1. Models and Interfaces

We evaluate 11 checkpoints from seven families, rang-
ing from 14M to 4B parameters: Pythia [12], GPT-2 [13],
GPT-Neo [14], OPT [15], BLOOM [16], SmolLM2 [17],
and Qwen3 [18]. Generation experiments invoke un-
modified model.generate for one greedy token with
the SequenceBiasLogitsProcessor in Transformers
4.57.1 [7], [19]. Forward computation uses FP32 or BF16
as specified below; bias addition uses FP32.

Serving experiments use Qwen3-0.6B and SmolLM2-
360M on research-controlled vLLM 0.10.2 [20], SGLang
0.53.post2 [21], and llama-server at commit
7£2dd88b0ac3 [22]. GPU servers use BF16 weights;
llama.cpp uses CPU FP32 GGUF. All add binary32
biases. Output-head extraction uses pretrained TinyStories-
260K [23], whose bias-free head has a complete 512-token
vocabulary, through a research-controlled CPU FP32 HTTP
service.



4.2. Observation and Validation Protocol

The observer receives token IDs; evaluator-only hooks
record original logits as ground truth. End-to-end runs obtain
every response through generation calls, while cached eval-
uations apply the decoder to saved full-vocabulary vectors
behind the same token-only interface. Predictions are frozen
before private scoring. Independent replay checks recorded
responses, and selected serving traces are repeated without
instrumentation. Calibration uses separate inputs; precision,
budget, and framework comparisons reuse the specified in-
put sets and count their model-input conditions separately.
Each study below gives its input split and comparison
protocol.

4.3. Evaluation Metrics

For true scores and tie-breaking priority (a,t,7) and a
returned estimate (a, t, 7), we define the maximum absolute
score error and exact-recovery criterion as

Ep.x = max{|a — al, |f —t|},

Exact recovery <= FEpax =0 A T=1. (18)
For the finite, nonzero scores in our recovery domains, score
equality is bitwise equality of the binary32 representations.
Even a one-ULP discrepancy is counted as incorrect. We
report recovered, incorrect, and unresolved cases over all
attempted inputs, as well as exact recovery conditional on
the stated range assumptions.

Adaptive anchor recovery requires a = ¢4 for the
returned token A; we also evaluate the selected pair un-
der (18), retaining all attempted inputs.

A recovery query is one call used after token-pair
selection; the two selection calls are counted separately.
A generation call recomputes the model and applies its
decoding operations. A cached decoder evaluation applies
those operations to a saved score vector. We report these
computational costs separately.

5. Evaluation

We address four research questions:

« RQI1: Can token responses recover original logits
across models and numerical precisions, and how
does range coverage affect recovery? (Section 5.1)

e RQ2: Can the adaptive procedure recover logits
through serving APIs, and what is its complete query
cost? (Section 5.2)

e RQ3: Can recovered anchors extend token-only
output-head extraction from CWG to WG? (Sec-
tion 5.3)

e RQ4: How do execution changes and token-
response errors affect recovery? (Section 5.4)

5.1. RQ1: Recovery across Models and Precisions

The FP32 evaluation uses the same 64 fixed test inputs
per checkpoint. Eight prefixes, including Chinese, JSON,
and always-A instructions, are balanced across arithmetic
and word-continuation text to exercise the numerical in-
terface. The single-window baseline decodes under one
evaluator-calibrated interval; the adaptive controller searches
windows, checks the combined transcript, and reselects an-
chors as defined in Sections 3.6-3.7.

Before testing, eight separate calibration inputs select
one public positive or negative interval by maximum calibra-
tion coverage, breaking coverage ties by ascending exponent
and then positive before negative. The candidate boundaries
are +2° for e = —6,...,10, with the theorem’s endpoint
margins and primary bias limit 4 = 100. Calibration uses
evaluator score access to supply the assumed interval; it is
not a token-only range-estimation procedure. No test score
reaches the observer, and every fixed input is retained.

A post-hoc cached evaluation compares all 34 signed
windows, first with the original pair and then with selection
capped at eight pairs. It also evaluates larger bias budgets
and generic versus known-precision recovery on the same
vectors (Appendix E). End-to-end adaptive runs use 64 FP32
GPT-Neo inputs and 32 BF16 inputs each for OPT and
Qwen3 at H = 100. Each query recomputes the model and
returns only the selected token.

Across 32,984 generation calls on 704 FP32 cases, all
504 covered pairs and priorities recover exactly: 504/704
(71.6%) overall and 504/504 within the calibrated intervals
(Table 1). GPT-2 and GPT-Neo exercise negative recovery
on 54 and 13 covered inputs. Every response matches full-
vocabulary binary32 replay, and original-logit hashes remain
stable within each input, validating the tested generation
path in (4).

Outside the calibrated interval, the single-window base-
line returns 103 incorrect candidates and leaves 97 un-
resolved. Cached window search recovers 565/704 inputs
with the original pair; adaptive selection increases this to
632/704 (89.8%) with zero incorrect accepted candidates.
Nine checkpoints reach 64/64, using at most three pairs.
All 72 remaining inputs exhaust eight attempts outside the
tested local domains.

The larger-budget ablation reaches 64/64 for Pythia-
160M at H = 256 and BLOOM at H = 160, bringing
cached adaptive coverage to 704/704. BLOOM’s eight un-
resolved H = 100 targets require 512 — ¢ ~ 106.77-143.17
bias, explaining their exclusion by that budget. Table 1
retains both budgets; the artifact contains the full budget
sweep.

With all 34 windows and anchor selection, end-to-end
GPT-Neo recovery reaches 64/64 at H = 100; 45 inputs
require another anchor. The complete procedure averages
2,428 generation calls per input, including selection, window
searches, checks, and retries. This cost measures the broad
search beyond the local recovery bound.

BF16 logits. Four checkpoints additionally use BF16
forward computation: Pythia-160M, OPT-1.3B, BLOOM-



TABLE 1. FP32 RECOVERY WITH A CALIBRATED INTERVAL AND ADAPTIVE ANCHOR SELECTION.

Generation Cached multi-window search
Model H Boundary Exact Calls Boundaries Fixed Selected
Pythia-14M 100 16 64 3,284 16 64 64
Pythia-160M 100 - 0 1,600 - 0 0
Pythia-1.4B 100 16 64 3,269 16 64 64
GPT-2 Medium 100 —64 54 3,136 —64, —32 62 64
GPT-Neo-125M 100 -1 13 2,363 -2,—-1,-0.5 19 64
OPT-1.3B 100 16 58 3,273 8,16 59 64
BLOOM-560M 100 512 56 3,095 512 56 56
SmolLM2-360M 100 32 64 3,288 32 64 64
SmolLM2-1.7B 100 16 32 3,279 16, 32 64 64
Qwen3-0.6B 100 32 63 3,254 32 63 64
Qwen3-4B-Instruct 100 64 36 3,143 32,64 50 64
Larger-budget ablation on the same inputs
Pythia-160M 256 1024 64 3,156 1024 64 64
BLOOM-560M 160 512 64 3,198 512 64 64

Notes. Counts are out of 64 inputs. Generation uses one evaluator-calibrated interval; Calls exclude calibration. Its 704 primary cases include 103 incorrect
and 97 unresolved outcomes. Cached Boundaries list accepted windows (—: none), from +2¢, e = —6,...,10. Fixed uses one pair; Selected tries up
to eight. Accepted anchors meet exact pair-and-priority recovery; other cached outcomes are unresolved. Pythia-160M at H = 100 has zero calibration

coverage (—); its 1,600 calls use the fallback P = 26,

TABLE 2. BF16 RECOVERY WITH FP32 BIAS PROCESSING.

Generation Cached
Model H  Exact Generic Known  Selected
Pythia-160M 100 0 - - 0
Pythia-160M 256 32 48 13 32
OPT-1.3B 100 30 50 14-15 32
BLOOM-560M 100 28 46-48 11-13 28
BLOOM-560M 160 NR NR NR 32
Qwen3-0.6B 100 30 49-50 14-15 32

Notes. Counts are out of 32; both algorithms agree. Generic and Known
columns give generic and BF16-aware recovery queries, excluding pair
selection. Both use FP32 bias addition. Cached selection uses multiple
windows and up to eight pairs, with zero incorrect returns. —: no covered
case; NR: generation not run.

560M, and Qwen3-0.6B. For each, the same 32 inputs are
evaluated with the binary32 recovery algorithm and the
algorithm using the known logit precision; the generation
processor still adds FP32 biases. We verify the logit lattice
privately. A separately specified budget ablation repeats
configurations with zero calibration coverage at H = 100
using H = 256. Selection depends on calibration, not test
success. It uses the same test inputs and keeps the original-
budget outcomes.

The channel persists with BF16 logits and FP32 bias
processing in the tested configurations. At H = 100, both
controllers recover all 88 covered inputs out of 128; the
larger-budget Pythia-160M intervention adds 32 covered
paired cases. Complete original logit vectors, token pairs,
and rendered inputs match bit for bit between controllers.
The original logits lie on a BF16 lattice, as required by
Proposition 3.

Table 2 shows 11-15 local queries with known BF16

precision versus 4650 with generic recovery. Cached an-
chor selection covers 128/128 inputs at the displayed larger
budgets. In end-to-end adaptive runs at H = 100, OPT
reaches 32/32 with both algorithms on bitwise-identical
original logits. Mean complete costs are 439 calls with
known precision and 1,265 with generic recovery. Qwen3
reaches 32/32 with generic recovery at 1,060 calls per input.
Each model needs a second pair on two inputs.

5.2. RQ2: Recovery in Serving Systems

Each model-framework configuration uses 64 fixed in-
puts, H = 100, and one interval calibrated on eight separate
inputs with evaluator-only scores. An independent client
submits biases through the generation API under fixed exe-
cution settings. Read-only probes record evaluation scores;
every eighth input’s complete trace is rerun on a fresh
uninstrumented server. Appendix H specifies the interface
fields.

Cached ablations on these 384 vectors compare P = 16,
P = 32, and both, with up to eight pairs and six candidate
checks. We freeze the two-window controller before eval-
uating it end to end on Qwen3 through each API, using
the original 64 inputs and 64 disjoint held-out inputs per
framework. All payloads, including repeats, are submitted
to the server.

The single-window baseline at P = 32 recovers
exactly 301/384 inputs: 37/36/36 Qwen3 cases across
vLLM/SGLang/llama.cpp and all 192 SmolLM2 cases (Ta-
ble 3). The other 83 return incorrect candidates outside
the calibrated interval; none is unresolved (Section 8.1).
Covered cases use 49-50 recovery queries plus two selection
calls. All 19,686 responses match binary32 replay, with
stable original logits; 2,447 uninstrumented-server queries
reproduce their tokens.



TABLE 3. END-TO-END RECOVERY IN LLM SERVING SYSTEMS.

Single window Adaptive Qwen3

Framework Qwen3 SmolLM?2 Dev. Test Calls
vLLM 37 64 64 64 119.6
SGLang 36 64 64 64 120.4
Ilama.cpp 36 64 64 64 1154

Notes. Recovery counts are out of 64; H = 100. Models: Qwen3-0.6B
and SmolLM2-360M. Single window uses P = 32. Adaptive uses P =
16, 32, checks, and up to eight pairs. Dev./Test denote the development
and disjoint held-out inputs. Calls are mean complete API calls across both
adaptive sets, including selection, searches, checks, and retries; calibration
and independent replay are excluded.

Single-window checks still accept seven incorrect
Qwen3 candidates on llama.cpp: four at P = 16 and three
at P = 32. All lie outside the assumed local domain and
contradict the other window’s transcript. Combining both
windows recovers 58/57/56 of the 64 development inputs
across the three frameworks with the original pair; anchor
selection raises each to 64/64.

The frozen two-window controller recovers 64/64 devel-
opment and 64/64 held-out inputs per framework: 384/384
exact pairs and priorities, with no incorrect or unresolved
returns. Another anchor is needed in 39 cases. Complete cost
averages 118.5 API calls per input condition; per-framework
medians are 109/109/108 and maxima are 310/312/215.
All 45,497 responses match binary32 replay, and 6,271
uninstrumented-server queries reproduce their tokens. Ap-
pendix E gives the search-cost breakdown.

5.3. RQ3: Output-Head Extraction

We evaluate the completion in Section 3.8 on three
independently generated input sets for TinyStories-260K.
Sets 1 and 3 contain 96 extraction inputs and 16 held-out
inputs; set 2 contains 192 and 32. Random token prefixes
have lengths 4, 8, and 16. Each HTTP request recomputes 64
copies of the input, applies independent biases, and returns
token IDs; padding fixes the batch shape. The observer uses
H = 100, boundaries P € {1,2,4,8,16,32}, and at most
four pair attempts.

The observer receives no hidden width. Rank selection
uses the largest adjacent singular-value ratio, requiring a
ratio of at least 10, a preceding singular value above 10~
of the largest, and two input columns beyond the selected
rank.

Separate programs collect observations, extract factors,
and validate frozen results. The centered and completed
factors share one basis alignment fitted on 256 vocabulary
rows, centered using those rows; head errors are evaluated
on the remaining 256. Held-out predictions use queried
relative coordinates and u; separately recovered test anchors
are used only for evaluation. A post-hoc constant baseline
predicts the average of the extraction inputs’ recovered
means. An input-budget analysis refactors nested extraction
prefixes with the held-out inputs fixed.

On TinyStories-260K, all three random-prefix input sets

yield complete relative-coordinate estimates and exact an-
chors, pairs, and priorities for every extraction and held-
out input. Each full extraction identifies rank 64, matching
the hidden width. Table 4 reports head reconstruction and
prediction of held-out mean logits from their queried relative
coordinates.
Recovery of the shared component. Under the shared basis
alignment, the completed head has relative Frobenius error
1.19 x 1076-3.96 x 1076. The relative branch recovers its
own target CW with RMSE 3.50 x 1077-1.10 x 1076,
but differs from the original W by RMSE 0.189 because
it omits the shared row. The recovered shared row has
RMSE 8.25 x 1078-4.32 x 10~7. Figure 4(a) shows the
entrywise absolute errors before and after this completion.
The extracted representation is W@, retaining the invertible
hidden-basis ambiguity.

For the 64 held-out inputs, the learned map predicts the

mean from relative coordinates with RMSE 3.11 x 10~ "—
7.21 x 1077, Predicting the average extraction-input mean
instead gives RMSE 0.895-1.162, showing the variation
captured by the map. Combining the predicted means with
relative coordinates gives complete original-logit RMSE
2.15 x 1076-3.60 x 10~%. Appendix G reports numerical
diagnostics.
Input budget and query cost. At 32-64 inputs, the rank
rule selects rank 1 or remains unresolved: its full-rank
candidate needs more than 64 input columns. All three sets
select rank 64 at 72 inputs. For set 2, increasing the budget
from 96 to 192 reduces relative head error from 2.75 x 10~
to 1.19 x 1076 (Figure 4(b)). Across the three sets, mean
cost per extraction input is about 14,300 token decisions:
255-267 for the anchor and 14,019-14,029 for relative coor-
dinates. Anchors account for about 1.8% of decisions; their
sequential queries and the batched relative-coordinate probes
have different latency costs. Table 4 separates extraction cost
from held-out evaluation.

5.4. RQ4: Execution Stability and Response Noise

Stability of the numerical target. Greedy decoding can
produce execution-dependent floating-point scores [24]. We
test Pythia-14M and Pythia-160M with eight new inputs
each, CPU FP32 inference, and batch sizes 1,2,4,8. Each
input-batch condition repeats six probes ten times: no bias,
early and final gap search, priority identification, residue
identification, and final anchor search. We also repeat com-
plete recovery at fixed batch sizes 1 and 4.

Across 3,840 generation calls, unmodified greedy to-
kens remain unchanged, but the selected Pythia-14M and
Pythia-160M scores move by up to 5 and 2 ULPs across
batch conditions. Scores remain bitwise stable within each
fixed input—batch condition. Complete recovery succeeds on
16/16 inputs at each of batch sizes 1 and 4, although 15/16
recovered pairs differ between conditions. Fixing execution
conditions defines a stable recovery target in this study.
Errors in responses about a fixed target. To iso-
late response noise from score changes, we inject in-



TABLE 4. TOKEN-ONLY EXTRACTION OF TINYSTORIES-260K’S COMPLETE 512 X 64 OUTPUT HEAD AND HELD-OUT MEAN PREDICTION.

Input set Extraction/test Exact anchors Relative head error Mean RMSE Token decisions HTTP batches
1 96/16 96/96 3.96 x 107° 3.11x 1077 1,370,786 45,873
2 192/32 192/192 1.19 x 107° 4.59 x 1077 2,740,717 91,584
3 96/16 96/96 3.35x 107° 7.21 x 1077 1,372,446 46,928

Notes. Independent input sets use the same checkpoint. Head error is relative Frobenius error on 256 vocabulary rows excluded from basis alignment.
Mean-logit RMSE evaluates prediction from held-out relative coordinates without their anchors. Anchor counts and costs cover extraction inputs only; all
64 separately evaluated test anchors are also exact. HTTP requests batch independently biased decisions. Probability queries: zero.
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Figure 4. Token-only output-head extraction from TinyStories-260K across three independently generated input sets. (a) Empirical distributions of absolute
entry errors against the original W, after the same basis alignment. Solid curves include the recovered shared component; dashed curves omit it. The
relative branch’s own target is CW. (b) Output-head relative error as the extraction input count increases, with each set’s test inputs fixed. Crosses mark
inferred ranks below 64; set 2 is unresolved at 32—-64 inputs and has no corresponding error points. Lines connect measured counts.

dependent token-response flips with probability pgi, €
{0,0.01,0.05,0.1,0.2,0.3,0.4} into the 504 previously cov-
ered FP32 cases. Five noise seeds per case give 2,520
simulated recoveries per method and noise level. Token pairs
and public intervals are fixed before injection; the 200 out-
of-range cases and pair discovery are outside this conditional
study.

We compare four binary-response rules. Single uses
one response; Majority-9 votes over nine. The sequen-
tial likelihood-ratio rule (LR) uses error bound pgi, =
max(0.1, paip) [25]. The confidence-interval rule (CI) sam-
ples until an interval excludes 1/2, without a noise-
rate bound, allocating error across predetermined sample
sizes [26]. Both use recovery-wide error budget 6 = 0.01
for at most M = 50 logical comparisons. Each comparison
is capped at 4,096 responses; an undecided comparison
stops recovery without an estimate. Appendix F specifies
the assumptions and tests. We report exact recovery and
mean token responses after pair discovery.

Figure 5 and Table 5 evaluate independent flips of re-
sponses from fixed in-range pairs. At 10% flips, LR achieves
higher recovery and lower mean cost than nine-response
voting. LR uses a noise-rate upper bound; CI recovers all
simulated cases at higher cost without that bound. The 2,520
attempts comprise 504 numerical cases and five noise seeds.

A separate condition selects uniformly between tokens

TABLE 5. RECOVERY AT 10% INDEPENDENT RESPONSE FLIPS.

Rule Exact recovery Mean responses
Single 17/2,520 47.8
Majority-9 2,411/2,520 437.4
LR 2,502/2,520 2427
CI 2,520/2,520 2,944.2

Notes. Rules are defined in Section 5.4. Exact recovery requires both scores
and priority; all 2,520 attempts per rule are counted. Responses include
repetitions after pair discovery. No attempt is unresolved at this noise level.

with equal maximum rounded scores; strict comparisons
remain exact. We compare CI with a rule that emulates
a chosen fixed priority: return token 1 only when all 13
repeated responses are token 1, and token O otherwise. Its
guarantee and score-pair recovery objective are given in
Appendix F.

Under uniform random token tie breaking, CI leaves
all 2,520 cases unresolved. Emulating fixed priority instead
recovers 2,516/2,520 score pairs at mean cost 632.1. These
rules estimate comparisons for fixed scores; they do not
undo the score changes measured in the batch experiment.
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6. Defense

6.1. Subtracting the Maximum before Bias Addi-
tion

Subtract the maximum score before adding any bias
(Figure 1(d)): A;(q) = RNsa(¢; — max; ¢;), computed
coordinatewise.

Proposition 1 (Max subtraction before bias addition). For
every allowed input x, let the finite stored binary32 vec-
fors satisfy the exact real relation ¢'(x) = q(x) + c(x)1.
Both services apply correctly rounded max subtraction A
with consistent signed-zero handling. Suppose subsequent
observable responses depend on the original scores only
through A(q(z)), under the same conditional response ker-
nel given the public history, input, and controls, including
tie breaking and internal randomness. Then every adaptive
observer obtains identical transcript distributions for any
finite query budget or almost-surely finite stopping rule.

Proof. For each input, ¢, — max;¢;, = ¢, — max;g;.
Correct rounding therefore gives A(q') = A(q) bit for
bit. Couple the observer’s randomness and the services’
responses. Equal histories give the same next query and
response distribution, so induction gives identical histories at
every finite round. A common stopping rule yields identical
stopped transcripts. O

The exact-shift condition applies to the stored vectors.
If a common shift is rounded earlier, it can already change
their relative scores. For example, binary32 ¢ = (1,1—2724)
centers to (0, —2724), whereas componentwise rounding of
q+2%*1 gives (224,2%%), which centers to (0,0). The prior
rounding has changed the relative scores, so the proposi-
tion’s exact-shift premise no longer holds.

When the maximum is subtracted after bias addition,
rounding has already mapped the candidates to potentially

different vectors. A later operation that preserves the win-
ning token retains the distinguishing response. Stable soft-
max implementations already subtract a maximum to avoid
overflow [10], [27]; the relevant question is its position
relative to the exposed control.

6.2. Effect on Distinguishing Queries

The suppression experiment compares the original pro-
cessor with subtraction of the maximum score either before
or after bias addition. We take eight cached positions from
each of two FP32 cohorts, Pythia-14M and Qwen3-0.6B,
round their complete score vectors to grids 28 and 276,
and apply shifts —0.25, —0.125,0,0.125,0.25. This gives
160 conditions in 32 groups, with bitwise-identical complete
max-centered and FP32 log-softmax vectors within each
group. We freeze recovery predictions and replay the union
of observed bias payloads across shifts.

Figure 6 compares cross-shift winner disagreements
for the original pipeline (Original), max subtraction be-
fore bias addition (Pre), and max subtraction afterward
(Post). Applying 9,742 union payloads to the five shifts
in each group gives 48,710 condition—payload evaluations
and 38,968 cross-shift comparisons. Pre removes all 2,578
original disagreements; Post retains them.

Preprocessing changes 10,038 of the 48,710 original
biased outputs. This is expected for payloads selected to
expose fine rounding behavior: suppressing the channel
changes those responses. In contrast, all 160 unperturbed
argmax, softmax, and log-softmax outputs remain bitwise
identical.

6.3. Bias-Control Preservation

To measure bias-control preservation, we use 16 evenly
spaced inputs from each of the six serving configurations:
96 original cached vectors. Each receives 96 random sparse
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Figure 6. Cross-shift winner disagreements under three processing orders.
Pre and Post apply max subtraction before and after bias addition, respec-
tively. Rates use 38,968 comparisons: 2,578 disagreements for Original
and Post, and O for Pre. The experiment uses fixed-grid decoder groups;
unperturbed probabilities and argmax decisions remain bitwise unchanged
in all 160 conditions.

biases, with eight tokens from the full vocabulary or top
64 and 16 draws per support and amplitude 0.5,2,10.
It also receives 33 target-only biases RNsa(d + kU/8),
k = —16,...,16, where d is the top-two gap and U is the
binary32 spacing at their maximum absolute score. We com-
pare processing orders, complete FP32 probabilities, and
two fixed offline tie-breaking rules: smallest or largest token
ID. All payloads satisfy H = 100. The inputs, seed, and
bias-generation rules are fixed before execution; Appendix H
gives the details.

Pre-bias max subtraction preserves all 96 unperturbed
greedy decisions and complete probability vectors bit for bit.
It changes no greedy decision across 9,216 random biases;
the mean complete-probability L; difference is 6.08 x 10~8
and its maximum is 9.41 x 10~7. The biases themselves
change the unperturbed winner in 1,776 cases, including
1,737 of 4,608 top-64 controls.

Among 3,168 biases near the comparison threshold,
preprocessing changes 738 maximizing sets and 369 greedy
decisions under each fixed tie-breaking rule. Every change
separates an original rounded tie; no strict-winner reversal
occurs. Post-bias subtraction preserves all decisions and
complete probabilities. Independent NumPy replay repro-
duces every FP32 processing vector. Thus, fine control near
a decision boundary can change token selection even when
the probability difference is small.

Processing order also matters for other controls. Repeti-
tion penalties can depend on the common additive compo-
nent, so moving max subtraction across such a penalty can
change its effect.

7. Related Work

7.1. Prediction-Interface and Language Model Ex-
traction

Tramer et al. established extraction from prediction in-
terfaces [2]; subsequent work studies high-fidelity extraction
and its relationship to recovered parameters [28], [29].

For language models, Morris et al. use biases and token
responses to recover probability information [5]. Carlini
et al. recover output-projection information and develop
efficient logprob-free score-difference attacks [3]. Finlayson
et al. analyze the low-dimensional linear structure exposed
by API logits [4]. The softmax bottleneck is established [30].
Our contribution concerns the common additive component
left unresolved by ideal normalized or biased-argmax obser-
vations.

Geometric output signatures use constraints shared
across model inputs. Finlayson et al. exploit an ellipse asso-
ciated with the output projection for source verification [31].
We study a per-input observation that recovers original logit
values.

7.2. Finite Precision and Numerical Side Channels

Numerical analysis studies rounding and evaluation or-
der [9], [10], [11], including stable softmax [27]. Andrysco
et al. demonstrate operand-dependent floating-point timing
leakage, including subnormal arithmetic [32]. We instead
observe token selection under chosen biases near a normal
exponent boundary.

Machine-learning  implementations  also  expose
execution-dependent signatures. iNNformant uses numerical
differences in inference for device identification [33], and
HSPI studies hardware signatures in model outputs [34].
Our setting fixes the implementation and recovers a score
component through chosen decoder controls.

Quantamination exploits shared dynamic-quantization
parameters to leak data across a batch [35], while FloatDoor
modifies a model to turn platform-dependent numerical
differences into a backdoor trigger [36]. Our mechanism
requires neither a co-batched victim input nor modified
model weights; it recovers the numerical values entering
the exposed bias operation.

Kadav et al. study softmax-preserving output-head repa-
rameterizations to improve output-head quantization [8].
Their work establishes that ideal-equivalent representatives
can behave differently after quantization. Our direction is
observational: determine which representative-dependent in-
formation can be identified externally from token responses,
and provide a local recovery construction.

7.3. Decoder Controls and Interface Semantics

Decoding controls operate on model logits. Repetition
penalties originate in work such as CTRL [37]; Baichuan
2 discusses their dependence on logit values beyond rel-
ative differences [38]. This dependence on the common
additive component is therefore established. Our recovery
construction instead concerns the rounding of an additive
bias, whose ideal real-arithmetic counterpart preserves the
common-additive-shift ambiguity.

Transformers and vLLM expose implementations of
logit processing and token selection [19], [39]. We analyze
the rounded addition used by such processors and evaluate



recovery end to end in LLM serving systems, linking the
numerical operator to observable token responses.

8. Discussion

8.1. Range Identification and Future Work

Opaque endpoints require checks of bias resolution,
operation order, score stability, and reachable ranges. Con-
trolled passive-equality experiments isolate the mechanism;
its prevalence in deployments requires separate measure-
ment.

Range selection affects both coverage and cost. Outside
the calibrated intervals, erroneous candidates often preserve
the score gap while shifting both logits toward a window
boundary. The seven single-window false acceptances in
Section 5.2 illustrate this ambiguity; the second window re-
jects those candidates by providing a contradictory response.
Globally justified range tests and recovery across binades
remain open problems under bounded biases.

Extending complete output-head extraction to larger vo-
cabularies requires measuring the relative-coordinate cost,
which dominates the present study. Variable execution con-
ditions require a target definition that accounts for changing
scores; independent response-noise guarantees apply to a
fixed target.

8.2. Research Ethics and Reproducibility

We use public checkpoints, synthetic inputs, research-
controlled CPU/GPU resources, and one output token per
bias setting; the output-head experiment batches indepen-
dent settings. Controlled variants modify locally held vec-
tors. All fixed cases remain in the records, including unmet
preconditions. The study collects no other users’ data and
involves no access-control bypass.

Our experimental records include input generators,
pinned model revisions, query transcripts, frozen predic-
tions, and CPU replay checks (Appendix H).

We are preparing disclosure materials for the vLLM,

SGLang, and llama.cpp maintainers, including minimal re-
productions, tested configurations, and the pre-bias centering
analysis. We plan to coordinate validation and mitigation
with the maintainers.
Use of generative AI. We used ChatGPT and Codex to
assist literature review, theoretical development, experimen-
tal design, implementation, data analysis, and manuscript
drafting, revision, and translation. The authors are respon-
sible for reviewing and validating Al-assisted material and
for the accuracy and originality of the final work.

9. Conclusion

Floating-point bias addition can disclose the common
additive component of logits that ideal probabilities and
ideal bias comparisons leave unidentified. We characterize
this difference, provide a local binary32 recovery method

with explicit query bounds, and verify exact recovery
through complete generation calls. A token-only output-
head experiment verifies the recovery of the shared row
component under an invertible change of hidden basis.
Preprocessing-order experiments identify a condition that
suppresses disclosure. The results show that the numeri-
cal implementation of a token-only interface is part of its
information-disclosure behavior.
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Appendix A.
Boundary Cases in Local Recovery

The recovery proof uses independently formed payloads.
If a processor instead evaluates RN32(RNs2(g; + B) + d),
it can have a different rounding history from RNs2(g; +
RN33(B+d)). The artifact checks the latter operation order
and rejects payloads that are not exactly representable or
exceed the allowed budget. This distinction matters most
near the exponent boundary used by the probes.

For the tie-breaking priority test, p = max{¢, F' + dy +
A} satisfies p < a under both hypotheses because ¢ > F
and the scores lie on the A grid. The last pivot is at most
u + 2A < P. Its anchor bias is therefore nonnegative, and
the first target bias is at most Hy; later target biases are
smaller. When the true scores are equal, the original-anchor
definition enforces anchor tie-breaking priority and the same
test applies.

For residue identification, the two responses at pg, po+A
are 00,10,11,01 for residues 0,1, 2,3, apart from k = 0,
which also produces 01. The query at pg+ 3A produces one
for k = 0 and zero for nonnegative residue-three candidates.
If po < u, then pg < u— A < P — 3A, so that extra pivot
is valid. If py = u, the algorithm returns before making it.

The lower-bound state count includes the unknown pair-
wise tie-breaking priority. For each anchor index ¢, the ¢ —1
strictly lower targets admit two priorities, while the equal
target admits only the original-anchor priority. Summing
2(i — 1) + 1 over i = 1,...,K — 2 gives (K — 2)2
If only the score pair must be returned and tie-breaking
priority is a nuisance variable, the number of distinct pairs
is (K—2)(K—1)/2, giving a 45-query counting lower bound
for binary32. The 46-query comparison in the main text
therefore explicitly includes tie-breaking priority. Allowing
nonbinary responses also changes the argument.
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Appendix B.
A Bounded-Bias Nonidentifiability Region

Proposition 2 (An explicit BF16 nonidentifiability region).
Let q be a finite BFI16 vector, let M = max;q; €
{360,362, ...,410}, and define q; = RNpris(q; — 2).
Under (4), allowing arbitrary simultaneously biased tokens
with every payload in [—100,100], the complete sets of
maximizing indices are equal for q and q' for every query.
They therefore have identical adaptive winner transcripts
under the same fixed tie-breaking order.

Proof. Let S ={i:q; > M —200}. Fori € S, 160 < ¢; <
410 and subtracting two is exact in BF16, including across
256. Hence ¢; = ¢;—2. Every other score is at most M —201,
and its shifted-and-rounded value is at most M — 203. With
biases bounded by 100, such a token remains strictly below
a maximum-score token in both worlds and cannot win.
For i € S, put 8; = RNSQ(bZ‘) and z; = ¢; + (3;, where
the latter denotes the exact real sum. Its maximum xz, lies in
[M —100, M +100] C [260,510]. The translated maximum
lies in [258, 508]. Both maxima and their rounding cells are
strictly inside the binary32 binade [256,512), with spacing
§ = 2715 Translation by —2 = —655369 shifts each
relevant rounding cell by an even number of grid steps,
preserving ties-to-even endpoint membership. Therefore

RN32(zi) = RN3a(z.)

< RNSQ(LL'Z‘ — 2) = RNgQ(.’lﬁ* — 2)

This equivalence also holds for x; outside the maximum’s
binade because membership is in the translated maximum
rounding cell. Thus the complete maximizing sets agree.
The same tie-breaking order gives equal responses to every
query; induction on the resulting histories gives identical
adaptive transcripts. Rounding the most negative finite BF16
value after subtracting two remains finite, so ¢’ is a valid
score vector. O

Appendix C.
Negative-Binade Construction

The sign of the scores affects which side of an exponent
boundary has finer spacing. This distinction permits a sep-
arate construction for negative model scores; no common
score shift is inserted into the service.

Let the addition format have binary precision p > 3, and
let S = 2¢ be public. Set § = S/2P~!, K = |min(H, S)/d],
Hy = K6, and F = —S — Hy. Assume K > 2, that the
original greedy winner has score a, and that the selected
target has score ¢, with

a>t>F, a € [l,u] C (F,—-S -4

The endpoints are on the § lattice. Both scores therefore
lie in the negative binade (—2S5,—S5). The interface uses
separately cast biases, a single correctly rounded addition,
and an unknown fixed global tie-breaking order. All con-
structed biases are nonnegative and at most Hy. The format

must represent §/2; we exclude overflow and flushing of the
required subnormal operands.

The following proves Theorem 2 and its precision-
dependent extension.

Proof. Write d = a — t. Adding j§ to the target gives a
monotone threshold because all score sums near the com-
parison remain exactly on the original lattice. Let j be the
first winning integer. Binary search costs at most [log, K|
queries and leaves two hypotheses: d = dy = (j — 1)¢
with anchor tie-breaking priority, or d = dy + § with target
tie-breaking priority. The search endpoints follow from the
original winner and t + Hy > —5 > a.
Set r = F + dgy + d and submit biases

by = -8 —r, by =—-S—r—+dy+0/2.

These are legal: by = Hy — 6/2 and 0 < b, < Hy. Under
anchor priority, a—r = t—F —§ > 0, so the two exact sums
are  and = + /2, with x = =S + (a —r) > —S. Both
are representable in the finer region, and the target wins.
Under target priority, a —r = t — F > §, and the exact
sums are « and x — d/2, both strictly in the finer region; the
anchor wins. Thus one query determines the true gap and
tie-breaking priority.

For a pivot r in the remaining legal range, first align the
two exact sums to x = —S + (a — r) using biases —S —r
and —S —r+d. Increase the bias of the lower-priority token
by 0/2. With k = (a — r) /4, its winning indicator is

1, k>0,
g(k) =41, k<0andk odd,
0, k<0 and k even.

For k > 0, the half-step is exactly representable. For k < 0,
it is a midpoint in the coarser binade; ties-to-even rounds
upward precisely for odd k. Choose the initial residue-test
pivot r = w + §. It satisfies r > a and r < —5, so
the response identifies the parity of (a — r)/§ without a
boundary ambiguity. Restrict subsequent candidate pivots to
the inferred parity class. Then k is even, and the response is
exactly 1[a > r]. Binary search on at most [ N/2] candidates
completes recovery.

Every parity-test or search pivot is at least ' + d + 4.
Thus its target payload, even after the half-step increment,
is at most Hy—¢&/2; the other payload is nonnegative and no
larger. All payloads are exact multiples of §/2 within [0, S],
hence representable. The anchor is never decreased, so no
unmodified token can displace the original winner under the
fixed global tie order. Each response is consequently binary.

Since K < 2°~! and N < K — 1, the upper bound
is 2p — 1. For the lower bound, take Hy = S and scores
a=F+i6,t=F+jdwithl <j <i< K —1. There are
(K — 1)? allowed score/priority triples. A binary decision
tree requires at least [log, (K — 1)?] = 2p — 2 queries to
identify all of them. This count concerns triple recovery,
not score-only recovery or an oracle with more than two
possible responses. O



Other known rounding directions. The finer-region gap-
disambiguation query is exact and does not depend on
the rounding direction. The final comparison is adapted to
the specified rounding direction. Under rounding toward
negative infinity, or nearest with ties away from zero, the
lower-priority half-step increment wins exactly when a > r.
Under rounding toward positive infinity, or toward zero (all
constructed sums are negative), instead decrease the higher-
priority token’s aligned bias by ¢/2. The lower-priority
token then wins exactly when a > r. The latter probe is legal
for search pivots r < u < —S — §. Ordinary binary search
gives the same 2p — 1 uniform bound. These are algorithms
for a known rounding direction, not an identification theorem
for an unknown runtime mode. Nearest-away is analyzed as
an IEEE-defined direction; its support is not assumed for
binary hardware.

Appendix D.
Storage Precision and Control Resolution

Stored-score precision can also reduce the candidate set.
Let s be the significand precision of a known score-storage
format and let p > s+ 2 be the bias and addition precision.
The scores lie in gZ, where ¢ = P27° below a positive
boundary P and g = S2!~* below a negative boundary —S.
The appropriate local range and representability conditions
still apply. Storage precision and arithmetic precision are
distinct interface properties [40].

Proposition 3 (Recovery with known score precision). Let
B = P or B = —S be the chosen boundary and g the corre-
sponding storage spacing defined above. Set Hy = Kg < H
and F = B—H,, where K is an integer and 2 < K < 2571,
Suppose a,t € gZ, a >t > F, and a € [{,u] C (F,B — g,
with endpoints on the storage grid. Assume the required
bias increments are representable and the arithmetic neither
overflows nor flushes required subnormals. With the original
anchor, unknown fixed tie-breaking priority, and round-to-
nearest, ties-to-even addition, exact pair-and-priority recov-
ery requires at most

Mogy K1+ 1+ [logy N] < 2s —1 (19)

binary recovery queries, where N is the number of remain-
ing anchor grid points after recovering the gap. BF16-to-
binary32 and binaryl6-to-binary32 interfaces admit bounds
of 15 and 21, respectively.

Proof. Search the target-bias threshold on the coarse storage
grid. If the first winning bias is jg, the remaining hypotheses
are d = (j — 1)g with anchor tie-breaking priority and d =
jg with target tie-breaking priority. A single bias (5 —1/2)g
on the target gives score a + ¢g/2 under the former and
a — g/2 under the latter. Both are exactly representable in
the arithmetic format, so this query identifies the gap and
tie-breaking priority.

For a positive boundary P, let A = P/2P be the
arithmetic spacing below P. The storage spacing satisfies
g = 2P7*A. Choose pivots on the storage grid, align the

scores at P+ (a—r), and increase the lower-priority token’s
bias by A. Since (a—7)/A is a multiple of four, the nearest-
even response rule reduces directly to 1[a < r]; no residue-
identification queries are needed. For a negative boundary
-8, let § = S/2P~L. Align at —S + (a — r) and use
an increment ¢/2 instead. Here (a — r)/J is even, so the
winning indicator is 1[a > r]. Each case yields ordinary
binary search on the storage candidates.

After finding the gap, intersect the public interval with
[F'+d+ g, boundary — g]. All search biases are nonnegative
and bounded by H), including the small increment, because
g exceeds that increment. They are exactly representable
in the finer arithmetic format. Monotonicity and the fixed
global tie-breaking order exclude untouched tokens, as in
the binary32 construction. The gap and anchor searches each
cost at most s — 1 queries. O

The lattice condition applies to scores entering bias
addition; advertised weight or forward precision alone does
not establish it. The proposition also requires biases to retain
the finer arithmetic precision.

A finite-alphabet control. For ¢ = (30,28) and ¢’ = ¢— 31,
fine binary32 biases produce a winner difference. When
biases are instead restricted to all finite BF16 values in
[—100,100], and addition remains binary32, the two pair
oracles are identical for both tie-breaking priorities. The
same holds for the binaryl6 bias alphabet. We verified
this finite statement by comparing the first-winning target-
bias index for every anchor bias: 34,193 BF16 values and
44,161 binary16 values. Monotonicity extends the threshold
comparison to every bias pair in each specified Cartesian
alphabet for these two vectors. If both the bias and addition
precision are lowered, format-scaled distinguishing probes
exist again.

A sufficient condition for exact addition. Let g be a
representable power of two and p the addition precision.
Suppose every hidden score and accepted bias is a multiple
of g, and ¢ = ¢q + ¢1 with ¢ € gZ. If every possible
biased sum in both vectors has magnitude at most 2Pg,
with no overflow, each sum is an exactly representable ng
with |n| < 2P. All additions are therefore exact. The biased
vectors differ by c1, so their maximizer sets and winners
coincide under the same fixed tie-breaking order. Identical
responses at each round give identical adaptive transcripts.

This representability condition identifies when control
quantization removes the nonlinearity used by the channel.
Coarse biases alone are insufficient: with binary32 scores
q = (224,22 - 2), ¢’ = ¢ — 21, and integer biases (0, 3),
the first vector yields equal rounded scores; the second
has a strict target winner. Here the exact-lattice magnitude
condition is violated.

Appendix E.
Adaptive Selection Protocol

For Table 1, enumerate B = +2¢ e = —6,...,10, in
ascending exponent order, positive before negative. Use each
full local interval and require candidates to reproduce the



pair’s combined transcript. Set n = |B|/2%* for B > 0 and
n = |B|/2% otherwise. Probe each candidate with

by = RNsa(B —a+ sn), by =RNsa(B —f+ (s+u)y).

Enumerate s = 0,+1,+2,4£3, 44 and wu =
0,4+1/4,4+1/2,+3/4, +1, negative before positive within
each pair. Retain only legal payloads with by > 0 and reject
at the first contradiction. At most 81 checks per candidate
precede the unique-candidate rule and eight-pair limit in
Section 3.7.

The two-window controller uses P € {16,32}, n =
P/22*, s € {0,—1,1}, and u € {—3/4,3/4}. The cached
ablations freeze predictions before scoring; the two BF16
controllers return identical selected pairs, scores, and prior-
ities. Their full replay counts and input hashes are retained
in the artifact.

Complete query costs. The 34-window generation con-
troller uses 155,390 calls on 64 GPT-Neo inputs; its
median/maximum is 2,245/3,927. On 32 BF16 OPT in-
puts, generic and BFl6-aware recovery use 40,486 and
14,048 calls, with medians 1,184.5 and 413. Generic
Qwen3 recovery uses 33,915 calls on 32 inputs, with me-
dian 994.5. Native Qwen3 totals are 15,312/15,417/14,768
for vLLM/SGLang/llama.cpp across 128 inputs each.
Mean costs decompose into 2.2/2.2/2.2 selection calls,
111.4/112.2/107.0 window-search calls, and 6.0/6.0/6.2
checks. Repeated payloads and retries are included; cali-
bration and independent replay are excluded.
Single-window ablation. With eight-pair selection, H =
100, and unchanged checks, P = 16 yields 64/64/60 Qwen3
recoveries across vVLLM/SGLang/llama.cpp; P = 32 yields
37/36/36. SmolLM2 yields 1/64 and 64/64 per framework,
respectively. Qwen3 on llama.cpp returns four incorrect
candidates at P = 16 and three at P = 32; other failures are
unresolved. All seven pass single-window checks outside the
local domain but contradict the two-window transcript for
the same pair and mask. All 163,242 unique queries match
full-vocabulary replay.

Appendix F.
Recovery with Noisy Binary Responses

These results condition on a correctly isolated token pair,
a fixed score vector in the public interval, and the original
arithmetic assumptions. Let v € {0,1} be the ideal answer
to a logical query. The controller uses at most M such
queries on its correct path. Repetitions count as separate
token responses. An undecided test stops recovery without
a score estimate; the error bounds below concern returning
an incorrect estimate, not the probability of abstention.

F.1. Known Response-Error Bound

Assume each response, conditional on the complete
preceding history, disagrees with v with probability at most
0 < prip < 1/2. Set

_l-bmp Fog(M/é)—‘ o0

Ptip logc

For repeated responses Y; € {0,1}, accumulate S, =
Z;L:l(ﬂfj —1). Return 1 at S,, > h and O at S, < —h.
If neither boundary is reached by the response cap, abstain.
This is a sequential likelihood-ratio rule [25] with a thresh-
old chosen for a nonasymptotic, recovery-wide guarantee.

Proposition 4 (Error control for adaptive recovery). Under
these assumptions, substituting the sequential rule for every
logical comparison gives probability at most § of returning
an incorrect score pair or tie-breaking priority.

Proof. For v = 0, the process ol

martingale starting at 1, since

E[C2inl | .7:]‘_1] < PaipC + (1 _ﬁﬂip)C71 =1.

™ is a nonnegative super-

The maximal inequality bounds the probability of reaching
the wrong boundary by ¢™" < §/M. For v = 1, apply
the same argument to ¢~°». Condition on the correct prefix
of the adaptive controller and sum over the at most M
possible first erroneous comparisons. If none occurs, the
deterministic recovery proof applies; stopping at the cap
produces no incorrect estimate. O

For independent flips with actual probability 0 < pgj, <
1/2, the uncapped test has error probability and expected
response count

1
en(paip) = 14 ((1 = paip)/paip)™’ 21
h
E[N} _ %(1 — 26h(pﬂip))'

The absorbing random walk on {—h,...,h} gives these
expressions. At M = 50, § = 0.01, and Daip = Pip =
0.1, h = 4 gives about five responses per compari-
son. Odd-r independent majority voting has error at most
M exp[—27(1/2 — paip)?]; r = 27 suffices, costing at most
1,350 responses.

F.2. Unknown Response-Error Rate

Suppose repetitions of a query are independent Bernoulli
observations with fixed mean p. At sample sizes n; = 27,
use

e _ [oso/ay)
T M+ 1) ! om;  (22)

Ij = [pj —rj,p; +1;]N0,1].

Hoeffding’s inequality and 10y = 0/M give simulta-
neous coverage at all scheduled looks. Return 1 only when
infI; > 1/2, or 0 only when supI; < 1/2. This imple-
ments the time-uniform coverage principle [26] through an
elementary allocation of error probabilities. If the majority
direction equals v for each logical query, the same first-error
argument bounds recovery error by §. Our implementation
uses 7 = 1,...,12 and otherwise abstains. At a uniformly
randomized token tie, p = 1/2 provides no majority di-
rection; increasing the cap cannot justify a fixed-priority
conclusion.



F.3. Random Token Tie Breaking and Changing
Scores

Assume fixed scores, independent uniform selection be-
tween tied maximizers, exact strict comparisons, and no
third-token winner or tie. Repeat each query r times, return-
ing 1 only if all responses are 1, and returning 0 otherwise.
This emulates token-0 priority, with exact strict comparisons
and tie error probability 27". Thus r = [log,(M/§)] bounds
recovery error by §. For M = 50 and § = 0.01, r = 13
gives at most 650 responses. The recovered priority is the
chosen emulation convention, not an intrinsic priority of the
randomized service.

These guarantees do not follow from a marginal dis-
agreement rate alone. An error shared by all repetitions
can make every response support the same wrong direction.
Nor is an unspecified changing score vector equivalent to
response flips: if observations use g + &, the representation
(qg+c¢, £—c) gives identical observations for any fixed vector
c. Identifying a particular unperturbed score therefore re-
quires a restriction on the perturbation or a stable execution
condition. The controlled batch experiment in Section 5.4
tests the latter condition.

Appendix G.
Logit Anchors and Output-Head Extraction

Following the factorization argument of Carlini et al. [3],
let W € RV* be a bias-free linear output head and X €
R?*™ its hidden states. Complete relative logits give D =
CWX, with C from (2). If CW and X have rank d, a
rank factorization D = BX satisfies B = CWG and X =
G~1X for an invertible G.

Write p = 1TWX/V € RY" for the row of per-input
mean logits. Each entry is determined by an original-logit
anchor and its relative coordinates using (2). Then

u=pX (XXT)™,
W = B+ 1u=WG.

Since p = (1TWG/V)X and X has full row rank,
u=1"WG/V. The identity C + 117 /V = I then gives
W = W(. Anchors may vary by input: each determines its
corresponding mean. If centering reduces rank, factor the
completed matrix WX = D + 1p instead.

These identities assume exact linear outputs; floating-

point residuals, relative-coordinate errors, and conditioning
affect their numerical accuracy. For held-out inputs, centered
coordinates determine hidden coordinates and u predicts the
mean without their anchors.
Token-only numerical reconstruction. For each non-
winning token, bias bisection retains losing and winning
endpoints, stopping at width 272! or adjacent binary32
values. The negative midpoint estimates its score relative to
the unbiased winner. Rounding contributes additional error.
If a token cannot be reached within the bias limit, we mark
the input incomplete. The artifact includes per-coordinate
rounding bounds and independent checks.

(23)

Numerical diagnostics and evaluation cost. Across input
sets 1-3, the rank-64 spectral gaps are 3.09 x 104, 1.07x 105,
and 4.05 x 10%; relative singular-value thresholds from 10~4
to 107 all retain rank 64. Effective condition numbers are
1,340, 441, and 1,048. Recomputing private Wh in FP64
gives RMSE 1.40 x 107%-1.45 x 10~° against the recorded
FP32 logits, a numerical reference for the prediction errors.
The held-out mean standard deviations are 0.831, 1.038,
and 1.132; the constant-mean baseline uses only recovered
extraction means. Held-out evaluation, including its inde-
pendently scored anchors, adds 228,475/456,905/228,494
decisions and 7,564/15,858/7,500 HTTP requests. Those
queries are excluded from the extraction costs in Table 4.

Appendix H.
Reproducibility Details

Paired bias-control experiment. The
behavior-preservation  study  uses  input  indices
0,4,8,12,16, 21, 25,29, 33, 37,42, 46, 50, 54, 58,63  from

each serving configuration and PCG64 seed 2026101201.
Random controls choose eight distinct tokens from the
complete vocabulary or top 64, then draw independent
biases uniformly from [—A, A], for A = 0.5,2,10. Top
tokens are ordered by decreasing original score, then
increasing ID. For the two leading tokens A,T, set
d = qa — qr and U = nextafterss(m, +00) — m, where
m = max(|qal,|gr|). The targeted controls set only
br = RNsy(d + kU/8), k = —16,...,16. All 12,384
payloads are legal under H = 100 and distinct within
each input. The two tie-breaking rules are fixed offline
comparison conventions. Complete probabilities use CPU
FP32 softmax, with L differences accumulated in FP64.
Among threshold-adjacent controls, the original rounded
top-two margin is zero in 834 cases, at most one ULP
in 1,404 positive-margin cases, and between one and four
ULPs in 930 cases. All 369 greedy changes occur in
the zero-margin group. Random controls have 299 zero-
margin cases and 8,917 cases above 16 ULPs; neither group
changes.
Serving API  configuration. The client sends
HTTP requests to each server’s generation endpoint.

vLLM: /v1l/completions, logit_bias,
choices[0].token_ids; SGLang: /generate,
sampling params.logit_bias, output_ids;

llama.cpp: /completion, logit_bias, tokens.
Each triple gives the endpoint, bias field, and returned
IDs. Decimal token IDs map to exact binary32 bias
values within [—100, 100]; probabilities are disabled. The
artifact specifies payloads, launch flags, source hashes, and
intervals.

Artifact availability. The artifact is not publicly available at
the time of this preprint. We plan to release these materials
in a future revision.
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